BBIYNCJ/IMTEJIBHAA THAPOAUHAMMUKA
I1.POVY

KHura mocpsiieHa 4YMCIEHHOMY pEIICHUIO ypaBHEHUH THMIPOTa3oAMHAMUKU. B Hell paccmarpuBaroTcs
pa3nuyHble (OpPMBI YpaBHEHHH M BapHAaHThl T'PAHUYHBIX YCIOBUH, OMHUCHIBAIOTCS PpPa3HOOOpa3HbBIC THUIIBI
KOHEYHO-Pa3HOCTHBIX CXE€M, OOCYXIAloTCi HMX TOYHOCTh, YCTOMYMBOCTH W CXOOUMOCTb. JlatoTcs
PEKOMEHAALINY TI0 IPOrPAMMHUPOBAHUIO U 00paboTKe MoTydaeMoil HH(pOpMAaIIHH.

KHura npezacraBisier MHTEpeC Uil HAyYHBIX PaOOTHUKOB W MHXEHEPOB, BEIYIIMX HCCIEAOBAHUS KaK IO
MEXaHUKE JKUAKOCTH M ra3a, TaK W IO BBIYMCIUTENBHOM MaremaTuke. braromaps mmpokoMmy OXBaTy
MaTepHuana, JOCTYIHOCTH U3JI0KEHHUS U HAJHYUIO YIPAKHEHUH OHA MOXKET CIY)KUTh YUE€OHBIM MOCOOMeM st
aCIMPaAHTOB M CTYACHTOB HAa3BaHHBIX CIIEHUAIBHOCTEH.
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I'pannynble ycioBuUs AJi TEYEHUS KUAKOCTH
HEC)KMMaeMOM Ha CTeHKe JBIKyIeics 224, 230,
232,438, 458

———————— I BHUXPS TPEXMEPHOIO

312
————————— nmaBieHus 278—281
————————— IIPOCTEUIINX
¢usnyeckux nepemeHHsIx 297, 298, 301
————————— ypaBHEHHUS
o6urapmonuyeckoro 454, 534
—————————— TETIONPOBOIHOCTH
154,290, 291
———————— nuHelHas ¢opma 217
———————— Ha BBITYKJIBIX yraax 258—
263
————————— POMEKYTOYHOM IlIare
127

———————— HaKIIOHHOM 221, 222
———————— IIEpPEOIPEEIECHHOCTD 223
———————— npununanus 105, 217,
223,225,227, 230, 278,297, 312
———————— npoHunaemoit 216, 224
———————— ckonbxkenus 105, 142,
222,229,232, 291, 297, 301
———————— COI'JIACOBAHHOCTb C
bopmymnoit s ckopoctu 219, 220
————— cxkumMaemoit 390—420, 436
—————— Ha crenke 344, 374, 376, 377,
390—420, 417, 429, 536
———————— agnabatuueckor 390, 404,

413
———————— B CETKE BTOPOTO THUIIA
395—397
—————————— rubpugHon 397
—————————— HeperyisipHoi 429
—————————— nepsoro tumna 391—
395,409—411

———————— JUIsl TpaIieHTa AaBJICHHS
393, 394, 396, 401,404, 407—409, 411

————————— m10THOCTH 398

————————— CXEM C pacHIeIICHUEM
110 BpeMeHnu 377

['pannyHbIC YCIOBHS I TEUCHHS KUIAKOCTH
C)KMMAeMOH Ha CTEHKe, OTPayKEeHHsI CII0co0

391—393, 395—398, 402, 404, 405, 410, 412,
536
———————— npwinnanus 397—412,

———————— ckosbxeHus 390—398

— — ¥ ycToiuuBocTh 82, 83, 213, 214

— — ua OeckoneuynoctH 13, 231, 237, 255—258,
439, 441

— — nepuoauueckue 204, 238, 239

— — — Ha BXOJIHOM U BBIXOJHOU rpaHunax 236—
239, 241

— — cuMmmMmeTpuuHble 188

— — cMemanHoro tuna 154, 203, 213—214, 511,
512,514

I'paceogha uucno 143, 219

I'pybas ceTka It MPOBEPKH CXOJUMOCTH U
OTJIaAKH Iporpammsl 269, 479—483

I'pynroB nunamuka 457, 461, 462, 468

HaBnenue 6e3pazmeproe 275

Hasnenus kodddunuent 281, 422, 423, 500

— pacyeT AJisi HEC)KUMAEeMOM KUAKOCTH 275—284,
295, 296, 305—307

— XapakTepHas (U1 oTcueTa) BennunHa 281—284

JIBH>XeHuE JKUAKOCTH HECKUMAEMOM,

pacuera metoasl 36—314, 333

— — — ypaBHeHus 29—33, 356

— — cxxumaemoii 31, 36, 53, 57, 98, 101, 127, 135,
136, 138, 151, 153, 166, 247, 243—255, 264,
275, 315—423, 455

— — — pacueta Metoabl 333—423

— — — — TPYAHOCTH OCHOBHbIE 315— 316

— — — ypaBHeHus 315—332

JIBoiiHbIe 00X0/b1 y3110B ceTku 133, 194

JIByXCIIOITHOW cXeMBI onpeeneHue 85

Jlnarnoctuka omuook 479

Huarnoctuueckue pynkmuonansr 506— 508

JluBeprenTtHas popma ypaBHeHwuit 32, 55, 442. Cwm.
maxoce KoncepBaTuBHas opma

JIMBEpreHIus CKOPOCTH IS )KUIKOCTH
HecxxkuMaeMoii 295, 306, 309

— — — - cxkuMaeMoit 316, 317, 410

Junamuueckuii Hanop 34

JluHaMuueckoro IMporpaMMHpoBaHus noaxox 176

Jlunamuueckoy penakcanuu meron 193

Jlupuxne rpannunsie ycnoBus 166, 175, 177, 178,
183, 184, 190, 194, 196, 198, 207, 213, 227, 278,
306, 510, 511, 513

JIMCKpETHOTO HHBAPHUAHTHOTO BJIOYKEHHS METOJ]
176

JIMCKPETHBIX BO3MYILIEHUN METOJ UCCIEA0BAHUS
ycroiuuBocTu 62—68, 75, 77, 82, 243, 530

————— U CBOMCTBO TPAHCIIOPTHBHOCTHU
106—110

HuccunaruBHas ¢pynkuus 284—288, 291, 500

Huccunanuu mexanusm 125, 344



Huddysuu koadpdunment nepemennsli 58, 530

— ypaBHeHue 62, 63, 65, 66, 83, 84, 129—132,
134, 144—148, 151, 172,176

— — aByMepHoe 84

— — tpexmepHoe 84, 144 Jluddy3nonHoe Bpems
6e3pazmepHoe 33

— YHCIIO, OIpeeeHue 62

— — B MHOIOMEpHOM ciy4ae 84, 85

Huddysus 31, 49, 530, 531

Huddy3opHsiii cpeiB 26, 414

JlinHa nyty nepeMemBanus 346

JUIMHHBIE MOPCKUE BOJHBI 456

J1o- 1 cBEpX3BYKOBbIE CMEIIaHHbIE TeueHus 423

————— ycioBus Ha Bbixoze 414, 415

Hpo6ueie maru mo Bpemenu 126, 134, 159, 376,
377. Cm. makoce PaciienieHus 1o BpEMEHU
cxema

— siueiiku 303—304

/[r6uca meton nuis ypasuenuit Hasbe—Cmoxca
166, 167

Iogpopma—D@panxena cxema “aexapna” 21, 95-
101, 116, 117, 138, 154, 160, 238, 536

Enunununoro 3apsiga meton 206

EnuncrBennocts pemenus 11, 18, 24—26, 414

E-oneparop 154

Kecrtkue ypaBuenus 11, 272, 292—294, 378, 460,
465, 535

Kunkocrtu B siuerikax meton (FLIC) 48, 102, 106,
355, 359—362, 385

Kunkoctu HeHBIOTOHOBCKHE 15, 457, 461—463

3aBUCHUMOCTD BSI3KOCTH OT Temneparypsl 328, 383,
476

3aBHCHUMBIX IEPEMEHHBIX peoOpazoBaHust 438,
445, 455

3azaya 0 B3aMMOJAECUCTBUU yIapHOMN BOJIHBI C
norpanuyHbeIM cioeM 372, 398, 401

— — ropenuu 449

— — JBUKEHMM TpaHCIOpTa Ha aBTocTpaze 31

— — caene 228, 362, 452

— — TEYEHUHU BHYTPU 3aMKHYTOI 001aCTH C
OJIHOM MOABMXKHOM rpanuuei 12, 56, 105, 114,
271, 275, 282, 534, 536

— 00 00TeKaHWH 3aTYIUICHHOTO TeJa C OTOIIEeAIIEeH
ynapHoil BosiHOM 268, 336, 423, 449

— — — oOpaTHoro ycrymna, 0003Ha4YeHUs IS
rpanun 215

— C yCJIOBUAMHU rpaHnyHbiMu 31, 175

— — — HavanbHeIMU 31, 175

3anauu ¢ noBepxHocTAMHU pazzaena 308, 361

— — cB0OOHOM oBepxHOCTHIO 302, 304, 306,
308, 361, 447, 458

— teopuu ynpyrocta 349

— tecToBble 483—488

3aTyxaHue ucKyccTBeHHoe (cxemHoe) 88, 89, 102,
120, 125, 353, 398, 459, 516

3ByKa ckopocTh 286, 325, 350

— — MecTtHas 326, 339, 350

3ByKoBbI€ BOIHBI 340, 422

— — YpaBHEHHUE pacupocTpaHeHus 75

Nznyuenue 376, 459, 460, 473, 487

W3meHeHue pa3mepa sueeKk 1 U3MEHEHHE
paccTosHUS MEXy y31aMU ceTku 425—426

— — — OJIHOKpaTHOE W HeNpepbIBHOE 427

H3pasnu criocod onpeeneHns BUXps Ha CTEHKE
223

NHTerpaibublii METO IIOCTPOCHUS PA3HOCTHBIX
dbopmyn 45—48, 155

WuTterpanbuabie popMbl ypaBHEHUN ABHKEHHS 318

WHTerpanbHbIX COOTHOIIEHUH MeTon 436

HHTErpo-uHTEpnOIALMOHHBIA MeTox 57

WuTepnonsuuonHblil MHorowieH Jlarpanxka 220

Nurepnomsimus 118, 119, 302, 303, 534

— JUHEIHas 110 AByM nepeMeHHbIM 302

— Ha 0oJiee MeTKyIo ceTKy 534

WNudopmanuu Beigaua 474

— — B BHJIe IpaduKoB, TOocTpoeHHBIX OBM 493-
506

— obpabotka 12, 469, 470, 489—508

— — B oTzeabHON mporpamme 507— 508

— CKOPOCTb PaclpOCTPaHEHUsI BBIYMCIUTEIbHAS
339

ICE meron (HesBHBIIM 3iinepoB meton) 203—204,
423

HckyccTBeHHast BI3KOCTh B Cllydae
HecraunoHapHom 129, 137, 139, 515— 528, 531,
532

— — — — crauuoHapaom 137, 139, 370, 437,
515—528, 536

— — HesiBHad 23, 83, 103—105, 114, 116, 120,
121, 344, 353—382, 437, 485, 505, 515—528.
Cm. makace CxemHas BA3KOCTD

— — sBHag 22, 23, 344—353, 370, 379, 381, 410,
443, 446, 515, 536

— — — B TEH30pHOU popme 443

— muddys3us 103, 398, 429

— — ko3¢ unment 350

— — — sddexruBHbIi 363

— — macchel 350, 352, 364, 399

— cxumaemocTs 305

— cKopocTh KoHBekmu 518, 519

— Tem1onpoBogHOCTh 350, 364

HckyccrBenHoe naBnenue 346

— 3aTyXaHue cm. 3aTyxaHHe UCKYCCTBEHHOE

UckyccTBeHHbIN HCTOYHUK 112

—cTok 112

Hcnapenue u konaeHcanus 455, 458

Hcnonp30BaHne HECTALIMOHAPHBIX YPABHEHUH ISt
pelieHns cTalMoHapHbIX 3ana4d 31, 161—168

Hcrounuk Maccel 487

— sHepruu 487



“UctounuxoBriii’” unen 38, 134, 176, 178, 184,
292—294, 500

Wrepaunu craiimoHapHble TMHENWHbIE 192

Urepanuii sTanamu HenonHbiMU MeTo 180

— — IOJIHBIMH MeToA 179

Urepanmonnas cxonumocts 162, 264— 270, 281

Urepanonnsiii ko3 duuuent nudpdy3un 162

Kencena dhopmyna anst Buxps Ha cTeHke 219

Hu meton 176

KBazununeapuzauusa 306

KBasunognomepHoe npubimxenue 454

— TedyeHue B kaHaiue 253—255

KBa3nonnomepusle 3agauu 372

— ypaBHeHus 388, 413, 414

KBa3nonnopoansie cetku 432

“Knaccuku” cxema (hopscotch) 151—154, 193,
378, 381, 385, 466

Knaccudukanus ommbok no coiictBam 169, 170

— YpaBHEHUH B YaCTHBIX IPOU3BOJHBIX 13, 32

KonuyectBa 1BMKEHHS ypaBHEHUS IS )KUIKOCTH
HecknumaeMmon 29—30, 294, 295

————— cxxumaemoiti 309, 315, 316, 319

“KomOunupoBanHnoe urepupoBanue” 164, 167, 268,
482

KomnakrtHas pazHocTHas cxema 172—174

KonBekTHuBHBIN HEMMHEWHBIN iieH 60

— 11oToK 49

KonBeknus u agsexuust 31

— ecrecTBeHHas 34, 143,219, 304 312, 454

— — B 3aMKHYTOM cocyze 55—56

— — ycToiiunBocTh 34

— cBoOoHast cm. KOHBEKIMS ecTecTBEHHAs

Koneuno-pa3noctabie Gpopmyibl ocHOBHbIE 39—48,
529—530, 533, 534

Koneunsix anementoB metoanl 172, 430, 465, 466

KonsepBatusHas popma ypaBuenwmii 23, 32—35,
55—58, 105, 294, 295, 315, 317—321, 324—
328,332, 347,362,394, 414, 436, 437, 443—
445 448 529, 530, 536

KoncepBaruBHoctu cBoiictBo 36, 48, 51—58, 98,
109—111, 169, 170, 224, 273, 317—320, 355,
370, 400—402, 428, 437, 438, 443, 445, 448
485, 529, 530, 536

— — pa3nuuHbIil cMbica 441, 536

— — u ommOKM Ha rpanumax 224, 273, 290, 402

— — — TOYHOCTB cXeMhI 56, 530

KonTaktHblii pa3zpsis 330, 344, 381

KontponbHoro oosema meron 48—51, 112, 113,
157, 318, 395, 396, 399, 406, 445, 536

KonuenTtpauuu pacuer 284, 291

Koopaunat pacTskeHHe SKCIIOHEHIIMAIbHOE 433 —
434,438, 441, 536

Koopaunatsl mapabonnueckue 262, 263, 442—445

— cthepuueckue 308, 348, 352, 365, 443—446, 454

— TopouaanbHele 436, 444

— mwmHapuyeckue 145, 163, 207, 229, 297, 304,
308, 335, 349, 352, 361, 365, 374, 443—446,
454, 484, 536

— sunTraeckue 257, 432, 433, 443—445

KoportkoBonHoBslii nnpeaen 123, 124. Cu. makorce
Hartixeucma vactora

Koppekrtnas nocranoBka 3agauu 100

Kopmeseea — 0e Bpuza ypasaenne 500

Kpanxka — Huxoncona cxema 129—131, 134, 171,
452, 526, 535

— — — HEYCTOWYMBOCTb TIPU T'PATUEHTHBIX
HavaJbHBIX ycioBusx 134

Kputnueckuit pazmep mara rno BpeMenu 61, 65

————— BbluncieHre Ha OBM 479

Kpoxkko nnrerpan 279

— npeoOpa3zoBanue 442

—cxema 115—117, 382, 388, 522, 526, 532, 536

Kpoynu cxema yeTBepTOro nopsiika TO4YHoCcTH 154,
157, 159, 526

“Kybarypa” 276

Kypanma — Hzaxcona — Puca wmetop 23, 102,
353

Kypanma — @puopuxca — Jleeu ycnoBue cm.
K®JI ycnoBue

Kypanma ancno 1uid XKUAKOCTH HEC)KMMAEMOH 22,
66—68, 71, 72,77, 84,102, 104, 119, 121—124,
126, 155, 156, 162, 244, 531, 532

————— aQHAJIOTU JByMEpHbIE 84

————— uTepauroHHoe 162

————— KaK nmapameTp uHTepnossiuuu 119

————— OTPaHUYEHUE  MPHU YyCTOWIHBOCTH
68,72, 119, 162, 244

————— onpeneneHue 66, 126

— — — — cxxumaemoit 339, 340, 350, 364, 376,
386, 535

————— nsymepHoe 350, 364

————— OTpPaHWYEHUE  MPHU YyCTOWIHBOCTH
339, 340, 347, 371, 376, 386, 535

————— TpexMepHoe 364

Kypuxapwr cxema 139, 532

K®JI ycnosue 22, 316, 339—341, 357, 448

JlarpanxeBo onucanue apuwxenus 117, 118, 236,
349, 458, 487

Jlarpanxesbl meTonbl 22,110,334,464

— nepemenssle 302, 330, 344, 345, 372, 380, 487

LAD meron 167

Jlakxca — Benopoggha cxempl nByxmaronsie 23, 27,
127, 318. 343, 348, 365— 380, 385, 387, 388,
413,421,427, 432, 435,437,467, 478, 482,
521— 523 527 536

Jlakca cxema 23, 252, 350, 362—365, 371, 373,
375,376,378, 407,421, 436, 460, 480, 482, 521,
522,535

— TeopeMa 3KBUBaJIEHTHOCTH 27, 79—80

Jlame xpussble 444



Jlanocxoga cxema 349—350, 353

Jlannaca oneparop 154, 272

— — paznoXeHue 1Mo coOCTBeHHBIM (yHKuusAM 180

— ypaBHeHue 42, 176, 179, 264

Jletima cxema 117—127, 134, 154, 158, 159, 246,
352,366, 370, 379, 435, 521—524, 526, 527,
532,533

Jlenesve cxema 101, 354

Jlumbana meton utepanmonnsiii 17— 19, 164, 165,
167, 180—183, 187, 192

— — sKcTpanonaupoBanHbii 18, 182, 533. Cu.
makoice 1locenoBaTeIbHON BEpXHEN
penaKkcanuu MeTol

JIuHeapu3anus YWICHOB C TPaIMEHTOM JaBICHUS
338

JInHeapu30BaHHBIC YPAaBHEHUS JBUKCHHUS
CKUMaeMoil sxunkoctu 454

JInnnu ormeuenHwIX yactui 302, 308, 496, 504,
506

JIunusa cummerpuu 228, 229, 255,391— 393, 412,
447

Jlokanuzanwst omubok 480

“JlokanpHO OHOMEpPHBIE cXeMBbI” 145

Jlonenu cxema 102, 349—350, 379

Max-Kopmaxa cxema 376—378, 436, 521, 522

— — moauduuupoBanHas 343, 379

Mapxkepos u sueek meron (MAC) 295,

296, 298—304, 359, 360, 458, 498—

304, 504, 506

— — — — Bapuantel (MACRL, SMAC,
SUMMAC) 304

Maxa konyc 356

— nuaud 11. Cu. makowce XapakTepUCTUKU

— umcio 15, 253, 254, 286, 305, 325

— — MecTHoe 326

MaxoBckuii ckadok 374

MamuHHOro BpeMeH! BbIUTphIi 269— 270

— —3arpathl 65, 174, 175, 189, 212, 273

— cioBa anuHa 168, 176, 269, 476

Marmunanoit mamaTtu ooseM 174, 181, 270

Mayyno cxema 135—138, 521, 523, 532

MrHoBeHHO HauMHaroImuecs ABmkeHns 483, 484

Menxkoit Bogsl Teopust 146, 456

MunuMu3anus OMMOOK Ha TPAHHUIIAX METOIOM
HauMeHbIINX KBajapatoB 211,416

Musaxoowr cxema Juist onpeneneHus nasienus 280,
289

— — — ypaBHEHHUs nepeHoca Buxpst 117

MHOroKOMIoHeHTHBIE cpenibl 361

MHOroMepHsbI€ aCleKThl UICKYCCTBEHHOH BA3KOCTHU
520, 527

- — METOJIa pacyeTa pacpoCTPaHEHUS BEKTOPa
omuOku 203

— — METOA0B HeABHEIX 134

— — ycroituuBoctu 65, 83, 97, 126, 340, 341, 350,
354

— 3agaun 83—S85, 203, 252

MHuorocnoiiHsie cxemsl 274

MHoromaroBbie siBHbIE cxeMbl 134—139, 341, 492

Mopenbubie ypaBHenus 29, 34, 35, 338, 366, 485—
488, 530—532

— — C NIepeMeHHbIMH K03 purmenTamu 485—
487, 531

MonyneHoe nnporpammupoBanue 471, 473

Monuanus 30Ha 74

Monte-Kapno meroast 192, 194, 463, 464

Mopemmu meron 57, 335, 336, 435—437, 521,
522,524, 525

Momya meton 264

Haeve — Cmoxca ypaBHenus 24, 25, 29, 35, 214,
252,262,294—296, 316— 330, 424, 444, 446,
474, 488

— — — ynpouueHus 446—457

— — — ycnoxxHenus 446, 458—464

Hacena cxema 388—390

Haiikéucma vacrora 251

Hanpsixenuii Bszkux tenzop 320, 322, 323

— MOJIHBIX TeH30p 316—321

Hanpsokenns Baskue 317, 319

Hatsxenue nosepxHoctHoe 304, 458

Hauansusie ycnosus 12, 36, 37, 100, 106, 130, 139,
164, 180, 191, 212, 263—275, 282, 420—421,
449, 450, 456, 482, 483

HeasromopnenbHoe pemenue 233

Hessizka 181, 182, 201, 202, 269

— onpexaenenue 181

HeeanHCTBEHHOCTH CTallMOHAPHBIX PEIIEHUH 25,
26

Hetvimana rpannunsie ycnoBus 95 98 134, 154, 175,
184, 186, 192, 195, 196, 202, 203, 205, 207, 212,
213, 227,233,252, 278—281, 288, 290, 291,
298, 306, 307, 310, 312, 313, 429, 443, 511—
514, 530

¢on Heiimana ananus ycroituuBoctu 68—73

HexoncepBatuBHas popma ypaBHEHUH IBUKECHUS
JKMJKOCTH Hec:kuMaeMon 54, 58, 316—321, 345

————— cxxumMaemoit .360, 371, 390, 394,
401, 414

HepaspeiBHocTu ypaBuenue 29, 32, 53 55, 112,
166, 218, 294—296, 304, 310, 313—315, 318,
319, 329, 367, 399, 403, 404, 406—409, 529,
536

HecoBMecTHOCTB yciioBUl Ha BXOAHOW IpaHULE U
Ha cTeHke 413

HeycroiiunBocts 42—43, 58—61, 125, 126, 213,
482

— B cMbIcne Agamapa 79

— nuHamMHu4eckas 59, 61, 535

— 1 HEPA3JIMYUMOCTb 4acToT 125



— MOHOTOHHas 76

— CBsI3aHHAas ¢ HEJIMHEHHOCTRIO 28, 57, 81, 143,
160, 161, 164, 274, 295— 297. 304, 371, 420,
421,457, 482

— cratuyeckas 16, 59, 61, 242, 243, 535

— ¢azoBas 94

— ypcienHas 28, 125, 151

HedeTHO-4eTHOTO UCKITIOUEHUST METO]]

176, 177,204

HesiBHbIe cxembl cm. CXeMbl HESIBHBIC

Huxwneit penakcanuu napamerp 164

— —cxema 19, 68, 162, 163, 167, 182

Hopwma omm6xu 192, 193

NOS meron 167

Hyccenbma uucno 288—290, 398, 403

Hviomona— Paghcona meron 192

O6nactu HenpsimoyrosbHbie 141, 190— 191

— HeperysipHoit popmsr 201, 202, 205—207

Oo6macte Busaaus 74, 75, 356—359

OOmMmeH 3Heprueit Mexy Gypbe-KOMIIOHEHTaMHU
125

O0603HaueHus A1 KOHEYHO-PA3HOCTHBIX aHAJIOTOB
pou3BoHbIX 40, 41

Oo6parubie meToas! 336—337

O0pareHre CKOpOCTH HEBO3MYIIIEHHOTO IMTOTOKA
104, 169, 361, 469

OO6mmas mporeaypa pemieHus MOTHOW 3a1a4u
TUAPOIUHAMUKH 36—38

OObIKHOBEHHBIE U] PepeHINaTbHbIC YPAaBHECHHS
169, 237, 240—242, 465, 467

O0beMHas BI3KOCTh 316, 325, 329,345, 346, 379,
410

OrpanudeHHOCTb peuieHus 77, 98

Ozyper meton 204

OnHonarpaBneHHbIH MoTOK nHpopmarmu 106, 108

OpgHocioiiHag cxema 85

OpnomraroBasi cxema, orpezesneHue 85

O3eena penieHue s JanbHero ciena 237

OnTumalbHas MOCle0BaTeIbHOCTh B HESIBHOM
CXEeMe METO/Ia YePEAYIOIINXCS HAaPaBIeHUN
189—191

OmnbiTHas u pabouas nporpammsel 470, 475—479,
490

Oppa — 3ommepgpenvoa Teopus 459

OcecummerpuyHoe TeueHue 56, 218,219, 229, 231,
372,377,388, 447

Ocmisium, BbI3BaHHBIC YPE3MEPHO OOJIBIITHM
1aroM 1o Bpemenu 63, 64, 68, 82, 98, 129—
131,169, 171, 188

Ocummnanu 3a ckaukoMm 247, 342, 346—348, 374,
376, 524, 536

Otka3 oT coxpaHeHus sHepruu 315

Otnanka nporpammsl 175, 470, 479— 489, 508

OtHomenue pa3mepos maros cetku 42, 180, 199,
351

OTtobOpaxeHne OECKOHEYHOH 00J1aCTH HAa KOHEUHYIO
439—441, 452

OTpakeHue y1apHOI BOJHBI OT MECTa U3MEHEHHUS
mara ceTku 353, 427

Otpaxxkenust criocod cm. I'paHnvHbIe yCI0BUS AT
TEUEHUS KUAKOCTH CKUMAEMON Ha CTEHKE

— — Kak npueM nporpammupoanus 402

OTpbIB ¥ NOBTOPHOE NPUCOEINHEHNE TIOTOKA 15,
16, 223, 224, 226, 233, 237, 261, 264, 398—402,
404, 450, 498

OTienyieHne ypaBHEHUsI YHEPTUU OT YpaBHEHHI
IBIDKEHUA 285

Onenka ¢ dekTuBHOCTH METOJ0B 168— 175,
191—192, 211—212, 306—309, 312—314, 423

Ommbka anmpokcumanmu 27, 40, 41, 44, 79, 100,
147,153, 157, 168—170, 173, 215, 216, 231,
264—275, 279, 281, 305, 341, 356—359, 364,
396, 403, 423, 426—429, 438, 487, 515, 526,
527, 533

— — BEJIMYMHA U nopsAaok 98—99, 527

— nucnepcuonHas 73, 83, 89, 123, 124, 370

— 3a cueT 9(PPEeKTUBHOTO CMEICHHS CTEHKH 227

— oOycnoBienHas 3aryxanuem 88, 121, 122, 169,
170, 370, 438

— — MCKYCCTBEHHOM BS3KOCTBIO B pacueTax
ckauka 352—353

— — HapyILIEHUEM OTrpaHMYEHHOCTHU peweHus 169,
226, 290, 405, 534

— — — TpUHIWINA WHBapHaHTHOCTH [ anumes
169

— — — CBOlicTBa KOHCepBaTUBHOCTHU 95, 111,
112,169, 179, 273, 428, 448, 535

— — — — TPaHCIOPTUBHOCTH 169

— — "Hepaznuuumocteio 117, 124, 125, 160, 169,
171, 251, 422, 438

— okpyruienus 27, 34, 55, 58, 133, 151, 166—170,
176, 194, 199, 267, 272, 336, 482, 483, 487, 509,
510

OmunOKu, CBI3aHHBIE CO CBOMCTBAMH CXEMEI 168,
169, 188, 251

Omunbxu ¢aszossie 93, 117, 121—124, 131, 154—
161, 169—171, 438, 459, 486

— — 3amnazjbiBaroniue u onepexatomue 131, 158,
159

— — MPOBEpKa MPH MOMOLIH TOYHOT'O PELICHHUS
MOJIEJIBHOTO YpaBHEHUs 486

[Tapanokc BIMsAHUA YCIIOBUM HA BBIXOJHOU I'PAHULIE
253—255,414

Ilexne uucno 285, 286

[TepeMeHHBIX (ITONIEPEMEHHBIX ) HAIIPaBICHUN
MeToA cm. Uepenyromuxcs HampaBIeHUH METOT

IlepeonpeneneHHOCTh TPAaHUYHBIX yCIOBUM 227,
229,392, 393

Ilepectpoiika stueek cetku 344, 349, 428

[Tepexona matpuna 102



— MHOXuTenb 70—72, 116, 121—123

— — KOMIUIEKCHbIN 71

— — onpexenenue 70

[Munoo6pasHble OCUMIIIALUY B pereHnn 247—252,
535

[Ina3mennsie nporecce 460

[ToBepxHOCTHOTO TpeHuUs K03pPuuneHT 529

[Torpanu4HOTO CIIOS MPUOTMIKEHUE U

— ypaBHenus 11, 12, 20, 58, 104, 114, 163, 166,
235, 237, 238, 279, 290, 291, 305, 401, 412, 413,
441, 442, 450—454, 458—461, 463, 474, 487,
488, 500, 531

— — npoduiu ckopoctu 235, 506

— — tommuHa 15,222, 295

— — — BBITeCHEHUs 236

[Morpanununsiii cioit 398, 441, 450, 451, 506

— — HeaBTOMOJIeNbHbIN 451

— nepexoaHbii 461

— TypOyneHTHbIN 461

[HonusnpanbHbie ceTku 432

[Tonyananutuueckue (MOJIyAUCKPETHBIE) METOIbI
464, 465, 467, 498

[Honsipuas cetka 427, 430, 431

ITocnenoBarenbHON BEPXHEHN pelaKCallii METO
(SOR) 19, 162—164, 167, 168, 182—187,
189—194, 198, 202, 220—221, 275, 279—281,
535

— — — — JBYXJIMHEWHOU Oyouno# 192

— — — — KaK JIMHEeHHas SKCTPAIoJIAIHsI METO1a
Jlubmana 533

— — — — HeJUHEHHOU U notoueyHou 186

IToTtoka Busyanusaus 503, 506

IIpanomas — Martiepa teuenue 417

Ilpanomans aucno 15, 285, 325, 413

[IpeobpazoBanue koopauHat 230, 256, 335, 421,
424,427, 432—442, 452, 465, 536

— — MEHSIIOIIEECs B MPOLECCe MOCTPOEHUS
pemenus 435

— — HeopToroHanbHble 335, 435—438, 440

— ynapHoro cnos 436, 437

[IpoBepka ToyHOCTH pemieHus riodanbHas 489

— — — CPaBHEHHEM C PEUICHUSIMH HaJICKHBIMU
npuOIKeHHbIMU 488

—————— “rounbiMu”  483—488

————— AKCIIEPUMEHTATBLHBIMU JaHHBIMU
489

[Iporonku meton 173, 176, 186, 241 247, 281,
509—514

— — MarpuuHoit 509

— — notokoBoi 509

— — nukiInueckou 509

IIporpammsl 111 9BM cocraBnenue 470—479, 508

[IponomkenHslii moaxo k npegeny 271

[IpocTpaHCcTBEHHAs CETKA C MIEPEMEHHBIM IIIaTOM

145, 252, 349, 353, 372, 424—428

[Ipsambix meton 453, 465

Ilyaccona ypasuenue 22, 31, 33, 34, 38, 134, 151,
163—166, 168, .170, 175—213, 239—242, 265,
267,269, 270, 274—280, 283, 294, 295, 304—
307,313, 355, 430, 480, 500, 509, 512, 533—
535

— — BekTopHoe 311, 313

— — st pnaBienus 275—280, 283, 294, 295, 305,
500, 535

— — METO/Ibl pelIeHUs nTepauonHsle 178—194,
200, 279—281, 306

— — ——npsawmsele 134, 176, 177, 194—217, 210,
212,267, 296, 307, 308, 310, 313

————— B HENPSAMOYTOJIbHBIX 00JIACTSIX
205—207

— — tpexmepHoe 309, 312, 313

Paznoctu Bniepen 40, 100

—mnazan 101, 158

— oxanoctoponnue 101, 110, 111, 396, 398, 399,
404,407,411

— — BOnM3U ToukH oTphIBa 399, 404

— — MPEJCTABJIEHUS IS IEPBOU POU3BOIHOU
39—40

— 110 noToky (noaserpennsie) 101, 109, 244

— npoTuB noToka (HaBerpeHusie) 101, 109, 211,
244, 245

— neHTpanbubie 40—43

Pazpexxenus Bonnbl 26, 56, 318, 345, 347, 371, 378,
379, 487

Paspexennoro rasa teuenue 51, 464

Paspematomias cmocoOHOCTH rpauKoB,
nocTpoeHHbIX Ha OBM 493, 498

Pazpematonieii CHocOOHOCTH CETKHU YBEIMUECHUE
427,429, 432, 433, 438

Pacnieyarka 3HaueHuii B y3nax cetku 491

Pacuera pacrpocTpaHeHHs BEKTOPa OLIUOKH
meton (EVP) 176, 177, 194—204, 207, 212,
221, 286,307

————— BIMSIHUA KO3 Qpunments! 194

matpuna 197, 198, 207

Pacuernas cetka 11, 36—38, 224— 228 269, 290,
291, 344, 378, 381, 424—432, 437, 438, 479

— — aBTOMaTH4ecKoe nocrpoenue 429

— —rpybas 11, 269, 479—483

— — KpUBOJIMHEWHas 429

— — noasukHag 344, 381, 435, 437, 438

— — npsmoyroubHag 36, 39

— — pa3HeceHHas B MPOCTpaHCTBE cm. [ mbpuaHas
ceTka

— — — Bo BpeMeHu 155, 157

— — C NIEPEMEHHBIM ILIaroM o
IIPOCTPAHCTBEHHBIM NepeMeHHbIM 230

— — — TpaneuueBuIHbIMU sueiikamu 378, 432

— — TpeyronbHas 430, 457




Pacusienenue penieHust 1o BpeMEHHbIM 1maram 94,
106, 117, 151

Pacmiennienue no Bpemenu 117

Pacuiennenus no Bpemenu cxema 126, 127, 134,
159, 340, 376, 377

Peiinonvoca ananorus 330

—uucno 15, 19, 24, 28, 33, 290, 325, 475, 531

— — U3MEHEHHUE C TeMIiepaTypoi 282

— — omnpenenenue 33, 325

— — cerouHoe 21, 68, 72, 77, 84, 104, 106, 162,
215, 218, 245, 248, 249, 251, 252, 355, 385, 519

— — — 110 pa3HbIM HamnpasieHusM 104

— — ¢ dextuBHOE 519, 528

PexoMeHgarm mo mporpaMMUpPOBaHUIO, KOHTPOIIO
u o6paboTke napopmanuu 470—508

PensruBuctckue s dextsr 348, 459, 468

Pewrenue “cunpHoe’” 26

— “cimaboe” 26, 331

— TUIA yeAUHEHHOH BoJIHbI 500

Pemenuii enpacTBeHHOCTS 11, 18, 24— 26, 414

—cymiectBoBanue 11, 18, 24—26, 165, 168

Pumana 3anaua o pacnane paspoia 381

Puxmmaitiepa cxema nByxmarosas 23, 343, 373,
421, 522

Puuapocona meron uist ypaBHEHUS
napabonugeckoro 18, 96, 100

— — — — smummnTudeckoro 16—17, 161, 162,
164, 178—181, 188, 193, 198

— sKcTpanousuuu 271—273, 452

Po66una rpannunbie ycnoBus cu. [ paHuvHbBIE
YCJIOBHSI CMEIIIAHHOTO TUTIA

Pobepmca—Beiica cxema ¢ pa3HOCTSMH T10
nuaronanu 149—151, 155,526

— — — 4eTBEpTOro nopsiika To4yHocTH 154—157,
159, 211, 212, 224

Powa xoopnunatel 444

Pynee — Kymma cxema 172

— — T'unna cxema 172

Pycanosa cxema 350—352, 355, 365, 371, 378,
399, 415, 416, 446, 522

— — TpeTbero nopsiaka 423

Pouxuna — I'oeonuo coorHomenud 317, 318, 334,
346—348, 435, 448

Cazeprenoa Gopmyna st Bsazkoctu 328, 383, 476

Caynvesa cxembl 99, 146, 147, 150, 151, 180, 390,
522,533

Cayceenna meron penakcauuu HeBsizku 18, 19, 181-
182

Caepx3BykoBbIe TeueHus 22, 414, 415, 417, 422—
423

“CauHapHuka cxema” 109

CBobOoaHoro monera ycioBust 230—232, 417

CaBuroBkIe CiI0M CBOOOIHbBIE 447, 452

Cen-Benana ypaBuenus 455

Cerounas yacrora 90—92

CummerpomopdHubie purypst 442

Cumncona opmyna 235

Cuctembl N anreOpanuecKkux ypaBHEHUN pelieHne
132,176

Ckauka BeIZIeJIEHHST MeTobI 24, 316, 333-338, 344,
371,377,419, 436, 437, 465, 466, 505, 524

— pa3masbiBaHus MeToibl 22—24, 316, 337, 344—
382,436,457, 515, 524, 536

— ynaBiauBanue 337. Cu. maxowce Ckauka
pa3MasbIBaHUSI METOIBI

CkBo3Horo cuera Meroabl 337. Cu. maxowce Ckauka
pa3MasbIBaHUSI METOIBI

CnoxHbie cxeMbl 1 iporpammsel 175, 191, 192, 211,
473,478, 481

CMeniaHHbI€ JIarpaHKEBO-3MIIEPOBBI METOIbI 464,
465

Cmenienuit oqHOpoIHBIX MeTo 179

“Cmentenus’” onpenenenue 182

CobcTBeHHBIE 3HAYCHUS MaTpHIIBI 87, 192

— — —nepexona 73, 87

Conpotunenus kodpduuuent 276, 527

— — st chepsr 256—258, 269, 529

CornpsiKEeHHBIX TpaJiMeHTOB MeTo ] 192

CrniekTpanbHblil pagnyc MaTpULbI 87

Crunaiin-gyunkuuu 45, 172, 174

CpaBHeHUE pa3TIUIHBIX METOAOB BBIBO/Ia KOHEYHO-
pa3HOCTHBIX aHasioros 50—51

CpaBHUTENbHBIE JOCTOUHCTBA cUCTeM 1A (Y,Z) U
s (u, v, P) 306—309, 312—314

CpamuBaeMbIX aCHMITOTUYECKUX Pa3IIOKEHUN
Meton 467

Crenka 6e3 Tpenust 230

— nponunaemas 216, 234, 291,390,395

Crok maccsl 487

— sHepruu 487

Cmokca runotesa 320, 322

— 3anaun 483, 484

— pemenue 209, 237

Crpenbs6n1 MeTOx 451

Cmpenea cxema 378, 526

CrpikoBKa cuctem koopauHaT 430—432, 440

CymmapHoro npezacrasiaeHus metoq 176

Cxema BBUII (FTCS) 43, 53, 58— 60, 62—76,
83—85, 96—100, 120, 121, 128—131, 138, 144,
148, 152, 158, 162, 178, 243, 293, 298, 350, 365,
384, 385, 477, 520—522, 524, 530—532, 534—
536

— — omnpenenenue 43

— — DKBHBAJICHTHOCTh  UTepanusiM Skoou
161—162

— ¢ 1oHOpHbIMU stuerikamu 102, 113, 360, 361,
381, 522

— — “nepexuapiBaHuemM” 378

— — Pa3HOCTSMH BIIEpPE] 10 BPEMEHH U C
[EHTPATBLHBIMHA PA3HOCTSIMH T10



IIPOCTPAHCTBEHHBIM NEpEMEHHBIM cm. Cxema
BBIIII

— — pa3HOCTSIMU POTUB NOTOKa 68, 73, 77, 84,
101—105, 119, 127, 137, 141, 143, 148, 153,
157,159, 160, 163, 212, 242—245, 251—253,
255, 259, 305, 306, 349, 353—358, 361, 385,
406, 416, 417,427, 445, 515— 517, 519—524,
526, 530—532, 536

————— BTOpOro nopsiaxa 106, 114

————— JUIS IPOCTEUIINX (PU3UIECKUX
nepeMeHHbIX 305

—————— C)KMMaeMoOH KHIKOCTH 349,
353—358, 361, 385, 406, 416, 417

—————— YJICHOB C TPAJUCHTOM JaBJICHUS
354, 357—358

————— Ha BBIXOJIHOM rpanuue 242—245,

————— HesiBHas 532

————— nepBoro ¥ Broporo tuna 101—
114, 141, 355, 522

Cxema cnabo HeycroituuBas 135

— CO CBOMCTBaMH TPAHCIIOPTUBHOCTH U
KoHBeKTUBHOCTH 110—113

CxeMbl U1 CTallMOHAPHBIX ypaBHEHUM 161—168

— — — — ycroiuuBocTh 163, 167, 168

— — — — DKBHUBAJIEHTHOCTh HEKOTOPBIM CXEMaM
JUTsl HECTAllMOHAPHBIX YpaBHeHUl 162, 164, 167

— HesaBHEIC 85, 128—134, 151—153, 293—294,
297,304, 305, 311—314, 333, 340—342, 423,
455, 466, 522, 523, 526, 535

— — JUIS1 J)KECTKHX 4ieHOB 293, 294

— — — peleHus ypaBHEHHH B (PU3UIECKIX
nepemeHHbix 297, 304,305

— — — cxuMaeMoi xuakoctu 333, 340—342,
423

— — — TPEXMEPHOTO BUXPS U BEKTOPHOTO
norennmana 310—313

— — noaHocThio 128, 129, 138, 140, 176, 522,
523, 526, 535

— — ompenenenue 85, 152—153

— —gactnyno 131, 132

— nopsiaka TouyHocTu BToporo 41, 114, 141, 150,
159

— — —BEICOKOTO 171—172, 207— 211, 272,
289, 423, 455

— — —nepsoro 40, 104

— — —uerBeproro 154—157, 159,171, 172,
174, 203, 209

— sBHBIE, onpeneeHue 85, 128

CxemHas Bsa3kocTth 23, 103, 104, 129, 136, 137,
139, 169, 252, 305, 306

CxonuMmocTH pemieHus Bpems 268, 273—274

— — — 3aBUCUMOCTb OT Pa3MEpPHOCTH 3a]a4l
480—481

— xpurepuu 12, 27, 198, 201, 264— 275, 420—
421

— — oObekTuBHBIE 420

— — cyOBeKTHBHBIE 266, 270

— npoBepka 479—483

CxoaumocTh anmnpoKcuMalnonHas 265, 270—274

— WTepalMoHHAas (UTepallMOHHOM cxeMbl) 27, 28,
36—38, 79, 80, 143, 162, 164, 166, 180, 183—
185, 188, 212, 264—275, 281—310, 420, 422,
429, 438, 479—483

Taiinepa popma UCKYCCTBEHHOH Bsi3kocTh 379

Teiinopa — Maxkkona pemenue 337, 450

Teunopa psaast 39—44, 103, 109, 120, 129, 136,
150, 169, 358

TenzopHoro npousseaeHuss MeToasl 176

Temneparypsl pacder Uil HECXKUMAEMOM KUIKOCTH
284—294

TennonpoBoanoctu ypasuenue 37, 148, 151, 154

Teuenue nByx xuakocrei 304

— noTeHuManbHoe 163, 213, 229, 233, 237, 311,
432,442, 446—447, 453— 454, 488

— TpaHc3ByKoBoe 372, 446, 450

Teuennii 6€3 ynapHbIX BOJH METO/IbI pacyeTa
333—338

Teuenus ¢ xumuueckumu peakuusmu 109, 361,
376—378, 436, 449, 460

— TpEXMEpHbIE HEC)KUMAEMOM KuIKocTH 309—
314

Toma ycnoBue ajisl BUXps Ha cTeHke 217

Tounocth cxembl 42, 43, 56, 209, 214, 225, 263—
264, 436, 438, 489

— — JnoKaybHasg U riodansHas 209, 264

TpancnoptuBHOCTH cBOMCTBO 83, 98, 106—110,
117, 169, 355, 358, 364, 532

Tpexauaronansnast matpuna 133, 140, 153, 188,
509

TpexaunaronaneHelii anroput™ 133,147, Cwm.
maxoice IIporonku meron

Tpexcnoitnas cxema 115

TypOynentHocts 15, 35, 125, 331, 351, 451, 455—
457, 461, 462, 507, 508

— BBIUMCTUTENBbHBIE Teopun 461, 462, 468

— pacueT Ha OBM 508

— craTuctuueckas teopus 508

VY napnas tpy0a 536

Y 1apHOU BOJIHBI paCIIpOCTPAHEHHUE OJHOMEPHOE
535, 536

— — — ¢ U3MEHEHUsAMU (pa30BbIMH 460

— — rtonuuHa 330, 332, 342, 344, 347, 348, 421

Vnapusie Bonnsl 11, 22, 23, 35, 51, 56, 315—318,
330—333, 342—344, 346, 347, 420, 421, 437—
438, 448, 450, 460, 487

— — B METO/IE XapaKTEepUCTUK 448

— — rpaduyeckoe MOCTPOCHUE P MTOMOIIH
OBM 503, 505—506



— — IPOJOJDKEHHE PELICHUsT Yepe3 HuX 334—
335

Yopmunea — Xoemma meron 82

YpaBHEHHE, BKIIIOYAIOIEE KOHBEKTUBHBIN U
muddysuonnsie uiensl 29, 33— 34, 71, 137,
140, 151, 153, 247,515— 528

— Ju1st TeMieparypsl 166, 167, 284— 285

— — ¢ynkun Toka 30—34, 160, 175— 213

— — — — KaK €IMHCTBEHHOM nepeMeHHoil 165,
223. Cm. makoxce BUrapMOHNYECKOE YpaBHEHUE

— — XMUMHYECKUX KOMIOHEHT 166

— cocrosinus 15, 282, 315—317, 321, 322, 326—
328, 367, 462, 468,477

VYpaBHeHus B 6e3pa3MepHbIX nepeMeHHbIX 11, 29,
32—34, 69, 284, 285, 315, 324, 328

— 27151 BO3MyIeHui 459

— — npocredmux nepemerHsix 12, 20, 29—30,
60, 294—309, 312—314

VYcnoBust Ha rpaHuile BXOaHOM 228, 233—236,
290—291, 297, 530

— — — — BJMsHME Ha pewieHue 237, 417

— — — — JIHWCKPETU3NPOBAHHBIC CIIOCOOBI
3agaHus 235—236

— — — — 14 KUAKOCTH HEC)KUMaeMou 233—
236, 439

—————— cxknmaemoin 408, 412-413

————— OpOCTeHIINX (PU3HMUECKUX
IepeMeHHbIX 297

————— temneparypsl 290—291

— — — BBIXOJHOH 1 JKUAKOCTH HEC:KUMAEMOU
95,121, 139, 228, 236— 247, 252, 297, 298,
439, 528, 530, 535

—————— cxxnmaemoit 413—417, 528

— — — — OpOCTEHIIHUX (PUBUYECKHX
IepeMEHHbIX 298

— — — — nmocraroyHocTs 240—241, 535

VYcranosnenus o Bpemenu meron 20, 188, 273,
337,338

Y CTOWYUBOCTH UCCIEIOBAHUE TSI KUKOCTH
HecxknMaeMmon 62—=85, 127, 179, 429, 531

————— BIIMSIHME HEOJHOPOIHOTO ujieHa 178

— — — — cxumaemoit 333, 338—341, 383—386

— — — ypaBHEHUH C HEMOCTOSHHBIMH
koapdunmrentamu §0—~82

— — METOJI AMCKPETHBIX BO3MYILEHUH CM.
JIMCKpPETHBIX BO3MYILEHUN METOZ

YCTOMUYHMBOCTH HCCICIOBAHHE, METOJ

¢on Heiimana cm. ¢oon Hetimana ananus
YCTOMYUBOCTH

— — — Xépma cm. Xépma aHanu3 yCTONYUBOCTH

— — meTo bl MaTpuuHnble 339, 340

— — OTpaHUYCHUS Ha IIarv MPOCTPAHCTBEHHOU
cetku 340, 341, 429

— kpurepuu 27, 77—S83, 292. Cm. maxorce
Kypanma ancno

— onpexaenenue 27, 28

— noustue 77—79

YcroitunBocTh abcomoTHas (6e3ycnoBHas) 98, 99,
128, 129, 136, 140, 144, 145, 147, 153

— nuHamMH4eckas 63, 68

— “noroueunas’ 78

— “nommaroBas” 78

— cTtaruyeckas 63, 66, 67

@uxa 3axoH 49, 286, 374

OwibTpanuu 3axauu 457

@puopuxca xpurepuu 77, 78

@Dpomma cxema c HyJeBOH cpeHelt Gpa3oBoit
omuoOkoit 158—160, 522, 526, 533

®ynkuuu-onepatopsl 472, 473, 476

@yHKLMA TOKA, onpeneneHue 30

@Dypbe 3aK0H TEIIONPOBOIHOCTH 322, 323

— MeTO/Ibl npsiMble 21

— pAlbl C KOHEYHBIM YUCJIOM WiIeHOB 69, 83—84

— — UcnoJib3yrolue ux Mmeroast 176, 177, 204—
207

@Dypbe-KOMIIOHEHTHI penienus 69, 122, 123

— — cranuoHapssie 93, 95, 106, 124, 139, 532

XaoTHueckoi penakcanuu Meroas! 193

Xapakrepuctuk meton 12, 13, 22, 58, 331, 334—
335, 341, 356, 359, 394, 417—419, 436, 446—
450, 460, 463

— — B TpexMepHOM cityuae 448, 449, 452

— — HavaJjbHbIe NaHHbIe 449—450

Xapakrepuctuku 74, 102, 356, 359, 417—419, 448,
449. Cm. makorce XapaKTEPUCTUK METO/L

“XapakTepucTUUeCKHE TUHUM ISl PA3HOCTHBIX
ypaBHeHuil 74, 75

Xépra ananu3 ycroiuuBoctu 73—78, 82, 83, 102,
116, 120, 129, 136, 363, 516, 518, 532

XuMmunyeckasi HepaBHOBeCHOCTb 413, 460

Xumnueckue peakuu 292, 452, 453, 459, 460,
481, 487

Xotuina cxema 134, 526, 536

Xoxnu meton 21—22, 204

Xoyapma nuHEMHO 3aMesIeHHOE TeueHue 233

“IIBeToBoe ypaBHeHUE” 35

[ukmryeckoro MCKIOUYEHHUS METobl 176

ZIP-annpokcumanus 529

Yacrun B siueiikax meton (PIC) 23, 48, 349, 355,
359—362, 385, 406, 458, 463, 504, 506

Yactunsi-mapkepsl 295, 296, 301—303, 359

Yebvluesa oTyaHaTUTHICCKHIA
(momywmrepannonHslil) meroxn 162, 193

Yena—Annena cxema 138, 211, 212, 386—388,
521, 522,536

Uepenyromuxcs HalpaBJieHU MeTo1a cxema Mak-
Ku v Mumuenna 384

— — — CXeMBI BbICHIero nopsaka 172

— — — — 719 HEIUHEHHEBIX WieHoB 141



— — — — — HeMpSIMOYTOJIbHbIX o0nacteit 141,
— — — — — cxxumaeMoit xuakoctn 342, 388,

————— ypaBHeHuH napabonuyeckux 20,
126, 244, 384, 427, 443

—————— smunTudeckux 202, 242, 247,
443

— — — —HesBHbIe (ADI) 134, 139— 145, 148,
153,172, 188—191, 219, 220, 275, 281, 312,
456, 522, 526

— — — — TpexmepHsble 142, 144— 145, 312

— - — —sBHble (ADE) 146—151, 156, 164, 390,
533,536

Yerbipexcnoiinas cxema 117

“Yexapaa co cpeHen Toukoil” cxema 28, 85—96,
106, 116, 117, 124, 129, 130, 138, 139, 148, 150,
155—157, 161, 238, 243, 244, 259, 293, 296,
364, 365, 373, 378, 381, 384, 421, 526, 530, 531

— cxema [Jrioghopma — Dpankena cm. /Jropopma
— @Dpankena cxema

Uucnennoe mogenupoBanue 13, 14, 19, 21, 25, 48,
110, 359, 465

UYucnenHsle sKcniepuMenTs! 12, 15—16, 213—215

Yopuna meton 304

Ulanupo u 0'Bpaiiena criocod onpeneneHus BUXps
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IMPEAMCIIOBUE PEJAKTOPA IIEPEBO/JIA

ABTOp mpeasiaraéMoll KHUTHM Jan el Ha3BaHue ‘“‘BpluncnuTenbHas TUAPOJUHAMUKA’, TEM CaMbIM
HaMepeBasiCh MOAYEPKHYTh, YTO 3TA AUCHUIUINHA 3aHUMAET CAMOCTOSITENIbHOE MECTO, NT0I00HO aHATUTUYECKON
WM DKCIIEPUMEHTAIBHON THAPOAMHAMUKE. J[eICTBUTENIBHO, BOSHUKHYB J1Ba AECATUIIETHS TOMY Ha3a]l Ha CThIKE
BBIYHUCIUTENIBHON MaTeMaTUKU U TEOPETUUECKON TMAPOMEXAHUKH, BBIYMCINUTENbHAS THAPOAMHAMMKA MPOIIIa
OOJBIION W TUIOAOTBOPHBIN MyTh M K HACTOSIEMY BpeMeHH odopMmiack Kak 000COOIEHHBIA pa3zien HayKH,
IIPEIMETOM KOTOPOTO SIBJISETCS YUCIEHHOE MOJIEIMPOBAHUE PA3JINYHBIX TEUEHUN KUJKOCTH U T'a3a U pPEIIeHUe
BO3HUKAIOIIMX IpPH 3TOM 3aJad MpU IOMOILIM METOJO0B, OCHOBAHHBIX HA HCIOJB30BAHUU 3JIEKTPOHHBIX
BBIUMCIIUTENILHBIX MAIIMH. JTOT pa3zesl HayKu, UMEIOMMK OOJbIIOe MPUKIIAJAHOE 3HAYCHUE, IPOI0JIKAET CBOE
MHTEHCUBHOE Pa3BUTHE.

CoBpeMeHHass  BBIUYMCIUTENbHAS TUAPOJUHAMHMKA 3aHUMAeTcs pa3pabOTKOW TakuUX  aKTyalbHbIX
HaNpaBJICHUH, KaK pacueT ABWKCHHH BSI3KOH >KMIKOCTH, YHCICHHOE HMCCIEIOBAaHNE TEUEHHUH rasza ¢ (usmko-
XMMHUYECKMMH IPEBPAIICHUSAMH, U3yYEHHE PAacCIpPOCTPAHEHUS YAAPHBIX BOJH B Pa3jIMYHbIX Cpelax, PEelICHUE
ra30JJUHAMUYECKHUX 3a/a4 MpPU HATMYUHM U3Ty4eHUs W T. 1. JlaHHas KHUra OrpaHUYeHa OOCYXIECHUEM JIHIIb
OJTHOW M3 ATHX MPOOJIEM — YHUCICHHBIM PAacueTOM TEUYEHHUH BS3KOM KMIKOCTH, ONHCHIBAEMBIX YPABHEHUSIMHU
HaBpe—CTtOKCa. DTH ypaBHEHHs HEOOXOAMMO paccMaTpUBaTh B LEJIOM psijieé NMPAKTHUYECKH HHTEPECHBIX
ciy4aeB (OTpPBIB MOTOKA, KOPMOBOM cliell, B3aUMOJCICTBUE BSI3KOTO ra3za C yJapHOW BOJIHOM), KOTOpbBIE HE
OXBAaThIBAIOTCS KOHIENIIMENW TOTPAaHUYHOTO CJIOSI.
3HaunTENbHASL YaCTh KHUTU IOCBSIIEHA YUCIEHHOMY MHTETPUPOBAHUIO YPAaBHEHHUN JIBUKEHUS HEC)KHMMAEMOMN
BSA3KOM JKUIKOCTH B HECTALlMOHAPHOM Cilydae. B cuily TOro 4ro 3Tu ypaBHEHMsI UMEIOT BBICOKUN MOPSAOK U B
CHIIy CJIO)KHOCTM TPAaHUYHBIX YCIOBUH IPUMEHSETCS WTEPAllMOHHBIA aJrOPUTM, OCHOBAaHHBIM Ha
IIOCJIEZIOBATEIbHOM HMHTETPUPOBAHUU JBYX CBSI3aHHBIX IIOJCUCTEM YpPaBHEHUH BTOpPOro MOpsAKa—I/Iisl
nepeHoca BHXpS W Ui (QYHKIMHM TOKa. Pa3Hble THUOBI 3TUX MOJCHUCTEM YpaBHEHHUH (COOTBETCTBEHHO



napaboIMYeCKUl M DIUTMNTUYECKUN) MO3BOJSIOT H3JIO0XKHTHh PAa3HOOOpA3HbIE YHUCIECHHBIE CXEMBI, KOTOpBIE
LIMPOKO MCIIONB3YIOTCSI IPU PELIEHUH U APYTUX 33434 BBIYMCIUTEIbHOW TMAPOINHAMUKH.

Jlng TeuyeHui cKMMAaeMOM JKUIAKOCTH Pa3IMYHbIE YMCIIEHHBIE CXEMBbl JEMOHCTPUPYIOTCS B OCHOBHOM IpHU
OTCYTCTBUH BSI3KOCTH, a PA3HOCTHBIE IIPEICTABICHMs BSI3KMX UIEHOB pPacCMaTpUBAIOTCA OTAEIBHO. 37ECh
oOCyXJaeTcss pacyeT TEUYEHUH C yAapHBIMH BOJHAMU IpPU WX pPa3Ma3blBaHUM M3-3a SIBHOW WJIM HESBHOM
(cXeMHOI1) UCKYCCTBEHHOW JUCCHUTIALIUH.

B kHMre ocBemaroTcss BONPOCHl YCTOMUUBOCTH U CXOJUMOCTH PELIEHUS] KOHEUYHO-PA3HOCTHBIX YPaBHEHUU.
[Ipencrapnsier UHTEpEC aHATU3 PA3TUYHOTO THUMA OIMIMOOK, OOYCIOBICHHBIX PAa3HOCTHBIMH CXEMaMH. ABTOP
yaenseT O4YeHb OOJbIIOe BHUMAHUE YHCICHHOMY IPE/ICTABICHUIO T'PAHUYHBIX YCJIOBHM, KOTOpPBIE HUMEIOT
MIEPBOCTENIEHHOE 3HAYE€HME, BIMSISI KaK Ha TOYHOCTh, TaK U HA YCTOMUYMBOCTb YHMCIIEHHOTO PEIICHHUS 3aJayu.
OO6cyxenue 3TOro BOIMpOca MPOBOJUTCA CTOJb JETAaJbHO, YTO B ATOM OTHOLICHHM KHUTAa HE HMMeeT cebe
aHAJIOTOB.

B cMbIciie METOI0JIOTMHY U UCIIOJIB3YEMOTO MOAX0a JaHHAs KHUTa HE OTHOCUTCS K YHUCTO MaTEMATUYECKUM
paboraM. B Heil OonblIyl0 poib HrpaiOT 3BPUCTUYECKHE OOOCHOBAHHSI M PE3yJIbTaThbl BBIYMCIMTEIHHOTO
HKCHEPUMEHTa U 000011aeTCss OrPOMHBIN OMBIT MPAKTUYECKUX PACUYETOB, HAKOIUIGHHBIH aBTOPOM M JIPYTUMHU
UCCIIeIOBATENAMH. JTO OOCTOATENBCTBO MPHUIAET KHUTE OCOOYIO LIEHHOCTh, MOCKOJBKY OOBIYHO UYHTATENs
PEAKO 3HAKOMSAT C TEXHUYECKOM CTOPOHOM UMCIEHHOIO pEIIEeHUs 3ajad. ABTOp, HalpOTHB, HamMcal Jaxke
CHELMAJIBbHYIO IV1aBYy, B KOTOPOHM Nal0TCSd PEKOMEHJALMU IO MPOrpaMMMPOBAHMIO, 110 IPOBEPKE YMCIEHHBIX
CXEeM H 10 00paboTke mosrydyaeMoil nHpOpMaIHH.

KHura comepxuT BechbMa OOIIMPHBIM CIHCOK JMTEPATypbl MO BBIYUCIUTEIBHON TruapoauHaMuke. K
COXKAJICHHUI0, dTa Oumbnmuorpadusi orpanmdeHa 1972 r. W COAEPKHUT HEAOCTATOYHOE KOJIMYECTBO pPabOT
COBETCKMX Yy4YeHbIX. Hampumep, B KHUT€ HE YIOMHHAETCS OPUTHHAIbHBIA 3(QEeKTUBHBIA MeTOox
uHTerpupoBanus ypaBHeHud HaBbe— Ctokca, mpesioxeHHbii A. A. JIOpOJHUUBIHBIM U OCHOBaHHBIM Ha
BBEJICHUM MAJIOTO MapaMeTpa B FPAHUYHOE YCIOBUE IPUIMIIAaHUS Ha CTEHKE. ViMes B BULy 9TH 00CTOSITENbCTBA,
MBI COWIM HYXHBIM JOOaBUTHh CIHUCOK psiia COBETCKMX MyONMKaluid, a B OTAEIBHBIX CIIydasX JaBallid
MIO/ICTPOYHBIE IPUMEUYAHUS C JOTIOJTHUTEIBHBIMH CCHUIKAMM.

ITpu nepeBoje KHUTHU HA PYCCKUN SA3bIK BCTPETHIIMCH TPYJHOCTH, CBSI3AHHBIE C TEM, YTO KOE-I/I€ MaTepuai
IIPENIOJHOCUTCSL B HECKOJIBKO CHIPOM BHJIE€; MHOTOYHCJIEHHBIE HETOUHOCTH U OINEYAaTKH, 3aMEUEHHBIE B 3THUX
MeCTax, MCIpaBlieHbl 0e3 clerraabHbIX oroBopok. Pabora mo mepeBoay pacmpenensiachk Tak: B. A. [N'ymun
nepeBsel Iaskl 2, 3 u npuioxenue A, B. . MutHunkuii—ipenucnosue, rinasbl 1, 4—7 u npunoxenue b.

. U Yywrun

Ko BpeMeHHM HamucaHHs HACTOSILICH KHUTHU CTaJ0 OYEBHJIHBIM, YTO Kak oOmas 00JIaCTh YMCIEHHOTO
MOJICIUPOBAaHUS (PU3NUECKUX TPOLIECCOB, TaK M YACTHBIN €€ pa3/ied — BBIYMCIUTENbHAS THAPOAUHAMUKA —
ObICcTpO pazBuBaroTcs. JlocTaToyHO OpOCUTH OEryblid B3IJISA Ha CIHMCOK 3arjiaBUi B KaKOM-THOO HAyYHOM
pedepaTHBHOM KypHaie, dYTOOBl yBHUIETh HEMPONOPLUOHATIBHO OOJIBIIOE YHUCIO JUCCEPTALUN 110
BBIUMCIINTENILHOW TuapoauHamMuke. Kakaplii MMEromuid JOCTYyNn K BBIYUCIUTENBHOW MAalIMHE YTO-HHOYIbh
BBIUHUCIISIET.

K coxarnenuto, mporpecc MCCIEIOBaHMNA B 3TOM HANpPaBICHUU TOPMO3UTCS CHIBHOW pa30pOCAHHOCTHIO
JUTEPaTypHBIX UCTOYHUKOB. EfBa 1 mpoxoauT mecs 6e3 Toro, 4Todbl KTO-HUOYAb HE “OTKpBLT” OBl 3aHOBO
CIOco0 COCTaBIEHHMSI KOHEYHBIX Pa3HOCTEH MPOTHUB MOTOKA HJIM HE PACTOJIKOBBIBAJ Obl ¢ HACTOHYHMBOCTBHIO
HOBOOOPAIIIEHHOTO BCE MPEJIECTH ACHUMITOTHMYECKOIO HECTAI[MOHAPHOTO MOAXOJa JUId pPEUIeHHs 3ahad o
CTaLlMOHAPHBIX TEUYECHHUSAX. A BeOb 3TU WM M3BECTHHI OYEHb NaBHO. Hanmeemcs, yTo naHHas KHMra OyneT
II0JIE3HA HAYMHAIOIIKUM KaK OTIIPABHOM IYHKT I JAIBHEHIINX UCCIEIOBaHUMN.

B Hacrosiee BpeMs CylIecTBYeT HECKOJIBKO MPEKPACHBIX yIEOHBIX PYKOBOJCTB IO YHUCIEHHOMY PEILICHUIO
YPaBHEHUH B YACTHBIX NPOM3BOJIHBIX; 0CO00 cieayeT OTMEeTUTh KHUTH BazoBa u ®opcaiita [1960],
Puxtmaiiepa [1957], Puxtmaiiepa u Moptona [1967], Ditmca [1965, 1969] u Mutuenna [1969] 1). Hactosmas
KHUTA OTJIMYACTCS OT HUX KaK OTOOPOM MaTepualia, Tak U CIIOCOOOM €ro W3JI0KEHHS.

UYro KacaeTcsi 0XBaUEHHOI0 MaTepuala, TO He0OOXOAMMO MPEAYIPEaUTh YUTATENS, YTO 3TO HE MaTeMaTH4ecKas
KHUTA; CM. 110 3ToMy ooy paboty Popcaiita “TlogBogHbIC KAMHUA B BBIYUCICHHUSIX WM O YeM HE IMHIIYT B
Matematrueckux kaurax” (Popcaitt [1970]). 3meck B npsamoii U, Kak MbI HaJIeeMCs, BIIOJTHE JOCTYITHOU opme
MPUBOASATCS OCHOBHBIE KOHEUHO-PA3HOCTHBIE CXEMBI I pacdyeTa BHYTPEHHHUX TOUYEK OOJIACTH TEYEHUS.
OO6cyxmaeTcst Takke BaXKHOCTh YMCIIEHHOTO MPEACTaBICHUS TPaHUYHBIX ycioBuid. IlocieaneMy Borpocy 110
HACTOSIIET0 BPEMEHHU BOOOINE HE YAENSIOCh BHUMAHHUS B YY€OHBIX PYKOBOJCTBAX U YACISIIOCH OYEHb Majo
BHUMaHMs B HAyYHBIX CTaThAX, OJHAKO ceiuac HAYMHAIOT TOHUMATh BCIO €ro 3HAYMMOCTh. B KHHre



00CY)XJAl0TCsl M APYrHe CTONb K€ BaKHbIE M OOBIYHO HE YIIOMHHAE€MbIE TEMbl, a UMEHHO YaCTHbIC BUJbI
KOHEUHO-PAa3HOCTHBIX CETOK, cnenuduueckue (GpopMmbl paccMarpuBaeMbIx auddepeHnranbHbIX ypaBHEHUH,
3aJjaud C HAYaJIbHBIMH YCJIOBUSMH, KPUTEPUU CXOJIUMOCTH, CIIOCOOBI MAIIMHHOTO MOCTPOEHUS IrpaduKoOB U
Jpyrue MeTo/ibl 00pabOTKU MoTydyaeMol HH(GOpPMAIMK U JaKe HEKOTOpbIe Crieln(puIecKkue peKOMEHIAUU 110
MIPAKTUYECKOMY IporpaMmupoBaHuio. Kopoue roBopsi, B 3TOM y4eOHOM PYKOBOJACTBE YHMTATENIb HAWAET He
U3SIIIHbIE MaTEMATUYECKUE IMOCTPOCHMS W JIUIIb YIIOMUHAHHME 3a7ad, B KOTOPBIX OHU NPUMEHHMBI, & BCIO
COBOKYIHOCTb  BOINPOCOB,  CBSI3aHHBIX €  IMPAKTUYECKUM  TOJYYEHMEM  YMCIEHHBIX  pPELICHUM
TUAPOMHAMUYECKHUX 3a]1a4.

Yro kacaeTcs IPUMEHSEMOT0 NOJX0/a, TO CHOBA MPEAYIPEKIAEM UYUTATENS, YTO 3TO HE MaTeMaTUYECKas
KHUTa. /lake B MaTeMaTHYeCKUX KHUTAX MPHU3HAETCA HEOOXOAMMOCTh (PU3NUECKON MHTYHIIMU, IBPUCTUUYECKUX
O00OCHOBaHMH M  YHUCIEHHOT'O  JKCIEPUMEHTHUPOBAHMS, XOTS  HUHTYHTHUBHBIM, ABPUCTHUECKUH WU
SKCIIEPUMEHTAIBHBIM TOAXOABI B HUX MCIOJNB3YIOTCS HE CIUIIKOM 4acTo. KOHEYHO, HEKOTOpBIE YHMCTO
MaTeMaTHYeCKUEe HCCIEeIOBAHUS HUMEIOT OOJIBIIYI0 II€HHOCTb, OJHAKO HAIIM HMHTEPEChl — 3TO B IEPBYIO
ouepenb HMHTEPEChl MHXKEHEPOB, (PU3MKOB, XMMHKOB, T. €. Mbl HHTEpPECyeMCsl B MEpPBYIO OYepeab CaMUM
¢u3nyeckuM SBJICHHEM, MaTeMaTHKa K€ MPU 3TOM HUIpaeT JIMIIb POJb MHCTPYMEHTa HCCIIEAOBAaHUS. IJTO
pa3nuume B MMOAX0JaX HE MPOCTO MMEET CYOBEKTUBHOE 3HAYCHME, a YAaCTO MPUBOAMUT K COBEPUICHHO JPYTUM
¢dbopMynupoBKaM 3ajad, B OCOOCHHOCTH B OTHOILICHMM TPAaHUYHBIX YCIOBHH. BooOmie rosops, mouxon,
OCHOBAHHBIM HA MOAETUPOBAHUN (PUZNYECKUX TPOLIECCOB, AACT JYUIIUE PE3yIbTATHL.

B 3Toil CBsI3M JIOOOMBITHO OTMETUTH, YTO OOJIBIIMHCTBO paboTaomMX B 00NACTH BBIYMCIUTEIHHOMN
THJIPOAMHAMUKN B MPOILIOM OBUIM TEOPETHKaMH (M BCE €Ille MPOJOJIKAIOT CYUTATh ceOsi TAKOBBIMHU). ABTOP
9TOW KHHUIU MpPEXIE 3aHUMAJICS B OCHOBHOM JKCIIEPUMEHTOM. XOYETCS HAAEIThCS, YTO MOM Hay4HbIE
CKJIOHHOCTH B COYETAHMM C HAYYHBIMU CKJIOHHOCTSIMH aBTOPOB IMPEAIIECTBYIOIIMX KHUT IO3BOJIAT CO34ATh
HEYTO HOBOE, MOCKOJIBKY 51 YOSKICH B TOM, YTO BBIYMCIUTENbHAS THAPOJUHAMUKA SBIISIETCS CAMOCTOSTEILHON
JUACLUIUIMHOM, OTJIMYHOM OT JKCIEPUMEHTAIBHOM M TEOPETUYECKOW THAPOJMHAMUKU W HMEIOLIEH CBOU
COOCTBEHHBIE METO/IbI, TPYIHOCTH M 00JaCTH IPUMEHEHHUS.

BJIATOJAPHOCTHU

Korna Han xHuroil paboTaenib ¢ HEKOTOPBIMHU TepephIBAMU OKOJIO YETHIPEX JIET, TO HeM30ekKHO oOpacTaelb
CBOETO pOJA OJIFaMH M IPAKTUYECKH OKa3bIBAETCS HEBO3MOXKHO BBIPA3UTh NPHU3HATEIBHOCTH BCEM TEM, KTO
TaK WJIM MHAa4Ye CII0cOOCTBOBAJ TBOEMY Tpyay. OHaKO HEKOTOPBIX MHE XOYETCs M00Iaro1aputh 0co0o.

HauOonee TBopueckas (M mpusiTHas) 4acTh paboThI ObUTa mpojaenana B yauBepcurere Kentykku. B 1968 .
Mol noOpeiit apyr a-p Yapnz Kuannm npeanmoxun MHe pabortath Hajx 3To kHuroii m B 1970 rony
CIOCOOCTBOBAJI MOEH KOMaHAMPOBKE B 3TOT yHHMBepcuTeT. OH M DHH M03a00TWIHCH 00 YyCTpOHCTBE MOEH
CeMbU U Ha NPOTSDKEHUHM Bcero npeObiBaHus B KEHTYKKHM MBI MOJNB30BAJIHCh UX JPY>KOOH M MOpAIbHOM
MOJICPKKON. 3aBepIIeHHEM HAcToAlIeH paldoThl s Oosiee Bcero o0s3aH, €CM HE CYUTATh MO0 XKEHY, J-pY
Knanmy.

Moe mnpeOpiBanne B KeHTYKKM CTajno BO3MOXKHBIM Ojlarojapsi JeKaHy WH)KEHEPHO-MEXaHUYECKOTO
¢dakynbTera a-py Pomkepy DiixxopHy. MHE XoueTcs MCKpEHHE MOOJarofaputh €ro, CTyAEHTOB, CIYIIABIINX
MO Kypc, a TaK’K€ MHOTUX JIPYTHX, OKa3aBIINX MHE JIPY>KECKU mpueM, B yacTHOCTH J-pa Kimudda Kpemepca,
n-pa Jlxona Jlenxapna, n-pa lllua Cunrxa, n-pa ®@psnka Carrennopda u [enopec biask. Moe npeOsiBanue B
KeHTykkH cTallo BO3MOXHBIM Takke Omaromaps pyKoBOACTBY Jsaboparopuit CaHnmma, KOTOpoe
CaHKIIMOHUPOBAJIO MOE€ JUIUTEIBHOE OTCYTCTBUE M TEPIIEIMBO OKA3bIBAJIO MOJICPKKY B MOEH paboTe; B 3TOM
cBsi3u 51 Onarogapro a-pa @pena binorrHepa, n-pa Kena Topbsina u Anana Ioyma.

B 1967 r., korga tTemaTuka KHUTH €II€ TOJIbKO 3apo’KJanach, MHE MOCUYACTIMBUIIOCH MPOCIYIIaTh KypcC,
npounTaHHbiil A-poM CtuBoM [Inauexom B yHuBepcurere Hotp-/lam. JlokTop IInauek He TONBKO O3HAKOMMII
MEHs C MPEIMETOM, HO M BIOXHOBMJI Ha JajbHeWIyto padoty B 3Toi obnactu. Kpome Toro, s He cMor Obl
3aHATHCS 3TOW 3aXBaTHIBAIOIIEH HAYKOMW, eciii Obl MOUM pykoBoauTesieM He Obu1 A-p T. J[x. Mroiep.

[Tpodeccop Yumbsam Ob6epkammd u3z Texacckoro yHuepcutera B OCTHHE Ha OCHOBE MEPBBIX TPEX TJaB
PYKOIHCH YUTall OAHOCEMECTPOBBIN Kypc. OH 0OHApyX M B PYKOIHCH OOJIBIIOE YUCIIO OMMOOK U JaJl MHOTO
LEHHBIX MNPEMIOKEHUH 10 YIYYIIEHUIO M3JI0KEHUS Marepuana. MHE TOJIBKO OCTaeTcsl COXKajeTb, 4YTO
OCTaJIbHAs YaCTh KHUTY He Oblja MOABEPTrHYTa CTOJIb MOJIE3HOMY BHUMATEIIbHOMY pa30opy npodeccopoM u ero
cryneatamu. Kpome toro, 1-p C. V. XEpT 11006€3H0 COracuiicsi MPOCMOTPETh YacTh MaTepUaa, CBI3aHHOTO C
ero paboTaMu U IpyrumMu paboTaMu, BHIIOJHEHHBIMU B JIoc-Aa-Mocckoil 1abopaTopuu.
bonpuryro 4acTe 3TOM TPYAHOUW PYKOIMCH B YEPHOBOM M OKOHYATEIBLHOM BapuaHTax ormnedarana Ea Mapus
O®panke. bertn XomMHICyopr Takke MOMOraja IIpU II€YaTaHWM pPYKONMCH. PenakTupoBana pyKOIUCH
Posmapu Tucpeinn, Pyr bapr roroBuna Kk medard WJUIFOCTPATUBHBIM Marepuan. MHoOrme u3 Te€X, KTO



BEJIMKOAYIIHO IPENOCTaBWJI B HAIlE I0Jb30BaHUE WIUIIOCTPALIMH, YIIOMUHAIOTCS B IOJIUCAX K PHUCYHKaM,
OJTHAKO B 3TOM CBS3M XO4YETCs 0c000 OTMeTUTh J-pa Dponcuca Xapmoy, n-pa C. Y. Xépra u a-pa I»Buna
Tomana.

B sToM HOBOM M3aHuu KHUTH (MapT 1976 r.) yuTeHbl NPEANOI0KEHUS U UCIIPABIICHUS, I0JICKa3aHHbIE MHE
MOUMHU APY3bIMHU (M KpUTHKaMH). MHE X04eTcsl HCKpEeHHE 1M00Jaro1aputh UX BceX, U B 0co0eHHOCTH pod. V.
JI. OGepkamrda, npod. A. JIx. Hopuna, n-pa 3. 1. Maprtuna, a-pa P. C. Xépma, n-pa JI. beptpama, npod. P.
A. HManspummuia, a-pa Y. llymana, npod. x. @. Tommncona, npod. V. I'xua, npod. K. I'xua u n-pa P. O.
YopMmuHra.

Mos xena K3TpuH M HamuM JETH KMBO MHTEPECOBAIUCH Moed paboroil. Heyero u roBoputs, uro 6e3 ux
MOJIICP>KKH OHA HE MOTJIa OBITh BBIITOJIHEHA.

S ryGoko OnaromapeH MOUM Jpy3bsiM, KOJJIETaM M 3HAKOMBIM, MOJAJCPKHUBABIIUM MO€ HaunHaHue. Mx
MOJJIEPKKA 3HaUMIa JUIsl MEHS OYE€Hb MHOTO.

Haxonern, uckpenne 6maroaapio Tommu [TorTepa, KOTOpPBIN MOATOTOBMII MaTepHal AJIsl IIECTOH TIIaBhI.

I1. [Dre. Poyu

Orta xHUra nocesamaercss Mepu u ee ynusepcurery Horp-Zlam aro Jlak.

1) Cnucok nMTepaTypbl, COCTaBIEHHBIH mo andaBuTy (M0 (aMWIMK MEPBOro aBTOpa) M TOAaM BbHIXO/a,

IIOMEILEH B KOHIIE KHUTH; CIIMCOK JIOIIOJHUTENIBHOM JINTEPATyphl C KPATKUMH aHHOTALUMSIMU MO>KHO HaiTH B

o03ope Ilpaiica [1966],

PEKOMEHJIALTMM IT0 YYEEHOMY KYPCY, OCHOBAHHOMY HA HACTOSIIEN KHUTE

Huke MBI M3JI0)KHM HEKOTOpbIE COOCTBEHHBIC HAONIONEHUS, OCHOBAaHHbIC HAa YTEHHH JBYX KYPCOB IIO
BBIYUCIIUTENIHON TUAPOIMHAMHKE, OJHOTO ISl MOBBIIICHUS KBATM(UKAIUU PAaOOTHUKOB MTPOMBIIICHHOCTH U
JIPyroro—aJjisi BbIMYCKHUKOB YHUBEPCUTETA.

1. M3naraemplif MaTepuan He CIUIIKOM TPYAEH caM 1o cebe, 0IHAKO M3-3a €r0 HOBU3HBI BO3HUKAET MHOTO
HESCHOCTEU U HEOXKUJAAHHOCTEH.

2. Ilonaraem, 4To MaTepuanl KHUTH JOCTYIIEH CTYAEHTAM CTaplIuX KypCOB.

3. 13 nHacrosmero Kypca CTYAEHTHI (a2 B MOEM CiIy4ae M caM JIEKTOpP) MOTYT IOYEPHHYTh pa3InYHbIE
cBelleHUs U3 oOjactu ruapoArHaMuku. IlosToMy ero ciemyer He paccMaTpuBaTh B OTPBIBE OT OOIIETO
y4eOHOro IJ1aHa, a, HA0OOPOT, UCTIOIB30BATh I BBEACHUS (WM 1O KpaiHel Mepe 3aKperyIeHns) TaKuX uaei
U TIOHATHUH, KaK 3apoKJeHHE W MEPEeHOC BUXpeH, ypaBHEHHs B Oe3pa3MEpHBIX NMEPEMEHHBIX, KOHTPOJIbHBIC
00bEMbI, KOHBEKTHUBHBbIC M TU(P(HY3MOHHBIE IMPOLECCH], JOCTATOYHOCTh T'PAHUYHBIX YCIOBHUI, TUCCHUIIAINS,
KECTKUE ypaBHEHUS, DIIJIMITUYHOCTh YPaBHEHU, ONMCHIBAIOIINX TEUEHUS] HEC)KMMAEMOM KUIKOCTH, yIapHbIE
BOJIHBL, INHUM Maxa, 00JIacTh BIUSHHS TUIEPOOIMYECKIX YpaBHEHUH, MaTeMaTHUECKUE aCTIEKThl ypaBHEHUI
Diinepa u ypaBHEHUI MOTPAHUYHOTO CJIOSI, CYIIECTBOBAHUE U €AMHCTBEHHOCTh PEIICHHH, 0COObIE TOUKH.

4. be3 0co0bIX 3aTpaT MOXHO MOJYYUTh KQUECTBEHHO Pa3yMHbIC PEIICHHUS ABYMEPHBIX 33/1a4 O TEUECHUSX

HEC)KUMaeMo# KMIKOCTH Ha rpy0oii cerke. Hampumep, onuH W3 MOUX CTYAEHTOB MOJYYMJI HECO MHEHHO
CXOJAIIEeeCs YUCICHHOE PELICHNE 331a4H O TEUCHUH KUJKOCTH B 3aMKHYTOW NPSIMOYTOJIEHOM 00J1aCTH C O/THOM
MOJIBMKHOM rpanuiieil Ha cetke 5XS5 3a 20 ¢ mammaHOTO BpeMeHu IBM 360/65. Ctonb e S5KOHOMUYHO MOXKHO
YHCIICHHO pEIlaTh U HECTALMOHAPHBIE 3a/1a4l 00 OJHOMEPHOM PACIPOCTPAHEHUHU YAAPHON BOJIHBHI.
5. 5 cuMraro BaXXHBIM NPHOOIIATH CTYAEHTOB K pabore Ha DBM kak MoxHO pasblie. COOTBETCTBEHHO B
IpoLecce IpenojaBaHus s HE IPUIEPKUBAIOCH CTPOro IOCIEI0BATEIBHOCTH H3JIOKEHUS MaTepuana B
HacTosmeM y4eOHOM nocoOuu. B KHuUTe MmocinenoBaTeIbHO OMMCHIBAIOTCS CXEMbI JUISl PEIICHUs ypaBHEHUS
IepeHoca BUXPS, 3aTeM CXEMbl PEIICHUS JIUITMITUYECKOTO YpPaBHEHUS s (YHKUMUTOKA, 3aT€M METOMbI
[IOCTAHOBKH T'PAHUYHBIX YCIOBUH U, HAKOHEL, BOIIPOCHI, CBSI3aHHBIE C HAYAIIbHBIMU YCIOBUSMH U KPUTEPUSAMU
CXO/IMMOCTH; BOIIPOCHI, CBA3aHHbIE C 00pabOTKOW MonyueHHON HMH(OpMaIK, OOCYKIAIOTCS B MOCIEIHEH
rnaBe. OHaKo B yueOHOM Kypce s 1ai0 33/1a4y O TEUYCHHMH JKUAKOCTH B 3aMKHYTOH MPsIMOYTOJIbHOM 001acTH €
OJHOM IMOABMXKHOM TpaHULEW cpa3y Ke TII0CIe HU3JIOKEHUS HECKOJIBKUX OCHOBHBIX CXeM U
HENPOJO/KUTEIBHOIO YHUCIEHHOTO JKCIIEPUMEHTHUPOBAHUS C OJHOMEPHBIM MOJEIBHBIM  YpaBHEHUEM
KOHBEKIIMHM M AUPPY3uu BUXPS M JEKIUH, B KOTOPOM U3JIAraroTcs MPOCTEHIINE CXEMbl pEIIeHUs
AITUITAYECKOTO YpaBHEHUS sl QYHKIIMH TOKA ¥ TPAaHUYHBIE YCIOBHS HA CTEHKax ¢ mpuinnanueM. CTyaeHTbI
B T€UEHUE HECKOJIbKUX HE/eb paboTaloT HaJl 3TOM IBYMEPHOI 3a/1a4eid, B TO BpeMsl Kak s MPOJIOKAI0 YTCHUE
JIEKLIUH YK€ B COOTBETCTBHHM C U3JI0KEHUEM MaTepuaa B HACTOSALIEH KHUTE.

6. Kypc mpuHuMaercsi CTyIeHTaMH € 3HTY3Ma3MOM, B OCOOEHHOCTH €CJIM OH IOJAKPEIUIEH MPaKTUKOH Ha
OBM.



7. Ilpu AByXceMeCTpOBOM Kypce sI 3aKaH4YMBajl Obl TEpPBBIA CEMECTp Ha IJaBe 3, BO3MOXKHO, IOCIE
U3JIOKEHHUsST METOJIOB PEIIEHUS YpaBHEHHs MJsl TeMIeparypbl. BTopoil cemecTp Mor Obl HauyMHATHCSA C
OOCYXICHHSI pCIICHUS YpPaBHCHUW TEUEHUS HECKUMACMOW JKHUIKOCTH B NPOCTEHIINUX (PUINIECKUX
IIEPEMEHHBIX.

8. CyIiecTByeT MHOTO 33Ja4, KOTOPbIe MOXXHO HPEJIOKUTh CTyJCHTaM B Ka4eCTBE MPAKTHUECKOH paboThI
0 HacTosmeMy Kypcy. HekoTopble n3 HUX SBISIOTCS €Il HEUCCIICAOBAaHHBIMU HAyYHBIMHU MPOOIEMaMH, YTO
MOJKET CIIY)KUTh NMPEBOCXOAHBIM CTUMYJIOM JUIl UX BbIMoNHEHUs. [IpuMepamu myOnuKanuii, BO3HUKIINX H3
CTyZIEHUYECKUX paboT Mo 3a/aue O TEYEHUH JKUAKOCTH B 3aMKHYTOW OOJIACTH C OJHOW MOJBUKHOM TpaHHULIEH,
aBISAIOTCS paboTel Toppanca ¢ coaBTopamu [1972] u Numerical studies of incompressible viscous flow in a
driven cavity. - NASA SP-378, 1975.

9. Ilpu >xenaHuM MaTepual HACTOSIIEH KHUTH MOXHO JTOTIOJHUTH U3JI0KEHUEM METOJ1a XapaKTEPUCTHUK U CXEM
pelIeHNs ypaBHEHUI OIPaHUYHOIO CIIOS.



Inasa 1

BBEJAEHWE

«[ugponunamMuka  ocofeHno  H306uJAyeT  HEJHHEHHOCTAMH»
(2#iMc [1965]), Kak 3TO XOpOIUIO 3HAET Ka)KAblll H3yualolHH ee
cryneHT. OHa Take H300UAYeT YpaBHEHHSIMH B YaCTHBIX IIPOH3-
BOAHBIX CMEIUNaHHOrO, runepBoJHIECKOro H 3JJIHNTHYECKOrO THIIOB,
MaTeMaTHUeCKHMH OCOOEHHOCTSMH pAasJHYHBIX BHAOB, 3ajadaMmu ¢
TPAaHHYHBIMH YCJOBHSIMH Ha OeCKOHeUHOCTH. B mpomiom ruipoju-
HaMHKa B 3HAuYUTeJbHOH Mepe CTHMYJHpPOBasa Da3BHTHE TEOPHH
ypaBHeHHH B UYACTHBIX TPOH3BOAHBIX, TEOPHH (YHKIHH KOMILJIEKC-
HOr'O NIepEeMEHHOro, BEeKTOPHOTO H TEH30PHOr0 aHaJjH3a, HeJHHeHHBIX
MaTeMaTHYeCKHX MeTonoB. He yaumBuTenbHO NO3TOMY, YTO B Ha-
CTOsIllee BpPeMs MHAPOJAHHAMHKA, ¢ OJHON CTOPOHH, H3BAEeKaeT 60Mb-
IIYI0 BHIFOJY H3 NPHUMEHEHHs YUCJAEHHBIX KOHEUHO-DA3HOCTHBIX Me-
TOJOB HCC/IEeJOBaHHs, a C APYrodl CTOPOHBI, BHOCHT.3HAauyHTEJbHHIH
_BKJaJ, B HX Da3BUTHE.

OnHako B Hacroslell KHUre Mbl HE KacaeMcsl BCEX pa3s/IesioB
YHC/JAEHHOTO aHaJH3a, HCIOJb3yeMBIX B THIPOAHHAMHUYECKUX 3aja-
yaXx. Mb He paccMaTpuBaeM HHTEPeCHYIO [IBYXTOHEUHYIO KpaeBYIO
3ajgauy 1/ OObIKHOBEHHBIX JH(¢epeHIHANbHBX ypaBHeHHH, KOTO-
pasi urpaeT CToJb BaXHYI0 poJib IPH pacuiere aBTOMOJAEJbHBIX pe-
IIeHUH TeOpUM NOTPAHHYHOI'O CJOS; MBI He paccMarTpHBaeM Jaxe
MpakTHYeCKH Ba)KHOTO MeToJa XapaKTepHCTHK. BMecTo 3Toro Ml
COCPEOTOUHM CBO€ BHHMAaHHe HA HOBOH, TOJBKO ellle NOSABJASIOUIEH-
¢l JHCHHINJIHHE, KOTOPYIO, MO-BHIHUMOMY, Jydllle BCero Owljao Onl
Ha3BaTh YHCJAEHHBIM MOJe/HpOBaHWeM B THAPOAMHaMHMKe. B Ha-
cTOsIllee BpeMs BCe uallle BXOAUT B ynoTpebjeHHe TEPMHH «BLIYHC-
JUTeNbHAs THAPOAHHAMHKA», KOTOPHIH MOUTH HE OTJHUaeTcss oT 6o-
Jiee [IHPOKOro TEPMHHA «YHC/AeHHAs! FMAPOAHHAMHUKAE» 1),

1.1. Obnactb BbIYHCIMTENBHOH THAPOAHHAMHAH

B npomsom rapoiuHaMHKa, Kak U JApyrue GpH3MYeCKHe HaYKH,
JeJHJach Ha TeOpPeTHYECKYI0O H 3KCIIepHMEHTaJbHYl0 HacTH. 3aja-
JHMCSI BOMPOCOM: B KAKOM OTHOIIEHHH K 3TUM CTapbIM 4acTAM Ha-

1) 3ameruM, 4T0 aBTOpP HCHOJNb3YeT KAk TePMHH «BBIUHCJAHTeNbHAas [HAPO-
auaamuka» (computational fluid dynamics), Tak u TepMHH «4HCAeHHAs THAPO-
auHaMuka» (numerical fluid dynamics). — IIpunm. ped.
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XOJHTCA BBIYHCJHTEJNbHAS THIPOAHHAMHKA? MOXKHO OTBETHTb, UTO
OHa ABJsIeTCA OTAEAbHOH AHCUMIIHHOH, XOTd H ofJafaeT HEKOTO-
PEIMH uepTaMy o6euX 3THX YacTell H CKopee JOMOJHsET, YeM 3aMe-
HSIET HX.

BrluncaurenbHas THAPOJHHAMHKA, KOHEUHO, He fABJSETCA YHUCTO
TeopeTHUecKOH Haykoil (ecJH TakoBble BoOOGIle CYILECTBYIOT) —
ona OJsuKe K 3KCIepHMeHTaJbHOH.

CyulecTByiolnas HblHE MaTeMaTHYecKas TeopHs UHCJIEHHOro pe-
UWeHMs HeJMHe{lHBIX ypaBHeHHH B YaCTHBIX NMPOM3BOAHHX NOKa elle
HeaJleKBaTHA: HET CTPOrOro HCCJAe[OBaHHUSA YCTOHYHBOCTH, CTPOIHX
OLEHOK MOTpeIlHoCTeH H J0KasaTeabCcTB cxoauMoctH. Hekorophe
YyCNeXH JOCTHTHYTH B JA0KasaTeJbCTBaX CYIIECTBOBAHHA H €JIHH-
CTBEHHOCTH pellleHHil, HO HX He AOCTAaTOYHO AJs TOro, 4yTobbl AaTh
HEJBYCMBLICTIEHHBIH OTBET HA OTAeJbHEIE BONMPOCH, NpeJCTaBJsAoIIHe
H3BeCTHBHIH HHTepec.

[TosToMy B BHIYHMCIHTENBHOH T'HAPOJHHAMHKE NDPHXOJHTCA B
OCHOBHOM NOJIaraThCsl HAa CTPOTOe MaTeMaTHYeCKoe HCCJeJOBaHHe
YNPOILeHHbIX JHHeapH30BAHHBIX 3aja4, HMelIUHX O6oJiblliee HJH
MeHblllee OTHOLIeHHe K [AHHOH 3ajadue, a Takke Ha 3BPHCTHUECKHe
060cHOBaHHUA, (DHU3HYECKYIO HHTYHIHIO, pe3yJabTaThl [POAYBOK B
a’poAHHaMHuyecKHx Tpy6ax W Ha NpoueAypH npob H OMHOOK.

CnenuaJsuct no npHkaajgHoii matreMatuke Buo (cm. buo [1956])
Clesia]l HEKOTOpPhle 3aMeuaHHsl OTHOCHTeJBbHO NMPHKJAaAHOH MaTeMa-
THKH BooGllle, KOTOpble CerofHs KaxKyTcsl 0co6€HHO NOAXOAAIIHMH
K BBIYHCJAHTENbHOH rufpoiHHaMuKe. [IpouutupoBas bBefiTMena, oxa-
PaKTepH30BaBIIEero MaTeMaTHKa-NIpPHKJaJHHKA KaK «MaTeMaTHKa
6e3 MaTeMaTHYeCcKOl J00pOCOBeCTHOCTH», DHO mepexoAHT K obcy-
XKJEHHIO OTHOLIEHHH MEXAY MaTeMaTHKOM-NPHKJIaJHHKOM H HHCTOH
MaTeMaTHKOH: «MOKHO TNOHSITh YYBCTBA XYAOXKHHKA, KOTOPOMY B
npouecce TBOPUYECTBA MOCTOSHHO HANOMHHAJH 6bl O HEOOXOAHMOCTH
CTPOrOro CJelloBaHHS 3aKOHaM (H3HKH H NCHXOJIOTHH, XOTs H3yue-
HHe HayKH O IBETOBLIX COYETAHHAX AJf Hero, 6e3yCJOBHO, I0Je3-
HOo». HauuHaromiero u3yyaTb BBIUHCJAHTENbHYIO THADOAHHAMHKY He-
06X0ANMO TpeyIpesuThb, YTO B 3ToH o6jacTH Tpebyercss Mo MeHb-
lIeit Mepe CTOJBKO e HCKYCCTBA, CKOJIbKO M HayKH.

UncJeHHOe MOJeNHpPOBaHHe THAPOJHHAMHYECKHX 3a/au, TaKHM
o6pa3oM, Giuxke K SKCIePHMEHTaJbHOH, 4eM K TeOpEeTHYeCKOH, THI-
poauHaMuKe. [IpoBeneHHe KaxJOro OTAe/NbHOro pacyera Ha IBM
OYeHb MOXOXKe Ha MpoBeleHHe (H3HUECKOIo IKCNepHMeHTa. 371ech
HCCJe0BaTeJb «BKJIOYaeT» yDaBHEHHS, a 3aTeM CJeJHT 3a TeM,
YTO NMPOHCXOAHT; HMEHHO TO Xe CaMoe JeJaeT H 3KCIePHMEHTAaTop.
[lpu npoBefeHHH pacyeTOB BO3MOXHbBI OTKPBITHsS HOBBIX (H3HYe-
CKUX siBjeHHi; Tak, Kemmnbean u Mionsep [1968] oTkpblIM OxHH
cayyail J03BYKOBOIO OTPbIBA B UHCJEHHOM 3KCHEPHMEHTE H JIHIUb
rocJie 3Toro OGHAPYXKHJHM €ro NpH IKCIepHMEHTAaX B a3pOAHHAMHU-
yeckux Tpy6ax. OnHakKo Hcc/efoBaTe/b, NPOBOAALIMA YHCJIEHHHIHA
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IKCIEepHUMEHT, HMeeT HeKOTOphle NpeuMyllectBa. OH MOXeT Ipo-
H3BOJBHO 3alaBaTb TaKHe CBOHCTBA XKHAKOCTH, KAaK IJIOTHOCTB,
BA3KOCTb U AD., IPHUEM IIPH OmpejeseHHH 3HAUeHHH rUAPOAHHAMH-
YeCKHX BEeJHMUYMH B MOTOK He BHOCHTCH BO3MYLIeHHH. BhIYHCIHTEND
MOXET MPOBOAHTH YHCTO ABYMEDHBIH SKCIepHMEHT, (paKTHUECKH He-
OCYIIEeCTBHUMBIH B sab6opaTopHBIX YCJOBHSIX. OH He CTeCHEeH B BHI-
fope mapaMeTpPOB TeUeHHS, T. €. MOXeT MNPOH3BOJbHO BHIGHPATH
HauaJibHble TOJILHHY NMOrpaHHYHOTO CJ0s H MPOMHJAbL CKOPOCTH He-
3aBHCHMO OT 4ucJja PefiHOosnbAca Ha eAHHHLY JJHHBl H uHcaa Maxa,
YTO HEBO3MOXKHO MpH 3KCIEePHMeHTe B apOJHHaMHYeCKHX Tpylax.
BeposTHo, HauboJsee BaXKeH TOT (PaKT, UTO IKCIEPHMEHTATOP-BbIUHC-
JIUTENb MOXKeT JesaTh TO, Yero He MOXKeT CJesaTh HHU TEOPETHK, HH
9KCIepHUMeHTaTOp-(OU3HK: OH MOXKET NPOBEPHTh, KAaK Ha AaHHOEe (H-
3HYECKOe fBJIEHHE BJIHfET B OTAEJNbHOCTH KaXKJ0e H3 He3aBHCHMBIX
yIpomanmHux ¢(H3HIeCKHX NpeANONOXKeHHH, TaKHX, KaK MOCTOAH-
CTBO Koa(dHIHeHTa BA3KOCTH, NMpeHeOpexkeHHe apxXUMeIOBOH CH-
JoH, paBeHCTBO uyHcaa IIpanataa egHHHIe, MPeANOJNOXKEHHS TEOPHH
MOrpaHUYHOrO ¢J0s U T. A. (HamoOMHHM CTapeill aHEKAOT O HOBHUKE,
KOTODHIH AJIS1 3KCNEPHMEHTOB B as3pOAHHaMHueCKoll Tpybe 3akaszaan
JKEJNe3HOAOPOXKHYI0 IIUCTEPHY C HeBSI3KHM HETEMJONDPOBOJHBIM CO-
BepUIEHHBIM Ta3oM.) BBIYHCAHTeNb MOXKeT MPOBEPHTb H aJeKBaT-
HOCTb OCHOBHBIX YPABHEHHH COCTOSIHHA B cJyuae, Hamnpumep, Ka-
KOH-1H60 HOBOH HEHBIOTOHOBCKOH MOJEJH XHAKOCTH.

OpHako 4YHCJIeHHBIA SKCHEPHMEHT HHMKOTAA M HH B Koeil Mepe
He MOXeT 3aMeHHTb HH (PH3HUYECKHH 3KCNEDHMEHT, HH TeopeTHue-
ckuft aHanu3. OgHAa M3 OYEBMAHEBIX NPHYHH 3TOrO 3aKJAIOUAETCH B
TOM, UTO YPaBHEHHS COCTOSHHS CIJIOIIHOH CpeAbl HHKOrJAa HeJb3sl
CYHTaTb TOUHLIMH, a JPYras—B TOM, YTO 3KCII€PHMEHTATOP-BbIYUC-
autesb He pabotaeT ¢ AuddepeHIHAJbHBIMH YPABHEHHSIMH IBHKe-
HHSl CNJOIIHON cpeAbl. IIpn 3TOM He BaxKHO, UTO pacCUHUTHIBAEMBIE
JUCKPETH3HDOBAHHHIE YpaBHEHHA TOUHO MepexXoAiT B HCXOAHBIE
JuddepeHuHaabHble ypaBHeHHS B IPEeAECTIbHOM cJyyae H3Mesbue-
HHA CeTKH, TaK KaK TaKOBOH Mpejfes HHKOIZa He JOCTHraertcs.

IIpouecc AHCKpeTH3aUHUH ypaBHeHHHl 4YacTO MeHSIeT He TOJbKO
KOJIHYECTBEHHYIO TOYHOCTb, HO H KaUeCTBEHHOE NMOBEJeHHe pelreHHH.
Tax, HekOTOpble BHABI JHCKPETHHIX aHaJOrOB TNPHBHOCAT CBOEro
poia BA3KOCTHHE 3(¢eKTh, [a)ke eClIH HCCAefoBaTesNb Hamepe-
BaJiC] HMeTb JeJIo C YPaBHEHHAMH IJS HeBA3KOH KHAKoCTH. py-
MM OYeHb BaXXHBIM OrpaHHYEHHEM SIBJAETCH HecHoCOGHOCTL UHC-
JIEHHOTO 3KCIEePHMeHTa HajJeXaluM o0pa3oM Y4YHTHBaTb TypOy-
JIEHTHOCTb H BOOOIIe TaKHe (H3HUeCKHe SIBJEeHHS (TypOyJeHTHOCTD,
JHHHH CKOJIbXKEHHS, BHXPH, CPHIBAIOIIHECs C OCTPHIX KPOMOK), KO-
TOpble UMEIOT CJAHIUKOM Manblfi Macuital, yTo6nl GHITH C AOCTATOY-
HOH TOYHOCTbIO Da3pelleHHBIMH Ha KOHEYHO-PA3HOCTHOH CETKe, H B
TO XK€ BpPeMsl MOIYT OKa3blBaTh CYIECTBEHHOE BJHSIHHE Ha KPYNHO-
mMacmTabHee CBOHCTBA TeyeHHs. [IpuMepoM Takoro sIBJE€HHsST MOMKET
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CAYXKHTb BJHsSIHHe TYpOYJEHTHOCTH B NOTDAHHYHOM CJIOe Ha MOJO-
JKeHHe TOUKH oTphiBa. CylecTBYIOT TaKXke [MPUMEDH TeUeHHH, Ipen-
CTaBJAOIINXCA ABYMEPHBIMH, HO Ha NpaKTHKEe He SBJAIOULHXCA Ta-
KOBLIMH, HallpUMep TeueHHe 32 JIHHHEH MOBTODHOIO NPHCOENLUHEHHS
OTOpPBABILIErocsl INJOCKOrO TNOTOKA H NJOCKOe TeueHHe Haj KaBep-
HOH. B momo6HBIX caydasix Kaxylleecs MPeHMMYIeCTBO TOYHOH ABY-
MEPHOCTH YHCJEHHOTO 3KCHePHMEHTa MOXKeT OBIThb 0OMaHYHBBIM,

Haxkownen, cinenyer oTMeTHTB, 4TO UHCJEHHBIH 3KCIEPUMEHT orpa-
HUYeH B TOM Xe CMBICJe, 4YTO U (DU3HYECKHH, 8 UMEHHO jJaeT JQHUC-
KPeTHYI0 HH(QOPMAUHIO [JS HEeKOTOpPoH 4YacTHOH KOMOHHALHWHU ma-
paMerpoB, OH He MOXeT yCTaHOBHTb KaKHe-1HO0 (yHKIHOHAaJbHBIE
3aBHCUMOCTH, MOMHMO TeX, KOTOpHe IOJYYaloTc H3 OCHOBHBIX
ypaBHEHHU NpPH TOMOIIM aHaJju3a pa3MepHOCTEH, W CJAel0BaTeNbHO,
He 3aMeHsieT faxe npocreiilell Teopuu.

Hrak, BBIUMCJAHTENbHAA THAPOAHHAMHKAZ SBJAETCA OTHEJbHOH
JUCLUIJIHHOH, OTJHYHOH OT 3KCIePHMEHTAaJbHOH M TeopeTHUeCKOH
HIPOAHHAMHUKH H AoNosHsouel ux. OHa uMeeT CBOH COGCTBEHHBIE
METOJBl, CBOH COGCTBEHHBIE TPYAHOCTH H CBOIO COBCTBEHHYIO cepy
NPUJIOKCHHSA, OTKPLIBAS HOBble NEPCHEKTHUBH AJS H3ydeHUS (HHU3H-
YEeCKHX NPOLECCOB.

1.2. HUcTopuHuechui o63op')

B 1910 r. JI. Puuapacon npeacraBua B KopoJsieBcKoe 0611ecTBO
NATHAECATHCTPAHHYHYIO CTaTblo, KOTOpas AOJXKHA OBITh NpH3HAHA
KpaeyroJbHEIM KaMHeM UHCJIEHHOro aHaJjJuia AHd¢epeHUHANBHRIX
ypaBHeHUH B UacTHBEIX Npou3BOAHHX. Jlo sroro lllennepn BuimoAHHUA
HEKOTOpYI0 (pyHAaMeHTaJbHYI0 DaboTy MO0 KOHEYHO-pa3HOCTHLIM
orepaTopaM, OJHAaKO BKJaj PuuaplAcoHa 3aTMHJ Bce NpeRbILyiHe
nccienoBanusd. Puuapacon paspaborasn uTepallHOHHBIE METONB pe-

') B 3TOM HCTODHUYECKOM 0030pe, K COXKAJEHHIO, COBCEM He [aeTCsl CChIIOK
ua paloTH COBETCKHX ABTOPOB, KOTOphle BHeCJIH OYeHb GOJbWOH BKJIAX B pas-
BHTHE BBIYHC/IHTEJNBHON MAaTEMAaTHKH MW BHIYHCJAMTENbHON THApoRHHaMukH, O630p
COBETCKHX TPYAOB N0 BHIYHCJHTENbHOH MaTeMaTHKe mpoBefeH B craThe A. A. Ca-
mapckoro H cratbe B. B. Bo6kosa u II. WI. MonactuipHoro B xHHre «Mcropus
OTeuecTBeHHON MareMaTHKu», T. 4, ki, 2. — Kues: HaykoBa nymka, 1970. Bonb-
woill 0630p Ha 3Ty Temy HMeercsa B MoHorpaduu I. M. Mapuyka «MeToaum BHI-
yuCcAUTENbHON MaTeMaTHKH». — HosocuGupck: Hayxka, 1973. HHrtepechnie 6nGauo-
rpaduueckie komMmeHTapuH cogepxarca B kuure C. K. ToaynoBa u B. C. Pa-
6enbkoro «Pa3pocTHble cxembl». — M.: Hayka, 1973. PasHoctHHe MeToaunl
pewlenus ypasHeHu#i Hasne — CTokca obcyxjaaworcd B 0030pHOA  cTathbe
Y. 10. bpaunosckofi, T. B. Kyckoso#t u JI. A. Uynosa [1968] u B cratee
A. A. JloponununHa B Lecture Notes in Physics, v. 18, 1973, B wuananusx
BUHUTH «MtorH HaykH H TeXHHKH» NOAPOGHEE 0630DH MO OTHEJBHBIM MpoG-
JeMaM BBIUHCAHTENbHOR THAPOZHHAMUKH onybankoBann B. B. Pycanos u
B. B. Tlocnenos «Hochenosanus TeueHHs XKHAKOCTH H rasas (¢6. «Matematuue- .
ckuil anasm3», 1. 13, M.: 1975) u T. TI. Bockpecenckufi n I1. M. Uymkuu «Unc-
JeHHble METOIL pellleHHsl 3a[ay CBepx3BYKoBoro obrexanus Tena» (c6. «Mexannka
JKHAKOCTH H rasa», 1. 11, M.: 1978). — Hpun. ped,
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IieHNs1 ypaBHeHus Jiamsaca, 6HrapMOHMYECKOro ypaBHEHHs ¥ ApY-
rHX ypaBHeHHH. OH yCTaHOBHJ pa3/jHuHe MeXAy CTalHOHApPHBIMH
3ajlauaMH B 3aBHCHMOCTH OT TOTO, «MOYKHO HJIH HeJb351 HPOAOJMKUTD
pellieHne, OTHPaBJAACL OT HEKOTOPOH 4acCTH TPaHHUBI», T. € B CO-
BpeMeHHO! TepMHHOJOrHH pasauuas runepOojHUecKHe H 3JJHITH-
. ueCKHe 3ajayd. PUuapncoH TaTesJbHO H3YYMA YHC/AEHHOE 3ajaHue
rPaHUYHBIX YCJOBHH, BKJIOUAsl FPaHHUYHBIE YCJOBHS B YIJIOBOH TOY-
Ke H Ha GeckoHeuHOCTH. OH MOJYYHJ OLEHKH MOTPELIHOCTH, AaJ Me-
TOJ SKCTPAaMOJSALHH TMOJYYeHHbIX De3y/JbTaTOB IIPH CTPEMJIeHHH
mara ceTKH K HYJIO, a TakxKe NPENJOXKHJ NPOBEPATb UHCJEHHBIE
pelleHHsi CpaBHEHHEM ¢ TOUHBIMH pellleHHSMH AJs Tes npocToii dop-
MBl, CKaxKeM JJs uuiuHjapa. HakoHen, OH BhepBble (DaKTHUECKH
NPHMEHHJ YHCJEeHHble MeTOJbl K TAKOH MPaKTHUeCKoH 3agaye 60Jb-
woro Macwraba, Kak onpejejeHHe HanpsiXKeHUd B KaMeHHOH
nambe ).

B ntepanmnonnom Metoie PHuapjicona HJs 2JIJHNTHYECKHX YpaB-
HEHUH Ha N-H HTepauud I[OOoUEePEeNHO B KaXXAOM Y3Je pacyeTHOH
CETKH YIOBJIETBOPSieTCs] KOHeYHO-DA3HOCTHOE YpaBHEHHE, COJepiKa-
nlee «cTapble» 3HaYeHHs Ha (n — 1)-H HTepalllH B COCeIHHX y3jax.
B 1918 r. JiubmaH mokasas, 4TO MOXKHO 3HAYHTEJbHO YBEJHUYHTb
CKOPOCTb CXOJHMOCTH IPOCTO 32 CYET HCNOJb30BAaHHA «HOBLIX» 3Ha-
yeHHH B y3JjaxX, KaK TOJbKO OHH BHIYHCJEHH. B 3Toil cxeme «Hempe-
PHIBHBIX 3aMellleHHH» Ha KaxKAOH n-H HTepalHH HCIOJb3yeTcsl He-
KOTOpO€ YHCJ/O CTAapblX 3Ha4YeHHH ¢ (N — l)-H HTepallld ¥ HEKOTO-
poe 4uCJIO HOBHIX 3Ha4YeHHH C 7-H HTepalHH B COCEJHHX Y3jax.
B xax[0M LHKJe HTepalluoHHoro Meropa Jlubmana HauGoJbliie
MOTPeLIHOCTH YMEeHbIUAIOTCA TAK Ke, KaK B JBYX LHKJAX HTEpalHOH-
Horo merona Puuapacona (Ppanken [1950]).

ATo CpaBHEHHE CAYKHUT NPHMepPOM crelH(pHKH YHCJIEHHOrO aHa-
JIH3a ypaBHeHHH B 4acTHbIX NPOU3BOJHBLIX. OKa3biBaercsi, UYTO He-
foJblIoe M3MeHeHHe KOHEYHO-PA3HOCTHLIX annpoKcHManuii, urepa-
LHOHHHIX CXEM HJH TPAKTOBKH TI'DAHHYHBIX YCJIOBHH MOXKET 1aTb
Goablio# BHMrpbill. HampoTus, HekoTOpble NpapaonofobHbBE H Ha
NepBLIfl B3rJAL TOYHbIE YHCJEHHble CXeMbl MOTYT NDHBOAUTH K MOJI-

1) PuyapacoH 3aHuMaiics (IPHMEHHTENBHO K BBIUHC/ICHHAM BDYUHYIO) H TeM,
4TO Temepb HA3LIBAIOT AHAJIH30M 3KOHOMHYeCKOH 3(P(eKTHBHOCTH MeTona pacyerta.
Ou nucan: «Iloxa 4to s miaTHA 3a pacyeT OAHOTO KOOPAHHATHOTO y3Ja Jamia-
cHaHa no pacueHke n/l8 meHcos, rae n — yHcao UHPpP, C KOTOPHLIMH NPOBOASATCH
BruncaeHus. OCHOBHas OLIMGKA BHYHCJHTeJeH cocTosna B TOM, YTO OHH RyTajH
SHAKH «IJTIOC» H «MHHYC». UTO KacaeTcs CKOPOCTH PacyeToB, TO OAHH H3 CaMBIX
GLICTpHIX PAGOTHHKOB DPAcCYHTBIBAN 3a HeleMo B cpeaseM 2000 ysnos Jyamsa-
CHAHA ¢ TPeX3HAUHLIMH YHCJIAaMH; OLIHGOYHbIE DaCyeThl He OMIaYHBANHCE» (Pa-
yapzacon [1910, c. 325]).

Mu momxubl 6aaronaputh cyab6y 3a To, uTo ¢ 1910 r. counaspHble ycan-
BHS H3MEHUJHCh. MHOTHe H3 COBpeMeHHHIX BBIYHCJIHTENEH-THIDOJHHAMUKOB OKOH-
yu/ ¥ GH CBOM JHH B 0orajefbHe, eCH Obl OHH MOJYywa/JH ONpelesIeHHYIO nJaty
33 OZHH PacyeT H IPH STOM «OWIHOOYHbIE pacueTH He OMJIAYHBAJHCD?, ’
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Holl karacTpocde. KiaccHuecKHM HCTODHUECKHM MPHMEPOM 37ech SB-
JsieTcs siBHasl cxeMa PuuapicoHa ass napaboJiHuecKoro ypaBHEeHHS
TEeNJIONPOBOLHOCTH, B KOTOPOH HCIOJb30BaJHCh KOHEUHO-Pa3HOCT-
Hble aNNPOKCHMAINH MPOU3BOJHBIX LEHTPaJbHLIMH Pa3HOCTAMH Kak
MO NPOCTPAHCTBEHHLIM NepeMeHHLIM, Tak W no BpeMeHH. O’'Bpaiien
¢ coaBropamu [1950] mnokasan, uTo 3Ta cxema Oe3YCJOBHO He-
ycroiiuuBa ').

Ho nossnenus DBM ocHOBHOe BHHMaHHe YAeJSJOCh SJJIHITH-
yecKHM ypaBHeHHsM. [lepBoe cTporoe matemaTnueckoe AoKasaTesb-
CTBO CXOJIHMOCTH M OLEHKY TMOrpPelIHOCTH HTePalHOHHOro MeToxa
Jlu6maHa Ana pelleHHs 3JJIHNTHUECKHX ypaBHeHHH naan Puanunc
u Buuep [1923]. B 1928 r. mosBuaach kaaccuueckas pabora Ky-
panta, Ppuapuxca u JleBH. DTH aBTOPHl B OCHOBHOM HHTepecoBa-
JHCh HCNO/Bb30BAaHHEM KOHEYHO-PA3HOCTHHIX METO/J0B KaK HHCTPYMEH-
Ta 175 HCCJAeIOBAHHA B YHCTOH MaTeMaTHKe. J[HCKpeTH3Hpys AHb-
thepennUaNbHLIe YDaBHEHHS, 10KA3bIBas CXOJHMOCTb IUCKPETHOH CH-
cTeMbl K audGdepeHINanbHON H, HAKOHel, YCTAaHABJHBAs CYLIeCTBO-
BaHHe pelLleHHs JUCKPETHOH CHCTeMbl airefpandyecKHMH MeTOLaMH,
OHH JOKa3blBaJH TeOPEeMbl CYILECTBOBAHHS H €IHHCTBEHHOCTH [Jf
3JIJIMIITHYECKHX, THMepOONHYeCKHX H NapaboauuecKHX cHCTeM Jud-
GbepeHHanbHBIX ypaBHeHH 2). DTta pabora omnpenenusa HampasJe-
HHE TPaKTHYECKOro MOJYYeHHS] KOHEUHO-Pa3HOCTHHIX pelleHHH B IO-
CJelyIouHe TOAbL.

[lepBoe uHc/ieHHOe pelleHHe ypaBHEHHH B YacCTHBIX NPOH3BOJ-
HBIX 1M 33124 F'HAPOJHHAMHKH BA3KOH XKHUJAKOCTH Gblao naHo To-
mMoM B 1933 r. B 1938 r. llloptau u Yaanep paspaborann MeTox,
SBJABIUHACA, MO CYIECTBY, 6oJiee CJOXKHBIM BapHaHHTOM MeTOZa
Jlu6mana. OHH NpeasoXKUIH GJOYHYIO pesaKCalHnio, MeTol npobHofl
(YHKIHH, peJakCcalHio MOTPEeLIHOCTH, MeTOALl HU3MeJbUeHH CeTKH
H SKCTpanoasuuo norpewHoctH. OHH TaKXe BlepBLIE TOYHO Olpe-
JIeJIHITH U HCCNEN0BAJH CKOPOCTh CXOJHMOCTH.

Caycsenan [1946] paspaboran GoJee 3hdheKTHBHBIH MeTon pe-
JlaKCallHH [J51 YHCJEHHOTO peLIeHHS 3JJIHNTHYECKHX YpaBHEHHH.
B ero meroje penakcalUH HEBA3KH3) He NMPOBOAATCS BBIUHCJIEHHS
MocJel0BATeIbHO B Ka)JOM Yy3Je CeTKH, a NPOCMAaTPHBAEeTCs BCH
ceTKa MJ1s HAXOXKJIEHHs Y370B C MaKCHMaJbHLIMH HEBSI3KAMH H
HMEHHO B 3THX Y3J1aX BBHIYHCJAIOTCH HOBble 3HaueHHs. (B cayuae

') Dra HeycTofiIMBOCTb He NMpPOsIBHJACh B pacyerax caMmoro Prdapacona ms-3a
MaJIoro YHCJAa PAcCYHTAHHLIX LIATOB MO BPEMEHH,

2) 3uavenne pabotel Kypanra, Opuapuxca u Jlesn [1928] o6cyxaanock
B TpPeX CTaTbsiX, ONyO/JHKOBAHHEIX BMECTE C AaHIJHHCKHM [ePeBOJAOM 3TOH paboTul
B mapre 1967 r. B IBM Journal (Jlakc [1967], [laprep [1967], Bumryua
[1967]).

%) PaHblle TepMHH «peJaKcailusi» OTHOCHJAH ToJbko K Meroay Caycsenna
pelaKCallMd HeBsS3KH. MBI HCIOJb3yeM TEPMHH «peJaKkcalHs HEeBA3KH», 4TOOH
OTJIHYUTb 3TOT METOJ OT HTePalHOHHhIX MeTOAOB THna Merojna Jlu6maHa, KoTo-
pHle B HACTOsllee BPeMs TaKie HA3BIBAIOT PeJaKCALHOHHLIMH.
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CTallHOHAPHOr0 ypaBHEeHHS TeIJIONPOBOLHOCTH HeBsi3Ka MPOMOPIHO-
HajbHa CKOPOCTH HAaKOIJIEHHS 3HEPrHH B siuefiKe CETKH; CJelI0Ba-
TeJbHO, CTallHOHaPHOe COCTOSIHHE NOCTHraeTcs, Korja BCe HeBS3KH
obpamalorca B Hysab.) Pokc [1948] paspaboran ycnoueHHble Ba-
pHaHTH Meroja peaakcalluu CaycBessa, BBeIsl CXeMbl BepxHeHl H
HHXKHell peftaKcanuu (NMPH KOTODHIX HEBf3KH HE [0J1araroTcsl TOUHO
paBHBIMH HyJI0), cnoco6 BbO6Opa Y3J0B CETKH, B KOTOPHIX OCY-
LIECTBJACTCA PeJlaKCallus, a TaKxke cxeMy OJIOUHOH pesakcaimu.

B 1955 r. Annen u CaycBena NPHMEHHJIM METOH pejaKcaiiu
CaycBeqsa AJs pacyeTa BPy4HY0 OOTeKaHHs LMJHMHIPA BA3KOH He-
cxKHMaeMoli XKHAKOCTbIO. B HEKOTOpBIX OTHOLIEHHAX 3TO GblIa NHO-
Hepckas paboTa B 4HCJeHHOH rHapoanHaMmuke. [ls mpencraBieHnns
KDYroBo#l I'paHHLBl Ha peryJspHofl MpAMOYTroAbLHOK ceTKe HCHOJb-
30BaJoch KoH(popMHoe npeobpasoBaHue. Bulan nosyuens yncienso
ycTOHYMBBIE pellleHUs NPH uucje PeflHoJabica, paBHom 1000, uto
npeBuimaeT Quanueckuil npenen ycroiiuuBocTH !). Ilpu npoBenenun
BBIYHCJIEHHH aBTOPH CTOJKHYJIHCH C SICHO BhIPaXKEeHHOH TeHIeHLHel
K HeycTOHUHMBOCTH NpH uHcje Pefinoabnca, pasHoM 100, u cBAsaau
3TO C TeHAeHIHeH K (U3HUeCKOH HEeyCTOHUHBOCTH NOTOKA, NMPEABOC-
XHTHB TeM CaMblM COBpeMeHHOe IOHSITHE YHCJAEHHOTO MOJeaHpo-
Banus, Mx pabora MoXKeT TakxKe cuHTaTbhbCsl 06pa3noMm (HHAHCHPO-
BaHU HAyUYHBIX HCCJeJOBaHHH: Ha ee mnpoBejeHHe JIOHAOHCKOMY
HMIIEPCKOMY KOJIeNKy B 1945 r. 6blin BHAeNeHb GOJbIIHE aCCHI-
HOBaHusl (PUPMOH IO NMOWHBY OJeXK b}

Meroz CaycBesnsa He TaK NMPOCTO HNPHCNOCOGHTH K HCNOJB30Ba-
uuio Ha DBM. BpuncauTesnb BpyuHYK NPOCMATpHBaJ MAaTpHIY B
[OMCKAX MaKCHMaJbHOH HEBA3KH ropasao OHICTpee, ueM IIPOH3BO-
aun apudmerndeckue onepauud. Hdas 3BM ckopocts mpocMotpa
MaTPHULbl He HAMHOIO [PEBHIIAeT CKOPOCTb BLIMOJHEHHS apHMeTH-
YeCKMX OMepanuii, U MO3TOMY 3JleChb CTaHOBHTCs Oosee 3(h(eKTHB-
HHIM TpOBeJeHHe pesaKcalllH I0C/eJ0BaTebHO BO BCEX Y3JaX CeT-
KH JI0 CBEJleHHS HEBS3KH K HYJI0, YTO HAEHTHUHO MeTony JInOmaHa.

Taxum ob6pasoM, npuMeHeHHe IBM naso ocHOBaHUE K JafJbHEH-
1eMy pasBHTHIO MeTOLOB THIA MeTofa JIMOMaHa ¢ HCIOJb30OBaHHEM
npeuMyluecTB HjeH BepxHel peaakcanuu Caycseasna. B 1950 r.
®pankesa (1 B 1954 r. He3aBHCHMO OT Hero SIHr) paspaGoraJ MeTof,
KOTOpBIH OH Ha3BaJ 3KCTPamnoJHPOBAHHHIM MeToAoM JlnOMaHa H
KOTOpHIf BIOCJEACTBHH CTaJ/l Ha3blBaThCs METOJOM MOCJENOBAaTe/b-
noit BepxHell pesakcamun (Snr [1954]) unu mMeTogoM ONTHMAaJbHOH
BepxHell penakcaunH. PpaHkes MOAMETHJ TAaKXe aHAJOTHIO MEXKILY
MTePaTUBHBIM pelleHHeM 3JJIHNTHYECKHX YDPABHEHHH H pellleHHeM
maraMy 1Mo BpeMeHH napaboJiMYecKHX ypaBHEHHH, 4TO HMEJNO BaX-
Hble MOCJe/CTBHS.

C passutdHeM IBM crasn no-nacrosimeMy yAensiTh BHHMaHHe H

1) Pacuetn nposoauincs npr Re =0, 1, 10, 100 u 1000. — Hpum. nepes,
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ypaBHeHHAM NapaboJHYECKOr0 THNA, NMOCKOJBKY CTaj0 BO3MOXKHBIM
paccuHTbIBaTb HeCTalHOHapHble pelieHHs. B mnepeofi MoHorpaduu
Puxtmatiepa [1957], BHecimieli Goabluo#i BKJaajd B pPa3BUTHE OJHO-
MEpPHOH HecTalHOHApHOH THAPOAMHAMUKH, OBLIJIO NpPHBEAEHO CBBILIE
JECATH YUCJEHHBIX cXeM, B MHOromepHoM ciyuae NepBbLIM HesiIBHBIM
MeTofoM Obl1 Meron Kpanka — HukoscoHa, ony6JHKOBaHHBIH B
1947 r. u TpeboBaBUIMHA HTepalUH Ha KaKAOM BPEMEHHOM CJoe.
ITOT MeToJ OCTaeTcsi OJHHM H3 CAMBIX NOMYJSDHBIX U JEXHT B
OCHOBe LIMDOKO HCHOJB3YEMOro MEeToJa pacuera HeaBTOMOAEJDbHBIX
pelieHH# ypaBHeHH#i norpanuuHoro cjosi (Baorruep [1970]).

HeB0o3MOXHO TOUHO ONpeAeNHTh, KOrAa BHepBble Oblia BbIABH-
HyTa HJesl aCHMITOTHYECKOr0 MeTOJa YCTAHOBJEHHS IO BpEeMEeHH,
NPH KOTOPOH JJs MOJYyUeHHS CTalUOHAPHOTO peIleHHs HHTeTrpH-
pPyIOTCS YpaBHEHHS] HeCTallHOHAPHOro TeueHHsl, COMHHTENbHO, UTOOLI
TaKas HjJes MOIJa Cepbe3HO pacCMaTpHBAThLCs O MOosBJIeHHs JBM.

MHorue M3 nHoHepCKHX paboT B 06JACTH BHIYHCIHTEJBLHOH THA-
pPOAHHAMHKH OblIH BbINOJHEeHB B Jloc-AnaMoccko# snabopaTopui.
Hmenno B Jloc-Anamoce Bo BpeMsa BTopoli MupoBol BofiHbI ¢on Helt-
MaH paspaboras cBOH KpUTEPHH YCTOAYHMBOCTH MNapaboJHYECKHX
KOHEYHO-PA3HOCTHLIX ypaBHeHHH H Jaj METOA HCCJAeAOBaHHA JH-
Heapu30BaHHOH cHcTeMbl. KpaTKHuii oTuer 0 ero paboTax MOSIBHJCH
B OTKphITOH Jaurteparype jaumb B 1950 r. (YapHu c coaBTOpamu
[1950] 1)). B sTo#i BaxHO# craTbe GblH BlepBble MPHBEAEHBI pac-
ueThHl METEOPOJIOTHUECKHX 3ajau Gogpiioro macmraba, B KOTOPHIX
paccMaTpUBAJHCh HeJHHelHble yDaBHeHHUS] AJs BHXDSA. ABTOPH BHI-
SICHHJIH, YTO B CMbICJE€ YCTOHUHBOCTH YpaBHeHHs AJSI BUXPS HUMEIOT
NPEeHMYyLIEeCTBO HAA TPAJHLUHOHHBIMH ypaBHEHHAMH AJf NpocTeAunx
(hHU3HUeCKHX NepeMeHHbIX (CKOPOCTb U JaBJIeHHE), U NpPUBEJH 3BPH-
cTHYecKHe O6OCHOBAaHHSI CBOeH TPaKTOBKH HeCTallHOHAPHOH 3ajauu
KaK 3aJayd C MaTeMaTHUYECKH HENOJHBIMH YCJIOBHSMH Ha BXOJHOH
H BBIXOJHOH T'paHHULAX.

B cepenune nartugecsateix rogoB B paborax Ilucmena un Pak-
dopaa [1955], a Takxke Hdyraaca u Pakdopaa [1956] 6bnu npen-
JoxeHbl 3(QdeKTHBHBIE HEsSIBHBIE METOAB AJsl pellleHUss mapaboJu-
YeCKHX YpaBHEHHH, NPHTCOAHbIE NPU IPOU3BOJBHO GOJBUIMX LIarax
no BpeMmeHnH. [loa Ha3BaHHEM HESIBHBIX CXeM METOJa UEPeAyIOLIHXCA
HanpaBJeHHH ) OHH NMPUMEHSJHCh W AJS PelIeHHs SJJIHNTHYECKUX
3ajlay ¢ HCMoJb3oBaHHeM aHajoruu ®Ppankesna [1950] mexny mpo-
JIBHXXEHHEM pelleHHs N0 BpeMeHH B mnapabosHueCKHX 3ajauax H
NpOABHKEHHEM DellleHHs 110 HTePalHsiM B 3JJHNTHYECKHX 3aJauax.

1) Bonee mnonnoe omucanme panm O'Bpafien, Xafimen n Kamnam [1950].
?) Hapsay c Ha3BaHHeM <«MeTO/ uYepeJyIOUIMXCSl HampaBJeHHH» B COBETCKOH
JHTepaType TMPHMEHSIOTCS TaKXKe Ha3BaHHS «MeTOJ NepeMeHHBbIX (HJM momepemeH-
HbIX) HanpasJ/eHufi». IIpH nepeBoje JaHHOH KHHMMM MHE ynoTpebasieM [epBoe
(XxoTss pexe BcTpeyaloilleecs) Ha3BaHMe Kak OGoJee TOYHO OTpPakKawilee CyTh
MeTOJa H ero aHraHiickoe Haszsanue (alternating direction method). — ITpun. ped.
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Hessnble cxemMbl uepenyoILHXCsl HanpaBJeHUH, BEPOSITHO, HanboJee
TMONYyJAPHB IIPH pacuyeTax 3ajJay O TeUEHHsIX HeCKHMaeMOH XKHIKO-
CTH, B KOTODLIX HCIOJIb3YEeTCsl ypaBHeHHe [epeHoca BUXPSl.

B 1953 r. diodopt u ®Ppankea onyOJAHKOBAJH CBOIO CXEMY «ue-
xapfla» Aasa napaGo/JHYecKHX YpaBHEHHH, KOTOpasl, KAK H HesBHbIE
cXeMbl MeTOAd 4HepedYIOIIHXCs HalpaBJeHHH, NpHUroAHa AJs IpO-
H3BOJLIIO OOJBIUHX ILIArOB 1O BpeMeHH (NMpH OTCYTCTBHH KOHBEK-
THBHBIX YJI€HOB), HO COXpaHfieT BCe IPEHMYLIECTBA YICTO $IBHBIX
cxeM. ITa cxeMa Hcnosab3oBana XapJsaoy u ®pommom [1963] mpu
MoJIy4YeHHH HX LIHPOKO H3BECTHOIO YHCJGHHOrO pelleHHsi AJsl He-
CTalLHOHAPHON BHXPEBOH JOPOKKIIL.

Cratpss Xapsaoy u ®pomma [1965], ony6ankoBaHHas Ha cTpa-
Huuax skypHana Scientific American, Obla npepHasHaueHa cre-
IHaJbHO AJa Toro, urobpl TpHBJAeub BHAMAaHHe HayuHofi obule-
crBeHHOCTH CoednHeHHBIX LIITAaTOB K BO3MOMHOCTSIM BBIUHCJAHTENb-
Hofi ruaponuHaMuku. IIpuMepHO B TO Ke BpemMsa BO (ppaHILy3CKOM
xypHaJje La Houille Blanche nosBunacy ananorudnas cratba Ma-
kaHo [1965]. B of6enx 3THX CTaThfX OLIIH BUepBble YeTKO cHOpPMY-
JIUPOBaHLl MOHSATHS UHCJAEHHOTO MOJEJMHPOBAaHHS H YHCJIEHHOTO 3KC-
nepuMeHTa. BEIXOAOM 3THX cTaTefi MOXKHO AATHPOBATh BO3HHKHO-
BEHHE BBIUHUCJAHTEJNLHONR THAPONHHAMUKH KaK OTAEAbHOH JHCLHI-
JIHHEL

BrraucanrenbHas yCTOHYHBOCTb BCeX YIOMSIHYTHIX Bbllle 3AaBHCS-
IHX OT BpeMeHH pellleHHi Oblia orpaHHueHa cBepXy no yucay Peii-
HOJbACA (NPHHOHUNHAJLHO 3ITOT Tpefe] ONpeaessieTcss CEeTOYHBIM
yhcaoM PefiHosbaca, T. e. 4HCJIOM, NOJYYEHHBIM IO pasMepy luara
Auefiki KOHeuHo-pasHOCTHOH cetku). B 1966 r. Toman n HleBuuk
N06UJIUCE, TO-BHAHMOMY, HEOTpaHHYeHHOH BLIUUCJAHTEJLHOH YCTOH-
YHBOCTH, HCIIONB3YS /Sl PEACTABJeHHS] KOHBEKTHBHLIX YJEeHOB pas-
HOCTH IPOTHB NMOTOKA H yaesasd 0co60e BHUMaHHE IPAHHYHBIM YCJIO-
M. HMx pacuersl o6TeKaHHsl LUMJHHApPA NPOCTHPAJHUCh A0 UHCE]
Pefinosnbca, paBHBIX MHJJHOHY; OHH [aXKe MOIJIH «BpallaTb» LH-
JUHAP M T0JyuaTb MarHycoBY NOABEMHYIO CHJY, HE CTaJKHBAACDh
MpH 3TOM C BBIYHCJHTEJNbHOI HeycTofiyHBoCcThio. HecMorpsa Ha TO
qTO MX CXeMa HMeJa JHIIb NepPBbH NOPALOK TOUHOCTH, COMACOBA-
HHe MOJYUYeHHBIX HMH pe3yJbTaTOB ¢ 3KCNEePHMEHTAJbHLIMH [aH-
HBIMH 34CTaBHJO I€PeOLeHHTb BaXKHOCTb (HOPMAJNBHOTO MNOPAAKA
omnOOK amnNpoOKCHMALUHU NPH PA3HOCTHOM NpeACTaBJeHHH Audde-
PEHIHAJbHBIX yDABHEHHA B YaCTHBIX NPOH3BOAHBIX. B 3Tofi cBfI3M
npeiacTaBiasercss BaxHofi pabora Yena [1968], ycranoBuBmas cy-
[ECTBEHHOE BJIHAHHE YHC/ICHHON NOCTAHOBKH I'DaHHYHBLIX YCJOBHH.

[IpsMele (HeHTepaTuBHEle) MeToAn Pypbe AMA UHCJIEHHOrO pe-
IIeHHS 3JJIHNTHYeCKOro ypaBHeHusi [lyaccoHa GblJIH H3BeCTHBHI yKe
B TeyeHue HEKOTOPOro BpPeMeHH (CM., HampuMmep, MoHorpaduio Ba-
3osa u Dopcaita [1960]), HO He MPHUMeHAJHCL K 3agauaM THAPO-
guHamuki. B 1965 rogy Xokun paspaboTasa poAcTBeHHDIH, HO GoJiee



22 1.2. Hcropuseckuii 063op

OGBICTPOAEHCTBYIOWNH MeTOMA, MNO3BOJHBILHI 3h(eKTHBHO pellaTh
Gosiblive KpaeBole 3afaud s ypasHenus Ilyaccouna. [locie BuI-
Xxona sToil paGoThl npsiMble MeTOAbl AJst ypapHeHus Ilyaccona cra-
JIH pa3BHBaThCst 6oJiec HHTEHCHBHO.

Onucaunble BbIIe METOABI HMPUTOAHBEL A/ PacueTa A03BYKOBBIX
TeueHHHA CKHMaeMoll KHJAKOCTH. CBepX3BYKOBbLle 3a]a4l OTJHYAIOT-
Cl OT JO03BYKOBHIX B HCCKOJBKHX BAaXKHBIX aCIEKTaX, BaKHEHIUHM
H3 KOTOPBIX fIBJSIETCS BO3MOMKHOCTb BO3HHKHOBCHHS B CBEPX3BYKO-
BOM TeUeHHH YAapHBEIX BOJH (T. €. pa3pbIBOB B pPeILEHHSAX),

OcHoBomosaratoouleli paGoTod Aasi YHCJAEHHOrO pacueTa THIep-
GosnuecKHXx ypaBHeHHH siBHJach craths Kypanta, ®Ppuapuxca u
JleBHu, onyGaukoBaHuas B 1928 r. 3xech obcyxIanuch xapakTepH-
CTHUeCKHe CBOMcTBAa ypaBHeHHH M B OOLIMX uyepTax H3jarajcs H3-
BeCTHLIA MeTOJ XapaKTepHCTHK. B arofi pabote OLljio Takxke IMOJY-
4eHo U 00'bsICHEHO 3HaAMeHUToe HeoGXOJHMOE YCJIOBHE YCTOHYHBOCTH
Kypanta — ®punpuxca — JleBy, raacsulee, uTo NpH pacueTHOH cer-
K€, He COBHaJalllell ¢ XapaKTepHCcTHUeCKOH, 06,1acTh 3aBHCHMOCTH
pPa3HOCTHLIX ypaBHeHHH AoJXKHaA Mo KpaHHeH Mepe BKJIOUATh B celd
00J1acTb 3aBUCHMOCTH JH(DdepeHIHaNBHEX YPaBHEHHA. ITO yCIOBHE
ycrounBoctd K®PJI (KoTopoe B cOBpeMeHHOH TEePMHHOJOTHH HpO-
CTO TJIACHT, YTO 4HCJO KypaHTa AOJIKHO ObITh MeHbIIe eJHHHIbI)
ClpaBel/JHBO AJdA ypaBHeHUH IHAPOAMHAMUKH KakK B JarpaHXKeBblX,
TaK H B 3UJIEPOBHIX NepeMeHHbIX.

JlarpaH:keBbl MeTOAbl, B KOTOPBIX HPOCJEXKHBAIOTCHA «UACTHILLL»,
OBl JOBeAeHBl O BBHICOKOH CTelleHH coBepiieHcTBa B Jloc-Anamoc-
ckolt naGopatopun (Ppomm [1961]). BooGute rosops, mist ABymep-
HEIX 3a1au 3HJepoBBH METOAB INpeNMOYTHTEJNbHEE, OAHAKO MHpPH HX
HCNOJb30BAHHH 3aTPYLHAETCS pacueT YAApHBIX BoJIH. Eciu pasmep
s4yeflKH CETKH He MeHbllle, YeM TOJLIHHA YAaPHOH BOJHbLI, TO NMOSB-
JAIOTCA OCIUHJJISALHH, CHHXKAIOIWHE TOYHOCTb, IJTH OCHHJJISIHH Ha
JIHCKPETHOH ceTKe HMeloT dusuueckuii cmeica (Puxtmaiiep [1957]).
KuHeruueckass aHeprus, BeICBOOOXKJamOWasicd H3-3a IOTEPH CKOPO-
CTH MPH Nepexofe Yepe3 yIapHYIO BOJIHY, NpeBpallaeTcs BO BHYT-
PEHHIOI0 3HEpTHIO CAyuaHHhX COyLapeHHH MOJEKyJ; IpH pacueTax
POJIb MOJIEKYJ HIPaIOT YeHKH KOHEUHO-Pa3HOCTHON CETKH.

Hanb6onee oO6LIYHBIM NOLXOJOM K pacyeTy yAapHLIX BOJH Ha
s#yepoBOfl CETKe SABJAETCS «pa3Mas3biBaHHE» CKAauKa Ha HECKOJbKO
AYeeK CETKH NyTeM SIBHOTO HJHM HeSBHOTO BBeJEHHS HCKYCCTBEHHOMH
BSI3KOCTH, HE OKasbiBaIOIleHl BJHAHHUS Ha pellleHHe HA HEKOTOPOM
paccTossHUH OT yaapHbeiX Boad., B 1950 r. ¢on Hefiman u Puxtmaiiep
MpeJIOKHJIH CXeMY HCKYCCTBEHHOH BfA3KOCTH, B KOTOpOH «kKo3(ddu-
IMEHT BA3KOCTH» OblJ IPONOPUHOHAJEH KBaApaTy FpajHeHTa CKO-
pocti. Jlaadopa, ITonsuek u 3erep [1953] mpocro 6pann Gosbline
3HaueHHs (HU3NUeCKON BS3KOCTH B YPaBHEHHSX TeuUeHUsA BA3KOH
JKHUAKOCTH Ha JIarPaHKeBOH CeTKe, 0JHAKO B HX MeTode TpeboBa-
JINCh HepeasbHO BEICOKHE 3HAUEHHS BA3KOCTH.
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Jnsi pasMasblBaHHsl CKauKa BMECTO SIBHOTO BBeJIE€HHsI HCKYC-
CTBEHHO!l BSI3KOCTH MOXHO HCIIQJIb30BaTb H HESIBHYHD BSI3KOCTb,
HMEIOHIYI0 MecTO B KOHEUHO-Pa3HOCTHBIX AaNNpoKCHMAaUusX. ITO
OblI0 OCYUIeCTBJEHO B LIMPOKO H3BECTHOM MeTO[e YacCTHI B siuefl-
kax (metone PIC), paspaboraniom B Jloc-AsnaMoce DBanc, XapJaoy
H ap.!), a takxe B merofe Jlakca (Jlakc [1954]) m B mpyrux
METOoHax.

B pa6ore Jlakca, ony6auKoBanHOH B 1954 r., caMa uxciaeHHas
cXeMa ropa3fo MeHee BaKHa, UeM HCNOJb30BaHHAsl ¢dapMa JAHP-
(epeHUHANbHbIX YypaBHeHHMH — KoHcepBaTuBHas ¢QopMa. Jlakc 1o-
KasaJ, uto npeobpasoBanHeM OOBIUHBIX YpaBHeHHH FHAPOJHHAMHUKH,
B KOTOpHIX 32BHCHMBIMH N€DPEMEHHbIMH SABJSIOTCA CKOPOCThb, HJOT-
HOCTb H TeMIlepaTypa, MOXHO NOJYYHTb CHCTeMY YPaBHEHHH, B Ko-
TOpOll B KauecTBE 3aBHCHMBIX ITlepeMeHHBIX CJY3KAaT KOJHUECTBO
JIBUKEHHS, TJIOTHOCTh H y/eJbHast BHYTPEHHSIA 3HeprHs TopMoXe-
HHsI. DTa HOBasi CUCTeMa ypaBHEHHH OTpaxaeT CYWHOCTb ¢Gu3uue-
CKHX 3aKOHOB COXpDaHEHHS H NO3BOJAET COXPaHATb HHTerpaJfbHble
XapaKTepHCTHKH TeueHUsi B KOHEUHO-pa3HOCTHOH cxeMe. Takas cH-
CcTeMa ypaBHEHHH LIHPOKO HCIHOJB3YyeTCs B HACTOSIIIee BpeMsl MHJs
pacueta pacHpOCTpaHeHHsl YJapHBIX BOJH He3aBHCHMO OT IIpHMe-
HAeMBIX KOHEUYHO-Da3HOCTHBIX CXeM, IOCKOJbKY CKOPOCTb IJIOCKOH
yaapHOH BOJHBI TOUHO PaCCUHTHIBAETCS JIOOOH yCTOHUMBOH cxeMoH
(cM, Jlouran [1960] u Tapu [1964]).

PasmazbpiBanve ymapHOH BOJHBI NMPH MOMOIUH HesIBHOA CXeMHOH
BSI3KOCTH OCYIIECTBJSETC H B HEKOTOPBIX ApPYrux Mmeropax. Tak,
B HacCTosllllee BPeMs IIHPOKO NpHMeHsieTcsl cxeMa Jlakca — Benn-
podda [1960] u ee xByxmIarosble BapHaHTHl, HaNIpUMep cxema PHXT-
mafiepa (cM. Puxtmaiiep [1963]). B merone PIC u B ero moaudu-
kauuu EIC (Meron B3pniBa B suefikax), paspalotanuoil B 1964 r.
MagepoMm, pasmaspiBaHHe CKAUKOB JOCTHTAeTCsl 3a CUET BBEJEHHS
KOHEUYHOr0 YHCJIA PAacCUHTHIBAEMBIX UaCTHU. DTOT NpHEM JaeT TaKxKe
BO3MOXKHOCTb paccMaTpHBaTh MOBEPXHOCTH pasjea B KHAKOCTH
(cm. Xapaoy u Yaau [1965, 1966], a rakxe [aan [1967]). B me-
toge PIC, kak u B Gosee pannem mertone Kypanra — Hsakcona —
Puca [1952], ucmnoab3yrorcsi OJHOCTODOHHHE DA3HOCTH /IS NEPBBIX
IPOU3BOJHBIX MO NMPOCTPAHCTBY H TaKHM 00pa3soM BBOAHTCS CBOEro
poja cxeMHast BA3KOCTb (CM. Il 3), OZHAKO 3TH MeTOJAbl COXPAHSAIOT
HCTHHHBIE XapaKTepHucTHUYeCKHe cBOACTBA AH(depeHIHaNbHbIX YpaB-
HeHufl. XoTH BO BceX 3THX METOAaxX HESIBHO HCIOJb3YIOTCH JAHCCHIIA-
THBHbIE WJEeHBl, pa3Ma3blBalollde yaapHble BOJHD, 115 obecrneueHus
YCTORUHBOCTH KaXKJOTO H3 HHUX B HEKOTODHIX YaCTHBIX CAy4dsiX Tpe-
GyeTcs BBefeHHe AOMOJHHTENbHBIX UJEHOB C SIBHOH HCKyCCTBeHHOMN
BA3KOCTBIO.

) Cm. 3sanc u Xapaoy [1957—1959], Xapioy ¢ coasTopamu [1959],
Dpauc ¢ coapropamn [1962] u Xapaoy [1963].



24 1.3. Cywgecraosanue u eduncT8enHocTe peuterud

B mpoTHBONOJMOXKHOCTL NMOAXOAY C pa3Ma3biBaHHeM CKadka Ha
HECKOJIbKO PACUETHBIX sueeK MOXKHO, Hao0OpOT, BHIAEJATL pa3phB.
Mopertu, A6Gert n Daefix (Mopertu n A6Gert [1966], Mopertu
u Bueiix [1967]) npoBoauan pacueTbl CBEPX3BYKOBHIX TeueHHH He-
BSI3KOTO ra3a, BhEIJeNds yAapHble BOJHLI, 3TOT NOAXOA CTaJ OuYeHb
nonyJspeH B Hauasle CEMHUIECATBIX TO0B.

[IpekpacHoe wWHpokoe oOCyKAeHUe HeJNMHEeHHDLIX UHCJAEHHBIX Me-
TOJOB MOXKHO HAHTH B KHurax dfimca [1965, 1969]. Haa usyuenus
MaTeMaTHUYeCKHX aCMeKTOB UYHCJEHHOrO HCCJaefoBaHus mapabosunde-
CKHX ¥ runep60/JHUECKHX CHCTEeM, BKJIHOUAs 3alaul, CBS3aHHBE C
yAapHBEIMH BOJHAaMH H AH(y3uell HeATpOHOB, MOXKHO peKOMeHIO-
BaTb KHHTH PuxTMaiepa [1957], PuxtMaiiepa u Moprona [1967].
Crporuit MmatematHueckHii Kypc @opcafita u Baszosa [1960] peko-
MEHAYeTCsl AJs O3HAKOMJIEHHS C UUCJEHHBIMH pelleHHSMH 3JJIUITH-
yeCKUX ypaBHesuil. B roToBsimelics K BHIXOAY B u3aaresncTse Aca-
demic Press xuure MopeTTu MoXHo OyIeT HaHTH AeTaJbHOE H3JO-
eHHe MeTOJa BblJe/eHHs CKAauKoB.

1.3. CyuwiectBoBaHHe H €AHHCTBEHHOCTb PELLeHHH

MareMaTHueckHe TNpoOJeMbl CYIeCTBOBAHHS M €IHHCTBEHHOCTH
penleHHH ypaBHEHHH B YaCTHLIX NPOU3BOANBIX, OINHCBHIBAIOIUX Te-
YeHHS XKHIKOCTH, JaJieKH OT CBOEro 3aBepllieHHd KaK A CaMHX
nuddepeHInaNbIbIX YPABHEHHH, TaK U AJA HX KOHEUHO-PA3HOCTHBIX
ananoroB. B 196! r. nosasuaach MoHorpadusa JlaabiKeHCKoH, Nocss-
menHasi 3TUM npolJeMaM AJas CTAllHOHAPHOTO TeUeHHsi BS3KOH He-
CKHUMAeMO KHUAKOCTH; U3JOXKCHHE CyliecTBa ee paboTel JaHO M-
coM [1965]. OcHOBbIBasiCh Ha CpaBHEHHMH 3aJa4H O T€UEHHH HECHKH-
MaeMOH JXHIKOCTH, ONHCHBaeMOM ypaBHenHaMu IHasbe — Crokca,
¢ JpYyruMHu 3apauamy, Jimc (c. 480) npepnonaraer, 4rto eAMH-
CTBEHHOE CTALlHOHAPDHOE peLIeHHE CYILEeCTBYeT TOJbKO HHIKE HEKO-
TOPOrO HEH3BECTHOrO Mpeleqblloro 3HaueHHd uyHcJa PefiHogabiaca,
BhHIle 3TOroO 3Ha4YeHHsl B HEKOTOPOM HHTepBaJe uHces] Re cylecTByer
HECKOJIBKO pelleHHHl M, HaKOHeEll, BHIIE HEKOTOPOTrO APYTOro, Takxke
HeW3BECTHOrO, 3HaueHHs uHcaa Peiinonbiaca peuweHudl BooGuie He
cymectsyer. (Oanako 2HMc Taxkxe 3ajJaeTcsi IIpaBOMeEpPHBIM BONPO-
COM, CMpaBeAJHBHl JH CaMH CTallHOHapHbie ypaBHeHuss HaBbe —
Crokca anas uucesn PefiHoubAca, NpeBBILUAIOMIEX HEKOTOpOe 3Haue-
HHe, NPH KOTOPOM BO3HHKaeT TypOyJeuTHocTs.) IIpu Koneuno-pas-
HOCTHOM pelIeHUHM 3TON 3ajauu TOJOXKEHHe MOXKeT elle OoJee
YCJAOXKHATLCA H3-32 HESCHOCTH FPaHHIHBIX YCJAOBHH.

Has 3agaud 0 TeUeHHH CXKHUMaeMOH XKHIKOCTH, ONHCHIBAEMOM
YHCTO TuNepBOMHUECKHMH YPaBHEHHSMH (CBEepPX3BYKOBOe TeueHHe),
CYLLEeCTBOBaHHE DelleHUs AJIs1 MPeAeJbHOr0 HeBSI3KOTro CJayuasi Jerko
nokasbiBaercst. Poft [1964] mokasan, wro €Cjau A5 HEBSI3KOTO Tasa
1Ba TPOH3BOJIBLHLIX COCTOSIHHSI MOrYT OBITH CBS3aHBl AOCTATOYHO
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cnabbiM CKAUKOM, TO IJf BSI3KOFO rasza CyHIeCTBYeT HenpephbiBHOE
peurenue. Ilpencrapasiercsi, uto mias Gojee O0WHX CayyaeB H AJd
3aj7ay O TEUEHHHM CMELIAHHOrO THIHA HHUUero AEHCTBHTEJNBHO IOJIe3-
HOTO OTHOCHTEJbHO CYUIECTBOBAHHS peElIEHHS [l0Ka He YCTaHOB-
Jeno ).

CyurecTBOBaHHe pelleHHsl TNpeAcTaBJaseT co6ofi B HEKOTOPOM
cMbIc/le MeHbiyIo npobJaeMy B TOM cJyyae, KOTAa pacueTbl BeAyTCA
II0 HeCTAallHOHAPHLIM YpaBHEHHAM, a 3TOT NOAXOJ OKasaJjcs, BooOlle
ropopsi, HanGoJiee yCIeUIHbIM IPH pelleHHH MOJHbIX YpaBHEHUH AJ
TeUeHHS BA3KOH XHAKOCTH. ByAyuH yBepeHHBIMH B CIpaBeMJIHBOCTH
HecTallHOHAPHBIX ypaBHenuii HaBbe — Crokca, Mbl CKJIOHHH AyMaTh,
4TO YMCJEHHOe pelleHHe, MOJYyUYeHHOe MO (PU3HUYECKH peasibHBIM Ha-
yaJIbHBIM YCJOBHSAIM, HMeeT ONpeleseHHYIO IleHHOCTh. Ecau xe cra-
IIMOHADHOTO pellelus He CYmeCTBYeT, TO, POBOAS HECTallHOHApHbLIE
KOHEUHO-PA3HOCTHLIE pacuerhl, Mbl MOKeM y6eanTbcad B 3TOM. Mo-
JKET CJYYUTBCS, OJHAKO, UTO HeNmpephBHOEe TeueHHe, KOTOpoe He-
YCTOAYHBO 110 OTHOIIEHHIO K MaJblM BO3MYLIeHHSM, OyaeT ocTa-
BATbCA YCTOHUHUBBIM IPH YHCJAEHHOM MOJEJHPOBAHHH. DTO MOXKET
HMeTb MeCTO KaK IIpH KpynHoMaclITaOHOH HeyCTOHYHMBOCTH (Takof,
Kak OTpbIB BHXpeH), TaK H NIpH MeaxoMaciuTabHo# TypOyJeHTHO-
CTH B CABHTOBOM cJsoe. KpoMe Toro, BHeCEHHE B NOJIHEIE YpaBHEHHS
Haspe — Crokca npuO/IHXeHHBIX AONYLIeHHH (HampuMep, JHHeapHU-
3auuu Byccunecka) JMIIaeT YBepeHHOCTH B CYLIECTBOBAHHH pelle-
HHA. DTO 0COGEHHO OTHOCHTCH K TeM CJyuasiM, KOTa NPHXOAUTCA
paboTaTh ¢ HeNPOBEPEHHBLIMH yDaBHEHHAMH COCTOSIHHA. ['OAYHOB H
Cemenasies [1962] mokasanu, 4TO NIPH HCIOJb30BAHHH ONpeleJeH-
HOTO KJjacca ypaBHEHHH COCTOSIHUS UHCJEHHOE pelleHHe ra3oidHa-
MHYECKHX 3aJa4 MOKeT OBITh HEeeIHHCTBEHHBIM,

Bonpoc 0 eAMHCTBEHHOCTH NOJYYEHHOTO YHCJEHHOT'O PpelIcHHS
BbI3bIBaeT pa)ke OoJbiiee GeCHOKOHCTBO NPOCTO HOTOMY, 4YTO CY-
[leCTBYET MHOTO NPHMepoB (KakK (U3HUECKHX, TAK H YHCTO Ma-
TeMaTHYeCKHX) HeeJHHCTBEHHOCTH CTallHOHApHBIX pellenuii. Hau-
6oJsiee OUEBHAHBIM TNPHMepoM (UIHUECKOI HeeIHHCTBEHHOCTH Teue-
HUfl IBJSIOTCS paboTa ABYXpeXHMHBIX NPHOOPOB CTPYIHHOK aBTOMA-
THKM U JIBe YCTOHUYHBBIC OPHEHTAIHH BHXPEBOH HHTU MPH OGTEKAaHHH
cTeHKH ¢ mnogycdepHueckoli BoleMKoi (Cuemekep u onaJibacon
'[1966]). B stux ciayuasix HMeeT MecTO BbIOOD MeXAy LBYMS 3ep-
KaJbHO-CHMMETPHUHBIMH KapTHHAMH.

Bosee BaKHBIM NPHMEPOM HEeJHHCTBEHHOCTH SIBJSETCS TCHCTe-
pesuc Ipu CPbIBE [OTOKA Ha KPBHJIOBOM NPO(QHJIE — IPH OLHHX H
TeX K€ rPaHHYHBIX YCJNOBUAX Ha yrJie aTakd, 6JU3KOM K BO3HHKHO-
BEHHIO CDBIBA, [OJYYalOTCAd COBEPIUEHHO Pa3/JHYHble KapTHHBl Te-
YeHHS B 3aBHCHMOCTH OT TOTO, ¢ Kakoi CTOPOHBI NPHOJIHIKATLCH

1) CratbH ¢ NOCJNeAHMMHE HCCJeJOBAHHSIMH 110 3TOMY BOMPOCY MOMKHO HaHTH
B :xkypuane Archive for Rational Mechanics and Analysis, usxasaemom Tpycaess
soM u CeppuHom u nyGauKyeMOM H3jaTeabcTBoM Springer-Verlag,
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K JaHHOMY YrJy aTakH — CO CTOPOHBI MeHbIUHX (LOCPHIBHLIX) HJH
6onbWiX (HmOcTecpbiBHBIX) 3HaueHud. Mak-Tmomun u  TI'pebep
[1967] npuBOAAT apyrHe MpUMepPH HEEAHHCTBEHHOCTH CTPHIBHBIX
TeueHudl, Ilnauek [1968] pacueramu moayuus HeeLHHCTBEHHbIE CTa-
IHOHapHble KapTHHBl JJif €CTECTBEHHOH KOHBEKUUH BHXPHA, IJd
KOTODBIX, BePOATHO, CYLIeCTBYIOT (hH3HUeCKHe aHaJorH. ABTOp Ha-
CTOSAIIEH KHHUIH YHCJEHHO NOJYUHJ HNPUMEPHl TeueHHH, MOXOXKHX Ha
CBEPX3BYKOBOH AU((hY30pHEIA CPBHIB (cM. pasa. 5.7.6). dTu pacuerh
JaloT NpHUMep HeeJHHCTBEHHOCTH UYHCJEHHOrO pelIeHHs, BO3HHKAK-
IeHd H3-3a YHCJEHHOH NOCTAaHOBKH IPAHHUYHBIX YCJOBHH, XOTA IMpH
3TOM H CYIlecTBYeT (pU3HUECKHI aHaJor.

dfimc [1965] mpHBOAMT NpHMep KBAa3HIMHEHHOrO 3JAHOTHYECKO-
ro juddepeHnnanbHOrO ypaBHeHHd, He ofJajgamollero eiHHCTBEH-
HOCTBIO pelleHHs. [[pyrum npocThiM MaTeMaTHYECKHM NPHMEPOM He-
eIMHCTBEHHOCTH #ABJSETCA KJaccHUecKas TeOpHsl KOCOro CKauka
ynaoTHeHHs, IIpu cBepX3BYKOBOM OOTEKaHHH KJIHHA HEBA3KHM ra-
30M CYLIECTBYIOT TpPH pelleHHs KyOuueckoro ypaBHeHHs ToMIcoHa
(Anon [1953]). OnHo u3 3THX pelLueHHIl MPHBOAUT K YMEHbLIEHHIO
SHTPONHH H oTOpachiBaercs '), a H3 JBYX OCTaBIIHXCA pelIeHHH
«cnaboe» pellleHHe, KaK H3BEeCTHO, oTBeuaer (u3nueckoMy obTe-
KaHHIO KJIHHA, B TO BPeMs KaK «CHJbHOe» pellleHHe OTBeUaeT 3ahaue
¢ oTolleAlleH yAapHOH BOJHOH.

Ilpn paccMOTpeHHH BCEX 3THX NMPHMEPOB eCTeCTBEHHO HampallH-
BaeTcsd CJAEAYIOUIHA BONPOC: K KAKOMY H3 pelmleHHH AOJKHA CXO-
IHUTbCH UYUCJTEHHAs CXeMa, eClIH OHa BoOOLie CXOAHTCA K KaKOMYy-
anbo pemienuio? Ha aToT Bonpoc Hesnb3sl 1aTh onpeje/eHHbBI OTBET,
Heo6xoa1uM0 pYKOBOACTBOBAThLCA (PU3HUECKHM ONBITOM, T. €, 3KCIIE-
PHMEHTOM H HHTYHIHeH, NJAd NPOBEPKH pPa3yMHOCTH INOJYyd4aeMBbIX
pewenuil. ITosBneHue Gosee CTPOrHX KPHTEpHEB 3aBHCHT OT paspa-
GoTKH GoJsiee COBepLIEHHOH MaTeMaTHYeCKOH TEOpHH, KOTopas Mo-
ABUTCA B OyayLieM.

1.4. MNpepBaputencHble 3amedaHua 00 annpPOKCHMALHH,
CXOBHMOCTH H YCTOWHHBOCTH PELLEHHH

MaremaTHyeckHe OCHOBBI BONMPOCOB CXOAHMOCTH H YCTOHUHBOCTH
YHCJEHHBIX CXEM XOpPOUIO Pa3BUTH TOJbKO AJs JHHEHHBIX CHCTEM.
PesysbTaThl JHHEHHOH TEOPHH HCHOJb3YIOTCS B BHJe HaBOAALIMX
coobpaKeHHH AJI HeJHHeHHbIX 3ajay, a HX NMPHMEHHMOCTb NpPOBe-
psieTcsl 3aTeM UHCJEHHBIMH 3KCNePHMEHTaMH.

B ocHoBe KOHEUHO-PAa3HOCTHOH CXeMBI JIeXKHT 3aMeHa NPOH3BOJ-
HulX Tuna 0f/0x B auddepeHUHaNbHEX YPAaBHEHHSIX HA PAa3HOCTHbIE
oTHOlIeHHs THMa Af/Ax B KOHeuHO-pPasHOCTHBIX ypaBHeHHsAX. CXxo-

1) B KOHeYHO-Da3HOCTHOM MeTOfe or{paceiBaHue 3Toro pelleHHs (CKAdKa
pa3peweHNsi) MOXeT OCYIeCTBJsiThCsl aBroMartHyeckn (cM. Jlakc [1954]).
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ASAMAsACA KOHEUHO-PAa3HOCTHAsl CXeMa MaTeMaTHUeCKH OnpejessieTcs
KaK cXeMa, Jalolias KOHEUHO-DAa3HOCTHOE peLIeHHEe, KOTOpoe CTpe-
MIITCS K pelleHHI0 aHddepeHIHanblOr0 ypaBHEHHS NIPH CTPEMJIEHHH
pasMepa siueHKH CEeTKH K HYJIO.

DTa KoHuenuus 6oJsee TOHKas, YeM MOJKET [I0Ka3aThCs C Mep-
Boro Baraaga. OHa sBJsieTcs He IPOCTO NepedpasHpoBKOH HBIOTO-
HOBCKOTYO ONpeJe/eHHs] NPOU3BOAHOMN, MOA IIpefesoM 3jeCh HOHH-
MaeTcs Opefes Bcero pelleHusi nHbGbepeHLHaNbHOIO YpaBHEHHS,
a He MPOCTO €ro OTAEJNbHBIX 4jeHOB (NpoH3BOAHBIX). [locaennee
CBOHCTBO HaswiBaercs annpokcumauued (Jlake u  PuxrMaiiep
[1956] ). Hanpumep, KOHeuHO-pa3HOCTHBIH aHaJor AHddepeHIHalb-
HOTO ypaBHEHHS] MOXKET COCTOSITh H3 KOHEUHLIX Pa3HOCTeH, Karkjaas
H3 KOTOPHIX AlIPOKCHMHPYET COOTBETCTBYIOWIMH uneH AupdepeHIu-
aJIbHOTO yPABHEHHS, HO B 1I€JIOM 3TOT aHAaJor MOXKET GhTh HEyCTOH-
YMBHIM H, CJeJ0BaTeNbHO, He cxoxsmumcs. Kpome Toro, sfech He
NPUHHUMAaeTcss BO BHHMaHHe npo6ieMa KPHTEPHA INpPaKTHUECKOH
CXOJHMOCTH.

O’Bpatien, Xafimen u Kannan [1950], a Takxke dpau [1949]
OMPENENsI0T YCTOHUHBOCTD HCXOAS H3 POCTA HJH 3aTyXaHHs OUIH-
6ok okpyraeuus. Jlakc u Puxtmaiiep [1956] naiot Gonee obiuee
OnpejeNeHHe YCTOHYHBOCTH, YCTaHABJHUBAs IPaHHUIy, A0 KOTOPOH MO-
XKeT Bo3pacTaTh J106asi KOMIOHEHTa Haua/JbHbIX JaHHBIX B TpPO-
[lecce UHCJIEHHOro pacuera., PyHAaMeHTAJbHYIO POJIb 31€Ch HrpaeT
teopeMa Jlakca. OHa ycTaHaBJIHBAaeT, YTO AJIS CHCTEMH JHHEHHBIX
ypaBHEHHH HaJHYHe YCTOHUHBOCTH SABJSETCS HEOOXOAHMEBIM H J0-
CTATOYHLIM YCJOBHEM CXOJMMOCTH KOHEYHO-PA3HOCTHOH CX€MBI, am-
MPOKCHMHpYIolel cucTeMy nubdepeHIHaNbHbIX YPaBHEHHH.

Kpurepuii ycroitunBoctu ¢on Heifimana (YapHu ¢ coaBTOpamu
[1950], O’Bpaeiin ¢ coaropamu [1950]) Tpebyer, uTo6m HAHGOMD-
miee CcOOCTBeHHOe 3HaueHHe MAaTPHLBEl M[epexoja HTepalHOHHOH
cxeMbl OBLIJIO MEHbIe, YeM €IMHHIA MHHYC UJEHbl NOPSAKa OMHOKH
annpokcumauuu. Jlake n Puxtmaitep [1956] nokazaau, 4To 3TO
yCJAOBHE SIBJSIETCS AOCTATOUHBIM JJSI YCTOHUMBOCTH JHHEHHOH CH-
CTEMHl C MOCTOSIHHBIMH K03 (}HUIHEHTaMH H UYTO B CJydae, KOrjia
MaTpHLa Iepexofa YAOBJETBOPSET OJHOMY H3 Tpex HaGopoB
CBOHCTB, BHIIOJIHEHHE 3TOrO KPHTEPHS SBJSETCS JOCTATOYHHM TakK-
e AJsT CXOAMMOCTH. DTH M APYTHE BONPOCH, CBSA3aHHEE C YCTOH-
UYHBOCTBIO, 06CyXKA2aI0TCs B pasa. 3.1 u B MoHorpatduu PuxrMmaiieps
# Moprona [1967].

OTMeTHM 37eCb, YTO HH JIMHEHHBIH aHAJH3 YCTOHUHMBOCTH, HH
Jlaxke CaMo ee ONpefiesIeHHe He SBJSAIOTCS BIOJIHE YIOBJIETBOPHTEND-
HuMH. Puaaunc [1959] mpuBen npumep TOro, 4To OH Ha3BaJj He-
JUHEHHOH YCTOHUHBOCTBIO; OHA BO3HHKAET H3 HEINOCTOSHCTBA KO-
sbdunuentos ypasHenuii (Jluanu [1965]). Tommen [1966] moka-
3aJl, 4TO NIpH HCNOJL30OBAHHM ABYXWaroBoH cxeMwl Jlakca — Ben-
apodpda nnam cxemn Jlakca — Bengpodpda — Puxrtmatiepa (Puxr-
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matiep [1963]) BO.1M3M TOUKH TOPMOMKEHHS NIOTOKA Pa3BUBAETCS He-
JYHeHHass HeyCTOHUHBOCTb. DTH NIPHMepH NOKA3HBAIOT, 4TO HCCIe-
JOBaHHE JIMHeHHbIX YPaBHEHUN M YpaBHEHHH C MOCTOSIHHBIMH KO3(-
(hHLHEHTAMH HeJOCTAaTOUHO I/l yCTAHOBJEHHS HeyCTOHYHBOCTH.

Eule Baxnee To 06CTOATENBCTBO, UTO CAMO OIpeleséHHe YCTOM-
YHBOCTH sIBJsIeTCS HeajneKBaTHHIM. Jluanu [1965] nokasan, 4To npu-
MEHeHHe CXeMBbl «4yeXapAd» OTHOCHTEJbHO CpelHeH TOYKH K MO-
JeJlbHOMY YDaBHEHHIO NPHBOAHT K OCHHUJJAIHUAM, HE HUMEIOIIHM HH-
yero ofulero ¢ NpaBH/bHBIM pellenueM. Vlcnonb3oBanHOe NpH TOM
ypaBHeHHe COOTBETCTBOBAJO YPaBHEHHIO IlepeHOCa BHXPS B HECKHU-
MaeMOH KHJIKOCTH B NpeIeNbHOM cJjayuae OeCKOHeuHO OOMBIIOro
gyucaa PeliHosbaca.

ABTOp HacTrosilllefl KHHTH YCTAHOBHJ, 4TO H AJS MaJblX 4HCEN
Pefinoabjca npu JOOCTHXKEHHH CTALMOHADHOTO COCTOSIHHS NPOAOJ-
K4lOT CYLIECTBOBATb OCUMAMALMH, XOTH H MeHblIEH aMIJIUTYIHL.
OTH OCUMJJILHH HaM XOTeJoch Obl Ha3BaTb YHCJEHHOH HeycTOMH-
4HBOCTBIO, a MeXIy TeM IO OOLIeNpHHATLIM ONpeJeseHHsIM, OCHO-
BaHHBIM Ha DOCTe HJIH OTPAaHHYEHHOCTH OWHOKH, 3TH pe3yJabTaThl
ABJAIOTCA «YCTOHYHBBIMH». KpoMe Toro, NMOCKONLKY JaHHBIE pe-
3yabTaThl He KOJeGJITCA OKOJO I[paBHJALHOTO pelleHHs, MbBl He
MOXEM C YBEDEHHOCTbIO CKa3aTb, UTO NPABHJbHOE pellieHHe OyjeT
pocturayro npu Ax, At — 0. Bce xe Mbl 3HaeM, 4TO IIpH yMeHblIe-
HuH yucaa PefiHonbica Mbl npubauxkaeMmCcsl K IPaBHILHOMY pellie-
HHIO H, TaKUM 00pa3oM, PH MaJ/blX, HO OTJIHYHBIX OT HYJS YHCJIAX
PefiHonbAca MOXHO NpHOJH3UTLCS K NpPaBHJILHOMY peLIeHHIO «10-
craToyHo OJNH3KO» ans ueneil npakruku. MTak, pesyabTaTbl 4uc-
JIEHHOrO pelleHHs] MOTYyT ObITb He CXOAMIIMMHCSA B MaTeMaTHUYECKOM
CMBICJIe, HO CXOASALIYMHCA B NPAKTHYECKOM CMHIC/E,

[anee, B Hacrosillee BpeMsi HH B OJHOM HCCJeJOBAaHHH He
VUHTHIBAETCS BJHSIHHE HA DelleHHe MaTeMaTHYeCKH He 0BOCHOBaH-
HBIX TPAHHUYHBIX YCJOBHH, KOTOpble HCHOJBL3YIOTCA B pa3JHYHBIX
cxeMax Ha BBIXOJHOH rpaHuue. danu [1949], a HecKosbKO mo3aHee
H HEKOTOpble ApYyrHe aBTODH DAaCCMOTPENH BJHAHHE Ha YCTOH4H-
BOCTb IPaJHEHTHBIX FPAHHYHBIX ycsaoBui. O4yeHb yacTo AecTabHJH-
3UpYIOIlee BJHSHHE TPAHHUHLIX YCJOBHH HMeeT NepBocTefieHHoe
3HaYyecHHE,

M3 ckasanHoro Bhinle ACHO, 4TO H3sLIHbIE MaTeMaTHYeCKHe HC-
CNeOBaHHA H OMNpeJe]eHHs] YCTOHYHBOCTH N4 UHCJICHHBIX CXeM
He HOJIKHBI PAacCMaTpHBATbCH KaK OKOHYATE/bHble De3yJbTaThl, a
JOJKHB! TOJIDKO CJIYXKHTb pasyMHOH 6a3ofl M HaBOAAMMMH coobpa-
KEHHAMH [/ YHCJEeHHOrO 3KCIepHMEHTHPOBanHsA. B Hacrosmieft
KHure 6yaeT NPOBOJUTLCA HMEHHO TaKas TOYKa 3PEeHHS.
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YPABHEHHA ABUHHEHWA
HEC}HMMéEMOI‘/'I HHUAHOCTH
B AEHAPTOBOM CHUCTEME HOOPAMNHAT

B »Toft rmaBe paccMaTpHBaIOTCA YPaBHEHHS, KOTOPBIE HCTOJb-
3YIOTCH INPH pelUeHHH 3aja4 O IJOCKOM TeUeHHH HeCkKHMaeMOH
KHAKOCTH B NPSIMOYTrOJbHOH cHcTeMe KoopAHHar. CHauaJsa BHIIH-
CHIBAIOTCA ypaBHEHHs ABHKEHHA [Jf NPOCTeHIINX (H3MYeCKHX Ie-
peMeHHHIX (COCTaBJAIOLIHE CKOPOCTH H JaBJleHHe), a 3aTeM BbIBO-
JATCS ypaBHeHHSA IJs1 BHXpS M (QyHKUHMH ToKa. [lajee jgaercs KOH-
cepBaTHBHad (HoOpMa ypaBHEHHS MepeHOCa BHXPA (XOTS CMBICJ 3TOH
$HopMbl CTAaHOBHTCA fICHBIM JIHIUb B CJeAylolled rJaase) H 06cy-
KAAIOTCS pasJjHyHble CHCTeMbl ypaBHeHHH B 6e3pasMepHBHIX mHepe-
MeHHBIX. B 3aKjioueHHe MPHBOAATCA ABAa OJHOMEPHBIX MOJEIbHBIX
ypaBHEHHd NepeHOca BAXps: ypaBHeHHe Broprepca u nuHeapusoBaH-
HOe OJHOMepHOe YypaBHeHHe, BKJiodalolllee KOHBEKTHBHHIH H (-
(y3HOHHHH YJIeHHL.

2.1. YpaBHeHHA ABHHEHHA AnA H3HYECHHUX
nepemMeHHbIX

OCHOBHBIMH YpaBHEHHSIMH, OIHCHIBAIOUIHMH IJIOCKOE TEUEHHE
HeCXKHMaeMOH HbIOTOHOBOH BSI3KOH XHAKOCTH C NMOCTOSAHHBIMH CBOH-
CTBaMH MpPH OTCYTCTBHH BHeLIHHX CHJI, fIBJASIOTCA JBa YypaBHEHHs
KOJIH4eCTBa JABHKeHHs (ypaBHeHus HaBbe — CToKca) H ypaBHeHHe
Hepa3pLIBHOCTH (cM., Hanpumep, Jlam6 [1945] wuam LIauxTeur
[[1968]), uMelouye caeayOUIHE BUA:

o4 _ dd _ i 1 6P |, _rd% ] '
— TU—T —=———7TV —1, .
ot + o + di p 0% + (azz + agZ) 2.1)
o9 _ 80 _ 90 1 9P , _ /0% 2
—tig—+ti—=—=—__+F[{—+ —), 2.
of + % a7 p 97 + (azz + di? (2.2)
oi a9
o5 Tog =0 @:3)

(veprouky Haj OyKBaMH 03HA4alOT, 4YTO COOTBETCTBYIOLIHE BeJH-
YUHBl ABJSIOTCS Pa3MepHLIMH). YpaBHeHHS 3amHcaHbl AJs dH3HYe-
CKHX NepeMeHHBIX — COCTABJSAIOUINX CKOPOCTH &, § H AaBldeHHA P;

CBOHACTBA XHAKOCTH XapaKTepH3YIOTCS MJOTHOCTBIO p H KHHEMAaTH-
YeCKHM K03G(UUHEHTOM BA3KOCTH v. OTH ypaBHEHHS OCHOBaHBEI Ha
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clenyomux (GHU3HUeCKHX 3akKoHax: ypaBHenus (2.1) u (2.2) sas-
JAI0TCH NPOEKLHSMH BEKTOPHOTO YDABHEHHsI KOJHUECTBA JBHXKEHHS
F = ma (Broporo 3akoua HbloToHa), npuueM BSI3KHe CHJIbI CBSI3aHbI
CO CKOPOCTLIO Ae(opMaLHH JHHEHHBIM HBIOTOHOBHIM 32KOHOM JJA
KacaTeJbHBIX HampsxKeHu#, a ypaBHeHHe (2.3) BbIpax<aeT 3aKOH
coxpaHeHHs1 Maccel. IlpHBedeHHEle ypaBHeHHs! 3alHcaHbl B 3iijepo-
BOH CHCTeMe KOODJIHHAT, T. €. B HENOABUIKHOH CHCTeMe, OTHOCHTEJb-
HO KOTOpOH JABHXKeTcad KHAKocTb. (MHOe — narpanxeBo — omuca-
HHe, B KOTOPOM CHCTeMa KOODJUHAT IBHXKETCS BMeCTe C KHAKOCTbIO,
He HCIOJb3YETCH B 3TOH KHHIE, XOTS HEKOTOpble 3aMeuaHus o Ja-
rpaH:KeBOM INoaxode H OyAyT cpesaHw B ra. 6.) Hecmorps na TO
4TO MOXKHO YHCJEHHO pellaThb HENOCPeACTBEHHO 3TH ypaBHEHUS
(cM. pasnp. 3.7), aAyuulHe pe3yJabTaThl NOJYYAlOTCA NPH YHCJAEHHOM
peuleHUH ypaBHeHHH Asas BUXpA M GyHKUHH Toka. IlpeumyiiectBa
H HeXOCTaTKH HCNOJb30BAHHA YDaBHEHHS JJd BHUXPA H (QYHKIHH
Togka Oyayt o6cyxaaTbCsd B CJAEAYIOIEM pasfiese, a 3/€Ch MH
OTMETHM JIHIIb METOJAOJIOTHUECKOe IPHMYIIECTBO 3TOTO MOAXO0Aa,
3aK/Ioualleecs B TOM, 4TO NPH HeM HYXKHO paccMaTpHBAaTh TOJb-
KO OJIHO ypaBHeHHe NepeHoca.

2.2. YpaBHeHHe nepeHOCa BHUXPA H YypaBHEHHe [ANA
thyHKUMH TOKHa B Cly4vae NNOCHUX TEUEHHH

W3 ypasuenuit (2.1) u (2.2) MOXKHO HCKJIOYHTb AaBJeHHE, MPO-
nuddepeHnHpoOBaB MepBoe H3 HHX IO Y, a BTopoe no x. Onpexenss
BHXpb Kak !)

z_ 0@ 0d
c“‘Fy—_—_'O_‘f'l (2.4)

nojiyuaeM ypaBHeHHe IlepeHOCa BHXpPf, HMelolllee napaGoJiiyecKuli
THII:

0 . _ 0% 500 4 5(2% L O\ _§. 7450
L oag+v(a£2+ag2)_ V. (¥ + 4. (2.5)

Hcnonbsys CcyGCTaHUHOHAJBHYI0 HPOH3BOAHYIO, 3TO ypaBHeHHe
MOXHO NPeICTABHTb TaK: )

D T
— 'VVZ . 2,
D¢ ¢ (2.6)

Onpepenss GyHKIHIO TOKA  COOTHOMIEHHSIMH

71'7_ = ﬁ» Fj— === a’ (2.7)

1) B TpexMepHoM cJydae BHXDb OOBIUHO ONpelesfieTCss KakK -V—X \7, 4T10
npu Nepexofe K ABYMEPHOMY CIyyaio [aeT BHPaXKeHHe, OT/IHYAOMleeCA OT MPH-
BeJeHHOTO HHXKe OnpejieleHHs] SHAKOM.
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ypaBHenne (2.4) MoxHO 3anucaTbh Kak ypaeHeHHe Ilyaccona,
UMerollee 3JJIHNTHYECKHE THH:

V2p =1, 2.8)
B ypaBuenne nepenoca BHXPst (2.5) BXOAMT HeCTAaLHOHApHBIA
yien Of/O0f, KoHBeKTHBHble'!) ujeHn #dL/0X u 00(/0j, a Takxe

yleH ¥V, CBA3aHHBIH C BA3KOH MubGdysuedl. DTo ypaBHeHHe He-
JMHENHO 13-3a KOHBEKTHBHLIX UJ€HOB, Tak Kak B cuay (2.7) u
{2.8) 2 u U npeiacraBaAlOT cO00H (YHKIUH 3aBUCHMOro NepeMeH-

goro L. OHo siBasiercst napa6oJnyecKiM MO BpeMeHH, H N03TOMY HJs
HErQ CTABUTCA 33jaya C HayajJbHbIMH YCJOBHSMH, B KOTOPO# pelle-
HHE «IIPOJIBUraeTCs» 4T 33 I1aroM OT HEKOTOPbIX HauaJbHHIX J1aHHbIX.

YpaBuenne (2.8) pasa GyHKUHH TOKa SABJAETCH 3JJIHATHYECKHM,
MO3TOMY AJsl HEero CTaBHTCA 3ajaya ¢ FPAaHHYHBIMH YCJOBHAMH, KO-
Topass OObIYHO pellaeTcsl HTepallHOHHBIMH MeTojaMH, Bo MHorux
IpaKTHUECKHX 3aJayax HHTEpPeCylOTCs He MOBeJeHHEeM pelleHHs BO
BPEMEHH, a TOJIbKO CTallMOHAPHBLIM pelleHHeM; B 3TOM cCJjydae B

JeBofi yacTH ypaBHeHHS (2.5) MOXHO MOJIOXKHTb O(/0f = 0, HCKJIIO-
YHB TaKHM 00pa3oM OJHY He3aBHUCHMYIO mepeMeHHY10 — BpeMs. Kak
NpaBu/O, TaK H JAEJal0T NPH aHAJHTHUECKHX HCCJAEJOBAHHAX; HO-
9TOMY Te, KTO He HMeJ AeJO C BbiYHC/HTEJNbHOH THAPOAHHAMHKOH,
06bIYHO YAHBJAITCA, 00HAPYXHB, YTO OOMBIUHHCTBO (XOTS H He
Bce) 3((eKTHBHBLIX YHCJEHHBIX METOJO0B pelIeHHA JAaxKe CTalHO-
HapHWIX 3aja4y I'HAPOJHHAMHKH OCHOBHLIBAeTCS HAa HHTEIPHPOBAHHH
HeCTal[HOHapHBIX YPaBHEHHH, a CTAlHOHApHOe pelleHHe (ecCJH OHO
CyllecTBYyeT) IOJyYaeTcs KAaK acHMNTOTHUECKHH MO BPEeMeHH Ipe-
Jies1 pellleHHs] HeCTAlHOHADHBIX ypaBHeHHH.

CTouT TakXke 3aMeTHTb, YTO ypaBHeHHe NMepeHoca Buxps (2.5)
CJYXKHT AJI1 MOJEJNbHOTO ONMHCAHHA MHOTHX APYTHX IpOLECCOB IIe-
peHoca H YTO METOJHl, H3jnaraemble B cjelyloulefl TrJaBe, 4acTo
IPUMEHHMBl K CAMBIM pa3HoOOpasHHIM HpoIeccaMm IepeHoca, BKJIIO-
yasg cayyal TeueHHS CXXHMaeMOH XKHAKOCTH, KOTOphii Oymer pac-
CMOTpeH B Il 42). YpaBHeHHs ABHKEHHS CKAMaeMo#l XKUIKOCTH

1} ABTOp HasbiBaeT TaKHe 4eHH afBeKTHBHEIMH (advective) u nosicHser
3TO CJefylWHM 06pasoM: «TepMHHH <«KOHBEKTHBHHI® H «aJBEKTHBHBIH» Mpax-
THYECKH HABJAIOTCA CHHOHHMaMH (KOHBEKLHS O03HayaeT, YTO BHXPb NepPeHOCHTCS
Mo TeUEHHIO, a aJBeKUHS — 4TO OH JBHXKETCH BMecTe C XHAKOCThIO). IlepBmiM
M3 HHX, KaK NPaBHJIO, NMOJB3YIOTCHA HHXEHEDH, BTODHIM — METeOpOJIOrH, KOTOpHE
PE3ePBHPYIOT TCPMHH CKOHBEKIHH» JIJisi BePTHKAJbHHX JBHMEHHH aTMocdeprl».

Tak kak B Halueft THAPOAHHAMHUECKOH JIHTepaType TepMHH <aJBeKTHBHHI»,
HAaCKOJIbKO HaM H3BeCTHO, He NMpPHMEHsETCS, B NlepeBOJie Be3jle HCnoapsyercsi GoJiee
MPHBHIYHLIA YHTATe/ 0 TePMHH <KOHBEKTHBHLIN». — [Tpum. peod.

2) Becbma cucreMaTHueckoe oOMHCaHHe OGLIHX MPOIECCOB MepeHOca Jaercs
B cratbe Pandopaa u Tles [1969). O6wHOCTL MOHATHE yGeAHTeJbHO HJJIOCTPH-
pyercs Tem (akToM, YTO ypaBHeHHSI JABHIKEHHSl CXHMaeMOH MHAKOCTH MOryT
ObITh HCIOJMb30Balibl AJs MOJEJHPOBaHUA 3ajady O MABHKeHHH TPaHCIOPTa Ha
aBTOCTDAjLE.
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ropasjo CaoXHee YpaBHEHUs IlepeHOoCa BHXPd, HO CBA3aHB C HHUM
B Tako# Mepe, UTO H3yuenHe 6ogee [IpOCTOTr0 ypaBHEHHUS IepeHoca
BHXpA HECOMHEHHO OKAa3biBaeTCsA IOJE€3HBIM AJA HCCACAOBAHUA
YPaBHEHUS ABHKEHHSA CIKHUM aeMOH KHIKOCTH,

MaremaTHKH OOBIYHO JOBOJIBCTBYIOTCS Kaaccubukauued (-
HeHHbIX) AuddepeHHaJbHbBIX yDaBHeHHH B YaCTHBIX MPOH3BOLHBIX
no cJeAyIOIHM TullaM: napaboauuyeckue, SJJIHNTHUECKHE WJIH TH-
nepGoanyeckue. Ilpyu Takoil KaaccubuKaUuu He AesaeTcs pasHUHs
MeXJy ypaBHenHeM (2.5) nepeHoca BHXPs M ypaBHeHHeM auddy-
3un  O0f/0t = ad°t/0%?, o0]HAaKO, KAK Mbl YBHAMM HHXe, HAa/JHUHE B
ypaBHeHuu (2.5) NPOMSBOJAHON NepBOro MNOpsijiKa (KOHBEKTHBHOI'O
ujeHa) AesaaeTl €ro KauecTBeHHO OT/JIMUYHBIM OT YypaBHeHHA AHDDY-
3HH, NpHYEM HPH YHC/JEHHOM pelLIeHHH KOHBEKTHBHBIH YJ/eH Hrpaet
BaXHYI0 Pojb. K coXasleHH!0, AJs ABYX YKa3aHHBIX YJEHOB HaH-
6osee 9PPEKTUBHBIMH MOrYyT O0Ka3arTbCAd pa3yiHyHble YHCJAEHHBbIe
CXeMHB,

2.3. HoncepeatvBHas thopma ypaBHEHHH
Ypapuenue HepaspniBHocTH (2.3)
oi 00
T o=
MOXHO 3anucaTh 4Yepe3 BEKTOp MOJHOHU CKOpOCTH _\—’ B CJEAVIOIEM

BUZE: o
V.V=0, (2.9
PaccMorpuM V- (V,Z). B BekTopHoil aireGpe H3BECTHO TOMKIECTBO
V.V =V- )+ V)=V (0.
TakuM ob6pa3oM, AJsA TOro 4ToOpl NOJYUHTh KOHCEPBATHBHYIO (hOpMY
ypaBHeHHs _NepeHoca BHXPH, B yPaBHEHHH (2.5) Hamo 3aMeHHTb
V. (Vg) Ha V- (V;) 4TO AaeT
ot 0@t _o@h | ot | 9%
P Vo= — 20 — — 4+ —=—). (@
Ve (V) + V= — S~ S s (5 ) @10
CMbicql ¥ NDEHMYyWEeCTBO HCIOJb30BAaHHA TaKoli «KOHcepBaTHB-

HOH» HIH «IUBEPreHTHOR» BOpMBI ypasBHeHHH OyAyT obcyxnaartbesd
B pasj. 3.1.3.

2.4. YpaBHeHHa B GespasMepHbiX nepeMeHHbIX

CucreMa ypaBHeHHH B 0e3pasMepHBIX NepeMeHHBIX, HCIOJb3ye-
Masi B 3TOH KHHIe, BCIOAy OCHOBBIBAeTCS HAa KOHBEKTHBHOM Mac-
wrabe spemenu L/Uo, rpe L — xapakrepHas piauHa, a Uy, — xapak-
TepHas# CKOPOCTb 3ajlauH; HANpPHMep, eCaH L — AJHHA XOPABEI KPHI-
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noBoro npo¢uas u Uy — ckopocTs Haberaoulero nmoroka, To L/U—
BpeMs, 3a KOTOpoe HacTHia Haberamollero MOTOKAa HPOXOIUT BeChb
npoguas. BeeneM caenyiomive 6e3spasMepHble BeJHYHHLL:

u=Uio, 0 = ULO x==, y=%, c=—U—f/-z—,'t=w (2.11)
rorpa ypaeHenHs (2.10) a (2.8) npumyr BAX
=V (VO + 3 V% (2.12)
Vi =g, (2.13)
rie Re — GespasmepHulil napamerp, udcao Pefinonbica,
Re = U,L/5. (2.14)

Takum obpaszoM, aas Jaw6oro 3ajgaHHoro Habopa TIpaHHUHHX
yCJIOBHHA TeueHHe XapakrepuayeTcs ofHHM Oe3pa3MepHHM mapamer-
poM — yucqaoM PefiHosbaca.

Oasa Teyennit ¢ 6oabuinMy uucjaamu PeitHosnbaca (Re >> 1) xon-
BeKTHBHBIH ujeH B ypasHenuH (2.12) npeBasupyer Haj 4JeHOM
8A3koll nHbysud, U B 3ToM cJayuae BeawunHa L/U, 6ynmer npexn-
CTaBAATH cOOOH HHTepBaJ BpeMeHH, GaKTHUECKH XapaKTepHU3YIOLHA
teuenue. Torjaa, nanpumep, ycJoBHe naasA 0e3pasMepHOro Bpe-
MeHnu t = {/(L/U,)>> Gyner NOAXOASIIAM KPHTEpHEM JMJsi JOCTH-
KeHHs CTAallHOHADHOrO COCTOSIHUS TeueHHs. OJHAKO TedeHHS C Ma-
JAbIMH yHciaMu PefiHonbica (Re <« 1) Jsyuire xapaKTepH3YyIOTCH
6espasMepHIM  «audPysHOHHBIM» BpeMeHeM. Ompenensis Takoe
6e3pazmepHOe BpeMs Kak

' =tv/L?, (2.15)
"a ApyrHe O6e3pasMepHble BeJIUUHHB! TaK XKe, Kak B (2.11), noayyaem

AJas GYHKLHM TOKa TO e camoe ypasHeHHe I[lyaccona (2.13), no
yPaBHeHHe HepeHoca BHXPSA IPH 3TOM IPHHHMaeT BUJ

GE = —ReV- (VD) + V2. (2.16)

Beanuuna L[2/9, oueBHAHO, WMEET pa3MepHOCTh BpeMeHH. Jasd Toro
yTOOBl OIEeHHTh ee (PU3HYECKYI0 3HAUUMOCTh KaK Macittaba BpeMeHH
B 3ajayax ¢ npeobsapgawowedt AHGdy3Hel, NOCTATOUHO 3aMETHTh,
yTo B npejene npu Re— 0 ypapHenue (2.12) craHOBUTCA CHHrYJsAp-
HBIM, TOrAa Kak ypaBHeHHe (2.16) peser ce6a NmpH 3TOM XOPOUIO,
a KOHBEKTHBHHI u/eH Hcue3aeT. AHaJorHuHO, ypaBHeHnde (2.12) He
uMeer ocobeHHOCTH NpH Re—- 0o, HO mpH 3TOM Hcue3aeT HH(GY3H-
oHHbIf ujieH!). a8 TeueHHH ¢ OOJNBIIHMH, HO KOHEYHBIMH, HJIH ¢

') OTor mpefen He JAacT KOPPeKTHOIO YMC/AEHHOIO pELIEHHs AJs HEBA3KOro
WIH TOTEHUHANLHOIQ TEUeHHs, eCIH IPaHuudble YCNOBMA He OYAYT TOXe MNpHBe-
IE€HH B COOTBETCTBHC HEBA3KOMY TeyeHHIO,
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MaJBIMH, HO OTJIMYHBIMH OT HyJf, uuciaMu PeflHoabaca mpHMene-
HHe COOTBETCTBYIOIIMX MacluTa6oB BpeMeHH OYyAeT YMeHbIIAThb
OIIHOKH OKDYTJEHHSs, KOTOpPBlE MOLYT OKa3aTbCsl CYLIECTBEHHHIMH
NpH pacyeTaX Ha HEKOTODhIX BBIUHUCJHUTENbHEHIX MallHHax. HMcmosb-
30BaHHe ypaBHeHHs (2.12), OCHOBaHHOro Ha KOHBEKTHBHOM Mac-
wTabe BPeMeHH, HMeeT TaKyKe TO MPEeHMYLIeCTBO, UTO palHycC-Bek-

TOP UYacTUlBR (JarpaHxeBa KOODAHMHATA) F=F0+8Vdf coxpa-
HAeT MPH 3TOM CBOIO (hopMy B Oe3pa3MeDPHHIX NePeMeHHBHIX, T. e.
r=r, + SV dt.

[ns ypaBHeHHH, OMUCHIBAIOIIKX APYTHE TEUEeHHs KHAKOCTH, Go-
Jee MOIXOAANIUMH MOTYT OKas3aTbcsl Jpyrue MacluTalhl BpEeMeHH.
Hanpumep, B 3anaue 06 ycTOHYHBOCTH €CTECTBEHHOH KOHBEKLHH
Y. Kpoyau {1968] BBOmHT ueThipe XapaKTepHHIX BPEMEHH, CBsi3aH-
Hble ¢ Aup@y3nell, KOoHBeklHeH, CpelHHM TrpajJHEHTOM BHXDPS U
apxumenoBoll cusaof. OpHaro ana Hamux uenefl Oymer mocrarou-
HbIM ypaBHeHHe (2.12), ocHOBaHHOe Ha KOHBEKTHBHOM MaciuTale
BpPEeMEeHH.

Ynpascnenue. 3anucath B GespasMepuoM Buie ypaBHenus (2.1) u (2.2),

HCMIONBL3YA KOHBEKTHBHBHIMI MaciITa6 BpeMeHH H BBOAs 6e3pa3MepHble CKOPOCTH
H DaccTOgHHS Tak ke, Kak B paBeHcrBax (2.11). OTHecTH mpH 3TOM maBJjieHHe

K YABOGHHOMY «AHHAMHYECKOMY HATOpPY», T. €. NOJIOXKUTL P = P/(()_UQ).

Ynpaxuenue. 3anucaThb ypaaHeHHe (2.1) B koHcepBaTuBHOH (opMe, T.e.npe-
o6pa3oBaTh KOHBEKTHBHEI 4sen V- (V&) K AHBepreHTHOH ¢opMme V- (Vu).

2.56. OaHoMepHble MOJeNnbHbLIE YPaBHEHHA nepeHoca

YpaBHeHHe nepeHOoca BHXPS KaK B HEKOHCeDBATHBHOH, TaK H B
KOHCepBaTHBHOA dopMme (2.12) aBaserca mapabosHyecKHM IO Bpe-
MeHH, COJep2KHT JBe He3aBHCHMble IIPOCTPAaHCTBEHHLIE NEPEMEHHbIe
H CBSI3aHO C 3JUJIMNTHUYECKHM ypaBHeHHeM [lyaccoHa AJasl QYHKIHH
roka (2.13) uepe3 HesuHeHHble KOHBeKTHBHble uJeHbl. HMccaenona-
HHE YCTOMUHBOCTH KOHEUHO-Pa3HOCTHHIX aHaJOroB 3THX ypaBHeHHH,
B KOTOPOM IPHHHMAaJHCh Obl BO BHHMaHHe BCe NEePEUHCICHHEIe BhILIe
CBOHCTBa ypaBueHHH, 00 cHX mop He npoBoauioch. Tem He MeHee
MOXKHO H3yUYHTb MHOTHE acleKTHl TOBeleHHA ypaBHeHHs NepeHoca
BHXPSl M BBIIBUTb CYILECTBEHHbIE YEPTH MHOTHX KOHEUHO-Pa3HOCT-
HEIX cXeM, paccMaTpuBas Ji000e H3 ABYX OJHOMEDHBIX MOJEJBHBIX
ypaBHeHHH NepeHoca, IPHBEIEHHBIX HHXKeE.

[TepBbiM MoJeNbHBIM ypaBHeHHeM IepeHoca sIBJSeTcs JHHeapH-
30BaHHOE OJHOMEepHOe ypaBHeHHe C KOHBEKTHBHBIM H IH(PDY3HOH-
HEIM UJieHaMH (A.n.neH (1968}, V. Kpoyau [1968a]), ‘3amucanHoe
JIH6O B KOHCEPBATHBHOMH q>opme

) 02
a% = ug) + 6xg’ (2.17)
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A160 B HEKOHCEPBATHBHOM (opMe
a2
ax?’

L —uZ (2.18)

at
B sTUX ypaBHeHHAX { MOJeJHpYeT BHXPb HJH KakKylo-1HO60 ApYrywo
KOHBEKTHBHYI0 H nH(PGY3HOHHYIO BeJauuHHy !), o — 06061eHHbIN
ko3hdunuent nuddyann, cooTBeTCTBYOMUN BeqnunHe 1/Re B ypas-
HEHHH IlepeHOoCa BUXPH, U4 — JHHeapH30BaHHAs CKOPOCTb KOHBEK-
uuu. Ecau He OroBOopeHO NMPOTHBHOE, TO 4 MOCTOSHHA MO X, XOTH
ypaBHeHHe (2.17) MoxXeT OBITb HCIOJb30BAHO H JJIfl H3YyUeHHH
3¢ (eKTOB yCTOHUYHBOCTH B cayuae, Korpa u = u(x).

BTopbiM Mofe/bHbIM ypaBHEHHEM I[epeHoca sBJAETCS ypaBHe-
nue Bioprepca (Broprepc [1948], Xond [1950]), Pomun [1970])

du du d%u
ﬁ-=—u-&—+a57, (219)

rjae i paccMarpuBaeTca KakK ofo6lueHHAas CKOPOCTb. JTO ypaBHEHHe
COXpaHseT HeJHHEHHOCTb ypaBHEeHHS MepeHOCA BHXPA H YpaBHeHHH
Hasbe ~—— Ctokca. DBuaromaps cBoell HeJHHeHHOCTH OHO MOXKeT
CJAYKHTb MOJEJbHBIM ypaBHEHHEM IJs H3YUeHHS KakK TypGyJeHT-
HOCTH, TaK H YJIapHBIX BoJiH (cM. pa3n. 4.7). Ha sToM ypaBHeHuH
MOTyT GHITh TaK¥XKe MCCAeIOBAaHbl pa3/jHuHble KOHEYHO-Pa3HOCTHHIE
cxemn (Puxtmaiiep [1963], Aasen u Yen [1970], B. Kpoyau
[1967], Opo#inurep u ap. [1967], I'puncnsu [1967], Aasnen [1968],
Yen [1968], V. Kpoyau [1968a]), Kodosn-Xaucen [1968]). DxBu-
BaJIeHTHAsi KOHCepBaTHBHAas ¢opMa 3TOTO YpaBHEHHS TaKoBa:

(2.20)

[TockoNbKY H3BECTHBl HEKOTOPble aHAJHTHUECKHE pelleHHs ypaB-
HeHHst Droprepca, OHO MOXKET CJYXKHTb JJ15 A€MOHCTPAUHH IPEHMY-
IECTB KOHCEepPBATHBHON HOPMBI KOHEUHO-PA3HOCTHBIX YpaBHEHHH.

Yuratenb MOKEH NOMHHTb O TOM, YTO XOTSI H3YUEHHE OJHOMEp-
HBIX MOJEJIbHBIX YpaBHEHHH yloOHee U Har/fAHee, OLHAKO NPH 3TOM
HAKJaAblBAIOTCS 3HAYHTE/bHBE OorpaHHyeHHs. MHOrHe acCleKTHl Bbi-
YHCJHTEJbHON THAPOIHHAMHKH MO CYWECcTsy ONPEeNeJsiOTCs pas-
MepPHOCTbIO, NMpPHYEM OXHO-, IBYX- H TPeXMepHbe 3afayH OKa3sbl-
BAIOTCS1 KAUeCTBEHHO Pa3HYHBIMH. DTH BONMPOCH O6YAyT 06CYKIaTh-
cA B NOCJEYIOIHX IliaBax.

') DT ogHOMepHHIe YDaBHeHHs He SIBJSIIOTCS YPaBHeHHSIMH IMepeHoca BHXpS
(B OZHOMEPHOM OJHOPOJHOM IOTOKe BHXPS He CYIIeCTBYeT), HO TeM He MeHee
MOJEJHPYIOT HEKOTOpPHle acleKThl MHOTOMePHBIX ypaBHeHHH. DU3HYeCKH 3TH ypas-
HEHHs1 OMHCLIBAIOT KOHBeKUMI0 H AHPPY3HIO ONHOH OKDAUICHHOH XHUAKOCTH B
Apyroii (HampuMep, 4epHH] B BOJe) — B NATHAECATHX roiax JleneBbe Ha3uBal
ypasHenue (2.18) «userosbiM ypamenuem» (cM. Y. Kpoyam [1968al).



nasa 3

OCHOBHbIE YUCNEHHBIE METO/bl PACHETA
NBUHEHUA HECHHUMAEMOM HHWUAHOGCTH

B 9Tofi riaBe paccMaTpHBAIOTCS OCHOBHHE UHCJEHHHE METOALI
pelleHHst 3a7a4 O TeUeHHH HecXKHMaeMoH XHAKOCTH B obJacTu c
perynsapHbIMH TPaHHIIAMH, NOKPLITOH NPSAMOYrOJbHOR KOHEeYHO-pas-
HOCTHOH CeTKOH. MHOroe M3 H3JIOXKeHHOTO 3Aecb GyneT NMPHMEHHMO
H B 3ajayax O TeuYeHHH CXKHMaeMOH JXHIKOCTH, MOCKOJBbKY HIJf
ypaBHeHHH NepeHoca B 0OOMX CAy4afAX HCHOJb3YIOTCS OJHH H TE XKe
MofenbHbe ypaBHeHHs. CBOHCTBO KOHCEPBAaTHBHOCTH M JpYTHe
ompenesneHHble 31ech CBOHCTBA, OOCYXJAEHHE pOJH TPaHHUYHHX
yCJIOBHH, a TaKiKe HCCAeJOBAHHE YCTOHUHBOCTH H CXOAHMOCTH B
paBHOH Mepe OTHOCATCA H K 3ajaiyaM O T€UeHHH CIKHMacMOH KHJ-
KOCTH.

[Ipexnae ueM NOrpsA3HyTb B H3yUeHHH AeTajeH, WacTHEIX 3ajady,
BapHAHTOB H BTOPOCTEIEHHBIX BONPOCOB, CTOHT, BEPOSITHO, ONHCATh
B o0IIMX YepTax BCIO NpOUEAYpPYy pelleHHd MOJHOH 3ajauyl THAPO-
JMHAMHKH. JI/1 KOHKDETHOCTH MBI ONHILIEM BBIUHCAHTENbHBIH HHKJ
TOJILKO [JI TIpPOCTefillero Mmojxoja, OCHOBAaHHOTO Ha pelleHHH He-
CTAallHOHAPHBIX YpaBHEHHH.

Hccnenyemaa obnacTb TeueHHs MOKPHIBAETCS KOHEYHO-Da3HOCT-
Hofi ceTkoii. KOHeuHO-pasHOCTHoe pellleHHe OYyAeT ONpenensiTbcs B
y3Jax CeTKH, JeXalllHX Ha nepeceyeHHH JHHHH CeTKH.

PellleHne HauuHaAETCA € TOTO, UTO BO BCEX Y3J1aX CETKH B MOMEHT
BpeMeHn { =0 craBsATc Haya/JbHbIC YCJAOBHA Aas GYHKUHH V), {,
# B v. DTH HadyaJbHble YCJOBHS MOTYT COOTBETCTBOBATbH HEKOTOPOH
peanbHON HayaJbHOH CHTyallHH (eC/]H peub HAET O peIIeHHH HecTa-
IIMOHADHOH 3aKauu) HJAH HEKOTOPOMY Trpy6oMy NpPHOMHKEHHIO K
CTAllHOHAPHOMY pellIeHHI0 (eCJIH pedb HAeT TOJAbKO 06 YyCTaHOBHB-
HmeMcsl pexkume).

Jlanee HauHHAETCSH BBIYHCAUTENBHBIH IHKJ, Korga AJas npuOJIH-
JKeHHOro onpejeneHus d;/d¢ Bo Bcex BHYTPEHHHX TOYKaX PAaCCUHTHI-
BaeMoit 06J1aCTH UCTIOJb3YyeTCs] HEKOTOPHIH KOHEYHO-PA3HOCTHHIH aHa-
aor nuddepeHnaNbLHOrO ypaBHeHHs neperoca Buxps (2.12). Hosble
3HAYeHHs1 { BBIYHCJASIOT HA HOBOM BpPeMEeHHOM CJloe, COOTBETCTBYIO-
[meM TpHpAalleHHI0 BpeMeHH Af, NPOJABHras ypaBHEHHS MepeHoca
BHUXpsi 110 BpeMeHH, HanpuMmep mnoJjaras (HoBoe [)==(cTapoe {)-+
+ At-0¢/0t. CnenylomuM WaroM BHYHCIHTENLHOTO IHKJA ABJSETCH



—>

Hawaao

!

CrponTcs KoHeyHO-
Pa3HOCTHAA CeTKa

!

CraBATcs HayaJbHLIE YCIOBHSA
npu £=10

\

PaccyuTHBaerci HoBoe &==1[ - Af, pacCuHTHIBaeTcCf HOBoe {
BO BHYTPBHHHX TOYKaX IO YPaBHEHHIO

0L/0t = — V- (VL) + V?L/Re

ITpoBORATCH MTEPalHH Il ONpelelieHHS HOBHX 1 BO BCex TOY-

kax mo ypasHenuio V2 == ¢ ucnosip30BaHHeM HOBHX { BO BHY-

TpeHHHX TouKaX. PaccuuthiBaercs HoBoe V MmO (opmyaaM
u=0y/dy, v=— P/0x.

}

PaccuuTeIBaOTCA HOBHE I'pPaHMYHLHIE 3HAYeHHs [ C HCIOJB30BA-
HHEM P H [ BO BHYTDEHHHX TOUKaX

}

,HOCTHI‘aeTCH 3alaHHO€ 3HaYeHHe BPEeMeHH
HJIH
pelreHHe BHIXOAHT HA CTALHOHADHOE
€ 3a]aHHOM CTeNeHbId TOYHOCTH

}

Konen
pemenus
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pellleHHe KOHEUHO-PA3HOCTHOro aHajora ypasHeHus Ilyaccona
(2.13) mna onpemeneHHss HOBLIX 3HaUYeHHH (GYHKUIHH TOKa 1, IpHUEM
B <HCTOUHHKOBOM» ujeHe ypaBHeHHsl (2.13) HCNONB3YIOTCS HOBEHIE
3HaueHHs { BO BHYTPEHHHX y3nax ceTkH. CyllecTBEeHHO, YTO ypaB-
HeHue IlyaccoHa A7s HOBEHIX 1) He 3aBHCHT OT TPaHHUYHBLIX YCJOBHH
IJA HOBHIX {, KOTOpHIE NOKa eile He H3BecTHH, OGHLIYHO peHieHHE
JJi HOBRHIX ¢ MOJyyaeTCss HTepallHOHHBIM IyTeM, TaK 4YTO HTepa-
IIHOHHBIH Mpollecc N/ HaX0XJeHUA § BKJIOYaeTCs B OOIMIHI BBIYHC-
JHUTEJbHHIH NHKJA. Tenepb, HCMONB3Ys KOHEUHO-PA3HOCTHBIH aHAJOT
ypaBHenuf#t (2.7) B OGe3pa3MepHBIX NepeMeHHHIX, HaXOAHM HOBbIe
COCTaBJSIOMHE CKOPOCTH. ITocqe UM MmIar BHIYHCAHTE/bHOTO IHKJA
COCTOHT B pacyeTe HOBHIX 3HaUeHHH Ha rpaHHIAX paccMaTPHBaeMOH
o6sactd. OGLIYHO 3TH HOBBle TpaHHUHLlE 3HaYeHHA [ 3aBHCAT OT
HOBHIX (y2Xe BBIUHCJEHHBIX) 3HAUeHHUH ¢ H § BO BHYTPEHHHX TOUKaXx
061aCTH, DAaCHOJIOKEHHHIX BOJH3H ee TDAHHIBL. 3aTeM BBIUHCJH-
TeJbHBIA IHKJ MOBTODSETCH A0 TeX NOop, MoKa He 6yJeT JOCTHTHYTO
3ajlaHHoe 3HAYEHHe BpEeMEeHHM HJH [OKa pelleHHe He BBIHAET Ha
CTAHOHAPHOE C 3aJaHHOH CTENEeHbI0 TOUHOCTH.

CxeMaTUueCKH JaHHAs Tpoleaypa HaobGpaxkeHa Ha cTp. 37. Jas
PasJHYHBIX KOHKDETHBIX 3a7au HEKOTOphble AeTasJH 3TOH NpoleAyphH
6yayT MeHATLCA, HO OCHOBHAf CXeMa OCTaeTcd HeH3MEHHOH.

3.1. Metopbl pelleHs ypaBHEHUA NepeHOCa BHUXPA

Ilapa6onuveckoe ypaBHeHHe NepeHOCA BHXPA H 3JJIHNTHYECKOE
ypaBHeHHe IlyaccoHa eCTecTBeHHO pacCMaTpHBaTh MO OT/EJbHOCTH,
TaK KaK MeTOABl HX pelleHHs, oueBHJHO, pas3aHuHel. OAHaKo cpasy
cnefyeT 3aMeTHTb, UTO MNPH YHCJAEHHOM pelIeHHH 3afauyH THOpPO-
JHHAMHKH (aKTHYECKH CyllecTByeT 06paTHas CBA3b MeXIy 3THMH
ypaBHeHHSIMH. Hanpumep, B cuJy TOro 4TO 3TH ypaBHeHUs pe-
MAIOTCs UHUKJIHYECKH, YBeJHUeHHe [ONMYCTHMLIX BpPeMeHHEIX IaroB
LS YDABHEHHA IlepeHoCa BHXPS JAOJKHO OBLITb KOMIIEHCHPOBAHO
yBeJHUYeHHeM YHCJAa HTepalHi NPH HTEPAallMOHHOM pelleHHH ypaB-
HenHs Ilyaccona. HenpaBuabHoe obpalleHue ¢ rpaHUYHBIMH YCJIO-
BHSMH B OJJHOM YDaBHEHHH MoOKeT IIPHBECTH K HapYyUIeHUIO CXOMAH-
MOCTH B JIPYTOM.

Eme BaxkHee TO 0GCTOSITENbCTBO, UTO NPHUXOAHTCS SBHO HCKYC-
CTBEHHO OTIEJSITh HAaXOXJeHHe pellleHHS BO BHYTPEHHHX TOYKaX OT
pacuera rpaHHYHBIX YCJOBHH, TaK Kak 06e 3TH NPOLEIYPH! IOJKHbL
BHIMOJHATLCS cOBMecTHO. ONHAKO C Yero-To Ke HyXKHO HAuHHATh
peweHue! ,

OxonyaTesbHBIH BEIOOD MeToja pelleHusl ypaBHEHHSI NepeHoca
BUXPs 3aBHCHT OT MHorHx ¢axrtopoB!). Tako#i BHGOp He Bceraa
T 1) TaKuX, KaK TDaHHUHLIE YC/OBHs, IEOMETPHS 3a71a4H, THI HCKOMOIO pewre-
Husl (CTallHOHapHOe HJH 3aBHCAIee OT BpeMeKH), BO3MOXKHasg HeOGXOZUMOCTh
pacdeTa noJssg JaBJE€HHd H TEMOepatypnl [PH pEUICHHH HeCTauHOHapHOi'{ 3aaa4H,

HHTEDBAJ] H3MeHEHHS PacCMATPHBaeMHIX NapaMeTpoB (B YACTHOCTH, uHcaa Peil-
HQJbACA) H BpeMs, OTBEAeHHOe AJA pa3paGoTKH mporpaMMsl Ha SBM.



3.1.1. OcHoguble KOKEUHO-PABHOCTHDLE HOPMYALL 39

OYeBHMEH, H YHTaTeNb JAOJKEH 3HaTb, UTO pPa3 HaBceria ycTaHOB-
JEHHHX peKOMeHJalHH 1o BEIGOPY Jyulliero MeToJa He IOCJaelyeT.

Uean 3TOrO pasfiesia COCTOMT He B TOM, 4TOOBI AaThb HEKOTOPHIH
A4CCOPTHMEHT METOJOB HamoJo0He pelenToOB B INOBapeHHOH KHHre.
Ona 3axgoyaercs B TOM, 4TOOLl ONpelesIuTh KJ1acChl METOJAOB, H3Y-
YHTh NOBeJEeHHe TaKHX KJAcCOB H yKasaTb CIIOCOOBI HCCJAeAOBAHHS
3THX METOAOB, T. €. BOOOHIE B TOM, UTOOLI NPUYUYHTb YHTATENS BHU-
KaTs B MeTOALL, a He 6e3lyMHO HX npo2pammuposars.

3.1.1. HexoTophle OCHOBHbiE HOHEYHO-PA3HOCTHbLIE hOpMY bl
3.1.1.a, Paanoxenne B pagwl Teinopa

OcHoBHBIE KOHEYHO-DA3HOCTHbIE QOPMYJbl AJIS1 YaCTHHX IPOH3-
BOAHBIX MOTYT OBITb MOJydeHbl' IPH IIOMOIUH Da3JOXKeHHs B PAIH
Te#inopa. Hcnoabszyemasi NpsiMoyrosbHas CeTKa I10KasaHa Ha
puc. 3.1. HuxHne MHIEKCH i M j OTHOCATCA K X H Y, a BepXHHH

(1,7) (1,9)
AJ; (i,J) j.ﬂ

v (S S

N a - - - (68D

Puc. 3.1, IlpaMoyro/bHas KOHEUHO-PA3HOCTHAR CETKA.

HHAEKC 1 COOTBETCTBYET BpeMeHHOMY cio. Illaru ceTtkd B Hampas-
JeHHsAX [ M j o6o3nadarorcs depes Ax U Ay coorBercTBeHHO. ([as
MpoCTOTHL J0 I 6 Ax 1 Ay cuuTarorcs NocTosiHHBIMH.) TlepemenHas
f osHauaer xakymw-nubo dyHKuHIO 1),

@opMbl OJHOCTOPOHHHX Pa3HOCTHHIX NpeJCcTaBJeHHH IS nepBoil
npou3BoaHoN Of/Gx MOXKHO BHEIBECTH CJeAyWINHM ofpasoM. Ml
npeafnosaraeM HenpepLBHOCTb NPOH3BOAHBIX H PacKJalblBaeM fiyy, ;
B psan Te#iiopa B oxpectHocTd Touku (I, j). Bepxuu#i unmexc (Bpe-
MeHHOH) AJsi MPOCTOTH onyckaeM. Torpa

) 192
frsn, /=f:./+73% L e —x:,f)+3g—x’l (i1 =%, P4 o=
, le2—|— 4BII, (3.1)

rape Coxpauiehune YBII o3nadaer 4jeHB! BBICIIHX [IOpsAAKOB.

¥
’_ i 1 3%
=fi+ 35|, ST g

1) Mu ucnoibsyeM OAHO 4 TO e o6o3HaueHde f AJs HempepslBHOK QYHK-
uad f(x, y,t) 1 auckperdoft dyuxunu f(i, |, n).



40 8.1, Meroduvt pewenus ypasnenus nepexoca aux}m

Paspemas (3.1) otHocuTenbHo 9f/0X, nonyuaem

of fovr,1—Fi g 1 0%
Tl = A T |, AT HBIL
HJIR i ;
d f
), =Tt + o), (3.2)

rie 3anuch O(Ax) uuTaeTcs TaK: «4/eH MOpPAAKA AX» H OTHOCHTCS
K 4jeHaM, COAepKalUHM MHOXKHTeJH Ax, Ax® u 1. A.

0603HA4HM KOHEHHO- PasHOCTHHIA aHAJIOT 0f/dx uepes 8f/6x.
Torpa pns 6f/8x npu pa3HOCTHOH anmpoOKCHMaUHH BIEPEN MOJY-
yaeM BhIpaKeHHe y

f -
éx i+1, ] [ (3.3)

Iz Ax

¢ omHOKOA anmpOKCHMALHH NOpsAAKa AX, T. €. ¢ IepBHIM NOPALKOM
TOYHOCTH. }
PackaansiBas fi-;,; B OKPeCTHOCTH TOYKH (i, j), mosayyaem s
0f/8x BbIpaXKeHHe NPH PA3HOCTHOH ANMNPOKCHMAIHH Hasaj:
of Fi, 1 —=Fim1, 4

x T Ex o 3.4)

KOTOpOe TaKXe HMeeT NepBHH NOPAAOK TOYHOCTH. llenTpaibras
(cuMMeTpHYHAs) pa3HOCTHas anmnpokcuMauus Of/8x nonyuaercs Kak
pasHocTh pas.nomelmﬁ

Foor=Fi+o- ax Ax+-;—%f7 ,Bx
] +%%f_ A a+ il Axt+0(8x) (35)
fi—l.l'_“fi-l—%t x+—l- ,Axt—
~ 5o, x3+ 9|, D+ OB, (3.6)
Buiuyuras (3.6) us (3.5), moayyaem

d 1
fi+l.l"'fi—l,/=2"5£—|i' Ax +3 ax3| Ax® 4 UBII.
Paspeas orHocuTeabHO Of/0%, uMeeM

of figr g =Fi1,y 1 0 9
b; i.I= 2Ax Eaxa 1_,Ax +LIBH—

f — i~
iz hiong 4o, 37)
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Takum o6pa3oM, LEHTpasJbHAsh DA3HOCTHAd AaNNPOKCHMAUHA LAET
BbIpAXKeHHe

8f Figr, g = Fim1, 4
8x 1,]= 2Ax (38)

¢ omwu6KOl annpoKCHMaUUH nopaxka Ax?, T. e, CO BTOPHIM NMOPSAAKOM
TOYHOCTH. AHAaJOTHYHO MOXKHO MNOJYYHTb BBHIPayKEHHS [J15 [pPOH3-
BOAHHX IO y H {; HallpHMep, LIEHTPAJJbHO-PA3HOCTHLIH aHaJor Jf/dt

HMeeT BHA 1 .
Sl ¥ 2.9)
i1 2 At ) @.

BoiBeneM Tenepb LEeHTPaNbHO-PAa3HOCTHHE auajor O%/0x2.
CknapuiBas (3.5) H (3.6), uMeeM

0? 1 a¢
foanat hog=2f+ S|, A+ 5k| a4 uBm G0

df
(13

Paspemas (3.10) orHocutenbHo 0%f/0x%, monyuaem

o%f f +fi_y, 1 —2f,
), = o). @
Us (3.11) ana 8%f/8x2 umeem
8% Figr, gt Fimr, =20
axf ", == Ax? - (3.12)

CO BTOPHIM MOPAAKOM TOYHOCTH.

Ynpaxcnenue. BrusectH BHpaxenne (3.12), mnpumensia dopmyay (3.8) x

g = 0f/ox. VicnoapsoBath noaymard Ax/2, tak uro (3.8) npumer BHAR
0g
0x

. Biviz 1 81, 4
= AT . (3.13)

YnpaxHenue. BuBecTH pasHocTHHA aHajor §%f/6x8y pas cmewaHHOR MPOH3-
BOAHOH 0%f/0xdy:

al Foar, g1 Towt, p=1 = Fiy, gr1 HHioy, 1
dx dy = 4Ax Ay : (3.14)

Buisectr (3.14) npyms cnocofaMu: cHauana npumeuuts (3.8) k g == 8f/8x, a 3a-
TEM HCHOJbL30BATh passioxeHHe B psia Te#jopa Mo nepeMeHHHM x M y. 3aMeTHM,
YTO B [EpBOM CNOCOGe MpPH HeJOCTATOYHO aKKYPAaTHOM OTGPACHBAHHH OCTATOY-
HhIX WIEHOB BLICIIEro MOPsfKa MOJYYaeTcs BhIpaX{eHHe TOJLKO ¢ MEPBHIM MOPAX-
KOM TOYHOCTH. Bo BTOpOM crocofe npH TULATENBHOM PAaCCMOTPEHHH WIEHOB BHIC-
Iero MOpsiiKa MOXHO MoKasaTh, uTo Qopmyaa (3.14) umeer BTOPOR nopamox
TOMHOCTH ¢ Olun6Kofl amnpoxcumauud E = O(Ax? - Ay?).

3ameruM, uto 8°f/8xby, onpenenennoe dopmyson (3.14), yaos-
MeTBOpSeT MNPaBHIY [AA7 HENpepHiBHHX dyHKuuk 0%f/0x0y =
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= 0°%f/0y0dx. Becerga xenarenbHo, YTOGH NMpPH HPOYHX PABHBIX YCJO-
BHSIX Hall¥ KOHEYHO-DA3HOCTHblE yDaBHEHHS] XOPOLIO MOAENHPOBaJH
KaueCcTBeHHOe TNoBejeHHe AH(QepeHIHANbHBIX YpaBHeHHH. Muorue
IpYrHe TaKue ke cayyan OyAyT OTMeYeHbl HHXKE. '

KoM6uHAIUK MOJYYEHHBIX KOHETHO-PA3HOCTHBIX BHIPaXKeHHH 15
YacTHEIX NMPOH3BOAHBIX MOXHO HCIOJb30BAaTh [/ HAHCAHHSA KOHeY-
HO-pasHOCTHBIX GopMys IH((hepeHIHANbHBIX yPasgHeHUll B YaCTHHIX

° S
2
p
o o0 o o o] [o]
1 -4 1
2(142) 1 1
(o]
o}
P 1

Pic. 3.2. CxeMaTHuHOE TIPeACTaBJeHHe NATHTOUEYHOrO aHanora ypasHennus Jlannaca;
B==Ax/Ay. Jlepasm cxeMa COOTBETCTBYET NPOH3BOJBLHOMY 3HaueHHI0 P, npaBasg —

npousBofHbIX, Hampumep, ypaBHenne Jlamnaca V¥ = 0% /dx? 4
-+ 0%f/0y? = 0 6ymer uMeThb Pa3HOCTHLIA aHajor

8 +6_2f__ fivr, g+ Tim1, 1 =20, + fo, gar T j—1— 2 4
T2 T 8T T Ax? Ay?

HJIH

=0,

Foon g+ Fice, 82+ Fi =) — 21489 ., =0, (3.15)

rfie p— OTHOIIeHHe pa3MepoB maroB, B = Ax/Ay. 310 Tak HasH-
BaeMblfi nATHTOUeuHbIH aHajsor ypaBHeHHs Jlamaaca. Ilpu Bp=1
MoJ1yyaeTcsl H3BECTHOE YPaBHEHHE

fi.l=%'(fi+l.[+fi—l.]+fi.]+l+fi,]—1)y (3.16)

KOTOpOE O3HayaeT, 4To [;; SIBAseTCA CPeJHHM 3HAaYeHHeM [ B ue-
THIPEX COCEJHHX TOuKaxX. JTH (POpMy/bl CXeMaTHUYHO H306parkeHH
Ha puc. 3.2.

Hcnonpsys Aas aNmpOKCUMANHH MPOCTPAHCTBEHHBLIX IPOH3BOJ-
HHX H HPOM3BOJHOH MO BPEMEHH DA3HOCTHBIE BHIPAXKEHHSI BTOPOTO
HOpsiAKa TOYHOCTH, JIHHEeHHOe MojeJibHoe ypaBHeHHe (2.18) MoxHO
3amHcaTh B BHJE

gt - . ulipr—ubi_y T+ 8 — 28]
A v B Ax? '

(3.17)
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HO3BOJAIONEM SIBHHIM 00pasoM BHIPAa3uTh Q’g“ yepe3 3HauUeHHUHA ne-
pPEMEHHHIX HA NpeAbIAYLIHX BpeMeHHEIX caosix. OQHaKo Takas cxema
B AeHCTBHTENBHOCTH OKa3nBaeTcs HenpuemJeMol. [las Bcex o >0
H BceX BO3MOXKHBIX Af > 0 3Ta cXeMa 4YHCJEHHO Heycroudusa, T. €.
[IPUBOJHUT K BO3HHKHOBEHHIO XAOTHYECKHX pellleHHH, He HMeKLIHX
OTHOILEHHUS] K pelleHUIo AH(depeHuHaNbHOro ypaBHenus. Taxkoe mo-
BeJleHHe MNOJUEepPKHBAET pa3/uuHe MeXJAY TOYHRMH KOHeuHO-pas-
HOCTHHIMH aHaJOraMH AJs npousso0Hslx W TOUHBEIM 2HAJOIOM Gug-
peperyLarbro20 YypasHenus.

Ecsin BMeCTO LEeHTpaJbHBIX Pa3HOCTEH B HECTALlHOHAPHOM u/eHe
HCIOJb30BAaTh DPA3HOCTH BIEpPel NO BpEMeHH, TO NOJYYHTCH pas-
HOCTHBIH aHaJIOr JIHHEHHOTO MOJeJBHOTO YPaBHEHHs, HMEeIHi BTO-
pofi MOPALOK TOYHOCTH IO IPOCTPAHCTBEHHOH NMEpeMEHHOH H JIHIIb
NepBbIA 10 BPEMEHH

gt =1 by — gl iy + 80— 287
At == 2Ax +o Ax? ) (3.18)
OTy cxeMy ¢ OJHOCTODOHHMMH Pa3HOCTAMH BIepej IO BPeMeHH H
[IeHTPaJbHEIMH (CHMMETDHUHBIMH) DPa3HOCTSMHU IO NPOCTPAHCTBEH-
Hoft mepemeHHON HHorAa HaswBaloT cxemofi BBIIIT (cxemoft
FTCS).

B manpHefinrem 6yfeT moKa3aHO, UTO 3Ta cxeMa ycroduusa (1o
KpafiHefi Mepe NDH HEKOTOPHIX YCJOBHSIX, HaJOXKeHHBIX Ha Af, U,
o U Ax). Ho npexae 4eM NpUCTYNHUTb K HCCJIEAOBAHHIO YCTOHUMBO-
CTH, pacCMOTPHM HEKOTOPEHe JAPYTHE BOIPOCH, CBSI3aHHBIE C KOHEY-
HO-Pa3HOCTHEIMH yPaBHEHHSIMH.

3.1.1.6. OcHOBHbIE KOHEYHO-PA3HOCTHLI® HOPMY bl
NONMHOMHAALHAA annpPOHCHMALHA

Jpyroft Meroi ImOJY4YeHHS KOHEUHO-PA3HOCTHHIX BHPaXKeHHH
OCHOBAH Ha NpPUMEHEHHH AaNNpOKCHMUPYIOMEH aHaJHTHYeCKOH
GyHKUMH cO CBOGOJHBIMH IapaMeTpPaMH, KOTOpas CTPOHMTCSA MO 3HA-
YEeHHAM B y3JaX CeTKH M 3aTeM aHAJIHTHYeCKH AHepeHiupyercs.
310 OOBIYHBIA METOJ HaXOXKJEeHHS NPOHUSBOAHBIX MO 3SKCIEPHMEH-
TaJbHEIM JAaHHHM. B HOease BHJ annpokcumupyiolefl GyHKIHH
LOJKeH ONpelenaTbc NPHOJIHIKEHHHM aHAJUTHUECKHM pelueHHEM,
OJlHaKo OGHUHO B KaueCTBe aNNPOKCHMHPYIOUIHX DYHKUHHE HCIOJb-
3YIOTCSl TIOJIMHOMBL. MBI IPOJEMOHCTPHPYEM HACTOALIME MeToj Ha
npumepe napaboaHuecKol anlpoOKCHMAIHH,

[Ipeanonioum, YTo 3HaueHus OGYHKUMH [ 3agaHW B TOuKax
i—1, i ni+1, ¥u mpoBemem mnapabo/HYecKYIO aMIpOKCHMAIHUIO

$YHKLIHH
F(x)=a+ bx + cx?, (3.19)
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npuueM AJs yno6cTBa 3a HavaJgo KoopauHat (x = 0) mpumeM Tou-
Ky i. Torna ypaBHeHue (3.19), 3amucanHoe B Toukax i—1, i u
i 4+ 1 cooTBeTCTBEHHO, JACT

fici=ma—bAx+cAx?, fi=a, f[ia=a-+bAx+cAx® (3.20)
CkyanniBas mepBoe H MOCJeJHEE H3 3THX PABEHCTB, NMOJYYaeM
f{+] + fl—l —2f[

c= AN , (3.21)
a8 paspelllas HX OTHOCHTEJIbHO b, HAXOLHM
Frpr =T
b = _-‘%_‘_L. (3.22)
B rtouke i 3Hauenue nepsoit npoussonHo#t (3.19) Gyaer
6
el =10+ 2exl, =0, 629

@ 3HayeHHe BTOPOH NMPOU3BOLHOM

82f
= =2. (3.24)

®opmyanl (3.23) u (3.24) ¢ yuerom (3.21) u (3.22) B TOUHOCTH
cosnajaioT ¢ ¢opmytamu (3.8) u (3.12) BTOporo mopsika ¢ ILeH-
TPaJbHBIMH Pa3HOCTSMH, NOJYYEHHBIMH pasJjioxkeHHeM B psal Tef-
Jopa. EcaH npeanosoxuTh, YT0 f — MOJHHOM NepBOH CTeNeHH, T. €.
f=a- bx, T0 B 3aBUCHUMOCTH OT TOro, KakHe 3HaUeHHs HCINOJb-
3yl0TCS MJISl OmpefesieHust a U b: 3HaueHus f; U [y WM fi 1 fioy,
ans 8f/8x moayuaiorcss GOpMyJibl C PasHOCTSIMH BIepel HJH Hasaj
cooTBeTcTBeHHO. OYeBHAHO, UTO NMpPH JHHEHHOH amnpokcHMmanuH f
HeJlb3sl MOJYYHTb BbipaxeHue Aas 8%f/6x2. OnHAKO €CJHH HCHOJb30-
BaTb HOJHHOM INepBOH CTel'IEHPlblIJIH nompcgemm PA3HOCTHLIX aHa-
f f
JIOTOB MEPBbIX MPOM3BOJHBIX |z+1/2 5x |,
BETCTBEHHO MNpEACTABJSIOTCS Pa3HOCTSMH Brepel H Hasaj, To AJd
8?f/6x2 moayuuTcs BhipaxeHHe, COBNajaillee ¢ BupaxkenuneM (3.12)
C LeHTPaJbHEIMH Pa3HOCTAMH.

2 » KOTOpbIE€ COOT-
1

PasHocTHHe ¢(OpPMYyJH AJs1 NpPoH3BOAHHX 6oJiee BHICOKOrO MO-
pslKa BHBOAATCA C HCIOJb30BAHHEM MOJHHOMOB BHICHIHX NOPSA-
KOB. BhlpaxkeHHs, MoOJIyueHHble NMPH MOMOLLHM NMOJHHOMOB MOPSAKOB
BhILIE BTOPOTO, yXe He HAEHTHUHH BhIpaxKeHHSM, [OJy4YeHHBIM pas-
JoxeHHsAMH B psaldnl Teijiopa, m B KaxJoM cjydae omubka am-
NPOKCHMAIMH JOJIXKHA NMPOBEPATHCH NPH MOMOLILH Pa3JjIoXeHUs B PAL
Tefinopa. B BuluHC/AHTENIbHOM THAPOAHHAMHKE METOJ MOJHHOMHAJIb-
HOHl ANNPOKCHMALMH, K&K NPaBHJIO, NpHMeHAeTCA TOJbKO AJs BH-
YHCJIeHH# 3HaYeHUH NMPOH3BOAHBIX BOJM3M rpaHHl (cM. pa3a. 3.3.2).

Tenepp oTMeTHM HeZOCTATKH MOJHHOMHAaJbHBIX annmpoKCHMalHi
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BHICIIErO MOPAJKA, XODOIIO H3BECTHHE CrHenHadHcTaM, o6pabaThi-
BalOIMM JaHHble H3MepeHHH. C yBeJHUeHHeM MNOpPSAKA alNpOKCH-
Mallid OHH CTAHOBSITCS YYBCTBHTEJNBHHIMH K <uIymMam», T. e, K 6o-
Jee HJH MeHee cJydyaHHO pacrnpeleseHHBIM MaJablM OWHOKaM B
naHHBIX. Tak, MOJIHHOM HIECTOH CTemeHH, rpadHK KOTOPOro MpOXo-
IHT 4yepe3 ceMb ToueK, TOYHO DaClOJIOXEHHHX Ha OLHOH MpSAMOH,
NPpHBOAUT K ammpoKCHMauMH B BHAe NpsMoll, nzobpaxeHHON Ha
puc. 3.3,a. OnHaxko npu A06aBJEHHH K aNNPOKCHMHPYEMEIM 3Haue-
HHSIM HIYMOBLIX BO3MYILEHHH K03(OHLHEHTH NOJHHOMA OYAYT yXKe

f _.__-‘_—‘__‘__.__.__0‘
3062 1 8 M 2 43
a
f N - -

" Py Iy Iy ]
-3 =2 i1 1 ¥ 42 43
]

Puc. 3.3. MMoauHOMHa/ibHAf aNNpPOKCHMAUHs INECTOro NMOPsAAKa. @ — ajare6pauue-
CKHe HJealbHble MaHHBIE, 6 — paHHBe ¢ A0GaBjeHHeM IIYMOBLIX BO3MyIeHHH,

ONpefeNsThC 3THMH HCKaXKeHHHIMH JAHHBIMH, H TOUJa aHaJIUTHYE-
CKOe BHIUHCJEHHe NMPOH3BOAHHIX B TOUKe { MOXeT mpHBecTH K ab-
CYpAHBIM pe3yabTaTaM!), 4TO MOXKHO ycMOTpeTh Ha puc. 3.3,6.

KpagpaTuuHas anmpoKcHMalHsg He MOXeT OTPa3HTb HaJlHuHe
TOYKH meperufa B paccMaTPHBAeMHBIX MNAHHHIX, T. €. TOYKH, TJe
0%f/0x? = 0. Tlo 3Tof npHuUHMHe AJsi aHAJH3a HMEIOIHXCA JaHHBIX
MOxkeT ObiThb ONpaBAaHO HCHOJMb30BaHHE MOJHHOMHAJBHEIX amnnpo-
KcuManuil Tperbero nopsigka. (Yacro ucmosbsyrotes cniafH-¢yHK-
I[MH, FapaHTHPYIOLME HEIPepPLIBHOCTh NPOM3BOJAHBIX IIPH IlepeXxole
OT OJHOH y3J0BOH# TOUKHM K Apyroft.) B HameMm cnydyae ypaBHeHHs,
OMHCHIBAIOIHE paccMaTpHBaeMoe (H3HUeCKoe sIBJeHHEe, He 3aBHCAT
OT HaJIMYMs TOUKH meperuba HJAH OT TpeTbeil MPOH3BOLHOH, TOITOMY
HeT HeoOXOJHMOCTH OCTaHABJAHBATBECSA Ha 5TOM BOIpOCE.

3.1.1.8. OCHOBHbLI® KOHEYHO-PAIHOCTHLIE (HOPMY ALY
HHTerpasbHbii MeTopn

B unterpasbHoM MeTofe Tpebyercsl MPUOJIHIKEHHO YLOBJETBO-
pUTb OCHOBHBIM YDaBHEHMSIM, 3alHCAHHEIM B HHTErpajbHOH, a He

1) UyBCTBHTEJNBHOCTh MOJHHOMHAJBHHX alIPOKCHMALHA MOMHO YMEHBIUIHTb,
ecaH A noauHoMa N-ro nopsiika B3sTh AaHHHe B 3N man 4N toukax. Koad-
(ULHEHTl IOJHHOMOB B TAKHX CAYy4asaX HAXOJAATCHA He ajreGpaudyeckd, a MeTo-
oM HauMeHBIIHX KBAAPaTOB. DTOT Tpebyiolluii MHOro BpeMeHH MeToJ, OOBIUHO
He HCNONBb3YeTCs, 3@ HCKMIOUEHHEM HEKOTODHIX C/Iy4aeB, CBA3AHHHX € DPaccMOT-
penrem rpaHHYHHX ycJoBHH (cM. pasx. 5.7.6). -
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B nuddepennuasbHoii dopme. 3gech ynobGHee HCHOAB30OBATb IJf
NPOCTPAHCTBEHHOH KOOpIMHATBl HHMXKHHH HHAEKC X, a JIJS BPeMeHH
BepXHHH MHJEKC ! BMeCTO { U i COOTBETCTBEHHO. 3anuileM JHHeMH-
Hoe MOJlesIbHOe ypaBHeHHe B KOHCEPBATHBHOM (opMe:

of __ _ 9(ud) 9%
-a"t-—— 9% +(7.3;12—. (325)

[IpouHTErpHpyeM 3TO ypaBHeHHe I10 BpeMeHHU OT { a0 ¢+ Af u no
IIpOCTpaHCTBeHHOH o6yacTH R oT x — Ax/2 no x -+ Ax/2, Kax noka-
3aHo Ha puc. 3.4. IlockosabKy MOPALOK HHTEPHPOBAHHA 1O ! H X

Ry
f /r____——-—T\
-Az/2 2+Az/2
. o —— o

Z

i1 { it
Puc. 3.4, OGnactb uHTerpuposaHus R JJs METErpajbHOrO MeToaa.

HECYIIECTBEH, BbI6epeM €ro Tak, yTO6b MOXKHO OBLJIO [IpPOBECTH
OAHO TOYHOC HHTErpHpoBaHHe, a HMECHHO

x+Ax2 rt+At ot t+At rx+Ax/2 3 5
u

x—Ax/2 t t x=Ax/2

+aS

t+AL [x+Ax/2
t

62
e dx] dt. (3.26)

x—Ax[2

BhHINIOMHHM HHTErpHpPOBaHHE BBHIpAXKEHHH, 3aMHCAHHHIX B KBaApaT-
HHIX CKOOKax:
x+Ax2 f+At
t+At t
[ [ —tlds=— | [0, 4aep— @0, smpldt +
x—Ax[2 t
t+At 6§
+ao § [5

H

9
c+azp 0%

]dt . (8.27)

x—Ax/2

OcraBlnecs HHTErpaJibl OIlpeAeadarTCd YHCJACHHO. Ilo TeopeMme o
CpeiHeM MOXKHO 3amHCaTb
z+Az
[(z)dz =~ [ (2) Az,
EA

rae Ze [21, 2+ Az]. Cxomumoctb rapantupyerca npu Az —0.
B3aB npu NpuH6/AHXKEHHOM BLIYHC/AEHHH HHTErpajioB B JIEBOH YaCTH
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ypaBHeHHst (3.27) cpemHIOI TOYKY X, a B NPaBOf YacCTH 3HaYeHHus
MOJABIHTErpabHBIX (QYHKUHH NpPH HHXKHEM npejese, T. €. IpH f
(dopmysia TIPAMOYTrONBbHUKOB), TIOJTYyUUM

[gt"'At — ct] Ay = — [ uc)x+Ax/2 uc)x Axﬂ]At +

t
_ oty
+a[Z Jar. .28
ox x+Ax/2 6x x—Ax/2 ( )
TTpouspoaube 97/0x MOXKHO HAUTH U3 COOTHOLIEHHS
x+Ax o t
t — §t
§x+Ax_ x+ S Bx dx.
X
OTcioaa, 1CnoJb3yd TEOpeMy o cpe,uHeM, noJiyuaeM
= ‘—l— Ax,
x+Ax g x+Ax2
HJIH
ot ¥ !
= OXEAx T x| (3.29)
Ox x+Axf2 Ax

3navenne (ul),,,,, MOMKHO BBHIYHCIHTL Kak cpelHee apudme-
THYECKOe:

(U0, pmp = 5 [ + (W24 0, T (3.30)

aHaJOru4HOEe BHPaXKEHHE HMeeT MecTO H Aas (ub)i_, .
TToxcraBass {3.29) u (3.30) B (3.28), nHaxonum

[erat — 2] Avm— [ @Dk Q)i ax — 5 (WD~ WD) -ac] A+

;x+Ax Cfv CJtc - gfc—/\,vc
+o [ Ax - Ax ] V.

Pasnenup nmocjaenHee ypaBHeHUe Ha AXAf, nonyuum

gt — gl (u8), 1 ax — (U0)y_ax Ceraxt Cioay — 25
At = 2Ax +o Ax? ’ (3:31)

[Tepexoas X HHAekcaM i H n, BHAMM, 4TO ypaBHeHue (3.31)
coBnajnaer ¢ ypaBHeHueM (3.18), BHIBeJ@HHBLIM NPH NOMOUIK pas-
goxenufi B paabl Tefimopa. OueBuHo, B JIOGOM METOZEe CYLIECTBYET
60o/bLIOA NPOH3BOJ TPH BHIBOJAE KOHEUHO-PA3HOCTHBIX ypaBHEHHI.
Ecnu, HanpHMeD, HHTeTpUpPOBATb HO BpeMeHH He OT ! 1o f -+ Af,
a ofr t — Af 1o t-+ Af u B KauecTBe cpeaHeHl TOUKH B3AThb f, TO
noJyuutcst ypaBHeHHe (3.17). Kak yxe ObLJIO OTMEUeHO BHIIE, 3TQ
ypaBHeHHe 6e3yCJIOBHO HEYCTOHUYHBO,
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[TpeuMyulecTBO HHTErpafbHOIO METOAA MOXHO OyleT OLEeHHTh
nocje TOro, Kak OyneT u3yueHO CBOHCTBO KOHCEPBATHBHOCTH. Pas-
JHYHE MEXAY HHTETpajJbHbIM METOAOM H METONOM passioXeHHS B
paasl Tefimopa HaubGoJee 4YeTKO MPOSABJAETCA MPH HCMOJb30BaHUH
HeNnpfAMOYTOJIbHBIX CHCTEM KOOpAHHAT.

3.1.2. Metoa KoHTpOonbHOro oGbLema

Meroa KOHTpoOsbHOTO o6beMa /Ui BHBOAA KOHEUHO-pa3HOCTHHIX
ypapHenHH OuYeHb NOXOX Ha HHTerpajibHbii MeToj, Ho GoJsiee G-
3HYeH MO CyILecTBy. IJTOT MeTOA HauboJsiee SPKO OCBelIaeT MPO-
1leCC «YHCJEHHOTO MOMAEJHPOBaHHA». HanaydllnMu npumepamu Ta-
KOro MOAXOAA MOTYT CJAYXKHTh IIHDOKO H3BECTHble METOJ HacTHI

FE—
—

|
—— - :—.__ ——
x-Az  |Ay | X ZHAZ

AT b

-

Puc. 3.5. KourposbHufi o6vem KO B Touke x.

B suefixax (Meron PIC) u MeToxm XuiakoctH B fivefikax (Meroj
FLIC), passutnie B Jloc-Anamoccko#i na6oparopud (dBanc H Xap-
noy [1947); Hxentpu, Maptun u danu [1966r); 9TH MeToAH 6y-
AyT omHcaHul HuXe (cM. pa3x. 5.6.3).

Buifepem B npocTpaHCTBe KOHT%OJIbeIﬂ obbeM C LIEHTPOM B
TOUKe X, KaK NoKa3aHo Ha puc. 3.5. B kauectBe 3HaueHus { B ysJo-
Bofi Touke ceTKH GyneM OpaTh cpefHee 3HaueHHEe 3TOH (hYHKUHY TIO
koutpoabHoMy obwemy (KO). Has ydeavrod (1. e, ocpenHeHHOH
no o6bemy) BeNWUHHH [, Iie [ MOXHO Temepb paccMaTpHBaTh Kak
n106y10 IepeMeHHYI0 BeJIHUHHY, 3anuleM § == I'/o6beM.

'~ Hanpumep, ecan § — niaoTHocTh p, To I' — mosiHas Macca, sa-
KJIOYeHHAas B paccMaTpPHBAEMOM KOHTPOJbHOM ofbeMe € LEHTPOM
B TouKe x. Ecau { — Buxpsb, To I' npencrasaser coboii HupKyIsnHIo
(cM. Jlam6 [1945]). Tenepb 3amuiiem CJIOBeCHYI0 (GOpMYJNHPOBKY
CJIeAYIONIEro 3aKOHA COXPaHEeHHS:

[Monnoe mnpupamenue penpuunsl I' B KO ==Uncteil npuroxk
T B KO 3a cuer koHBeKuHH -+ Uuctuil nputok I' B KO 3a cuer
ruddysun. (3.32)

[Tosnoe npupauieHue Benwuudnt ['={ X (o6vem) B KO 3a
IIpOMEeXyTOK BpeMeHH Af paBHO

§I0 X (Ax Ay Az) — £ ]k X (Ax Ay Az).
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KoHBekTHBHBEIH NOTOK Beanununl I', Brekatomuli B KO uepes seByio
rpaHb 3a eJHHHIY BpeMeHH, COCTaBJseT

(Ul)y—pgp X (nomwann) = (ug),_,,, Ay Az,

rae 4 MoxeT OLITb nepeMeHHOH, a 3HaueHud GYHKIMA Ha rpaHH
x — Ax[2, Koropble elle HAaJO ONPEAENHTb, JNOMKHH OBTH HEKOTO-
peiMH cpenHuMH 3a Af. HMcxold H3 3TOH BeJHUHHB BTEKAaIOLIETO
KOHBEKTHBHOIO INOTOKA 32 eJMHHLY BDEMEHH, NOJHBI# KOHBEKTHB-
ubifi morok BeduuuHel ' B KO 3a mpoMexyTok BpeMeHH Af uepes
rpanb x — AXx/2 MOXHO 3amucaTh TakK:

(ul),_agp By Dz AL,

AHaJIOTHYHO, MOJHBIA KOHBEKTHBHHH motok I, BeTeKatowHit u3 KO
yepes x + Ax/2, 6yner paBeH

(UD), 4 ap Ay B2 A,

a unctoiil npuTok I' B KO moayuaercs Kak pasHOCTb CYMMapHOTO
BTEKAIOIero NMOToKa H CyMMapHOrO BHITEKAIOIIEro NMOTOKA, T. €.

[(Ul)y_ngp — (D), 4 ay] Dy Az AL,

Yro6w BuuucAuTh NoToK B KO 3a cuer puddysun, HeobGxoaumMo
HMeTb 8aKOH AJs CKopocTH Audoysuu. [Ipocrefimuii Takofi 3akon
(cornacywinufica ¢ ypaBHeHHeM NiepeHOoca BHXps) fABJseTCH JuHed-
HEIM H TJIacHT, 4T0 JHGOY3HOHHHH NOTOK BEJHUYHHBI { 3a e€JHHHLY
BpPEMEHH, KOTOPHH MH Has3oBeM ¢, NMpPONOPLHOHAJeH TPaJHeHTy §
(3akon duka):

a8
g=—aQ W .

31ech MHHYC YKa3blBaeT Ha TO, UTO yBeJHUeHHE { B HalpaBJe-
HHH X BH3bBaeT JIH(PQY3HI0O B NPOTHBONMOJOXKHOM HallpaBJIeHHH.

Oubdysuonnuft notok, Brekatomuit B KO uepes sesyio rpaHb
3a e[HHUILY BpeMeHH, PaBeH .

AyAz==—cz-gg

AyAz,
x—Ax[2 Ox yoz

x—Ax[2

q

a soitekatomuit u3 KO uepe3 mpaByio rpanp 3a eJHHHLY BpeMeHH
COCTaBJIAET

o
AyAz=—a-=
-+ AxR yoz @ ox

Ay Az.

x+Ax/2

3nech onAThb 3HAYEHHA HA TpaHAX x *+ Ax/2 mpeacraBasfior co6of
HEKOTOpHIe CpeJlHHe 32 BpeMA Af, KOTOpHIe ellle NOJKHB GHITH omnpe-
nenennl. Beqnunna motoxa B KO 3a cuer audpdysun 3a npomexy-
TOK BpeMeHH A! paBHa
a Ay Az At [%Q -3 ]
*latsap 0% b-nsp
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Wcnoab3ys 3TH BbIDAXKeHHUs, CJAOBeCHO cHOpPMYJHPOBaHHHIN 3aKOH
coxpaHeHus (3.32) a5 OJHOMEPHOTO cayuas ¢ KOHBeKUHeH u aud-
¢dhyanel MOXKHO 3alHCaTb CJAEAYIONIHM 06pasoM:

CEYY AxAy Az — gL Ax Ay Az = (42 |y pxp — U8 |iraxn) Dy Dz A +

4 a
AyAzA — = .

tadyer[g|  —F| ] (339
Pazpenus Ha AxAyAzAt, MOJYYUM
1
ZT[C [Erat — CI] Ax (42 e aie — 48 | ranp] +

_e [of 9
+ Ax [ax x+Axf2 dx x—Ax/Z]. (334)

Kak u B HHTerpaJbHOM MeToJe, NPH JaJjbHelfillleM BLIBOJAE KO-
HeYHO-Pa3HOCTHHIX BHIDAXKEHHH TOsBJAsieTcs HeKkoTopas cBoGoja
AefcTBUf NpU onpeleseHHH 3HaUYeHUH PYHKUUHA Ha rpaHax obwpeMma.
B kauecTBe 3HAYeHHH Ha rpaHu o0bemMa MOXHO B3ATh CpelHee
apHdMeTHUECKOEe 3HAUEHHE B COCENHHX y3JlaX B MOMEHT BPeMEeHH £;
Torjaa

(60), 4 sap =5 [0 4 5, 4 (@D)1]

g

x4+ Ax[2 ox

H I'pajHEeHTH
n

9t
dx

x+ Ax/2

MOZKHO BBIYHCJIHTb IIDH NOMOMUIH IEHTPAJBbHBIX pa3HOCTeI';IZ

oL _ Uliax—tlx
ox x+Ax/2 Ax

B pesyastare ypaBHeHHe (3.34) nmpumer BHA
Sl — =g {5 L)k + @ohead] — 5 [0+ @l a I+
+ 5 [5r leas—th) — 5 (6 ~ g hnd)].

HJH
g (Wt) yay — (), _ ! ae s, — ot
c = C — x+Ax2Axu Ax +(Zc +A +CAxsz cx ] (3.35)

Ecnu BepHYTbCA K HHIEKCAM { H A, TO 3TO ypaBHEHHE COBHAfer
¢ MOJIYYeHHBIM paHee ypaBHeHHeM (3.18). .

Takum o6pasoM BHIHO, 4TO BCe UETHPe MeTOAA BHIBOAA KOHEY-
HO-Pa3HOCTHBIX aHAJOroB AH((epeHnuanbHEIX YPaBHEHHH B 4acTe
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HHX MPOH3BOAHLIX — Da3JjoKeHHe B psaAA Tefjopa, MeToJ TMOJHHO-
MHAJNbHOH aNNpOKCHMAallHH, HHTerpaJbHbLIH MeTOJL H MeTOH KOHT-
poJIbHOro o6beMa — MOTYT INPHUBECTH K OAHHAKOBBIM Pa3HOCTHHIM
BHIpaXKeHHAM. D10 oOHajeKHBaeT H YKpemJseT JOBepHe KO BCEM
3THM MeroJaM. Ho B KaxaoM H3 HUX HMeeTcs HeKoTopasi cBoGoza
JeHACTBHH, TaK 4TO BHOOD MeTona [/s BHIBOAA KOHEYHO-PA3HOCT-
HOro aHaJjora AudbepeHIHaNbHOTO YpPaBHEHHS oOmNpefeJseT 3TOT
aHaJor He eJHHCTBeHHbIM ofpasoM. B camom gese, cyuiectByer
MHOTO HCIOJIb3yeMLIX aHaJjoros. HecmoTps Ha To uTo GOJBIIMHCTBO
H3 HHX pasjuuaercs (KakK MOXeT [0Ka3aTbCs HeNoCBsLIEHHHIM) B
He3HAYHTeJbHBIX JeTaJssX, OHH MOTYT CHJbHO OTJHYaTbCs IO CBOEMY
nosefenuo. [lo JHUYHOMY MHEHHIO aBTOpa OJHHM H3 YIHBHTEJbHHIX
aCleKTOB BbIYHCJAHTEJbHOH THAPOAHHAMHKH dABJseTCs HaJH4He
GoJiblIoro 4yHcJaa NpPaBAONOJOOGHBIX CXeM, KOTOphle, OJHAaKo, He pa-
6oraoT, Kak, HanpHuMep, OblJIO yKa3zaHO AJA ypasBHeHHs (3.17). D10
CNpaBelJHBO KaK AJA OCHOBHHIX (T. €. MpeJHasHauyeHHHIX AJs pac-
YyeTa BHYTPEHHHX TOYEK) DA3HOCTHBIX CXeM, TaK H AJs CXeM, Npen-
Ha3Ha4yeHHBIX AJS pacyeTa FPaHHYHBEIX TOUEK.

JloCTOHHCTBO MeToJa KOHTpOJbHOro o0beMa onpejessieTcs He
KakuM-1160 ero CBOHCTBOM, a TeM, UTO OH SIBJSETCH HAWUJIYYIIHM
B HEKOTOpDOM cpejHeM cMblcse. [IpemMyliecTBO 3TOro Meropa 3a-
KJIOYaeTcsl B TOM, YTO OH OCHOBAH Ha MaKPOCKONHYeCKHX ¢H3HYe-
CKHX 3aKOHaX, & He Ha HCIOJb30BAHUH MaTeMaTHYeCKOTro anmnapara
HenpepblBHEIX GYHKUMHA. Ocob6eHHO Ba’KHLIM 3TO OKa3blBaeTcH B TeX
cayuasx, KOrjga HMelT [Jel0 C pa3peXeHHBIMH rasaMH HJH C Te-
YeHHSIMH HEBSI3KOTO ras3a, B KOTOPLIX CYLIeCTBYIOT yJapHble BOJIHBL.
B stux cayuasax auddepeHunuasbHble YpaBHEHHS He HMEKT BCIOLY
HenpephIBHHIX pelleHHH, KOTOphle MOXHO OblI0 Obl B KaXKAOH TOYKe
npeacrasuth psfaMu Tefinopa. Opnako Macca, HalpHMep, BCe Ke
COXpaHseTcsi, H KOHBeKTHBHas 4acTb ypaBHeHHs (3.35) mo-mpex-
HeMy ocraeTcs cnpaseinuBofi. Ho gaxe M B Tex ciayyasx, Korzaa
HempepbIBHbIE pelleHHs] CYLIeCTBYIOT, B MeTOJ€ KOHTDPOJbHOro
o6beMa BHHMaHHe COCpeNOTOYHBaeTC Ha (aKTHUECKOM BHIIIOJIHE-
HHM (PH3HUECKHX 3aKOHOB MAKPOCKONUYECKU, a He TOJBKO B HEKOM
aKajJeMHUeCKOM Mpeznese NpH Ax H Af, CTpeMALIHXCA K HYJIO. DTO
JIeXXHT B OCHOBE MOHATHS KOHCEPBATHBHOCTH KOHEYHO-PAa3HOCTHOrO
MeToJa, K 06CYXIeHHIO KOTOPOro MBI IIePeXOJHM.

3.1.3. CsoiicTBO HOHCEPBATHBHOCTH

KoHeuHO-pa3HOCTHHIH MeTOX ABJAETCH KOHCepBATHBHHIM, eC/H
oH ofecrneyHBaeT BHIOJIHEHHe OMpeJeJeHHHX HHTerpajbHBX 3aKO-
HOB COXpaHEeHHH, CIPaBeIJHBHIX IJf HCXOAHBIX AH{(epeHuHa hs
HBIX yDaBHEHHH.
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PaccMorpuM ypaBHeHHe nepeHoca BHXps (2.12), nmonaras 1/Re=
= q,

% — V. (VD) + VT, (3.36)

[TpounTerpupyeM 3To ypaBHEHHe 1O HEKOTOPOH NPOCTpaHCTBEHHOM
obaactH R:

S‘;—%dR= — Sv . (V2)dR + Swﬂg dR. (3.37)
R R R
Tax Kak { He 3aBHCHT OT HpOCTpaHCTBeHHbIX nepeMeHHBIX, HMeeM
{5 ar=— Sng (3.38)
R
Hcnoawsys gopmyany Ocrporpancxoro—— Taycca, noayuaem
SV- (VZ)dR = S(Vg) ‘nds, (3.39)
R OR

rae 0R —rpaunna R, n— eAMHHYHHH BEKTOD HOpMaJu K MOBEpX-
HOCTH (IOJIOXKHTEJbHOE HalpaBJeHHe COOTBETCTBYeT BHEIUHeH HOp-
Mmanu) u ds — auddepennuan AJHHE AyrH rpaHulb O6R. AnHajoruu-
HO, IO To# Xke dopMyJe

gav2g dR=uq S (V&) - nds. (3.40)
R dR ‘
Torma ypapnenue (3.37) upuMer BUI
2 (tar=~((vo - nas+a () nas.  (3.41)
R OR aR

VpaBuenue (3.41) KoHCTaTHpyeT, 9TO CKOPOCTb HAKOIJIEHHS BeJH-
yuHb § B obsacTH R paBHa CyMMe KOHBEKTHBHOrO H JH(DPY3HOH-
HOTO NpPHTOKOB BeJIHUHHH § B R uepe3 R 3a elAuHHIY BpeMeHH').
TpeGoBaHHe KOHCEPBATHBHOCTH 3aKJ/IOUaeTCH B TOX/JECTBEHHOM CO-
XpaHeHHH B KOHEYHO-PA3HOCTHOH CXeMe 3TOro HHTErpasibHOTO CO-
OTHOILEHHS.

[IpocToThl pagn paccMOTpHM OLHOMEpPHOE MOAEJbHOE YpaBHEHHE
AJs TPENeJbHOrO cJyuyasi HeBA3KOH xuukocTH (o ==0), Koropoe
nosnyuaercss 3 ypaBHeHHda (3.36) H HMeeT BH]

%X 2 (3.42)

ot dx

1) Mu BuBenn (3.41) u3a (3.36), uTo6H noka3aTh CBA3h 3THX YypaBHeHH,

HO Ha caMoM Jesne ypaBHeHue (3.41) aBnasercs Gonee obmum, dem (3.36). Ha-

npumep, ecau o = 0, a {— maccoBas IJIOTHOCTb, TO 06a 3TH ypaBHeHHS Npen-

CTaBJAIOT COGOfl ypaBHeHHe Hepa3DLIBHOCTH, BHPAXalollee 3aKOH COXPaHEHHs

maccH., Oanrako ypasHenme (3.41) ocraercss cmpaBelJIHBHIM JaXKe B TOM clydae,

KOTla B HEKOTODHX BHYTPeHHHX TOYKaX 06JacT® R [POH3BOAHbIE, BXOAfILHe B
(3.36), He CYWECTBYIOT.
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(Ecnu, ¢ npyrofi CTODOHB!, BeJIMUMHY { TPaKTOBAaTh KaK MacCOBYIO
IJIOTHOCTb, TO ypaBHeHHe (3.42) OyjmeT ypaBHEHHeM Hepa3PHIBHO-
CTH 1J51 cKuMaeMoll cpenrt.) Mcnosib3ys pasHOCTH BIepex HO Bpe-
MEHH H LEHTpa/JbHblE PA3HOCTH MO NPOCTPAHCTBEHHOH MepeMeHHOH,
MOXKHO 3aIHcaTb KOHEUHO-PA3HOCTHHIH aHajor ypaBHeHHs (3.42)
B BHJE

gt —f Uy — 18y
X 24x (3.43)

(3mech AJs MPOCTOTH BepXHUU HHAeKC n onyiueH). PaccMorpum Te-
neph OZHOMepHyIo obJiacth R (npuueM i MeHsiercss of [; go [g) H

BHIYHCJIUM CYMMY
Iy
1
a7 ), b,
i=1,

COOTBETCTBYIOUIYI0 HHTErpany % Sng B ypaBHeHuHu (3.41):
R

_Klt_[lzl §?+1Ax__lzt e Ax]= IZZ (_ ui+lci+l2:xul—lgi—l)Ax=

i=1 i=l t==ll

=3 Z (0ot — @Drstl.  (3.440)

i=1I

CyMMHpOBaHHEe B MpaBOH YacTH MPOBOJXHUTCH CJEAYIONIHM 06pa3oM:

Iy
i;[ [(@)y—1 — (U)i1] =

=+ul),_, —W), ot li=1]
+(ud),, = uR), ot [i=I+1]
+(u), —(ug), 4t [i=I1+2]
W),y ~(t)y 44t [i=1113]

G+ e e e e e +

+(ut), —(ul);, o+ [i=I,—3]
+(u2),,_, —(ul),,_+ [i=1,—2]
+(ud),_, —g), + [i=I,—1]

+(wd), — (), = li=1,]

= (ug)l.—l + (u§)1l - (ug)l, - (ug)lz.“- (3.446)
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Toraa ypaBuenne (3.442) npuHHMAeT BHA

I I
,‘31?[ Z ! AX—Z & Ax] S0, _ ), J—5 [(”g)l, Ul 1]=

i=1 {=]y
= (L), _1jp — (L)) 4 1po- (3.448)

JlanHOe ypaBHeHHe MOKA3BIBAeT, YTO CKOPOCTh HAKOIJEHHS Be-
JUYHHH §; B obsactH R B TOYHOCTH paBHAa ') IOTOKY BEJHYHHH {
B o6JacTb R uepe3 rpanHuel [y — !/ v Iy -+ /2 (3TO caenyer Takxe
u3 ypapHeHus (3.41) npu a=0). TakuM o6pazoM, MoJyueHHLIH
KOHEYHO-D23HOCTHLIM aHaJOl COXPAaHAeT HHTerpaJbHOe CBOHCTBO,
KoTopoe Bhipaxaer ¢opMmyna Ocrporpaackoro— [laycca aas mud-
(depeHIHANBLHOrO ypaBHEHHS, H Mbl OyleMm TOBODUTb, YTO 3TOT aHa-
Jor ob/ajaeT cBOHCTBOM KOHCEPBATHBHOCTH.

CBOWCTBO KOHCEPBAaTHBHOCTH 3aBHCHT KaK OT HCIIOJib3yeMOH
¢dopmu audPepeHHaNbHOTO yPaBHEHHSA, TaK H OT IPHHATOH KOHeY-
HO-pa3HoCTHOH cxeMbl. Hanpumep, HeKoHcepBaTHBHas QopMa of-
HOMEpHOTO MojenbHoro ypasHeHusi (2.18) npu o =0 rtaxosa:

a0t
=45 (3.45)

Hcnonbsys Ty Ke cxeMy, 4TO H B HpelblIyIIeM NpHMepE, T. €,
pPa3HOCTH BIlepel NO BPEMEHH H ILeHTPaJbHBHIE DA3HOCTH IO HpO-
CTP2HCTBEHHOH NepeMeHHOH, MoJaydyaem
n+1 n
Yl ——yn b1 — i (3.46)
At i 2AMx ' '

Torga cyMMmH, COOTBeTCTBy}OIL[H‘e (3. 44a) HMEIT BHJI

N3 [Z gl Ax — Z {;"Ax] (— u, '+I c“I)Ax
l=ll

i=1I {=l)

= Z W@ — L) (3.47a)

i=1
CHoBa cyMMHpyeM:
12
iz_llui(él—l—;i+l)=
=urby— —upb [i=1]
‘upily, —Uy 1842t [i=1+1]
Fupoli —uy, yoby 48t [i=1+2]
Fap b —Up 436 4ot [ =1,13]
oo (3.476)

1) 3necb umeercs B BHRY anarebpanyecKoe paBeHCTBO 6e3 ydera owH6OK
OKpYyIJleHns Ha SBM



3.1.3. C801icT80 KOHCEPBATUBHOCTU 55

Orcrofa BHAHO, YTO IIPH TaKoH dopme HCxoaHoro aHddepeHnHa b-
HOrO ypaBHEHHSl 4YJeHH, COOTBETCTBYIOLIHE MOTOKaM uepe3 IpaHH
CMEXHBIX fiueeK, B3AUMHO HE YHHUTOXKAIOTCsl, HaNpHMep

g obrr — U 8rg = (Y4 — 8,) 81 70, (3.471)

3a HCKJIOUEHHEeM YacTHOro cJayyas, kKorma u; == const. 3uauur, B
3TOM CcJyuyae KOHEUHO-PAa3HOCTHBIH aHAJIOI OKasblBaeTcss He B CO-
CTOSIHHH 0OecleuHTb BHINOJHEeHHe ¢opMyas OcTporpaackoro —
Taycca pasi anddepennnanbHoro ypaBHeHHs, Tenepb CTaHOBHTCH
SICHBIM CMBICJ TE€PMHHOB <«KCHCEPBAaTHBHasl» HJIH <«JHBEpPreHTHasi»
tdopma ypapHenus (2.10).

B nepBoM ciyuyae KOHCEPBATHBHOCTb OOeCleYHBAETCs NpHMEHe-
HHeM MeTOoAa KOHTPOJbHOro o6beMa NPH BHBOAE KOHEYHO-Pa3HOCT-
HBEIX BeIpaxkeHui. Ilpu Henosnp30BaHHE KOHCEPBATHBHOM HOPMEI KOH-
BEKTHBHBIH MOTOK BeJHUHHBl {, BhHITEKawoWHH yepe3 rpaub i+ !/,
H3 KOHTPOJIbHOrO 0o6beMa C LEHTPOM B TOYKE [ 32 €IMHHLY Bpe-
MeHH, coctaBasieT !/o(uf: + #iyi§it1) B B TOUHOCTH paBeH KOHBEK-
THBHOMY IIOTOKY, BTEKAaWOUIeMy 4epe3 Ty ke IpaHb B KOHTPOJBHBIH
o6beM ¢ LEHTpOM B TOuUKe [ 4 1 3a enumHuuy BpeMeHH. Kak noka-
3aHO BBIllE, B CJlyyae HEKOHCepBaTHBHOH GoOpME 3TC He HMeNO GHl
MmecrTa.

Ynpascrenue. TlokasaTs, 4TO HCHOJb30BaHHe A 0°(/0x2 Bbipaxenus (3.12)
C UEHTPAJbHBIMH DAa3HOCTAMH MPH o > 0 obecreyHBaeT KOHCEPBATHBHOCTb IJA
11O Y3HOHHBIX HJIEHOB.

$lcHo, uTO NMpH o >> 0 eAHHCTBeHHHIH NYTb 06eCNeyYHTh CoOXpaHe-
HHe CYMMapHOro mnoroka B ofulem ciayyae (KOria u SiBJSeTCS
(yHKIHell pOCTPaHCTBEHHOH NepeMeHHOH) 3aK/I4aeTcs B He3aBH-
CHMOM COXPaHEHHU KOHBEKTUSBHOIX W Oudy3uoHHelX YJIEHOB; B He-
OJIHOMEPHOM cJyyae HeoO6xoqHMO o6ecrneyuTh KOHCEPBATHBHOCTh
3THX UYJIEHOB OTJAEJNbHO M0 KaxOoli MPOCTPAHCTBEHHOH MepeMeHHOH.

BaXHOCTb CBOficTBA KOHCEPBATHBHOCTH JIEFKO NOHSITb HA MpH-
Mepe ypaBHEHHS Hepa3pBIBHOCTH AJs CXXHMaeMoH cpean. PaccMort-
pum 3afauy o6 ecTeCTBEHHOH KOHBEKIHH B MOJHOCTbIO 3aMKHYTOM
cocyle C HENPOHHLIAEMBIMH CTeHKaMH. B HauanpHBI# MOMeEHT Bpe-
MeHH cuuTaeM, 4To Bo BceM obbveMe V =0. K HuxXHell cTeHKe co-
cyJa HOABOAMTCS TEIIO, M NPOHCXOAHT €CTECTBEHHAs KOHBEKIIHS,
BO3MOXKHO JOCTHramolasi cTallHoHapHOro cocrosinus. Ecau aas pac-
YyeTOB NPHHHMAETCHA KakKasi-1HO0 HeKOHCepBAaTHBHAS cxeMma (CM. 3a-
pady 3.2), To MoJHas Macca B HceaenyeMoM obbeme GyaeT Me-
HATbCA. Ec/M e HCloJb3yeTcss KoHCepBaTHBHASL CXeMa, TO MOJHas
Macca He OyneT MeHsATbesl . (6e3 yyeTa MalIHHHBIX OWIHGOK OKpYyT-
Jenusi). HeKOTOpPBHIM yTellleHHeM B NEPBOM CJyyae MOXKET CJYKHTb
Tor (aKT, 4YTo OINHOKH, BhI3BAHHbIE HAapPYIIEHHEM COXPaHeHHS
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MaccH, yMmeHbiiaoTes npu Ax—-0, HO B NIpPaKTHUECKHX BHIYHCJe-
HHAX C KOHeuHofl BeqHUHHOA AX TaKoe yTellieHHe sIBJISETCA CaabbiM.

StH coobpakeHHS MH CUHTaeM CYLIECTBEHHBIMH H HaCTOSTEJbHO
peKoMeHIyeM INPHMeHATb KOHcepBaTHBHHE cxeMbl. OJHAKO 3jech
HMeIOTCS JOBOAB H 32 H NPOTHB, MpHYeM NPUMephl YHCJIEHHHX KOH-
TPOJILHBIX PacyeroB, oNyGJaHKOBaHHbIE B JHTEpaType, He JaiOT BO3-
MOXKHOCTH CAeJaTh 0JHO3HauHBI# BeIGop. O6paTHMCS K 3THM JI0BO-
JaM H K pe3yJbTaTaM KOHTPOJbHBIX PacueTos.

CBOMCTBO KOHCEPBATHBHOCTU He 06A3GTEAbHO CBS3aHO C TIOBHI-
meHueM TOYHOCTH cxembl. Hanmpumep, HeycTofiuuBHe pelieHHS KOH-
CcepBaTHBHBIX YPaBHeHHH COXPaHSIOT CBOHCTBO KOHCEPBAaTHBHOCTH.
BoJsee TOro, HeKOHCEpBATHBHHIH METOJ MOXeT OHITh B HEKOTOPOM
cMbIcJe TOYHee KoHcepBaTHBHOoro. HampuMep, masi mpeacraBieHHs
GyHKUHA O 3HAUeHHAM B y3JaX CeTKH MOXHO OblJIO Obl NPUMEHSTH
OJHOMEpHbIe aNNpPOKCHMALHH NOJHHOMAMH BBICOKOrO NOPSAAKA H NPH
9TOM NPOH3BOAHBIE MO NPOCTPAHCTBEHHHIM INepeMeHHBIM OynyT, Be-

OSITHO, ompenensaTbcsl ¢ owubKoll 6ojee BLHICOKOro mopsika (CM.
‘El)"omac [1954]). Onrako mocrpoeHHass TakuM 06pa3oMm cxemMa Mo-
JKeT ObHITb HEKOHCEPBATHBHOH, a ecJH KDPHTEPHH TOYHOCTH BKJIO-
gyaeT YycJOBHe KOHCEPBATHBHOCTH, TO HeKOHCEDBAaTHBHAf CXeMa
OKajKeTcsl MeHee TOUHOH.

Ho cHX DOp ONBIT NOKAa3biBaeT, YTO KOHCEPBATHBHLIE CXEMH,
Boo6lle roBops, nalOT Gojee TouHble pe3yabraThl. Uen [1968] u
Annen [1968] nokasanau, 4TO ¢ NOMOILUBIO KOHCEPBATHBHOH CXeMBI
MOJYyualoTCsl CyllecTBeHHO 6oJiee TOUHHIE De3yJabTaThl AJS  HEKO-
TOpHIX pelleHu# ypaBHeHus Biwoprepca (2.19) u (2.20). Cafipyc u
Qanrton [1967] BBIACHHJH, 4TO AJ1S VJIUNTHYECKHX YDaBHEHHH KOH-
cepBaTHBHAs CXeMa fxaeT 0ojiee TOUHBIE De3y/bTaTH, YeM HEKOH-
cepBaTHBHas. Ha npuMepe 3ajgaud O TedeHHH BHYTPH 3aMKHYTOH
npsiIMOYToJIbHOA 06J1aCTH ¢ OLHOH MOABHKHOH rpanuuefi ToppaHc ¢
coaBropamu [1972] y6eaunucr B TOM, 4TO JaxKe cXeMa IE€pPBOro
mopsiiXa TOYHOCTH NI YPaBHEHHH B KOHCePBAaTHBHOH ¢dopme naer
6osiee TOUHble Pe3yJbTaTHl, 4eM CXeMa BTOPOro NMopsiika AJs ypas-
HeHuil B HeKoHcepBaTHBHOH ¢opme. IlpeuMymecTBa pacuera yaap-
HHIX BOJIH IPDH KOHCepBaTHBHOH (opMe ypaBHeHu#t (I'apu [1964f)
XOpoIIO H3BecTHH (OHH 6yIyT paccMaTpHBaThc B INI. 5), OXHAKO
clefyeT 3aMeTHTb, 4To B paGore ['apu BOJIHE pa3pexeHus He-
CKOJIbKO TOUYHee pAacCCUHTHIBAJHCh II0 HEKOHCEPBATHBHOH cXxeMe.
KpoMe Toro, muBepreHTHas ¢opma ypaBHeHHI Gosee OCMBLIC/IEHHa
(u3nuueckH H 06JieryaeT MOCTaHOBKY TPaHHYHBIX YCJOBHH LIS Te-
YyeHHH CKHMaeMOoH KHIKOCTH.

[Muauex [1966] nmokasas, Kak BHIBECTH KOHCEDBATHBHHIE ypaBHe-
HHA B OCECHMMETPHYHOM cJayuae. Po6eprc u Beiic [1966]) obGcyxna-
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JIH KOHCEPBAaTHBHOCTh AJIsi BeKTOPHbIX BesnuuHH. Jlakc [1954] nep-
BHIM HCIOJIb30BaJ B KOHEUHO-Pa3HOCTHBIX BBIYHCJ/EHHSAX KOHCepBa-
THBHYIO ()OPMY ypaBHeHUI [BHKEHHs CXKHMaeMOro rasa, Ipejjo-
xkeHHyl0o KypauroMm u ®puapuxcom [1948], u merasnbHo HcciaenoBad
CBOACTBO KOHCEPBATHBHOCTH !).

MereopoJjiorn pacnpocTpaHHJIH HAEI KOHCEPBATHBHOCTH Ha Bes
JIHYHHBI, CBSI3aHHBE C KOJIHYECTBOM JBHXKeHHs. Dpaften [1963,
1966] npemsoxun cxeMu, ofecneunHBaloliHe COXpaHEHHE HE TOJBLKO
BHXDS, HO U KHHeTHuecKoH sHepruu. Cxema ApakaBum [1966] (cMm.
rakxke Jluanu [1965]) unu ®Ppomm [1967], a rtakxke pasa. 3.1.2)
COXpaHsieT BHXpb, KBaJpaT BHXpS, KOJHYECTBO ABHIKEHHS H KHHe-
THYecKyio sHepruto. Ho Takme nomosHHTeNbHBIE YCIOMKHEHHS CXEM
He sceeda ompaBiaHbl W BHTrogdbl. Benrrcon [1964] mokasaun, uTo
NOAOGHBIE YCJOMKHEHHBIE CXeMH JaloT HeGoJiblliHe yJaydllleHHs, He-
3HauuTe/bHbIE IO OTHOLIEHHIO K HCTHHHEIM JaHHBIM, H B TO Xe
BpeMsi MOryT NpHBeCTH K OO0JbIIMM OINHOKAM B CKOPOCTH BOJIH.
OnHaxko B IpejesbHOM HeBS3KOM Clydae COXPaHEHHe KHHETHYeCKOH
SHEpruH [AaeT BO3MOXHOCTb H36eXaTb «HeJHHeHHOH» HeyCTOHUH-
BocTu ?), paccmorpeHHoft B paborax Punsnunca [1959] u Caua-
kBHcTa [1963). Denrrcon [1964] npennoXuna cxeMy, COXpaHSIOUIYIO
Pa3HOCTb MEXJy KHHeTHUeCKOH 3Heprued H (MeTeOpOJIOrHYeCKOH)
moJsiHof cTaTHuecKoH ycToHuMBOCTBIO %), YTO MOJME3HO B 3ajauyax C
6OJbIIHMH IPAaJHEHTAMH CHJIbI TSIXKECTH.

O6buHO cxeMH, ofecneuyHBalOlHe COXPaHEHHE OCHOBHHIX BEJIH-
YHH, TaKHX, KaK BHXPb, Macca, KOJHYECTBO ABHXKEHHS HJH INOJHAs
9Heprus, He TpebyloT Gosbuioro Tpyaa. B nBymepHoii sazaue o me-
peHoce BHXPS AONOJHHTeJbHas padoTa 3aKJIOUaeTcsl B BBINOJHEHHH
JIBYX JHIIHHX KOHEYHO-Pa3HOCTHHIX oNepauufi AJs MOJYyYeHHH CO-
CTaBJAAIOUIMX CKODOCTH H3 pelleHHA MAJs (YHKIHH TOKa H [ABYX
JHUIHUX YMHOXeHHH. B 3ajauax 0 IBHKeHHH CXKHMaeMOH cpelbl
JonoJHuTe/bHas pabora GoJibllle, YTO B HEKOTOPBIX CAyYasX MOMXKET
0Ka3aThesl NPHYHHON OTKAa3a OT NPHMEHEHHsS KOHCEPBAaTHBHOMN CXEMbl
(cM. Meron Mopetry, ra. 6). IlpH pemienHn MHOrHX 3ajad KoHcep-

1) i mOCTpOeHHA KOHCepBATHBHHX pasHOCTHHX cxeM A. H. TuxoHoB H
A. A. CamapcKuil pa3BHJIH HHTerpoO-HHTEPNOJNAUHOHHBI MeTOA. KoHcepparususle
cxeMH paspaGathiBaiH 5TH asrtophl, . M. Mapayk, . B. ®psasndos u ap.

Jns opsoMepHOoH HecrausonapHolf rasosofi puHamukn 1O, 1. Ilomos u
A. A. Camapckuit (K. suuncn. marem. H MareM. ¢u3., 1969, 1. 9, Ne 7) npexn-
JIOXHJH TOJHOCTbIO KOHCEDBAaTHBHBle cXeMH. B cxemax Takoro THna obecneyu-
BaeTcs He TOJbKO COXpaHeHUe MOJHOH SHEPrHH, HO H BHIIOJHAKTCA [ONOJHH-
TelpHbie GanaHCH (0 OT/AE/MbHLIM BHAAM 3Hepruu (BHyTpeHHed H KHHeTHYe-
ckoft). — [Tpum. ped.

) OGLiuHO O06YCJOBJeHHOR HEMOCTORHCTBOM Ko3GQHIHEHTOB, a He Hacrosf-
niefi HeAHHEAHOCTDLIO.

8) KouaHueCTBeHHOe MOHATHe MOJHOH CTaTHUeCKON yCTOA4HBOCTH (gross static
stability) 6wio BBemeno 3. Jlopenuem (Lorenz E. N.— Tellus, 1960, v. 12,
No. 4, 364—373). — [Ipum. nepes.
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BaTHBHBIE CXeMBbl He HCIOJb30BAJHCb, CM., Hampumep, pa6orsi Ad-
aena u Caycseasna [1955], Xwina u Makano [1966], Mera u
JlaBana [1968], Bao u dorepru [1969]. 3ameruM, uTO BCE CXEMBI
MeToJa XapaKTePHCTHK SIBJAIOTCS HEKOHCEPBATHBHBIMH H UTO TNpPH
KOHEUHO-Pa3HOCTHOM pellleHHH ypaBHEeHHH MOrpaHHYHOTO CJIOS KOH-
cepBaTHBHa# cXeMa OGBIUHO TakXe He HCmosb3yercs. B Takux
cyuasix CBOHCTBO KOHCEPBATHBHOCTH MOXKET CJYXKHTb AJS MNpoO-
BepKH TOUHOCTH BbIUHCJeHHA (cM. pasg. 3.4).

Has toro urobbl mpelocTepedb OT (DETHILH3ALHH KOHCEPBATHB-
HBIX CXeM, 3aMeTHM B 3aKJIOYeHHe, YTO HEKOHCepBaTHBHas (opMa
ana uneHa O (odf/0x)/dx c mepeMeHHBIM KoadduuueHToM auddy-
3HH MOXKET NpHBeCTH K 0oJjlee TOUHBIM pe3yJbTaTaM, YeM KOHcep-
BaTHBHAas (cM. 3agauu 3.3 u 3.4).

Ynpaxcrenue. TlokasaTb, u4TO MNepBHE MOMEHT ypaBHeHHS IepeHOCa BHXPSH
B HeBadkofi mupkoctH (1/Re = 0), mosyueHHBI! yMHOXKeHHeM YpasHeHus (2.12)
Ha {, MOXHO 3alHCaTb B KOHCepBaTHBHOH dopMe:

6E
ot
rae BeanynHa E = {2 Ha3piBaeTca 3HCTpOQHER.

=—V-(VE),

3.1.4, OnucaHne HEyCTONYUBOCTH

Ins  o3HaKOMJeHHA C HeKOTOpLIMH ¢eHOMEHOJOrHYeCKHMH
aCleKTaMH YHCJAeHHOH HeyCTOHUYHBOCTH pPacCMOTPHM OJHOMepHOe
MozienbHoe JHHefiHoe ypaBHeHue ans (. Ha puc. 3.6,a mokasauo
cTallHOHApHOe pellleHHe {* Ha #-M BpeMeHHOM cJjoe, a Ha
puc. 3.6,6 — HaJoXeHHe Ha (" BO3MYIIEHHA g, dopMa KOTOPOro
npeactaBjeHa Ha puc. 3.6,8. TakHe BO3MYIIeHHSI MOIYT NOpOX-
0aThCsl HOO MAalIHHHBIMH OMIHO6KaMH OKpyrJjeHus, Jubo momepeu-
HBIMH IBMXKEHHSIMH B peasbHOH AByMepHOH 3apaue. Mcnosbsys cxe-
My ¢ pasHOCTSIMH BIepel 1O BpeMeHH H LleHTPaJ/IbHbIMH Pa3HOCTAMH
M0 NPOCTPAaHCTBEHHOH NePeMeHHOH, NPOCJENAUM 3a Pa3BHTHEM HaJo-
JKeHHOro BO3MYIeHHs. JIMHefiHoe MojenbHOe ypaBHéHHe B KOHCep-
BaTHBHO# dopMe HMeeT BH]

a _ a(uy) 9%
T T T Tea
a pa3sHOCTHOE — BHJI
i A by R R kPPN

Af - 2 Ax + Ax? :

ITpencraBuM BeJHUHHY { KaK CyMMY CTalHOHapHOH KOMIOHEHTH {
H BO3MYILIEHHS &:

re=fngg (3.49)
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Puc. 3.6. Pocr owHOKH NPH HKCHOJL3OBAHHK KOHEYHO-DAa3HOCTHOH CXEMH ¢ pas-
HOCTAMH BHNEpPeA MO BPEMEHH H UEHTPAJbHBIMU PA3HOCTAMH 1O NPOCTPRHCTBEHHOH
nepeMeHHOH AJf MOXEIbHOr0 ypaBHEHHA, OMHCHIBAIOUIETO KOHBEKUHIO H auddy-
3HI0. @~ CTAUHOHAPHOE pElLIeHHe Ha M-M CJI0e N0 BPEeMEHH; O — BO3MyuUleHHOe
peliesHe Ha f-M CJloe; 8 — BO3MYIIEHHe Ha n-M CJoe; 2 — KOJe6aTebHbIH pocr
OWHGKH, CBA3aHHBIA C ypesMepno Goapumvm maroM Af (AuHamuueckas HeyCTOWYH-
BOCTb); 0 — MOHOTOKHEI pocT oumBku, OBYCNOBJCHHBI NPUMEHERHeM NEHTPAb-
HbIX pasrocTedl AJA KOHBEKTHBHOTO HY/ieHa (CTAaTHYECKAas HeyCTORYMBOCTB),
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nocJie 3Toro ypaBHeHHe (3.48) samuumrercs Tax:

-4 o ubf —ull_) +a £+ 8 — 24} _
AT 2Ax Ax?
ue, | —ue; e, 1t e, _1—2,
— i+2Ax i +‘1 i+ A;Z . (3'50)

CyMMa nepBHX JABYX WIEHOB B NPaBoii yacTH ypaBHenHus (3.50)
npeiacTasJisieT co60l KOHeUHO-Da3HOCTHOe 3HaUeHHe (dé/dt) paBsHoe
HYJI0 B CHJy HpEAIOJNOXeHHS, YTO Ha n-M BPeMeHHOM cjioe Ccylie-
CTByeT cTallioHapHOoe peilenue. Toraa ypasuenue (3.50) cBomures
K CJeayolleMy:

il — =A== — M

2e

=Ly g ap PO T g g

Ax?

ue; 4 ue
2Ax

[NepBrilt unen B npaBoH uacTH ypaBHeHus (3.51) Aaer uaMeneHue
¢, o6ycaoBeHHOe KoHBeKLuefi!), a Bropolt — o6ycaoBienHoe aud-
bysued.

Paccmorpum ypaBHeHHe (3.51) ToabKO ¢ OXHUM AHGDDY3HOHHBIM
yJeHoM H OlleHuM ero B Touke I ITockonbKy ey >0, e << 0w
gi-1 > 0, UMeeM
g1 + g, _|— 281

Ax?

> 0. (3.52)

3Hauur, 115 BceX Af > (O nmpupallleHHe AZ; MOJOXHUTENBHO U CTpe-
MHUTCS KOPPEKTHPOBATb OTPHIIATEJbHOE BO3MYIIEHHE &

AnanoruyHo, paccMatpuBas Af B Touke i + 1, uMeeM gipo << 0,
gi << 0, g;41 > 0; mostomy

. 2
Ay —a e 2T B (3.53)

T. €. NOJIOXKHTEJBHOE BO3MYILEHHE & KOPPEKTHPYETCS OTPHIATENb-
HBIM TpupauleHHeM Al

3amerum, uTo mpupamenne A7, ="t —{* (a Takxke Al
H T. 1.) nponoplUHoHanabHo wwary Af. Ecau mar Af clHIIKOM BeJHK,
TO TIONpaBKa 3a CUeT NpHpameHus Al; oxkaxeTcs 1pe3MepHol. [Ias

) TIpn oGcyxaeHnHH Npo6JeMHl YCTOHYHBOCTH HeJIHHeHHBIX YDaBHeHHH mepe-
HOCA BHUXPH H YpaBHeHHA THAPOAMHAMHMKH B (H3HYECKHX MePEMEHHHIX KOHBeK-
THBHHIH 4JeH OOBYHO Ha3bBAIOT HeJHHeHHBM 4JeHoM. Ho 3To HasBaHue He oT-
paxaer cyulectBa fena. B ofileM ciyuae npoGsieMa yCTOHYMBOCTH BO3HHKAeT
He H3-3a HeJHHEHHOCTH ypaBHeHHH M Jaxe He M3-3a IlePeMeHHOCTH HX K03¢dH-
UHEHTOB. OTO MOKa3bIBAIOT BCE paccMaTpHBaeMble 34ech 3a/aud, B KOTOPHX [
UHTePNpPETHPYeTCA KaK Temmeparypa B JBHXYileifcs HeCcXKHMaeMOR XHIKOCTH, a
4 CYHTAeTCAl TIOCTOSHHOH BO BpeMeHH H, MOXKeT ObiTb, Jaxe IMOCTOSHHOH B IIpo-
ctpaHcrse, OGcyxnaeMasi npo6aeMbl yCTOHYHBOCTH BO3HHKAeT 3[eCh NPOCTO H3-33
TOTO, YTO KOHBEKTHBHHIH YJeH CORCPKHT NepBYI NPOH3BOAHYIO.
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TAKHX CJIMIIKOM G0abIIKX Af BesHuHHA HOBOro t#+! Gymer Gosbme
HaYyaJbHOTO BO3MYLIEHHs, KaK 3TO NMOKa3aHO Ha pmc. 3.6, e:

|E2t > e, (3.54)
H AHAJOTI'HYHO
| &t > - (3.55)

[losiBJieHHe TaKHX OCHHJJIALHME HapacTalpUled aMIJHTYAH, 06y-
CJIOBJIEHHBIX Ype3MepHO GOJIbIINM LIarOM N0 BPeMeHH, Ha3blBaeTcs
Juxamuueckol HeYCTOHYHBOCTBIO, KOTODYI0 MOXHO YCTPaHHTb
yMeHbLICHHeM WIara MO BPEMeHH, CAEJAB €ro MeHbHIe HEKOTOPOro
«KPHTHYECKOTO 1ara Mo BpeMeHH» Afyp.

PaccmorpuM Tenepb ypaBHeHHe (3.51) TOJMBKO € OXHHM KOH-
BEeKTHBHBIM uJeHoM. OneHHM 3TO ypaBHeHHe B TOUKe i, moJsaras
u > 0. [lpexnosoxuM, 4TO BO3MYIUEHHe KoJeGJaeTcs 1O i, a ero
aMniauryja pacrer ¢ pocrom i, Iloatomy ueiy > 0, ueimy >0,
Ueiy) > Uei H
Ut —u

&1
— o < Q, (3.56)

Agi = - At
T. €. mpupauleHHe §;, oOycaoBJeHHOe KOHBeKIHeH, OTPHUATENBHO
naxe npd g << 0. dTo o3HayaeT, UTO OIIHOKa pacTeT MOHOTOHHO
(cm. puc. 3.6,0). TosBnenue Takofi Hapacrapolefi OMIMOKH Ha3H-
BaeTcsl CTATU4ECKoU HeyCTOHUHBOCTBIO, KOTOPYIO HEJh3fl YCTPaHHTh
yMeHbLIEHHEM ILlIara Nno BPeMeHH H MOXHO YCTDAaHHTb TOJBKO Ie-
PeXolJoM K KaKo#-1H60 Apyrofi KOHeuyHO-pa3HOCTHOH cxeMe.

Ecnu nmpocTpaHCTBEHHOe HallpaBJeHHE DOCTa e IO OTHOLIEHHIO
K 4 OTJHYaeTcs OT MOKa3aHHOro Ha puc. 3.6, T. e. ecau jubo u << 0,
au6o aMIauTyla g yMeHbllaeTcsl mo i, TO KOHBEKTHBHHIH UJieH CTa-
HOBHTCS CTATHYECKH YCTOHUHBLIM, HO NPH AOCTATOYHO Ooabuinx Af
ellle MOMKeT HMeTb MeCTO IHHaMHuecKas HeyCTOHYHUBOCTb. B nio6oii
peasnbHOH 3afaue HayaJbHble oIHOKH pacnpejeneHbl 6oJee HAH Me-
Hee cJyyaiiHo, H MOXHO OHITb YBeDEHHBIM, YTO B HEKOTOPHIH MO-
MEHT BpeMeHH H B HEKOTOPOH TOUKe HX pacnpeferneHHe OyaeT Mo-
X0XKe Ha H3obpaxeHnHoe Ha pHc. 3.6 «kaTacTpodHueckoe» pacmpe-
JeJeHHe.

Ecau B ypaBHenne (3.51) BXOAAT H KOHBEKTHBHEIH, 1 AHdDY-
3UOHHBIH YJeHBl, TO OHH B3aHMOJeficTBYIOT. Kak Mbl BCKOpe YBH-
I¥M, IJis pacCMaTpuBaeMoll pasHOCTHON CXeMBI BO3HMKAeT OrpaHu-
uyeHHe Ha Af, o6ycioBneHHoe AH(DOYIHOHHBIM UJEHOM, H ADPYroe
orpaHuueHve Ha Af, 3aBHcsIlee OT CPaBHHTEJNBHOH BeJHYHHH CTa-
THYECKH HeyCTOHYHBOTO KOHBEKTHBHOFO uJleHa M CTaTHYeCKH yCTOH-
uHBOro nH(GQy3HMOHHOro useHa, T. e. oT yucaa PefiHonbaca. 3TH Mo-
MEHTH CTaHYT ACHH B CJeAVIOHIeM pa3feJe,
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3.1.6. NUccneposalHne ycToHYMBOCTH

[Mocae Toro kak Obio paHo ofliee OMHCAHHE YCTOHYMBOCTH,
paccMOTPHM TPH METOAA HCCJAeNOBaHMS YCTOHYMBOCTH, HX B3aHMO-
CBfI3M H CPABHHTeJbHBIE JOCTOMHCTBA. DTH MeToAH OYyAyT mpoje-
MOHCTPHUPOBAHHl Ha NpHUMepe Pa3HOCTHOH CXeMBl C PA3HOCTAMH Biie-
pel MO BpeMeHH W LeHTPaJbHHIMH Da3HOCTAMH MO MPOCTPAHCTBEH-
HOMl MepeMeHHOH B NPHMeHEHHH K JIHHEHHOMY MOJedbHOMY YypaB-
Henuwo (3.18).

3.1.5. a. MccnegoBaHue yCTOWYHMBOCTH METOAOM
DHCHPOTHbIX BO3MYULEHHMH

Merop HceseoBaHusl yCTOHYHBOCTH, KOTODHIH MBI Ha3blBaeM Me-
TOJOM JHCKPETHBIX BO3MYIUEHMH, mpeacraBiaser coboli o6oblleHHe
MeToja, BHepBble HCIOJb30BaHHOro TomoMm u Anmeastom [1961] H
passuroro TomanoM u llleBunkom [1966]. DtoT MeTox mosmHOCTHIO
OTB€YaeT yxe JaHHOMY HAMH OMHCAHHIO HeycTofuuBOCTH. OH npsm
¥ TIPOCT 1O Hee, IPHMEHHM AJs aHaJd3a KaK YCTOHUHBOCTH, TakK
M CBOHCTBA TPaAHCIOPTHBHOCTH, KOTOpoe OyIeT OnpeieneHo HHXKE.
KopoTko roBops, B ypaBHeHHs1 B HEKOTODOH TOUKe BBOAHTCH AHC-
KpeTHOe BO3MYIIEHHE BEJNHUHHBI § H NPOC/eKHBAETCs BJAHSHHE 3TOrO
BO3MYIIEHHSI; KOHEYHO-DA3HOCTHAA cXeMa OyneT ycTOHUHBOH, ec/aH
BO3MYICHHA 3aTyXaloT.

IMpocToTh pany cHauaja paccMOTPHM ypasHeHue (3.18) ToabKo
¢ audY3HOHHBIM YJIEHOM H TPEANONOXKHM, UTO HalZeHO CTaluo-
HapHoe pemenue [?==0 ang Bcex i. Beemem B pemenue {7 BO3My-
menue ¢ 1 13 (3.18) mo cxeMe ¢ pasHOCTAMH BIepe] O BPeMEHH H
IIeHTPAIbHBIMH Pa3HOCTAMH 1O NPOCTPAHCTBEHHOH MepeMeHHOH MNo-
JYUHM

G (G te) M2 (i +e)

At Ax? (357)
HJH
§?+1 —¢ 2ae
A = T R (3.58)
Pl =e(l — 2d), (3.59)
rae nady3HoHHOE YHCAO0 d OnpeensieTcs paBeHCTBOM
d=3%5 (3.60)

B cuany Tpe60BaHHS YCTOHUMBOCTH 3TH BO3MYLUEHHS AOJKHbLI 3aTy-
¥aTh. [Ina mepBoro wiara mo BPeMEHH 3TO MPHBOLHT K YCJAOBHIO

|r+ife| <1, (3.61)
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HJIH
-1l —2d< 1. (3.62)

[IpaBoe HepaBeHCTBO $BJSIETCS pe3ynbTaToM TpeOOBaHHS CTaTH-
YyeCKOH yCTOHYMBOCTH H aBTOMATHUECKH BBINOJHSETCS NMPH MOJOXKH-
TeqbHBIX d, T. €. npH o >0 u Af > 0!). JleBoe HepaBeHCTBO SB-
Jsiercsi Tpe6oBaHHeM [IHHAMHYECKOH YCTOHYUHBOCTH M BHINOJHSAETCS
npu d << 1. Ecan, cnepys Tomany u leBunky [1966], norpeGoBath
elle, yToOBl UHC/JEHHOE pellleHHe MOJeJHpPOBaJo (H3HYeckoe sBJe-
HUe, He Jonyckas OCUWLIALHA, 00YCJAOBJEHHHX 4Ype3MepHO 60oJb-
LIMM LIArOM 10 BPEMEHH, T. €, UTOGH

Lptife =0, (3.63)

TO NOJY4aeTcs OrpaHuuYeHHe
d<'fy. (3.64)

Hepasencteo (3.63), ooHako, He sIBJSAETCS YCJIOBHEM YCTOHYH-
BOCTH B CMBICJIE YMEHBbIUEHHSI aMIIHTYAbl Bo3MylleHHsl. MHTepecHo
OTMETHTb, YTO €CJH paccMaTpHBAThb AOCTATOYHO O0JblIOe YHCJIO0
¢J0€B 10 BpeMeHH, To mnoTpefyeTcsl 8biMOAHEHUE HepaBeHCTBA
(3.64). Cnauana mo cxeMme ¢ pasHOCTIMH BNepe] MO BPeMeHH H
HEeHTpPaNbHBIMH DPA3HOCTSIMH TI0 TPOCTPAHCTBEHHOH NepeMeHHOMH
(ypaBHeHue (3.18)) BuluMcJIMM BO3MYyLIeHHe B COCEIHHX TOUKaXx:

Lit =de. (3.65)
s caenyolero €108 00 BpeMEHH NOJYYHM
gt = ot d L 4 ) — 20t ] =
== & (1—2d) + d [de + de — 2 (1—2d)] = & (1—4d + 642). (3.66)
CHoBa notpefGyeM, uTo6bl UMeJIO MECTO HEPaBEHCTBO

li+?e <1, (3.67)
OTKYyJa MOJy4aeTcs
1<l —4d+6a2< 1. (3.68)

JleBoe HepPaBeHCTBO BLINOJHAETCA BCerla, B TO BPeMS KaK NpaBoe
HaKJajJblBaeT orpanuyenne d << %/,

TaxkuM o6pasoM, paccMOTpeHHe NMepPBOro BPeMEHHOrO CJIOS MpH-
BOJHT K ycaoBHIO d << 1, a BTOporo — K ycjoBHio d << %/;. MoxHO
paccMaTpHBATh H MOCJeAyIollHe BPeMeHHEe CJIOH, KOTODble MpPHBO-
JAT K elile 6oJiee OrpaHHUMTENbHHIM yCJaoBHAM AJs d. Hauanabnoe

') 3amertuM, 4TO ypaBHeHHe Au(dysun He MOXKeT pelwaThCs HH AJS pasHo-
crefit Hasan no BpemenH (Af <C0), HE g o << 0, Tak K&K NPH 5TOM OHo 6yxer
MaTeMaTHYeCKH H (DH3HYECKH HeycTOMUHBO. 3T10T Bompoc OyneT oO6CyXKAAThCS
HHXe.
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e[IHHUYHOE BO3MYILEHHE & B TOUKe | ACHMITOTHYECKH CTPEMHTCH K
OCLHJIJIHPYIOLEMY pacnpefieieHnio &= +e’, rae &’ — HeKoTOpOE
BO3MYylIeHHe MeHblIeH aMIVIHTYAbl, KaK NMOKa3aHo Ha pHc. 3.7.
Takum obpasoM, BHAHO, YTO HauboJee OrpaHHYHTENbHOE YCJO-
BHe MJiA d NOABJSETCA NPH TAKOM THIe DaclpelesieHHs BO3MYIIe-
HUll, HauHHAs pacyeT ¢ TAKHM OCUHJIIHPYIOLIHM BO3MYlleHHEM &,
HaJOXeHHuM Ha § =0, n npuMenas cxemy (3.18) c pasxocTamn

a £
-N*-/q\-oa—v
{

6 e
o\e/ @
g e te
e/e\o/0\ 0/0\ 0 /0\ 0/0\ @
g’

Puc. 3.7. ACHMITOTHYeCKOE pacmpocTpaHEeHHEe EAWHUYHOTO BOSMYILEHHA € B TOUKe i

Aas ypaBHenus: LH(dysHH, pelllaeMOro no CxeMe C PAa3HOCTAMH BIEpej MO Bpe-

MEHHM H C LeHTPaNbHEIMH PAa3HOCTSIMH MO MPOCTPAHCTBEHHBIM NMEpeMEHHLM. @ — Ha-

yanpHOe BO3MYIIEHHE; § — BOSMYUleHHe MocJe ORHOro wara no speMeny, d ==3/;;
6 — BO3MYIlleHue nocie oueHb GOMBLUIOrO YHC/IA LIArOB MO BPeMEHH.

Bllepe] MO BPeMeHH H LEeHTPaJbHBIMH Pa3HOCTAMH IO TMPOCTPaH-
CTBEHHOH MmepeMeHHOH, MoAyyaeM

il =g+ d(—e' —e —2')=2¢'(1 — 4d). (3.69)

TpeGoBaHHEe YCTONYHBOCTH

IC’?H/P’, [ <1 (3.70)

aaer
-1l —-44<1, (3.71)

HJIH
d<ls. (3.72)

[na noclieAylOMHX BpeMeHHEIX CJ0eB ycJaoBHe (3.72) He MeHsercs.
Takum o0pasoM, 9TO ycJoBHe /A OOJBIIHX 3HaueHHH BpeMeHH
9KBHBAJEHTHO YCJ0BHIO (3.64) — YC/IOBHIO OTCYTCTBHS OCHHJISIIHI,
06ycJ/I0BJIeHHBIX Ype3aMepHO GoJbUIMM LIaroM Mo BpeMeHH, B cayuae
M30JIHPOBAHHOr0 BO3MYILEHHS,

Hs dopmyam (3.60) caenyer, uro npH (HKCHPOBAHHOM Iuare
[[POCTPAHCTBEHHO! CeTKM ¥ (HKCHPOBAHHOM a yciaoBHe d << !/, Ha-
KJaJplBACT OTPaHUYeHHe Ha 1Ial N0 BpeMEeHH;

1 Ax?

a
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OtMeTuM, YyTO OrpaHdueHHe, HakJajgbiBaeMoe ycjaoBueMm (3.73), AB-
JSEeTCH THKENLIM B CMbicsie 3aTPAThl BPEMEHH [AJis YHCJIEHHOTO pe-
weHHs ypasHeHHA AHQysuu. [lpeanosoxumM, 4To pacuer Benercs
C HEKOTOPBLIM MPOCTPAHCTBEHHbIM iuarom AX; A0 HekoToporo 0es-

pasmepHoro pemMeHu T = N Afy, rae Al =/, Ax}/a— MaKcuMaJbHO
BO3MOXKHBIA ar no BpeMenu. Eciu xesaTesbHO NOBTOPHThL pacuer
C BABOe MeHbLIHM IPOCTpaHCTBEHHBIM luiaroM Ax, = Ax/2 (HampH-
Mep, AJsl TOro, 4ToObl NPOKOHTPOJHPOBATh YMeHblUeHHe OILIHOOK
annpoKCHMaluHu), TO Hajo 6path war no Bpemend Af, = !/ Axlja=

= 1/,At;. 3HauuT, 4ToOBl JOCTHIHYTH TOr'O Ke 3HaueHHs Ge3pasmep-
HOro BpeMeHH T, norpefyeTcs BUeTBepo §oJblile MIAaroB [0 BPEMEHH,
T. e. T = NyAf, u Ny=4N,. Kpome Toro, aas pacyera KaXaOro
BpeMeHHOro c¢J/0s moTpebyercsi BABoe OoJiblie BpeMeHH, TakK Kak
Axy = Ax1/2, a 3To 03HauaerT, YTO YHCJIO PACYETHBIX TOYEK B HCCJIe-
ayeMmofi obJjacTH Bo3pocao BABoe, TakuM o6pasoM, A5 OJHOMEp-
HOTO CJydasi yMeHbllleHHe 8060¢ Iuara NPOCTPAHCTBEHHOH CeTKH
YBEJHUYHBAET 3aTPaThl MAIIHHHOIO BPeMeHH B gocemb pas!

B nxBymepHO# 3ajmaye!) yMeHblieHHe BJBoe [aroB Ax u Ay
yBeJHUYHBAeT YHCJO DAcueTHLIX TOYEK B YETHIpe pa3a, yBeJHUYHBas
TeM CaMbHM HeoOXOAWMoe MalluHHoe BpeMms B 16 pa3. B Tpexmep-
HOH 3ajaue AUGDY3HUH yMeHblUeHHe BCeX TpeX HPOCTPAHCTBEHHBLIX
I1aroB BABOe yBeJHUHMBaeT MallliHHOe BpeMa B 32 pasa. B obuiem
cjlyyae yMeHbllleHHe pasmepa wara ¢ Axy; 10 Axe, NpH pelleHHH
D-vepnoii 3ajaaun aud¢ysHH ¢ HCNONb30OBAHHEM HABHOH CXeMBI C
Pa3sHOCTSIMH BIepe] MO BpeMeHH U LEHTPAJbHBIMU Pa3HOCTAMH II0
NPOCTPAHCTBEHHLIM NMEpeMeHHBbIM YBeJHYHBAeT MallHHHOE BPeMfA B
(Ax1/Ax)%+P pas. SlcHO, uTO MeTo[bl, B KOTOPHIX yjaaercs u3bexarthb
ycaoBua ycroHunBocTH (3.73), Obliu Obl BeCbMa 3KeJsaTesbHH,

B mnpoBseleHHbIX BhHIIE PacCyXAEHHAX NpeANOJOXKEeHHe O CTd-
HUOHAPHOCTH pellenus HecyillecTBenHo. Ecau 43 BO3MYIIEHHOrO
ypaBHeHHs Bbl4eCTb MOJIHOe HeBO3MYIEHHOe HeCTalHOHapHOe ypaB-
HEHHe, TO NOJYYHTCS yPaBHEHHE JJsl pocTa OILHOKU

eftl=d (e}, + e}, — 2e7) + &} (3.74)

¢ ycaosueM ycrofuuBocTH |eft!/e? | <1 M T. 4. Pesysbrathl B 3TOM
cayyae 6YAYT Te Xe, UTO U BHIIIE,

Paccmorpum Tenepb ypaBHenne (3.18) ¢ KOHBEKTHBHBIM H Au-
¢$y3HOHHBIM 4/1eHaMH 4 Oe3 morepd OOGLIHOCTH IOJIOXKHM u > (.
{Ecan u < 0, To usmenurcs poan uHAeKcoB i+ 1 u i—1.) CHoBa

'} B ZByMepHBIX H TPeXxMepHHIX 3ajayax OrpaHHdeHHs Ha wWar N0 BPeMeHH
umeloT BHA Af << ' Ala, The A = 1/(Ax=2+Ay=?) u A==1/(Ax"2+4 Ay~2 4+
4+ A2~?) cOOTBeTCTBEHHO.
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NpHMEHHM CXeMY C Pa3HOCTAMH BHepeld MO BPEMEHH M LEHTpPaJsb-
HBIMH Pa3HOCTAMH NO NMPOCTPAHCTBEHHOW NepeMeHHOH, HakKJ/aablBas
Ha {7 B TOUKe { BO3MYyIEHHEe €, 4TO HacT

gt — (e +e)
T Afr T

ol — gl +a[ ?+1+€7-1“2(§7+")]_ (3.75)

2 Ax Ax?

Hccnenosanne 5Toro ypaBHeHHSI He JaeT AOTOJHUTEJbHOH HHGOP-
MalHH [0 CPAaBHEHHIO C NMpeAblAyllHM AaHAJH30M ypaBHEHHA C OX-
HUM TOJbKO AHO(Y3HOHHLIM YJEHOM, TAK KAaK Ha KOHBEKTHBHBIX
YyJeHaX B TOUKax i = | He cKa3bBaeTcs BO3MYllleHHe B Touke i Ilpu-
MeHsI3 CXeMY C PasHOCTAMH BNepeld II0 BPEMEHH H LEHTPaJbHbIMH
Pa3HOCTAMH IO NPOCTPAHCTBEHHOH INepeMeHHO# H B TOYKe i~} I,
noJyyaeM

At o
Ui = — gy [WLh, — (G + )]+
F e — 2, ], (3.76)

HJIH
Gt =6+ de, (3.77)

i+1

rae C = uAf/Ax —uucno Kypanta'l), a d = aAt/Ax? kak u panee.
Jas ycroliuuBocTH onsiTh notpebyeM, 4To6nl
el L, (3.78)
HJIH
—I< S 4d<1. (3.79)

JleBoe HepaBeHCTBO aBTOMAaTHuUecKH Bhmoansercs npu 4 > 0. Ilpa-
Boe¢ HepaBeHCTBO (Tpe6OBaHHe CTAaTHUECKOH YCTOHYMBOCTH) JHaeT
Apyroe He0OXOAUMOE YCJIOBHE YCTOHUHBOCTH:

uMfAx 4 20 At/Ax* < 2,
HJIH
M < rr i (3.80)
OG6paTUBLIHCH TeNephb K Touke { — 1, MOJTyynm
= — et de, (3.81)

) B uects Puxapma Kypanra (1888—1972), maremaruka, pa6oThi KOTOPOro
B 06JaCTH UHCJAEHHHIX MeTOLOB M HeJuHeHHBIX AHP(epeHUHANbHBIX yPaBHeHHH
B YacCTHBIX NPOU3BOAHLIX JEIMH B OCHOBY COBPEMeHHONR BHIYHCIHTENbHOH TI'HAPO-
JHHAMHKH.
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1 TpefoBaHHe YCTOHUHBOCTH |§7j}/a|<l 3Jecb faet
—1<— s +d<l. (3.82)

Paccmartpusas cnavaia npaBoe nepaBeHcTBo (3.82) (craruue-
CKast YCTOHYHBOCTB), HOJYYaeM

20 u
Mo — ] <2 (3.83)
Ecsi useH B KBaApaTHLIX CKOOKaX OTPHLATeJNeH, TO 3TO HepaBeH-
cTBO OymeT cnpaBeAJHBO AJad Bcex Af > 0, ecln e 3TOT WieH [O-
JOXKHTEJIeH, TO MoJydaeM

2
A<

2a/Ax®* — ufAx * (3.84)

[TockoabKy 3HaMeHaTeslb MOJOXKHTeNeH, ycJaoBue (3.84) wMeHee
orpaHuyuTenbHo, 4eMm (3.80), M NO3TOMY NepeKphLIBAETCS HM.

Hecnenosanne sesoro HepaseHcTBa (3.82)  (auHamuueckas
YCTOHUHBOCTh) JaeT

—2 < Af [20/Ax? — u/Ax]. (3.85)

Ecau usneH B KBaJApaTHBIX CKoOKaX MOJOXHTeNeH, TO 5TO HepaBeH-
CTBO BBINOJIHAETCA AJas Bcex Af > (, ecau Ke 3TOT 4JeH OTpHua-
TeJleH, TO HoJydaeM

A< 2

*"u/hx — 20/Ax? (3.86)

rle 3HaMeHaTe b NOJOXKHUTeeH. Yciaoede (3.86) Takxke MeHee orpa-
HHuuTEe bHO, deM (3.80), 1 NO3TOMY HM NepeKpbiBaeTcs.

Taxum o6pasoM, H3 aHanu3a YCTONYHUBOCTH ypaBHEHHS, BKJIIO-
YaIOIero KOHBEKTHBHHA H AU (DY3HOHHBIA YJeHbl, IPH MOMOILIH Me-
TOAA HHCKPETHBIX BO3MYIIEHHH CJenyIOT ABa HEOOGXOAHMHX YCJIO-
sus — ypaBHeHus (3.73) u (3.80). Ecau pacnpocTpaHHTh 3TOT aHa-
JIH3 Ha I0CJe/YIOLHe CJIOH 10 BPEMEHH, TO MOT'YT IOSIBUTHCA APYrHe
GoJiee OrpaHUUUTEJbHBE YCJOBHA, HO METOJ aHaJH3a OPH 3TOM
CTAHOBHTCA OueHb HeyAoOHBIM. 3ameTuM (# 3To OyIeT MOKa3aHo
HHXe), 4TO aHaaua ycrofiunBocTH mo ¢oH Hefimany maer apyroe
ycaoBue (HepaBeHCTBO {3.112)).

Kpowme Toro, ecan cnegosatb pabore Tomana u [lesunka [1966]
U JOMNOJHHTEJNbHO NOTpeb0oBaTh OTCYTCTBHA B TOUKe { — 1 ocuua-
nAuME, 0OYC/JOBJEHHHX 4pe3MePHO GOJBIIHM IIAroM IO BpeMeHH,
TO J0JXKHO ObITh

Lixje >0, (3.87)
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a ypasHenue (3.81) macr

—C/24+d=0, (3.88)

T. €.
— u AifAx + 20 At/Ax2 = 0, (3.89)

WIH
uAxfa << 2. (3.90)

B ypaBHenuu mepenoca Buxpsa o = [/Re u unen uAx/a mpen-
craBager coboit cerounoe uuciao PeifiHonnpaca Re.. Takum o6pasoM,
Re. ectb uucno PefiHonbica, NoJydeHHOe 1O JIOKaJNbHOR CKOPOCTH
M XapaKTepHOH HJHHe, paBHO{ pasMepy lIara MPOCTPaHCTBEHHOH
ceTKH Ax. JInf oTCyTCTBHsS OCHUMJNALMEK, 00yCJOBJEHHBIX upe3Mmep-
Ho 60JBILHM 1IATOM N0 BpeMeHnH, Tpebyercsi, 4TOOH

Re, <2 (3.91)

gesasucumo oT Af'!). Ecau Ttpe6oBaHue OTCYTCTBUA OCHHJASLUHEH
(3.90) ckomO6unupoBaTh ¢ ycaosHeM (3.73), HakJaabiBaeMblM IHO-
thy3Heli, ToO B pe3yJbTaTe MNOJAYYAIOTCA CJaeAYIOUIME OrpaHHYeHHs:
gyucsio Kypanta C=uAf/Ax << 1 u At <<2q/u®. Kak yBuauMm B
LanbHelleM, 9TH OTPAHHYEHHS SIBASIOTCS NP aBHJAbHBIMH.

¥npascrenue. Wcmonbayst MeToj AUCKPeTHHIX BO3MYIieHHH, HcenedoBath
yCTOHYHBOCTb CXeMbl C Pa3HOCTSIMH MPOTHB moToka (cm. pasa. 3.1.7—3.1.9)

gt =t ufy — uli_y
AL = — Ax , u>0, (3.92)

COOTBETCTBYIOLEHl MOJeJLHOMY YPaBHEHHIO TeueHHsi HeBs3KOH KuaxoctH. [loka-
3aTh, UTO YCJOBHE YCTOPHUMBOCTH HaKJaiwBaer Ha uucjo KypaHTa orpaHnuenue
C = uAt/Ax << 1 ¥ 4YTO OHO BKJIOYAaeT KPHUTEDHH OTCYTCTBHA OCUHIAALHA, 0Byc-
JIOBJIEHHBIX UPe3MePHO GOJIbLIMM ILAroM IO BpeMeHH.

3.1.56. 6. AHanus ycToHuuBoCTH no oH Helmany

Hau6onee pacnpocTpaHeHHBIHE MeTOX aHajH3a VYCTOHYHBOCTH
6u11 npemioxed JIxk. ¢don Hefimanom B Jloc-Anamoce B 1944 r.
B To BpeMs ¢ 3THM MeToAOM OBl YacTHbIM 06pa3oM 03HAKOMJIEH
CPaBHHTE/JbHO Y3KHH KpPYr 3aHHTEPECOBAHHBIX B HEM COTPYNHHMKOB
(Pnan [1949]). KpaTkoe onnucanHe MeTOia BHEPBble TOSBMJIOCH B
pabore Kpauka u Hukoscona [1947], a saTem B paGore Uapuy,
duéprodpra u pon Hefimana [1950]. Haubonee panHee noanoe o6-
cyxnaende Mmerona Gwuwio pano B pabore O'bBpaftena, XaiiMena u

1) D10 orpannuenne Ha Re; He CledyeT nyTaTh ¢ OrpaHdYeHHEeM YCTOAYH-
BocTH B paGore Toma u Anenpra {1961, c. 136]. B atom cayuae uTepuposauie
CTallUOHAPHBEIX ypaBHEHHH BHINOJHANOCL 6e3 «HHXKHeH pelagcauuu». HTo aHaslo-
FHYHO HHTErPHPOBAHHI0  HeCTALlMOHAPHBIX ypaBHeHHH ¢ (QuUKCHpOBaHubiM Al
(cM. pasg. 3.1.2), u orpanndenne Ha Rec y yKa3aHHbIX aBTOPOB (AKTHYECKH COOT-
RETCTBYET OTPaHHYEHHIO, HaKkIafbiBaeMoMy Ha Af.



8.1.5. Hecaedosanue ycrodyusgocru 69

Kannana [1950]. Kak MBI nokaxeMm HHIKe, B 3TOM MeTole pelienHe
MOJeJBHOrO ypaBHeHUs Ipeictabisercs psaoM ®ypbe ¢ KOHEUHHM
YHCJOM UJIEHOB H YCTOHYHBOCTbL (MJIH HEYCTOAYHBOCTB) oOImpee-
JisleTcsl TeM, UTO KaMjoe OTAeJbHOe KosjebaHHe 3aTyxaeT (HJH Ha-
pacraer).

PaccMorpuM cHauasa JHHeAHOe MOJeJbHOE YpaBHEHHe ¢ OJHHM
TONBKO AHGOY3HOHHBEIM UJEHOM, CHOBA HCNOJB3ysl cxeMy (3.18)
C pa3’HOCTAMH BIlepej MO BPeMeHH H LeHTPaJbHBIMH Pa3HOCTAMH I10
IPOCTPAHCTBEHHOH MepeMenuoi:

gttty (§7+1 + & “24}7)
At =a Ax? !

WIITH

Gt =L d (L 5 — 2), (3.93)

rane d = alAt/Ax?. Kaxpnas ¢ypbe-KOMIOHEHTA peIUEHHS 3aNHChi-
Baercs B BHJIe

¢y =V"exp[lk, (i Ax)], (3.94)

rie V"—amniautyga OTAENbHON KOMIIOHEHTHI C BOJIHOBBIM UHC-
JaoM Ry (mauHa Bosnbl A = 2n/k.) Ha n-M BpeMeHHOM clioe H

I=4/—1. TlpocTpancTBenHas 06JacTh CUHTAETCS 6eckoHeuHoH ).

Y Tlpn TakoM MNoAXoAe -BO3HHKAKOT HEKOTOPHE BOMPOCH, KOTOPHe Jyyuie
HCHOPHPOBATh NpPH MEPBOM UTEHHH H KOTODHE BBIACHAIOTCA MOCJAE 03HAKOMJECHHS
¢ COOTBEeTCTBYIONeH JaHTepaTypoOH.

Qopmyaa (3.94) npencraBaser colod peuleHHe KOHEYHO-Pa3HOCTHOTO ypaB-
HeHus (3.93) NpH HyneBblX TPaHMYHBIX YcoBHsiX. O6lllee pellleHHe noAyyaercs
saMenoll B (3.94) V* ua AL", rae n HHTepUpeTHpyercs KaK I0Ka3aTelb CTeneHH.
3T0 KOHEYHO-pa3HOCTHOe pelleHHe MOJKHO HCNOJb30BATb A TOrO, 4YTOGL Ha-
MIAAHO MPOLEMOHCTPHPOBATH HEKOTOpPhIE CBOMCTBA CXOZHMOCTH KOUEUHO-DPA3HOCT-
Holt cxeMbl (3.93) (cm. Puxtmafiep u Mopron [1967]). Xora (3.94) e amasiercs
pelleHHEM YPAaBHEHHS C KOHBEKTHBHBIM H IHD(OY3HOHHLIM YJEeHAMH, Mbl XOTHM
BCKope 06paTHTbCA K TakoMy [OJHOMY YpaBHeHHIo, u3berad, o/HAKO, 06CYyXie-
HHA BONPOCAZ O BJHMAHHM TPAHHYHBIX YCJIOBHHA. DTO Jerko clenarb (1oche AOMOJ-
HHTEJIbHOH aNNpOKCHMAIuH), aHAJH3HpYs YCTOHUMBOCTb AJs GeCKOHeuHOi of.jacTi
cornacHo ¢oH Helimany.

Jlns paccmaTpHBaeMoil 34eCb 0eCKOHEeYHOH NpPOCTPAHCTBEHHOR o06nacTu A
NpHHMMAET BCe UeMble 3HaueHHs, k, =1, 2, ... . Ec/H xelaTelbHO HCCJIE0BATh
BAHAHHE TPAHHYHBIX YCJOBHH, TO MaKCHMajJbHOe R, HOJKHO GHITb KOHEUHHIM H
IOJKHO 3aBHCeTb OT max i = /. HekorTopas nyTanuma MomeT BO3HHKHYTb H3-3d
TOr0, UTO B JIMTEPATYpe HCIOJb3YIOTCS ABEe Da3JjHUHbIE KHOPMHDYIOUIHE» CHCTEMH
Iad JJMH. B omuol cucreme max k., == [ — 1 BuGupaerca kKak m/Ax. Ilpu sToM
Tpebyercs, uTo6H X ( = max x ceTku) 6p0 3afano Kax X = ;. Ecan ¢asosblif
yros onpejeneH Kak 0 = k,Ax u k.= [1,/—1], 0o 310 paer minf = Ax =
=mn/({ —1) 1 max0 = (/] —1)Ax = n. Bo BTOpOH CHCTEMe maX X CeTKH 3a-
maerca Gollee ecTeCTBeHHOH HopmupoBaHHOH BenuynHod X == 1. Torma Ax =
= 1/(/ —1) u ¢asosuiit yroa omnpeaendercs kak 0 = mk.,Ay. Orcroma cHOBa
noAydaeTcsi COOTBeTCTBeHHQ Mmin® = nAx =n/(/—1) u max8 =a(/—
— )Ax = rt. TlonsiTuo?
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Ecnu BBectu daszoBwiit yroa 6 = k,Ax, to (3.94) npumer BHA

o — Velte. (3.95)
Awnanoruuno,
gl bl D0 (3.96)

i1

[Moacrasasa B ypabHenue (3.93) snipaxenus (3.95) u (3.96), mo-
JayuaeM

Vn-HeliB: Vne[ie+ d[vnel(i+l)6+ Vnel(i—l)e_ 2Vne[i9]’ (3.97)

HJIH, Mocje JeJeHHs Ha oOIMUH MHOXHTe b el

VI =V 1+ a (& + e —2)]. (3.98)
Vcnonb3ayeM ToXAECTBO
et e=18=2cos 0 (3.99)
¥ OTpeJiesiuM mHoXuTesb nepexoda G paBeHCTBOM
vl =gr", (3.100)

M3 (3.98) ans G umeeM
G=1—2d(1 —cos®). (3.101)

3amernm, uto G = G (), T. e. B 9TOM CJAyyae MHOXKHUTEIH Tepexona
L5 pasHUHLIX (Dypbe-KOMIOHEHT pas/HUHEL
PaBeucreo (3.100) sicHo mokaswiBaer, YTO 1Js1 TOro, 4ToGH pe-
IIeHHe OCTaBaJjoCh OrpPAaHHYEHHLIM, OJ5 BCeX 0O [JOJIKHO BEIIOJ-
HATBCH YCJIOBHE
|G 1. (3.102)

JT10 ycaoBHe sABJAAeTCs KpHTepHeM YCTOHUMBOCTH AJAS ypaBHeHHS
(3.93) ¢ nuddY3HOHHBIM UJIEHOM.
H3 (3.101) n (3.102) monyuaeM ycnaoBus

—1<1—2d(l —cosO) <, (3.103)

KOTODHIe JOJNXKHLI BHIMOJNHATLCA AJMA BCEX BO3MOXHHIX O, T. e. Bcex
BO3MOXKHEIX (ypbe-KemMnoHeHT. [IpaBoe HepaBeHCTBO BHIIOJHAETCSH
nasg Bcex 0. JleBoe HepaBeHCTBO CTAHOBHTCH KPHTHUECKHM TPH
max (1 — cos 0) =2, 4yTo HakJajAbiBaeT Ha d YCJAOBHE YCTOHYHBOCTH
d < 1/2 HJH

1 Ax?
2— —_— .

At < (3.104)

910 ycaosne coBnajaer ¢ kpurepHeM (3.73), NOMY4eHHBIM HPH NQ-
MOMIH MeTona AMCKPEeTHHIX BO3MYIIeHHUH,
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Tenepb pacCMOTPHM CXeMy ¢ PA3HOCTAMH BIepeA MO BPEeMeHH
H LEHTPaJbHBIMM DPA3HOCTAMH IO IPOCTPAHCTBEHHOH IlepeMeHHOMH
Ang ypasrenust (3.18), BKAOUAONICTO KOHBeKTUBHLIHA B AudHyauon-
HbIH YJIE€HBI, 3TO JAaCT

gt =gr+ [‘ —S— (i — &) Fa @+ 8 — 2@';)]. (3.105)

IMoacrasass (3.95) u (3.96) u coxpamas Ha e'®, cHoBa mosyyaem
(3.100), HO ¢ MHOxHTesneM Nepexosa (U, HMEIOLIUM BUJ

G=1— (e ) +d(e®+e®—2.  (3.106)

Hcnonbaysa toxaectso (3.99) u ToxiecTso

el® — =18 = 2] sin 8, (3.107)
noJjiyyaem
G=1—2d(1 —cos8) — ICsin0. {3.108)

B oranuyne oT mpeawiayllero cayyas ypaBHeHHe, BKJIOuaioulee
KOHBEKTHUBHBIH M NH(DPY3HOHHBIH UYJEHBl, NPHBOAUT K KOMnNAeKC-
HoMy MHOXKUTeJIo fepexoaa (3.108). dTor KOMIJIEKCHHIH MHOKH-
tejb G cBOAMTCA K AEHCTBHTENbHOMY MHOXHTeJ O (, onpejened-
Homy pasenctBom (3.100), mpu C—0, T. e. KOraa ypaBHeHHE,

Im C>1

—

// ~
/ \

_/
Real —é t +d ™ Real
>
—— s
\
\

C%>2d
7~

~So -

N

Puc. 3.8. Toporpad wmHoxutens nepexona G, sanucanuoro B BHze (3.110). ITpu
C<l,d<!y, u C2<2d smmnc JexHT BHYTPH eAHHHYHOrO KPyra, 4TO COOT-
BETCTBYET yCTOAYHBOCTH.

BKJIIOYAlollee KOHBEKTHBHHH H AHD(OY3HOHHBIHA uJieHbl, CBOAHTCH K
ypaBHEHHIO, COAepIKallleMy TOJAbKO AU (QY3HOHHBIA YJieH.
YcaoBue yCTOflUMBOCTH B pPacCMaTPHBAEMOM CJyyae HMeeT BHJ

G, (3.109)

rae tenepy |G| — MOAyNb KOMIJIEKCHOTO MHOXHTeas nepexoga G,
rogorpad KoToporo nocTpoen Ha pHC. 3.8. YpaBHeHue (3.108) mox-



72 3.1. Merodu peuienus ypasnenus nepeHoca suxps

HO NepenucaTh B BHAE
G=1—2d+ 2dcos® — [ Csin®, (3.110)

YTO COOTBETCTBYET YpPaBHEHHIO 3J/JHIICAa C LEeHTPpOM B TouKe 1 — 24
Ha jedictBuTedbHOfl ocH H ¢ noayocaMd C u 2d. YcrofiuusocTb
(]G] < 1) umeer MecTo B TOM clydae, KOTAa 3TOT 3JIIAINC HEJTHKOM
JIEXKHT BHYTDH e AHHHYHOTO Kpyra.

Jas ycroituuBocTH, oueBHAHO, Heob6xomumo, uTobel C =<1 H
d << '/.. Bonee ofmee ycioBHe MOXHO HafiTH, HCMOJB3YS LJA MO-
ayas G caeayollee BhipaXKeHHue:

[GP=GG =1+ 2d(cos 8 — )2+ C2(1 —cos?6) (3.111)

(3mecb uepes G o00603HayeHa BeJHUHHA, KOMIJIEKCHO-COMPSIKEH-
Has G).

Hcnonb3ays a/eMeHTapHble MeTOMBl ONpeleJeHHs] MaKCHMyMa
|G|? B 3aBucuMocTH OT cos 6, MOXKHO yGeguthes!) B TOM, 4TO NpH

Cigg2d (3.112)
BHYTpH uHTepBana —I1 <Ccos® << 1 wmakcumyMa |G| He cyule-
CTByeT. DTOT MAaKCHMyM JIOCTHraercs npu cos 8 = —1 u npocto

naer yciaoBHe d <C !/;, KoTopoe OblI0 MOJyYeHO [/ yPABHEHHS C
onuuM AudbysuoHubiM wieHoM. Ilpu Re:. > 2 MakcuMyM umeer Me-
cro B HHTepBane —| << cos 8 << 1 u Bcerga |GE > 1. Caenosa-

max
TeJbHO, JABOIHHOe HepaBeHcTBo C? <C 2d < | sBjsercs HeoOXonaH-
MbIM H JOCTATOUHBIM YCJOBHEM AJSl YCTOHYHBOCTH.

Ycnosue (3.112) moxkHO 3amucath B BHJe ?)

At << 20/u2, (3.113)

OTKyJa cpasy cJjelyeT, YTO NPH OTCYTCTBHH BSI3KOCTH (o == ()
CcXeMa C pa3HOCTSIMH Bllepell O BpeMeHH H LeHTPaJbHLIMH pPasHo-
CTAMH 1O NPOCTPAHCTBEHHOH NepeMeHHO! HeyCTOHYMBA NpH gcex Af,

[Ba yeaoBus d << Yy 0 Re, << 2 sBAAIOTCS JOCTATOUHBIMH /1A
YCTOHUHBOCTH B cjayyae JuHefHOro ypaBHeHHs B OeckoHeyHOH 00-
JIACTH NpH nocTosHHoM u. CJaydall, Korja u siBaseTcs (yHKiHed
NPOCTPAHCTBEHHON MepeMeHHOH, TakKKe MOXHO HCC/AeNOoBaTb HpH
HOMOILY JaHHOTO MeTOAa, HO 3TO TPYLHO.

B cayyae Gosee o6UIHX KOHEUHO-DA3HOCTHBIX CXeM, HCIOJDL3VIO-
IIMX He MeHee TPeX BPEeMEHHHIX CJI0eB, YpaBHEHHe, COOTBETCTBYIOIIEE

1) OTH MeToAH 3JeMeHTapHH, HO BbIKJIAJAKH HECKOJBKO TPOMO3AKH. Pesyunh-
TaThl AJS AByMepHOro cayuas, npupefeHHsle ®pommom [1964] m B mepBoM amr-
JHACKOM H3A4HHH HacTosUleH KHMrH, OblIM HeBepHH B TOM OTHOLIEHHH, 4TO
B KayecTBe HeOGXOXHMOrO YCJAOBHS HAKNAABIBAJIOCH OrpaHHYeHHe HA CeTouHOe
gucao PefiHoabica; cM. 110 3ToMy noBoZy pasa. 3.3.8.

?) DTo orpaHyueHHe MOXKeT ObLITh NOJYYEHO TaKXKe H3 YCJOBHS, 4TO KpPH-
BusHa |d?y/dx?| sanmnca G(8) B touwe (1,0) momxHa 6biTh Gosblle KPHBHSHEI
enHBnyHOH okpyxHocTH (Y. J. Cagnbepr, JuyHoe cooblueHue).
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(3.101), cramoBuTCS MATPHUHBIM ypaBHeHHeM. [a1s ycroHuHBOCTH
npu sToM Ttpebyercs, 4Tobb |Am|<C I, rie Am — Bce cobcTBeHHBIE
sHaueHus ') martpuunt G. Korpa G — npocTo yHCI0, 3TO YCHOBHE
sKBHRageHTHO ycaoBuio (3.102). [Tpumep Ttakoro cayuas Gyaer np-
Bejed B pasf. 3.1.6. '

[Tomumo cBegenuit o6 yCTOHYHBOCTH aHanau3 0o ¢on Hefimany
paeT Tak¥ke HHPOPMAIHIO O [IHCIEPCHOHHBIX OIIHGKAX, KOTOpble
6yayT paccMoTpeHH B pasa. 3.1.14.

Vnpaxcuenue. TIopTOpHTs Npelbllyliee yNpaskKHeHHe AJfi CXeMBl C PasHOCTAMH

IIpOTHB TOTOKA H HaHTH YyCJOBHE YCTONUHBOCTH, HCHOJNb3YyS HA 3TOT pa3 aHa-
qan3 no ¢on HefiMany.

3.1.5, B, AHa/M3 YCTOWYHBOCTH no XE&PTY

Tperuit MeTon aHajusa yCTOHYHBOCTH Obln npensoxeH XEpTom
[1968] 2). B stom meTone 4JeHBl, BXOASLIHE B KOHEUHO-PA3HOCTHbIE
ypaBHeHHsl, DacK/JaAnBalOTCs B psaabl Telaopa Aas TOro, 4robbi
nonyuats audQepeHHasbHOe ypaBHEHHe B YaCTHBIX TPOU3BOAHBIX,
YeTo#YUBOCTL 3aTeM OTpefessieTcsl U3 H3BECTHBIX CBOMCTB yCTOHUH-
BOCTH AHbdepeHUUaNbHbHX ypaBHesu# ®). (AnaJoruuHLlfl noaXon
K M3YUEHHMI0 KOHEeUHO-DA3HOCTHBIX ypaBHEHHH NpH INIOMOLIM NOAY-
YeHHBIX TakuM oOpasoM auddepeHIHANbHBIX ypaBHeHHH OblT HC-
noab3oBan B paGore Cafipyca u Panarona [1967] nasa uccrenpoBa-
HHSl HE YCTOWYUBOCTH, A& TOUYHOCTH KOHEYHO-DAa3HOCTHHIX METOJOB,
NPHMeHSIeMbIX AJs 2JIMNTHUECKHX ypaBHeHHUI.)

PaccmoTpum onsate cxeMmy (3.18) ¢ pasHOCTIMH Blepea 1o Bpe-
MEHH H IEHTPaJbHBIMH Da3HOCTSIMH MO MNPOCTPAHCTBEHHON Iepe-
MEHHOH /19 MOJeNbHOTO yPaBHEHHS], BKJKOYAIOUIEr0 KOHBEKTHBHLIM
i aH(pdy3noHHBIH YJeHbl, NpeanoJaras, YTo 4 MOCTOSHHO!

cril+l—‘:ril ( i+1 Ci—l) ( +1+§1—1 (::l)
AL T 4 2 Ax +a Ax? - (3.114)

1) 3agaua HaxoxzeHns COOCTBEHHBIX 3HAYeHHH SABJAETCS HETPHBHAJBLHON
[Jis CJIONKHBIX CXeM M [1J1 CHCTeM YpaBHeHHH, KOTODHIE ONHCLIBAIOT TEYEeHHs CKHU-
MaeMOH KHIAKOCTH. 3ajaya OTLICKAHHS COGCTBeHHBIX 3HAUEHHNI cama no cefe
MOXeT pemiaTbCs YHCAeHHO (cM. Tarxke Yonamen [1967] u Yacrnefix [1968]).

2) KMpes npuMeHeHHs miepBoro AHddepeHUHaNbHOrO NPHOIHKEHHs IJA HC-
cJle0BaHHsT yCTOHUMBOCTH pasHOCTHEIX ypaBHeHuWH Oblna npeldoxena A. M. JKy-
KOBBIM ellle B naTHAecaTelx rogax (cm. I'ogyHo C. K., Psabenvkuit B. C. Pas-
HoctHele cxembl. — M.: Hayxka, 1973). CoBpeMenHass Teopus AHbdepeHIHaNbHEIX
npubanXeuuii ocHosana Ha paborax H. H. fnesko u JO. H. Llokuna. O6zop
W HEKOTOphle HOBBle De3yJbTaTHl MO AaHANM3Y YCTOHYHBOCTH CXeM MpH MOMOIIM
Metona AuddepeHUHaNbHEIX NPHOJHXKeHHA cofepXkaTca B CleAywilied paboTe:
Haswigon I0. M., Cxortuukos B. Il. Idnddepenunanvurie npubinKeHHA pasHOCT-
nbix cxeM. — M.: usx. BLL AH CCCP, 1978. — Ilpun. ped.

3) Xopomwo, €M ¢ NOMOLIBIO TAKOTO PasjoeHus nofdydawrca auddeped-
UHafbHEIC ypaBHEHHS C H3BeCTHBIMH CBOACTBAMH YCTOHUHBOCTH. B npOoTuBHOM
c/y4ae MOMKHO TBITaThCs OMpefefHTh YCTOMUMBOCTb MOJYdeHHBIX AHbdepeHunanb-
HEIX YDaBHEHHHl NPH MOMOLIH KaKOro-1HGO YHC/IEHHOTO MeTOAd, 06s3aTelbilo HC-
Caeays €20 yCTOHYMBOCTD H T. A.
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PassoxnM Kaxaoli uieH ypaBHeHus (3.114) B pansl Tefiiopa B
OKPECTHOCTH TOUKH (X, [), T. €. OTHOCHTEJbHO {7 TOrAa

et = at m: "+ 0 (AB), (3.115)
§7+1=C';iAx ‘ + 0 (Axd). (3.116)

[TonctaBisia 3TH Pa3/OXKeHHA B (3.114) u npuBojis nopobuele uie-
HHI, OJIy4aeM

1 a1, 1
——[At——l—i——AtQ o [ +08)]=
a
= — gaz |20 g‘ +0 ()] + 3 [f:\x-a—x'z[i +0@BxY], @.117)
HJH, OﬂyCKaH HHIEKCH [ H 71,
L4t P LOME AR (3.118)

[pu At—»O u Ax — 0 3T0 ypaBHEHHe MEPEXONHT B HCXOJHOE AH(-
(epeHnMaIbHOE YpaBHEHHE B YaCTHHIX NMpou3BoaHbX (2.18). Ho npu
At > 0 ypaBHeHue (3.118) npunHumaeT BUI

At 02§ 0% 1at u ot

Ba arr  9x? ' a ot +3 a 0x =0. (3.119)

370 ypaBHeHHe, NOJYYEeHHOE COXPAHEHHEM BCeX UJEeHOB 11epPBOTo Io-
psiiKa B pasJioxkeHHsX psaja TeHsopa, siBasercss runepbosHuecKUM

N Obracms ¢
T Gnusras
¢ Haknt = /BZ/ 20 nf \araon=0t/bx
(.Z‘,f) I 1 ({All"nAlt) I R
7 ¢

Puc. 3.9. O6nacto pausinug touku (x,f) aaa ypasuenus (3.118) runepbosuue-
CKOTO THMA, a - 06JacTb BJAHAHMA 14 1HbdepeHUHaNbHOTO ypaBHEHUA; 6 —
062aCTb BAHAHKS AJs1 KOHEUHOPA3HOCTHOTO YpaBHEHHS.

(cM., manpumep, Beiin6eprep [1965) ). Kak noxasano Ha puc. 3.9, a,
[JIsl TAKUX YpaBHeHHH cymiecTByeT o0JacTh BJHSHHS MPOH3BOJBLHOH
TOYKH (x,f), orpaHuvYeHHas MNPOXOAALUIAMH Yepe3 3Ty TOUYKy H

HMEIOMMME HaKJIOH == A/Aff(20) XapakTepHCTHKaMH. BoaMylenns,
BO3HHKAOlIHE B TOuKe (X,f), NPOSIBJSAIOTCA TOJbKO BHYTPH 3TOf
obsaactu. Yacth nJockocTH (X, 1), paclo/OXKeHHYIO BHe 5TOH obJia-
CTH, HHOTJA Ha3hLIBAIOT 30HOH MOJIYAHUS,

IOns koHeuHO-pa3HOCTHOro ypaBHeHus (3.114) rakxe cyue-
¢TByeT oOsacTh BAHSHHS. Kaxpoe HOBoe pacCUHTAaHHOE 3HAYeHHE
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{rtl 3aBUMCHT OT 3HayeHUH g7, B COCeiHHMX TOuKax i1 B mpe-

ABIAYWHA MOMeHT BpeMeHH. VHaye roBops, Ka)joe 3HaueHHe

{7 okasplBaeT BJHsHHE HAa 3HauyeHHs {7} B COCeAHHX TOuKax Ha

CJleAYIOWEM CcJIoe [0 BpeMeHH. JTO BJHSAHHE B CBOIO Oyepelb pac-

NpoCcTpansiercs Ha 3Hauenus [F} u 1. 1. Takum obpasom, obaactb

BJIHSIHHA AHCKpeTH3HWpoBaHHoro ypasHenus (3.118) orpaHuuuBaercs
KOHEYHO-DA3HOCTHLIMH «XaPaKTEPHCTHUECKUMH JIHHHAMH» ¢ HAKJO-
noM At/Ax (cm. puc. 3.9,6). Ycnosue Kypanra (Kypanr, ®@pua-
puxc 1 JleBu [1928]) ycTOHUMBOCTH KOHEUHO-PA3HOCTHOTO aHAaJ0ra
TaKHX TCHNepboJNHYecKHX YypaBHeHH#i Tpebyer, utobbl 00JacTh
BJAMAHHA KOHEYHO-DA3HOCTHOTO YpaBHeHUs 1O KpaliHeli wmepe
BKJlo4Yasa B cebf obaacTb BaHAHHS AHGbGbepeHIHaNbHOIO YpaB-
HeHus!). M3 puc. 3.9 BuAHO, UYTO 3TO HAK/IAAbIBAET YCIOBHE
At/Ax < A/MJ(20), uau

M+ (3.120)
Ho ato orpannuenue Ha Af B TOYHOCTH COBMAJAET ¢ OLDAHUUEHUEM,
0ByCcAOBAEHHEM AMDPY3HOHHBIM UYJEHOM B YDaBHEHHH H IOJYYEH-
HBIM paHee M3 aHaJdH3a YCTOHUHMBOCTH KaK IPH NOMOILH METOLa
JNHCKDETHHIX BO3MYILEHHH, TaK H IpH NoMollHd Meroga ¢oun Hed-
MaHa.

Urtobnl onpegesutb gpyroe Heo6X0AHMOE YCIOBUHE YCTOHUHBOCTH,
BLIYHCJIHM uJjieH 0%C/0f2 B ypaBHeHHH (3 119), anddepenunpys uc-
XoaHOe puddepeHHanbLHOE YpaBHEHHE ?) ¢ YUETOM HPEHIOJNOXKEHHUS
1 == const:

ot 82

Sy ta it (3.121)
9 a? 33

at2C = dtdgx o5 ai? : (3.122)

Mensis nopsfok AuddepeHUNpoBaEUs M NoAcTasass 07/0f u3 Hc-
XOAHOro Iuddepenluna bHOro ypaBHEHHS B YaCTHHIX NPOU3BOAHBIX,

') 3Aecb yMeCTHO TNpPHBECTH NPHMEP ypaBHeHHS PacnpOCTpaHeHHs 3BYKOBBIX
BOJH. YcJoBHe KypaHTa mpoCTo ©3HayaeT, 4TO /s YCTOHYHBOCTH pacyeTa 3BYy-
KOBasi BOJHA 3a OAHH War 0O BpPeMeHH He AOAXKHA NPOXOAHTb pacCTOsHHE,
6oJsblilee pa3Mepa OJHOH NPOCTPAHCTBEHHOH sdelKH.

?) BosMoxeH M JIpyroil NYyTb NOJYYCHHS NPHBEJEHHOTO HHXKe YypaBHEHHS
npH TOMOLIH pa3fNoXeHHs uJeHoB B ypaBHeHnn (3.114) kak oyuxumit 1Byx
He3aBHCHMBIX MepeMeHHLHIX B paxabl TefJopa B OKPeCTHOCTH TOUKH (X, t,1+1/,),
T. €. "OTHOCUTEJBHO E'Z‘H/z. B paborax Xéprta TaKoe pasJOXEHHE NOPHBOIHT K

ypastennio {5.124), Kotopoe Moayuaercs He B peayibraTe AnRdHepeHuUHpoBaiix
ucxoanoro aubdepesinansuoro ypasHenusa (3.121), a wu3 ypaBrenus (3.118).
Ananu3 TaKoOro e THIA MOXHO HafTH B crTaTbe YopmuHra u Xperra [1974],
rie N0Ka3aHo, UTo B CJAydyae NOCTOSIHHbIX KO3G(HLUHEHTOB H NepHOAHYECKHX Tpa-
HUYHBIX YCOJOBHE Taxoll NOAXOA SKpMBasenTen wMeTody ®ou Hefimawa. Hcenoan-
30BaHHe OMHCAHHOTO BbIIe crnoco6a HaxOomAeHHA §y H3 ypaBHeHHs (3.121) nph-
BOIUT K omH6KaM B KO3h(HLHEHTaX IIPH NPOH3BOANHX Oojee BBICOKOrO MO-
psKa,
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nojyuaem
L a % | 8% AL A%
W—“”W(—”a 6x2)+ aﬂ(“”?ﬁ"‘“aﬁ)'
(3.123)
92 2 9
S =Tt oua Tt p a2 dt (3.124)

[Mopcrasasis aTo BblpaxeHHe B (3.119) H npeoépaayﬂ pesyJasrar,
nonayyaem
2 3 2 4

=gt (o) G e — S )

Crenys XepTy [1968], or6paceiBaeM B ypaBHeHHH (3.125) Belc-
WIHe NMPOH3BOJAHLIE U COXpaHseM MepBElE H BTODbie NPOH3BOIHBIE MO
KaXAOMYy He3aBHCHMOMY MepeMeHHOMY (X H f), 4TO Zaer MonesHoe
nudpdepennuanbioe upnbanxkenHe, OHO HMEET CMBICT 10 ABYM
npuuuHaM. Bo-mepBbiX, NMPOH3BOJAHBIE BBHICHIHX MOPSAAKOB OOBIUHO
MeHblle. Bo-Bropeix, a posteriori n3BecTHO, UTO YCJOBHEe YCTOHUH-
BOCTH, IOJIyUECHHOE B pesyJbTaTe 3TOr0 aHaju3a, GyleT CHJAbHee
orpaHHueHnHsi, HaKN1ajAbIBA€MOro Ha Hlar 1o BpPeMeHH MpH HaJHUHH
TOJABKO JAH(]P(Yy3HOHHOro uJeHa, JAHUIUL AJs TeueHHH ¢ MaJjofl BA3-
KOCTBIO, T. e. And a < 4, Korna kKodQQUUUeHTH NPH BBICUIMX NpO-
H3BOJHBIX B ypaBHennu (3.125) craHoBATca MaabniMH. B pesynb-
TaTe noJyuaercs aupdepeHnuanbHoe npubauxKente

u? At

oL %
737‘:—”__*—&34"1’"&7‘ (3.126)
rue
Gy = 0@ — 12 AL[2. (3.127)

ITockoneky ypaBHeHHe (3.126) 2KBUBAJNEHTHO HCXOAHOMY MOJEJb-
HOMY Au(pdepeHUHATbHOMY ypaBHeHHI0, OyieM HasblBaTh Qapg 3P-
$heKTHBHON BA3KOCTBIO.

C MareMaTHUeCKOH  (H (QH3UUECKOH) TOUKH 3PEHHS POJb BA3KO-
cti  (nudbdysun) 3akaooyaercs B «pasMmasbiBanuu» (IHbdy3uH)
BO3MYIIEHHs] BEJHYHHBI §, B CTPEMJIEHHH CJeslaTh pacupejeseHue {
onHopoARbM. OTpHuaTeNbHAs] BA3KOCTb (DH3HYECKH HEBO3MONKHA,
TaK Kak OHa NpHBOAUJA Obl K KOHHEHTPAUMH JIOOBIX MaJjbiXx BO3-
MyleHufl, BO3RHKIIUX B ONHOPOAHOM paclpeleseHHH, H C031aBaJa
6bl TakuM 06pa3oM MOHOTOHHYIO HeycToHuuBOCTB'). [as ycroiiuu-
BOCTH HeOOGXOAMMO, UTOOBI BBHITIOJNHSJAOCHE YCJAOBHE Osgpe == 0, HIM
ycaoBHe

< 2a/u?, (3.128)
coBnagatouiee ¢ yciaoHem (3.113), mosyyeHRbBIM HPH MOMOLIH Me-
1) IlpuMeHHTeAbHO K YDABHEHHIO TeILJONPOBOLHOCTH  YCIOBHE Ospgy == 0

MOXKHO HHTEPNpeTHPOBATL KAK TPefOBaHHe, YTO KOHEUHO-DPA3HOCTHOEe YDaBHeHHe
He JOJIKHO NPOTHBOPEYHTh BTOPOMY Haualy TepMOLHHAMHKH,
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tofa ¢on Heilimana. B coueranuun c ycaosuem (3.120) ono BKJ0O-
yaer ycaoBue Kypanra C = ulAf/Ax << 1. DTOT aHaJu3 He CHHMaeT
orpannuenuss (3.112) Ha cerounoe uncjao PelHoJabjaca H MO3TOMY
ofecrneyuBaeT HeoOXOJHMBble, HO He A0CTATOUYHBEIE YCJIOBHS YCTOH-
YHBOCTH [JS MOJEJbHOrO yDaBHEHHS C KOHBEKTHBHEIM H AHPOY-
3HOHHBIM YJIeHaMH,

Ynpaxcrenue. TloBTOPHTL HpeABIAYHiYe ABa YNpaXKHeHHH N0 ONpeleNeHHUI0
yCJIOBHIl YCTOHYMBOCTH JJIsi CXeMBl C pAa3HOCTAMH IIPOTHB IIOTOKA, HCIOJb3Ysl
meTon Xépra.

3,1.6. r. HpaTknit 0630p U OUEHKA Pa3AnuHbIX HKPHUTEPHOB YCTOWYHBOCTH

Buiile ObliH NpHBeJeHB TPHMepbl TpeX pPas3JHYHLIX METOLOB
aHaj u3a YCTOHUHBOCTH: METOA JUCKPETHBIX BO3MYIIEHHIl, MeTOA
¢don Heiimana u meron Xépra. B wmerone Xépra ucnosasaoBaJgcs
kputepufi Kypanra — ®puapuxca — Jleu [1928] ans rumep6o.u-
YeCKHX CcHCTeM. l3BecTHBl ellle Mo MeHblleHd Mepe TpH OoJsee HJH
MeHee MOMy/AsPHBIX METOAa, a TaKXKe PAA APYrHX MeHee MONyJasAp-
HblX, OrpaHHYEHHOCTL pellleHHs Pa3HOCTHBIX YpaBHeHHH MOXKHO He-
IIOCPEACTBEHHO NPOBEPHTb INPH MOMOLIM KpHTepusi Ppuapuxca o
NOJIOKHTEJBEHOCTH K03 dHuuuentoB (cM. Puxrtmailep u MoproH
[1967, c. 22] u Xau [1958]), a TakkKe NpH IOMOLLH «IHEpreTHYe-
cknx» MeronoB') Keasepa u Jlakca (cm. Puxrmaitep n MoproH
[1967, c. 23 u nanee]). Ha npakTHke 3TH MeToIBl OKa3bIBAIOTCH
NPHMEHUMBIMH TOJbKO 1JS NMPOCTEHIIHX Pa3HOCTHHIX cxeM aAHGde-
peHuHanbHbix ypapheHuH. Ilogobuo 3THM ABYM MeToZaM B MeTone
dnau [1949] rakxke paccMaTpHBAIOTCH HENOCPEACTBEHHO CBOHCTBA
MHOKHTEJSl Tepexoda [Js KOHeUHO-PA3HOCTHBIX YpaBHEHHH, a He
JUCKpeTHble (ypbe-KoMnoHeHThl. OKa3biBaercs, 4TO B MPOCTLIX CJay-
yasx, paccMoTpeHHblX B pabGore daan [1949], s10T Meron Haer pe-
3yJbTAThl, COBNajalollHe C pe3yJbraTaMH Meroia dou Hefimana,
HO OH CJOXKHee B TPHJOXKEHHSX H HE HCIOJb3yeTC B OTKPLITOH
JHUTepaType.

KpHuTepun yCcTOHYHBOCTH B 3THX TPeX MeTOjAaX, TaK ke Kak H
B Merone ¢on HeifimaHna ?), rae TpeGyercs, 4ToOb MHOXKHTENDL IIe-
pexoja yAOBJETBOPSJ YCJIOBHIO |G|<1 OCHOBaHBl Ha OrpaHHYeH-
noctu peweHusi. (OnHako KpurtepHit ¢oH Hefimana MoxHo Moau-
uuuposath, npueeas ero K Buay |G|<< 1 — O(Af), uto paer Bos-
MOMNHOCTb PACCMAaTpPHBATL CJIyYaH HeOFpPaHWYEHHHIX pelleHH#d ZHd-
depeHnHaTbHBIX ypaBHeHHI.) Bce 3TH ykasaHHble KDHTeDHH He

1) Boobuie roBops, B 3THX MeTOJax paccMaTpHBaeTCs KBaApaT He3aBHCHMON
nepeMeHHOl (a He oBs3aTeJbHO (PH3HYeCKas SHePrHs).

2) B uwame BCero UHTHPYeMOM B OTKDBHITOH JHTepaType H3JIOXKEHHH Merona
¢on Hefimana (O’bpatten, Xaimen u Kanaan [1950]) ycrofiunBocTs $akTHuecku
ONpeAeaseTCs MO POCTY HJIH 3aTyXaHHIO MANIHHHBLIX OWHOOK OKpYLJeHHA. DTo
MpHHUHNHABHO OTJIHYaeTcd OT TPeGOBAHHA OIPAaHHYEHHOCTH DelUeHHsS, HO Takoe
pasjHyde NPAKTHYECKH HEBaXHO, MOCKOJbKY NpPH AaHaJjuse YCTOHYHBOCTH [0
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uaeHTHyHel. Xan [1958] nokasaq, uro kpurepuu o Hefimana,
Gpunpuxca u Kypanra — Ppuapuxca — JleBH 3KBHBAJIEHTHb! TOJIb-
KO [UIs MpOCTefllnX KOHEYHO-DA3HOCTHHIX CXeM B NPHUMEHEHHH K
JuHeHnbBIM AHGdepeHnHaNbHEIM YPAaBHEHHAM C NOCTOSIHHBIMH Ko3(-
dunuenramyu. B cayuae e nmepeMeHHBIX K03(p(UIHEHTOB ycCJoBHE
¢on Helimana sBiasieTcs TOABKO HeOOGXOAMMBIM, a ycaoBHe Ppua-
pHXCa TOJBKO A0CTATOYHHIM. JlJg KOHEYHO-Da3HOCTHHIX aHAJOrOB
BOJIHOBOTO YDaBHEHHS, B KOTODHX B TOYKE [ HCIOJb3YIOTCS 3Haue-
HHSl He B Toukax [ = |, a B OGoJsee ynaJeHHBIX TOYKaX, YCJOBHE
Kypanra — ®puipuxca — JleBu Gosblie He sBJfeTCs AOCTATOY-
HbIM. Mutuena [1969] ykaswiBaer, uto ycioBue don Hefimana sB-
Jsercss HeoOXOAMMBIM M JOCTATOUHBIM (B CJyuae [OCTOSIHHBIX
KO3Gb®UIHEHTOB) [J5 ABYXCJOHHBIX CX€M TOJIBKO C OJHOH 3aBHCH-
MOH TlepeMeHHOH M JIOOBIM UYHCJIOM HE3aBHCHMBIX INepEMEHHBIX, B
IIPOTHBHOM CJyuYae OHO $IBJSIETCS TOJbKO HeoOxoldumoim. Kpome
TOTO, He SICHO, 5KBHBAJIGHTHHl JIH 3TH KPHTEPHH YCTOHUHBOCTH KpH-
TepHsM, NMOJYYeHHBIM B MeTOJe AUCKPETHBIX BO3MYIUEHHH H B Me-
Tole XE&pTa IpH NepeMeHHHX Ko3(hdHIHEeHTaX, H NMO3TOMY He cJe-
HLyeT OXHAAaTb OJUHAKOBHIX PE3yJbTAaTOB BO BCEX CAyuasX.

s o3HakoMJIeHHSl ¢ APYTHMH oNpeleieHHSIMH ¥ KDHTepHSAMHU
YCTOHUHBOCTH pEKOMEHAyeTCs CJeAylollas JHTepaTypa. XHJIeH-
O6paun  [1968, c. 205] obcyxaaeT «mOWIaroByi0» YCTOHYHBOCTH
(paccMaTtpuBaeTcsi NOBeJleHHe BO BpeMeHH, Koraa f—> oo Npu ¢Hk-
CHPOBaHHOM Af, KaK H B TPeX W3JOMXKEHHbX Bblllle Meronax ')) u
COMNOCTABJISIET €& C «II0TOUEUHOH» yCTONYHBOCTBIO (paccMaTpHBaeTcs
NnoBeJeHHe KOHEUHO-DA3HOCTHLIX YypaBHeHHH, KOrja pasMep Iuara
MpPOCTPaHCTBEeHHOH CeTKH cTpeMuTcs K HyJaio). [ycradceon [1969]
BBOAHT KpHTepull A-ycrofiuusoctu. Pomxepc [1967] muccaeayer
YCTOHYHBOCTb DPaA3HOCTHHIX ONEPATOPOB INPH MOMOIIH HePeXOQHBIX
(QYHKIMH, HCIONbL3yeMBIX B TeOpHH ynpaBJaeHHs. B paborax Kysuka
u JlaBu ([1968] u Jlasu [1969] oGcyxmaercs yCTOHYHBOCTbL pas-
JHUHBIX METOJOB U NpeAJlaraercs HEHTePAalUMOHHBIH MeTOA OLEeHKH
YCTOHUHBOCTH B Xozae pacueToB. C TOUKH 3peHHs 00OCHOBaBUS Teo-
PHH yCTOHUHBOCTH BaXHb paborTsl Kpeifica [1964, 1968] u Ouwepa
[19696], a Takxe kHuru BasoBa um @opcaiita [1960] u Kennepa
[1968].

Kapnaoce [1958]) npensoxusa moaxon AJsl MCCIEIOBAHHS YCTOH-
YHBOCTH KOHEUHO-Pa3HOCTHBIX yDaBHEHHIl, OCHOBAHHBIH Ha TEOPHH
9JIeKTPHUECKUX lLleMedl; HECMOTPS Ha TO YTO HHOrAA 3TOT MOAXO]
MOJXHO HCIOJb30BaTh C yCIEXOM, €r0 NPHMEHHMOCTb JHMHTHPYETCS
don Hefimany genaetcs To xe camoe. OrpaHHYeKHOCTh pellleHHst sBJseTcs Godee
HpellHOHTHTeﬂle}:IM KpuUTepHeM, TAK KakK B HEM 06paulalo'r ocofoe BHHMAaHUe Ha
TO, 4YTO YCTOHYHBOCTb HYXKHO HCCJCAOBATbL [aXe B [peaeJbHOM CJaydae aJjre-
Opanveckn TOUHHIX BHYHCAEHEH NpB oblWBX HayalbyLXx ycaosuax (Jlakc w Puxr-
Maftep [1956]).

1) CpoficTBa YCTOHUHBOCTH aHAJOTHUHBLI CBOHCTBaM, MOJYYeHHHM INpy Af—>0
npu GHKCHPOBaHHOM HHTepBaje BpeMenH (Jlawe m Puxrtmaiiep [1956]).
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HeKOH mnpHcyulefi eMy HeonpejesJeHHOCTblO. [J[pyro#l KoHueniue:
YUHCJIEHHOH HeYCTOHUHBOCTH HBJAETCH HEYCTOUUUBOCTL B CMLICHe
Anamapa (cM., HanpuMep, Beitn6eprep  [1965]), T. e. uyBCTBHTEb-
HOCTb pellleHHs K HavaJ/JbHbIM JaHHLIM B 3ajauye C HauajbHBIMH
yceaoBusiMid, OfHH METOH OJ5 3KCIepHMEeHTaJbHOH NPOBEPKH 3TOrO
THIIA HeYCTOHUHBOCTH Obli mnpepsoxed Muanepom [1967]. Uen
[1970] ananusupyer ycToHUHBOCTh NOA06HO XEpPTY, HO TOJBKO B
npegene npu Ax—0, Af — 0, cBA3aHHBIX HEKOTOPOH 3agaHHOH 3a-
BHCHMOCTbIO.

Taxum 06pasoM, BHAHO, UTO NOHSITHE YCTOHUHBOCTH He OIpene-
JIleTCsl YHHBepPCaJbHO pame JIJs JWHeHHBX cucteM. @Dpanken
[1956] u3beras MOMBITOK faTh TOYHOE OMNpefiesieHHe YCTOWUMBOCTH.
Puxtmaiiep [1963] mokasaJ, 4To NOHATHE YCTOHYHBOCTH 3aBHCHUT OT
BbiGOpa HOpPMBl B (PYHKIIMOHAJLHOM INPOCTPAHCTBE 3aBHCHMOrO Ile-
pPEMeHHOTO M 4YTO HCNOJb30BaHHe aHagaH3a Dypbe, KakK B MeTome
¢don Helimana, npelnosaraeT HCnoab3oBaHue Ly HJIH CcpegHEKBaj-
paTHUHOH HOPMBI, KOTOpas OTYAaCTH NPOM3BOJbHA. /s 03HAKOMJe-
HHMA C HHLIMH ONpeNeNeHHSIMH YCTOHUHBOCTH YHTAaTeJNb MOXKET 06-
paTHThcs K KHHre Puxrmakiepa m Moprona [1967, c. 104].

[ToHsiTHEe YCTOHUHBOCTH HENMOCPEACTBEHHO CB3aHO ¢ NOHATHAMH
annpoKCHMAIHUN U cXoAHMOCTH '), KoHneuHo-pa3HOCTHBIN aHaJor an-
NpOKCHMHpYeT IHbbepeHnnalbHOe yPaBHeHHe, ecau npu Ax — (0,
At — 0 KOHeEUHO-Pa3HOCTHOe ypasHerue CTPeMHUTCS K OIH(depeHIIn-
aJbHOMY YPABHEHUX0 B UACTHBIX NPOH3BOAHBIX. XOTS MpPH BHBOME
KOHEYHO-Pa3HOCTHHIX ypaBHeHUH NpH MOMOINY Pas3oXKeHHH B Psbl
Te#iopa MOXKeT IIOKa3aThCsl, YTO 3TO MOJOXEHHE BBINOJHSETCS aB-
TOMaTHYECKH, Ha CaMOM JeJe 3TO He TakK; 3Jecb MOoryTr unorpebo-
BAThCsl HHblEe OrPaHHUYEHHA AJS OTHOCHTEJNbHOH CKOPOCTH CXOHHMO-
cTd npu yMmeHbuleHHH Ax u At (cm. pasn. 3.1.7). Koneuno-paanocr-
HOe YypaBHeHHe CXOJHMTCA, ecad npH Ax — 0, Af— 0 pewenue
KOHEYHO-Pa3HOCTHOrO YPaBHEHHsl CTPEMHTCH K pewtenuro nuddepen-
UHaJbHOTO YPaBHEHHHA B UaCTHBIX NPOH3BOAHBIX. [IBa OueBHIHBIX
HeOGXOQHMHX YCJOBHA TAaKOH CXOXMMOCTH COCTOAT B TOM, UTO KO-
HEUHO-DA3HOCTHOE ypaBHeHHe YCTOHUHBO (B HEKOTOPOM CMbICJE) H
aNIpPOKCHMHpPYeT COOTBeTCTBYyloUlee nHbdepeHlnalbHoe ypaBHEHNe.

Jns JauHefHEIX CHCTeM, TaKHX, KaK pacCMOTPEHHOe HaMH Mo-
LeJbHOEe YpaBHEHHE ¢ MOCTOSIHHBIMH KO3((UUHEHTAaMH, TeopeMa
skBHBaJeHTHOCTH Jlakca (Jlakc u Puxrtmaiiep [1956]) ycranapau-
BaeT 3KBHBAJEHTHOCTb YCTOHUMBOCTH H CXOAMMOCTH 2) NpH BHIIOJ-

1) TTox CXOXMMOCTBIO 3JeChb NTOAPA3yMeBaeTCA CXOAHMMOCTb B CMBICie yOHIBa-
Hua owubkx annpokcumanud. OOGCyXKJeHHe CXOAMMOCTH HTEPALMOHHBIX IpoIeC-
COB MOXHO HailTH B pasf. 3.4.

2) Ilepsas GOpPMyJAHPOBKA TEOPEMBI 3KBHBAaJeHTHOCTH Ouia narma B. C. Ps-
Genpkum (JAH CCCP, 1. 86, Ne 6, 1952). 3atem aTa TeopeMa Ouna copMmynau-
poBaHa MM Da3IHUHbIX Moaxoaax Jlakcom, Puxtmafiepom, A. ©. Ouinnmosbim.—
1 pum. ped. '
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HEeHHH CJAENYIOIIHX YCJIOBHH: 3afaua ¢ HayaJbHBIMH NaHHBIMH IOJK-
Ha OHITH KOpPEKTHO MocTaB/jeHa B cMbicae Apamapa (BefinGeprep
[1965]), T. e. pemeHHe nubdepeHUHaIbHOIO YPABHEHHS B YaCTHBIX
MPOM3BOIHBIX [OJMKHO HeNpepblBHO 3aBHCeThb OT HayaJabHBLIX AaH-
HbIX; KOHEUHO-pa3HOCTHOe YpaBHEHHe [TOJIKHO aNmpOKCHMHPOBATb
niddepeHUHaNpHOe ypaBHEHHE B UYACTHBIX MPOM3BOAHBIX; YCTOH-
YHBOCTh [0OJKHa OBITH oOmNpefedeHa B HOpMe Lo (Kak B MeTOIE
¢on Heiimana). [lpu BrimonHeHun 3Tux TpeboBaHuil Heobxoaumoe
ycaoBue ycrofiunBoctd ¢on HefiMaHa CTAaHOBHTCA M JOCTATOYHHIM.
®. Oxou [1952] mokasan, 4TO HeCKOJBKO ycHJeHHas ¢opMa ycao-
BHs (¢oH HeliMana sBAsiercs AOCTAaTOYHON AN yCTOHUHBOCTH JIH-
HefHbLIX NapafoJuuecKHX YpaBHEHHI Jaxe B CJydae NepPeMEHHBIX
Kostbbuunentos. Jlake (cm. Jlake u Puxtmafiep [1956]) noayuun
aHANOTHYHBIH pe3ysabTat AJs Munep0oJMYeCKHX ypaBHeHHH c mepe-
MEHHBIMH KO3(Q(pHUHEHTaMHU.

TeopeMa 3kBuBaseHTHoCcTH Jlakca, 6e3ycsiOBHO, ABJfAETCH BaXK-
HOH, HO, K COXaJIeHHIO, ee 3HAUHMOCTb CJHIIKOM IEePeoleHHBAETCS.
B uacTHOCTH, HEeKOTOpLIE aBTOPHl 3aKJ/IOYeHHE O CXOAHMOCTH He-
JHHeHHBIX KOHEUHO-PAa3HOCTHBIX ypaBHEHHH (OTYasiBIIKCh, NO-BHIH-
MOMY, DOKa3aTh ee MHaye) OCHOBLIBAIOT HA TeOpeMe 3KBHUBAJEHTHO-
cru Jlakca 1nas nuHeHHBIX cHcTeM. HecMoTpsi Ha TO 4TO H3ydUeHHe
JHHeHHBIX CHCTeM IOJE3HO JJ NOHMMaHUS NMOBEeNeHHs HeJHHEHHBIX
CHCTEM, OUEBHIHO, UTO TEOpeMYy SKBHBAJEHTHOCTH Jlakca Heab3as
HEMOCPeJCTBEHHO NPHMEHSTb K HeJHHEAHBIM YypaBHeHHsiM. OpnuH
(haKT BO3MOMKHON Hee/JHHCTBEHHOCTH pelleHHH HeJHHeHHBIX YpaBHe-
HHH, paccMOTpeHHBIl B . 1, MoaxkeH Owl1 On npepocTepeub OT
TAKOro HeNpaBHJALHOTO HCIOJb30OBAHHS 3TOH TeopeMbl. IIpumeHeHHe
TeopeMbl Jlakca HeKOPPeKTHO Aaxe AJsS JHHEHHBIX CHCTEM, €CJH
YCTOHUHBOCTDL ONpejessieTcdl He B HopMe Lo.

Toynbll KpuTepuii yCTOHYMBOCTH B AEHCTBHTEJBHOCTH He Tpe-
6yerca ¢ MaTeMaTuuecKol TOukH 3peHusi. [Ipu HccnegoBaHun Henu-
HefiHbIX ypaBHenu#i Xukc [1969] npemsaraer MHHOBaThb BONPOCH,
CBsI3aHHBIE C KPHTEPHAMH YCTOHUHBOCTH, H MEPeXOQHTh HENOCpen-
CTBEHHO K CYTH Je/a, a HMeHHO K o0ecHeueHHI0 CXOLMMOCTH pas-
goctHoro petnenus (Jlakc u Puxtmaliep [1956)). I'maBHoe cocToHT
B TOM, UTO pellleHHe KOHEeYHO-PA3HOCTHOIO YPaBHEHHsSI AOMKHO CXO-
JUTbCS K pelleHHI0 AHQGhepeHIHaNbHOIO YpaBHEHHA B UYaCTHBIX
MPOM3BOAHBIX, a OINpeleJeHHe YCTOHUMBOCTH MpEACTaBAsET yiKe
BTOPHYHBIH HHTepec. B cBeTe CKa3aHHOro TeopeMa 3KBHBAJEHTHO-
ctd Jlakca MOKET NMPHMEHATLCS AJs HeMNOCPEJCTBEHHOro HCCiaeo-
BaHHs CXOAHMOCTH MPH YCJIOBHH, YTO YCTOHUMBOCTB OnpejeseHa Ta-
KUM 06pa3oM, yto 06a ITH NMOHATHA SIBJASAIOTCSH SKBHBAJEHTHLIMH.

Hu oauH M3 pacCMOTpeHHBIX KPHTEPHEB H MeTOJO0B aHaJjHu3a
YCTOHUHBOCTH He fIBASETCS aJeKBATHLIM AJfd [POBeleHHS TPaKTH-
YeCKHX pacyeroB. B neHCTBHTENBHOCTH B 3ajadax THAPOAMHAMHKHU
OrpaHHYCHHA, CBS3aHHBIE C YCTONUMBOCTBIO, MPHMEHSIOTCS JOKAaJb-
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Ho. PacueTHble TOUKH CeTKH NpOCMaTPHBAIOTCS OLHA 3a HpPYro#,
yTo6Bl YCTAHOBHTD, I'le HMEIOT MeCTO HaHnboJsiee KECTKHe OorpaHHye-
HHSl, HaKJaJabiBaeMble KDHTEPHSIMH YCTOMYHMBOCTH, a 3aTeM M3 BCEX
MaKCHMaJbHO JIOMYCTHMHIX B Ka)KJOH TOYKe BLIGHpaeTcs HamMeHb-
wHf war Af ¥ OH IPHHUMaeTcs AJ5 BCeX ToueK ceTKH. Ha mpakTuke
1MoJIydeHHOe TakHM 00pa3oM JONMyCTHMOE 3HaueHHe MaKCHMaJbHOro
mara no BpemeHH oOblyHO GepyT ¢ KoadhduunentoM samaca 0.8 -+
+0.9. Ha panHeit cragun pacuera, KOria rpajudeHtsl MO BpeMeHH
JEJIMKH, MOMXeT NOTpeGoBaThCs YMEHbIIEHHE 3TOro Ko3(QHIHeHTa
(cM., nanpumep, Toppanc [1968]).

HenocTaTki Takoro nojgxoma oueBHAHB. MHorHe aBTophl (PHI-
aunc [1959], Puxtmatiep [1963], Xépr [1968], 'ypau u Moppuc
[1968a]) omuCHIBAIOT HEYCTOHWYHBOCTb, OGVCJIOBJEHHYIO HeJaHHel-
HOCTBIO HAM 1O KpaHHeH Mepe MEPeMEHHOCTbI0 KO3 (UUUEHTOB
ypaBHeuufl. [Ipyrue aBropul (Jluann [1965]) coobuiaioT o sBJeHHH
pacusieHeHHs pelleHHs N0 BpeMeHHBbIM waraMm (cM. pasa. 3.1.6), ko-
TOpOe XOTH H He MpejcTaBiasieT cOOON HEYCTOMYHBOCTH B CMBIC/E
MOJIy4YeHHs] HeOTPAaHHUEHHBIX pelIeHHH, HO fIBJAseTCs HeyCTOHYH-
BOCTBIO B NMPAKTHUECKOM CMBLICJIE OTCYTCTBHS CXOAHMOCTH HTepauHil.
BaxHo moHHMaTbh, 4TO MOXKeET OKa3aTbCsl HEBO3MOXHBIM MPOBECTH
TpaHUIY MeXKAY TeM, uTO HasblBaeTcs <«Hacrosluefl» HeyCcTOHYH-
BOCTBIO H OUeHb MaJOH CKOPOCTBIO CXOAHMOCTH pelleH s,

B reficTBHTENBHOCTH HCC/eNOBaHHe CTPOTHX OlpejlesleHHi amn-
TTPOKCHMALHH, CXOAHMOCTH H YCTOHYHBOCTH NPH AX—>0 1 Af > 0—
3aHfITHe 3a4acTylo OecljoJHOe, TaK KaK peaJjbHble pacyeThl Mpo-
BOASITCS MPH KoHeuunx Ax u Af. (Mspenka rakoe uccaenoBanne Mo-
JKeT NPHBECTH K NPAKTHYECKH I[IOJIe3HOH NyTeBOJAHON HHUTH, Kak,
HamnpHMep, B ciayuae TpeOOBaHHsA anmpokcuMauud B cxeme Jlio-
t¢hopra — dpankena; cM. pasa. 3.1.7.)

MoxHO 1aTb CJAeyUIYI0 OKOHYATEJNBHYIO OLEHKY Tpex OINH-
CaHHBIX B MpelblAylINX pasjejiaXx MeTOAOB HCCJENOBAHUS YCTOH-
yuBocTH. OO6bIUHO Hcnoab3yemblil Meron ¢oH HefimaHa, BooGiue
roBOpf, CaMblll IPOCTOH, CaMBIH NPAMOH U caMblii Hafle KHHH. Bax-
HOH ero uepro#l fABJAETCS BO3MOKHOCTh HENOCPEACTBEHHOrO ¢op-
MaJbLHOIO pacnpOCTPAHEHHs HAa MHOTOMEpHBle 3ajgaud (cM. cJe-
nylomuil pasnen). Jas 6ojee ca0XKHBIX KOHEUHO-PA3HOCTHBIX ypaB-
Henu#l paspeweHue HepaBeHcTBa |G|<C 1 (uaum HepaBeHcTBa AJA
cobcTBEHHBIX 3Hauenui, pasi. 3.1.6) MoxkeT okasaTbcsl 3aTpyHMHH-
TeJbHBIM 1), KpoMe Toro, HauMeHbUIIHe pacCMaTpHBAEMble 31€Ch
BO3MYIUEHHS INPeACTaBJAAIOT cOOOH MepHoaHYecKHe BO3MYIUEHHA C
LJHHOH BOJHBI A == 2AxX, ToUeuHble Ke BO3MYIUEHHS He MOryT

1) TIpx 3ToM MOXKeT O0Ka3aTbCsl, YTO TPAHHUEl YCTOHYHBOCTH MATPHUH [epe-
X0Ja HyXHO OyJeT ONpefe/ATb YHC/IEHHO,
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paccMaTpuBaTheA. 3TOT MeTOJ MOXKHO HCIOJNBb30BATh JAJs HCCJAELO-
BaHHs BJIHAHUSA HAa YCTOHYHBOCTb HEKOTOPHIX TPAHHUHBIX YCJIOBHH
(Kemn6ean u Kucr [1968], I1. Hx. Teitnop [1968]).

AHanu3 yCTOHUMBOCTH NPH NOMOIIM METOAA JHUCKPETHBIX BO3MY-
weHHi MeHee HajexeH. Ilo cpaBHeHHIO € CHCTeMaTHUHBIM H (op-
ManH3oBaHHBIM MetofoMm ¢oH HefiMana ycrmex NpHUMeHEHHS 3TOro
Meroaa siBJsieTca AenoM yaaud. s cXeMul ¢ pa3sHOCTAMH IPOTHB
NOTOKA OH MPHUBOIHUT K TOMY XK€ Pe3yJbTary, uTo U MeToA (oH Heil-
MaHa (cM. IocJiefHHe TpH yIpaxkHeHusd). JlonosHHTeabHOE Tpebo-
BaHHe 00 OTCYTCTBHH OCUHJJIALMH, 0OyCJIOBJEHHBIX UYPe3MepHO
GONMbIIMM LIAroM IO BpeMeHH (KOTOpOe, BIpOUEM, HEe SIBJISETCS ouye-
BHAHLIM TpeGoBaHHeM YCTOHUMBOCTH B CMBICJe OTPAHHUYEHHOCTH pe-
IeHUsA), TaKXKe MPHUBOAMT B 3TOM MeToJe K pe3yJbTaTaM, COBIa-
AalomuM C pesyabratamu Meroga ¢ou Hefimana nns cxemw c
pPa3HOCTSIMH BHepe] N0 BpeMeHH H LeHTPaJbHLIMH PasHOCTAMH IO
MPOCTPAHCTBEHHOH NMepeMeHHOH, HO MpH CYIIeCTBEHHO MeHbIIHX 3a-
tTparax TpyAa. OgHaKo coBceM HE OUeBHJIHO, YTO 3TOT KPHTepHi
RaeT NMpaBUJbHBIE PE3yabTaThl AJs1 6ojee CAOXKHBIX CXeM, I03TOMY
B HaCTOsilllee BpeMs ero NPHMEHHMOCTb B 06IieM c/ydyae HaXOQHTCH
nmoa BompocoM., TeM He MeHee C TOMOIIbIO METOAA MHCKPETHBIX
BO3MYHICHHHA MOMHO HCCJAENOBATh YCTOHUHBOCTL B TPAHHYHBIX H  BO
BHYTPEHHHX TOUKAaX B Tex cayuasx, korja meron ¢oH Hefimana oxa-
3EIBa€TCH HENPHUTOIHBIM.

[Tocae Bhixoma B cBeT paGoThl YopMuHra H Xberra [1974] wme-
rox Xépra craj croab xe dopMasen, Kak H meTod ¢oH Hefimana,
Ou 06bIUHO C YemexOM INpHMEHSeTcs AJS onpejeseHHs YCJIOBHH
YCTORYHBOCTH TPOCTHIX KOHEUHO-DA3HOCTHHIX YypaBHeHHH (Tpefys B
HEKOTOPBIX CJAyuasX MeHBIIETo 4YHcaa anrebpaHueckKux onepauuf,
yeM Mertol ¢on Hefimana). 3ToT meToX 6Bl aKKypaTHO pacnpo-
CTpaHeH Ha cayual HCCIeNOBaHHS YCTOHUMBOCTH HeJNHHEHHBIX ypas-
HEeHHH ¢ mepeMeHHBIMH Koadduuuentamu (Xépr [1968)), uto He
TaK JIETKO CllejiaTh ¢ MOMollbio MeTtona ¢oH Hefimana.

Htak, BCce TpH paccMOTpeHHBIX MeTOJa aHaJH3a YCTOHYHBOCTH
galoT noJesnyio uHpopmauuto. Ilo-npexnemy HauGosee IMHPOKO
Henoanayercss meton ¢on Hefimana, HO MOZUPHUHPOBAHHBIN MeTOJ
Yopmuura u XpeTTa OKaswbiBaeTcs fgaxke OoJiee moJsiesHbiM. OnHako
HH OJHH M3 3THX METOJOB HE SABJSETCA MOJHOCTbIO a/leKBATHHIM.
Eci 1eJbio siBJAfETCS MOJYyuYeHHe UYHCJEeHHBIX pelleHHH, a He mpo-
CTO aHaJH3 YHCJEHHBIX METOMOB camMux 1o cebe, TO HEOBXOZHMO
ofpamaTbes K UYHCJIEHHOMY 3KCIEDHMEHTY, HMed B BHAY, UTO BCe
HJH [OYTH Bce METOALl HCCAEeJ0BAHUS YCTOHUHBOCTH SBJSIOTCH
KJIOUOM K BBISICHEHHIO NPAKTHUECKOH yCTOHUHBOCTH.

Tem He MeHee NOJIE3HOCTb PACCMOTPEHHBIX METOJOB HE OTPaHH-
YyBaeTCs OnpejesieHHeM VCIOBHH ycrofumBocTH. Meron nHckper-
HBIX BO3MYILIEHHH obsagaeT TeM MPeUMYUIECTBOM, UTO B HEM BHH-
MaHue KOHIEHTDHUPYETCSl HA NUCKPETHBIX KOHKPETHBIX ()aKTHYECKH
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POBOAHMBIX pacyeTax, a He Ha KaKux-inbo aGcTpakuuax. DTo gaer
BO3MOXHOCTb HCNOJb30BaTh AaHHBIH MeTOM [PH NMOCTAHOBKE H aHa-
J13e TPAaHHUHBIX YCJOBHH W NPH OmpejesieHHH CBOHCTBA TpaHCIOP-
THBHOCTH (cM. pasa. 3.1.9). Meron ¢on Hefimana naer nudpopma-
UMIO He TOJBKO O 3aTyXaHHH BO3MylieHd# (T. e. 06 yCcTOHUHBOCTH),
HO H O (a30BbLIX COOTHOIIEHHAX AJA KOHEUHO-DA3HOCTHHIX ypaBHEHHH
i O MOJyYalOLIHXCH [NUCIIEPCHOHHBIX OINHOKax (cM. pasa. 3.1.13).
Meron Xépra TakXe maer MHGOPMAIHIO O JHCIEPCHOHHBIX OLIHG-
KaXx ¥ O [OBeJeHHH KOHEYHO-PA3HOCTHBIX YPaBHEHHH, CBSA3aHHOM C
s(hPeKTOM <«HMCKYCCTBEHHOH BS3KOCTH», TakuUM o6pa3oM, Bce TpH
pPaCCMOTPEHHLIX METOAAa HCCJAeAOBaHHA YCTOHYHBOCTH HAaXOAAT CBOE
NpUMeHeHHe H OyAyT HCIOJb30BAThCs B CJAEAYIOIIHX pa3fenax 3Tod
KHHUTH.

3.1.5. o, Metop ciod Helimana nnAa MHOrOMSpHLIX 3anay

Meton auckperHblX BoaMyuienu#i (Toman u HleBuur [1966])
u metod Xépra (Xépr [1968]) moryr ObiThb pacmpocTpanenbl Ha
cayyafl HCcaeIOBaHHS YCTOHYMBOCTH B MHOTOMepHBIX 3ajauax. Msl
JKe B KadecTBe NPHMepa NpuBeieM 3jech Oosee npoctoe oboliieHne
merofa IHefimana wa Tako# cayuaii. Mcmoab3ys cxeMy ¢ pasHo-
CTSIMH BIepeJ 10 BPEMEHH M C LeHTPaJbHBIMH DA3HOCTAMH IO NPO-
CTPAHCTBEHHOH NepeMeHHOH IJd JHHeapH30BAHHOrO yDaBHEHHS Ile-
peHoca BHXpS (2.12) ¢ nocTOoAHHBIMH K02 (PUIHEHTAMH B ILJIOCKOM
cnyyae (Koria o = 1/Re}, noayuaem

S Rt R P el Y W R Y Sl Y n
At 2 Ax 2 Ay
n n n n n n
fe, gLy, -2t & yr1H 8 — 28
+a[ R = v =Ll (3.129)

Tenepb 3anuiieM KaXAylo dypbe-KOMIOHEHTY PelleHHS B BHJe
Q?_ ;= V" exp [{(kdAx+ k,iAy)] (3.130)

rge V* cHoBa sBJfAeTCS aMIJIHTYyAo#l Ha BpeMeHHOM cJoe n yacrt-
HOH ¢ypbe-KOMIIOHEHTL!, HUMeIoLeHd B HANpPaBJEHUSIX X H Yy BOJ-
HOBble uHcaa Ry M Ry, (MJHHB BOJH Ax==2n/R. u Ay = 2n/k,), a

I=+/—1. Beoas dasosbie yram0,; = kAx u 0, = k,Ay 11 Koop-
JHHAT X ¥ y, 3anuiieM BulpaxeHHe (3.130) Kak

;7’ = V" exp [1(i6,+76,)] (3.131)
aHaJIOTHYHO

Gi =V exp{I[G4+ O, + G+ D8]} (3.139)
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H 1. 1. CooTBeTcTByIOliHe ABYyMepHble anajoru uncia Kyparnra C
onpenensiorcss Kak Cy==uAl/Ax n Cy, = vAf/Ay, a cooTBeTcTBYyIO-
LiHe aHaJorH BeJHYHHB d KaK dx = alAt/Ax? u d, = aAl/Ay? Tloa-
CTaBJfis 3TH BeJHYHHE B Bhipaxenue (3.130), cokpamas Ha obluf
MHOXKHTeNb exp [/ (0, + j8,)] 1 ucmoansys dopmyas Dinepa, cHO-
Ba moayyaeM V™! = GV, rue

G=1—2(d,+d,)+2d,cos0, +
-+2d,cos0,—I1(C,sin8, -+ C,sin8,). (3.133)

OueBHAHBIE HeOGXOLHMble YCJOBHsS BHINOJHEHHs HEpaBeHCTBA
|G| <1 6ynyr
de+d,<'/2 (3.134)

C,+¢,<l. (3.135)

B yactioM caydae dy = d, = d HepaBeHcTBO (3.134) npunumaer
BHJ

H

a<,. (3.136)

DTO yCJOBHE BABOE CHJbHEe OTPaHHYEHHs, MOJYUYEHHOTO AJS ONHO-
MEpPHOro ypaBHEHHS C OJHHM TOJbKO AH((Y3HOHIIBIM UJEHOM.
B uyactHoM caywae C; = C, = C HepaseHcTtBo (3.135) mpunumaer
BHJA

cC<y (3.137)

H CHOBa OKa3BIBAaeTCs BIBOE CHJbHEE COOTBETCTBYIOIIEro HeOGXOIH-
MOTO YCJIOBHSI B OfHOMepHoM caydyae. Ppomm [1964] nokazaa, 4rto
oJa qacTtHoro ciaydagd Ax =Ay=A u 0,=10, orpaHuuedne Ha
ceToyHoe yucao Pefinonbaca Re.=(|u|+|v|)A/a naercs Hepa-
BEHCTBOM

Re, <4, (3.138)
KOTOpO¢e ABJIA€TCA MEHEe 2XKeCTKHM, HeM B OJHOMEPDHOM cJjydae,.

¥npascrnenue. Tlpuvenunts meron HefiManma pas ucciefoBaHHst yCTORYHBOCTH
CXeMH C Pa3HOCTSIMH NPOTHB NOTOKA AJsI yDABHeHHS NepeHOca B CJiydae HyJe-
BOH Bf3KOCTH

n—H—Kn Cn _gn En —En
E:,/At LI _ ki Axl—l, [ 51 Ayz. =L 4s0, v>0. (3.139)
IToxasarb, YTO YCJOBHE YCTOHUHBOCTH HMEET BHA
Cx+Cy<<l (3.140)

Ynpascrnenue. TlpaMennts Meton Hefimana K cxeMe ¢ pasHOCTAMH Bleped 7O
BPCMEHH H UEHTDPAJbHLIMH Da3HOCTSAMH IO MNPOCTPAHCTBEHHHIM MepPeMeHHBIM AJs
TPeXMepHOro ypaBHeHHA AH(QOY3HH

0 —a( 67§r+ 2% + 9%
of Ox? oy 022

(3.141)
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H TO0Ka3aTh, YTO YCJIOBHE
de+ dy =+ dy <1y (3.142)
ABJsSIETCS HeOOXOJHMBIM H JOCTATOYHBIM AJs yCTOHYHBOCTH. B wacTHOM ciydae,
koria dy = d, = d, = d, ycnopue (3.142) umeer BHA
a<<'/s (3.143)

H OKa3biBACTCA BTPOE XKeCTdye, 4eM B OJHOMEpDHOM caydae.

3.1.6. OgHowaroBble ABHbIE CXEMbI;
cxema «4exapfa CO CPeaHeH TOYKOW»

PaccMmorperHas 1/ JHHeHHOro MOJEeJBHOrO ypaBHeHHS rpy6as
cxema BBIII, ucnosesyiouiasi pasHOCTH BOepeil 1O BpeMeHH H
[leHTPaJbHble DPA3HOCTH 110 MNPOCTPAHCTBEHHBIM Il€peMEHHBIM, $B-
JsleTCsl OJHOWIAroBoH SIBHOH ABYXCJOHHOH NO BpeMenu cxemoil. OHa
Ha3blBAeTCsA OJHOMIATOBOMH, TaK KaK AJd Nepexoia K HOBOMY CJIOIO
mo BpeMeHu TpebyeTcsd TOJBKO OAHH BHIYHCJHMTENbHBIH miar. Jra
cXeMa Ha3blBAETCH SIBHOM, TaK KaK BCe 3HAUEHHH B NPaBON 4acTH
(3.44B), HeoOXonHMbIe 151 BEHIUHCJeHHs {71! Ha HOBOM cJloe 1O Bpe-

MeHH, H3BECTHEI, T. €. 3HaueHus (7f! He BXOAAT B NpaBylo 4acTb

ypasHenus ). Oua siBasercss ABYXCJAOHHOU MO BpeMeHH ?), Tak Kak
[ BBIUHCJEHHH 3Jech MPHBJEKAIOTCA TOJBKO [Ba CJoA IO Bpe-
MeHH;, HOBHe 3HaueHusl Ha cjoe n - 1 BHIUUCASIOTCS TOJABKO MO
3HAYEHHSM Ha CJIoe 7.

YpaBHenue (3.17) COOTBETCTBYeT CXeMe C lEHTpajbHbBIMH pas-
HOCTAAMH N0 NPOCTPAHCTBEHHBIM NePEeMeHHHBIM H N0 BpeMeHH, KOTO-
pasi, Kak yxe OblJI0 OTMeueHo, 6e3yCa0BHO HEYCTOHUHBA MpPH J06BIX
a >0 u Af > 0. Ho npn npuMeHeHHH TOJBKO K KOHBEKTHBHBIM
gneHaM (1. e. npd « = 0) sTa cxeMma, HasblBaeMas CXeMoH co
cpeaneit Touko#t (JImnau [1965]) mam cxemoii «uexapna co cpej-
Hell TOYKOH» HJH-— yallle BCEro —mpocTo «uexapaa» (Kypaur,
®punpuxc, JleBu [1928]), obaanaer HyKHBIMH CBOKCTBAMH YCTOM-
yuBocTH. TakuM o6pa3oM, ypaBHeHHe

3 3
% ) (3.144)
o 3Tof cxeMme IpeAcCTaBJACTCA B BUAEC
Cr}+l . z;r}—l ul?,  —uth
A = i+l2Axu€i - (3.145)

JlanHas cxeMa HMeeT BTOPOH MOPAJOK TOUHOCTH MO MPOCTPaH-
CTBY M IO BpeMeHH; 3TO OJHOIUIAroBas ABHAS TPeXCJOHHAas IO Bpe-

1) CxeMH, B KOTODHX B 1paByH© 4acTb ypPABHEHHd BXOAAT 3HAYCHHS

1
Z}?_:fll u §7?7), HAasbiBAIOTCS HesIBHBIMHM, H NDH 9TOM AJS BHUHMC/ACHHS 3HAYEHH

Ha HOBOM BpeMeHHOM cJoe, EOOGlIe roBOpsi, TpefyeTcs OGpalleHHe MATPHULUEL.
?) CxeMHl, KOTOpLle B 3TOM KHHre HMEHYIOTCS OJHOCJONHEIMH, HEKOTOpLIe
4BTOPEl Ha3HBAIOT O/ HOIUIATOBBIMH.
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MeHH cXeMma. 3HauuT, AJS BBIUHCJEHHS] HOBBIX 3HAYeHHH Ha CJIoe
n—+ 1 B sTol cxeMe HeoOXOAMMBl 3HAadYeHHs HA CJOsIX # H A — |.
3aMeTHM, YTO HOBble { Ha YeTHOM BPEMEHHOM CJIO€ BHIYHC/SIOTCH
KaK 3HaueHUsa [ Ha MpeAbAylleM UYeTHOM BpEeMEHHOM CJoe IJIIoC
HeKOTODOe MNpHpallleHHe, a NPeAbIAYIINH HEYeTHHH BpeMeHHOH CJOH
NpH 3TOM <«IepPeNpHIHBAaeTCA» (OTCIOAA U Ha3BaHHe CXeMBl — «ye-
Xapaa»).

Merton ¢on HefiMana uccnepoBaHus yCTOHYHMBOCTH AJis 3TOH H
JPYTHX MHOTOCJOHHBIX CXeM MpHMeHsieTcd CJeAYoUHM o0pa3oM.
Hcnoabp3ysa Te Ke onpefeseHHs] H NPELNOJOMKEHHS, YTO U B MPeJbl-
IyLWHX NpuMepax, ypaBHeHHe (3.145) MOKHO 3anucatb B CJEAYIO-
1eM BHJE:

Ll =gt — C (L7, — ) (3.146)

rae C = uAf{/Ax —uucao Kypanra. Iloacrasass ciona ¢ypbe-KOM-
MOHEHTH, MoJyYaeM CBA3b AJS aMIJIHTYA

Vit =gyt 4+ V7, (3.147)
rae
a=—2/Csin®6. (3.148)

Uro6Bl NOJYYHTb MAaTpHUHOE ypaBHeHHe, AobGaBuM K (3.147) To-
K IECTBO
Vi=1.V*"+4+0.V""L (3.149)

PaccmaTpuBasi 3TO ypaBHEHHe COBMECTHO ¢ ypaBHeHueM (3.147),

nosIyyaeM
Vﬂ-l-l Vﬂ
== G ’ 3.150
[ v ] [ V"“] (3150

rJle MHOXKHTeJb nepexoia G Tenepb npeacras/seT coGoH MaTpHIy

G=[‘1Z (1)] (3.151)

It u3yueHHo# paHee ogHOCAOHHOH cXeMbl MHOXHTenb nepexona G
6Bl MPOCTO YHCJIOM, a yCJOBHE YCTOHUMBOCTH umeno Bua |G| << 1.
B nanHom cayuae, korfia G npexpcrasiaser co60f MaTpHIy, yCJaoBHE
ycToH4HBOCTH (corsacHo ¢on HeiliMany) nmeeT cuaegyromuit BHA:

A<, (3.152)
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1e A—BCe BO3MOXHHe coOCTBeHHble 3HaueHus Matpuus Gl).
.CobcTBeHHOe 3HAYeHHe A MaTpulbl olpelensieTcs Kak KOpeHb Xa-
PaKTepHCTHYECKOTO YDaBHEHHS, KOTODOe MoJyuaeTcs NpHPaBHUBA-
HHEM HYJ/IO ONpejeJHTeJ MaTpHUbl, y KOTOPOrO H3 Ka)KIOro JHa-
roHaJbHOTO 3JeMeHTa BblUMTaeTcs A.) Takum obpasoMm, xapakTe-
DHCTHUECKOE ypaBHeHHe 1Js1 onpejeseHHss MaTpuosl ( 3anuchl-
BaeTcs Tak:
a—A 1

1 0—A
Korma G npexcraBasieT co60H NMPOCTO YHC/O, KaK B NMpeabLAYIIHX
pEMepax, OHO paccMaTpuBaeTcsl Kak ojHoMepHad martpuua. Toraa
paBHeHHe /sl ONpeleseHHss COOCTBEHHOTO 3HAYEHHS TNPHHHUMAET
g G—A=0 uan A= G, noatoMy ycnoBue (3.152) cBemerca

. mpeapiaymeMy ycaosHo (3.102), a umenno |G|<C 1.) PackpbiBas
JIpeJesuTe]b U pellasl MoJydeHHOe KBaJApaTHOe VDPaBHEHHe AJs A,

HAaXOJAHM JIBA PellleHHs:
he =3la+ a4 (3.154)
Yuurtnipag, uto a = —2/ Csin® u a®> = —4Csin? 0, uMeem

Ahy=—ICsin 0+ /T— CZsin’0. (3.155)

B Tex cayuasx, korga C?sin?6@ > 1, kBagpaTHoe MOAKOPEHHOE BHI-
paxenHe 6yjeT OTpPHIATE/JbHbIM, H TOTAA

Ay =I[—Csin0++/Csin?0—1 ). (3.156)

[pu atom abcosioTHas BeJHunHa |A|>> 1, uTo O3HAYaeT HeycTOH-
" yuBocTb. B ToM ke cayuae, korga C?sin? 0 < 1, agas dero, Boobule
roBops, Tpe6yeTcsi BblIIOJNHEHHE YCIOBHS

=0. (3.153)

I

C<I, (3.157)

st aOCONIOTHOH BeJIHUHHEL A NoJydyaem
[As P=C2sin?8 4 (1 — C?sin?6), (3.158)
|he|l=1 npu C<1. (3.159)

D70, OUYEBHAHO, YAOBJETBOPAET YCJOBHIO YCTOHYHBOCTH (3.152) B
npefeJbHOM cJydae PaBeHCTBA. AHAJIOTHYHBIH pe3yJbTaT NoJyyaer-
¢ TaKKe HPH ABYX NPOCTPAHCTBEHHHIX NEPeMEHHBIX, HO 3[eCh AJs
ycrofiuHBocTH TpefyeTcsi BbimosiHeHHe HepaBeHcTBa C, 4 C, << 1.

1) Yacro anas yno6crBa 310 yc/oBHe GOPMYNHpPYeTCs Tak: AJsl YCTOHUHBOCTH
CXeMHl CHeKTPajbHLIH pajuyc maTtpuunl G He J[IOJXeH MPEBLILIATH eLHHHLIHEL,
T. e. p(G) <1, roe p(G) = maxih), a A ecTv p-e cOBCTBEHHOe 3HaueHHe
G. CnekTpanibHBIA pajfHyC, OUEBHAHO, €CTb PAJHYC Kpyra B KOMILIEKCHOH IuIO-
CKOCTH, LEHTP KoToporo Haxoautcs B Todke (0,0) u BHYTPH KOTODOro jemar
BCe COOCTBEHHDLIE 3HAUEHHS. '
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MoxHO ayMaTb, yto naBaeMoe (3.159) snauenue |As+|=1, or-
BEYalolllee rpaHUIle YCTOHUYUBOCTH, SIBJSETCS NMpPHEMJEMBIM JHIIbL B
KpaliHeM cJayuae, HO B JeHCTBHTEJBHOCTH 5TO 3HAYEHHE JaXe BeCb-
Ma KenaTeabHO, €CJH pelleHHe HCXOLHOro IugdepeHHanbHOro
ypaBHeHHUs He SIBJAseTCS 3aTyxaolluM. B caMoM J1ene, ypaBHeHHe
KouBekund (3.144) npu OTCYTCTBHH BSI3KOCTH H MOCTOAHHOM U BBHI-
paxaer TOT (akT, 4TO TNPOH3BOJBHOE HAYaJbHOE pacrpeeseHue
¢yukuun §(x, 0) TpoCTO CABHraercss €O CKOPOCTbIO KOHBEKLHH «;
3HAYHUT, AJ5 J06Oro CIBHra T MO BpEMEHH pellleHHe 3TOTO ypaBHe-
HHSl HMEET BHA

E(x, t+1)=¢(x —ur, 1. (3.160)

Takum o6pasom, Mmertox ¢oH Hefimana nokas3eiBaeT, 4TO CcxeMa
«yexapia» MNPaBHIbHO MOJEJNDYeT OJHO H3 CBONCTB, MNPHUCYIIHX
pelleHnIo HCXOAHOro AHMQepeHIHaNbHOTO YPaBHEHHS NpH U ==
= const, a WMeHHO OTCYTCTBHe 3artyxauus. Jliobas pa3HOCTHaA
cxeMa AJA pelleHHs ypaBHEHHS JAJA HEBSA3KOH XKHAKOCTH, Takas,
yro |G| <<1, obnagaer owu6Kofl, 06ycaI0BIEHHON HCKYCCTBEHHBIM
U YHUCJEHHBIM 3aTyXaHHeM. B mio6ofi cxozsimelics pasHOCTHOM
cxeMe 3Ta oWIMOKa HOJXHA, KOHEYHO, CTPEMHTbCS K HYJIO IpH
Ax— 0, At -0, vo npumeHnenue merona $ou Hefimana nokasmisaer,
yTO cxema «yexapaa» npu u = const u C << | obnanaer HyneBol
omu6KoH, oOycAOBJEeHHOH 3aTyXxaHHeM, paKe MPH KOHEUHBIX Ax
u Ay.

HeiictBurenpHo, B yacTHOM caydae C =1 paccmarTpuBaemas
cxema JaeT TOUYHble pesyabTaTel. Ilonarag t©= Af, HMeewm
x—utr = x — CAx, nostromy npu C =1 pemenne (3.160) moxHo
nepenucaTh Tak:

getl=1pn . (3.161)

CaenoBaTebHO, TOYHOe pelleHHe AH((epeHIIHaJbHOTO ypaBHeHHS,
eCJH ero paccMaTpHBaTh B y3JOBBIX TOYKAaX KOHEUHO-Da3HOCTHOH
CETKH, BHIpa)KaeT MepeHOC BEeJHUHHBW [ H3 TOUKH { — 1 Ha cJjoe n
B TOUKy i Ha cyoe n -+ 1. Benuunsa { 3a OAHH LIar no BpeMeHH
MEePEHOCHTCST ¢ KOHBEKTHBHOH CKOPOCTBIO i Ha pacCTosHHe uAlf,
a npu C = | paccrosinue uAf pasHo Ax. Uepe3 nBa BpeMeHHEIX Wwara
TOYHOe peleHue Oyner

grtl =10, (3.162)

B pesyabTare mpHUMeHeHHS cXeMn «uyexapnaa» (3.146) npu C=1

noayuaem
g = =g, (3.163)

3anaB TpaBunbHble HaYajJbHble 3HAUEHHS COTJIACHO YPaBHEHHIO
—_ -1 — —1

(3.161), a umenno %, =1C?"' u {f_, ={}Z;, mnoxyyaem, uTo pas-

HocTHoe pemtente (3.163) coBmajnaer ¢ TOYHBIM pelieHHeM (3.162).

Takum obpasoM, npn # = const n C =1 cxema «uexappa» paeTr

TOUHOE pelleHHe
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OaHakKo TNpPH NpPaKTHYECKHX THAPOJHHAMHUECKHX pacyeTax, Ko-
rga CKOPOCTh MeHsieTcs B MPOCTPAaHCTBe, orpaHHdYeHHe Ha wwar Af
6yneT onpenenaTbcs (€C/H He YYHTHIBATb JOMOJHHTENbHbIE YCJIO0XK-
HeHusl, 00YCJIOBJIeHHbIE HEJHHEHHOCTBIO) HAHOOJBUIHM 3HAUEHHEM U
B Y3JOBBIX TOUKax CeTKH. 3HAUHT, BooOIle ToBops, Heab3sd INOJY-
yuth C = 1 BO Bcex Toukax. Ho mpu C <C 1 pasHocTHasA cxeMma «ue-
xapjaa» yxe He OyIeT 1aBaTb TOYHOIO DEILIEHHS.

[Ipeskne Bcero BompekH peayJabrataM Metofa ¢oH Hefimana
paccMaTpHBaeMOH cxeMe MoKeT OBITb NpHCYylle HEKOTOpOro poja
yUCJE€HHOe 3aTyXaHHe, XOTH 3TO OOLIYHO He jgomyckaercs. Ha
puc. 3.10 mpexcraB/eHb TpexMepHble rpaduKH BesHuHHB (X, f),
DACCUMTAHHOH MO CXeMe «yexapfa» MPH CHHYCOHAAJBHO MEHSIO-
meics Ha BXOJHOH rpaHulle moroka seanuuHe §(0,¢)= sinf Ilpu
C =1, kak BuaHo Ha puc. 3.10,a, nonyuaercs TOUHOe pelleHHE C
CHHYCOMJAJbHBIM 3aKOHOM Ha BXOJQHOH TIpaHHIle, KOTOPOE IepeHo-
CHTCSl 33 CueT KOHBeKIHH 6e3 3aTyxanus. Ha puc. 3.10, 6 nocrpoeHa
JparpaMma, paccuuTaHHas C BABOE MEHBILIHM IIaroM [0 BpPEMeEHH,

1. e, npu C = !/, SlcHO BHAHO, YTO B 5TOM cJyYae MaKCHMYM
aMILIMTYBl MEPBOro rop6a yMeHbIAeTCs [0 Mepe IBHIKEHHS BHH3
no noroky. Puc. 3.10,8 cHoBa coorsercrsyer C = !/;, HO mepuon

H3MeHeHHs [ Ha BXOJHOH TIpaHHlle H BeJHYHHA llara 1o BpeMeHH
BuIGpaHLl TakdM o6pa3oM, uTo6bl UX OTHouweHHe (M wwar Ax) Oulan
TAaKHMH Xe, KaK H Aad puc. 10,a; B 3TOM cJayuae 3aTyxaHHe OYeHb
CHJBLHOE.

3nech BO3HHKaeT BOIPOC OTHOCHTENLHO NPHMEHEHHS TepMHHa
«3aTyxaHHe». Merox ¢oH Hefimana crasn HacToJbKO WIHPOKO H3-
BECTHBLIM, UTO «3aTyXaHHe» OOBLIUHO NOHHMAETCs B CMBLICJE [OBele-
nHs ypbe-KOMIOHEHT Kak cayuail, xorga |A| << 1. QueBuano, ecan
TEPMHH <«3aTyXaHHe» O3HayaeT MO ompejeseHHio, 4to |h|<< 1, To
cXeMa «uexapia» IO ompelesdeHHI0 He ofJgajfaer 3aTyXxaHHEM.
YMeHbIIEHHE JKe 3SKCTPEMaJbHblX BEJWUHH AaMIJIHTYAB, KOTOpOe
Buano Ha puc. 3.10,6 u 3.10, 8, mpaBuAbHO CBA3LIBATH C JAHCIED-
cuoHHO# omubkoit !}, Koropas mnposeasercd B Meroxe o Hei-
MaHa H OyzeTr KpaTko obcyxaaTbcs B jajbHefimeM, Takasi TepMu-
HOJIOTHS lesecoo6pa3Ha, H ee MOXKHO JajKe PEKOMEHAOBaTb B TeX
caydasix, Korja HMeeTcsl B BHAY, UTO CXeMa B CaMOM JleJle MOXeT
BLI3BIBAThL YMEHbIIeHHE 3KCTpeMaJsbHBIX BEeJHYHH aMIJIHTYA BOJH.
B o6biuHON peuH Takoe CBOHCTBO Ha3biBaeTCs «3aTyXaHHEM»; YTO
X)e Kacaercs puc. 3.10,8, To ayuuie 6bljio 661 TOBOPHTb, YTO BOJIHA

Y} Jucnepcronuyio omHOky mMul Bynem obcyxkaath Ha crp. 123—124, a noka
OTPAaHHYHMMCH KpaTKHM 3aMeyanneM. OwuOGKa B BOJHOBOH CKOPOCTH pAa3JHYHA
ANSl PasauYHBIX (YPbe-KOMIOHEHT, [03TOMY KaXAasA H3 HHX HMeeT Das/HYHYIO
CKOPOCTh KOHBeKUBU. TakuM o6pasom, hypbe-KOMNOHEHTH HCXOAHOTO pachpefe-
JeHHS HMEIT TeHAEHUHH «PasMasblBaThCA» HIH JHMCIEPTHPOBATH B [polecce
pellleHHs. JT1a omH6Ka 06bYHO 60Jblle A/ KOMIIOHEHT C MeHbIIeH NJHHOH BOJIHLL
H, KOHEYHO, 3aBHCHT oT 4xcia Kypasra, npuiem npu C = | oHa He BO3HHKAeT.
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Puc. 3.10. Pemenns ypapuenus 9t/0f = — #0%/dx, nonyueHnse npu NIOMOLIH CXeMBl
«yexapna». 3aeck C — uncao KypaHura, N — cerounas wacrora. JuarpaMMu Jio-

Gezno npemoctaBresst Y. Canubeprom u3 gaboparopur  Canmna. a:C = I,
N=28; 6, C=05 N=16
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He 3aTyXaeT, a YMeHbIaeT CBOI0 aMILIUTYAY [0 Mepe ee IepeHoca
3a cyeT KOHBEKIIHH.

OcHoBriBasicb Ha pHC. 3.10, MOXHO cpeaatb H [pyroe O4YeHb
HHTepecHoe 3aKJglouenHe. OOvluHO He ob6paillaloT BHHMaHHS HAa TO
UTO NMPH pellleHHH KOHeUHO-Pa3HOCTHHIX ypaBHeHU# AJs 3ajauy, aHa-
JOTHYHBIX OPeACTaBReHHOH Ha puc. 3.10, cymecrByer dga xapak-
TepHCTHYeCKHX napamerpa. [lepBelli mapaMerp mnpexacTaBJjsieT CO-
6oft yncao Kypanrta, KOTopoe SIBJSIeTCSt € IHHCTBEHHBIM NTapaMeTpoM
IIpH pellleHHH KOHEYHO-Pa3HOCTHOrO YpaBHEHHS BO BHYTPeHHHX TOY-
Kax. BropniM mnapaMerpoM sBJseTcsl ceTouHas uyacrotra N =
= 2n/Af, T. e. UHCJO BpPEMEHHBEIX CJOeB 3a MepHOA H3MeHeHUS
¢GbYHKUHHE Ha BXOJHOH rpaHHulle IIOTOKA.

Cpasuenue puc. 3.10,6 u 3.10,8 npHBOAUT K BBHIBOAY, UTO HAJIS
¢ukcupoannoro C <1 3atyxaHde (yMeHblleHHe 3KCTPeMajbHBIX
aMIITYX) ocaabasfercss ¢ yBeJHueHHEM CETOYHOH 4YacTOTH B TOM
cayyae, Korja ceroyHas uyacrora N mpexacraBiaser cofoi ienaoe
yucso. Ho korma N He sBJsieTcsl LieJlBIM 4ucjaoM (caydaH, u30-
GpaxenHnbli Ha pHc. 3.10,2), TO MPOHUCXOLUT «HeJl03aTyXaHHE» aM-
NJUTYIbl; KaK NoKaszaHo Ha puc. 3.10,e, aMOauTyiwml «Hemo3aTy-
XxaT» Ha 15% OT aMmaMTYyIW NHKAa Ha BXOAHOY TpaHHIE, 4TO
ob6ycaoBaeHo dasoBpiMu omubkamu. JlaHHbI 3hdeKT Heasss noJ-
HOCTBIO OTHECTH 3a CueT YCJOBHSI Ha BBIXOJLHOH TpaHHIle MOTOKA;
y¥e [0 TOro, Kak NOYYBCTBYeTCSi KakKoe-NHOO BJHSIHHE 3THX YCJO-
BHi, HAOJOqaeTCcsl Helo3aTyXaHHe aMIIHTYAb Ha 87,

CxeMe «yexapja» NPHCYLIH TaKkKe APyrHe OWIHOKU H aHOMaJHH
Huddepenuuanpioe ypasHeHHe (3.144) sBjsercs ypaBHeHHeM Iep-
BOTO MOP$IZKA MO IPOCTPAHCTBEHHBIM MEPEMEHHBIM ¥ 1O BPEMEHH;
aas Beex x >0, 1 >0 pellleHHe NOJHOCTBIO ONpeaeNsAeTcs 3ana-
HUeM HayaJbHBIX ycjoBHH §(x,0) ® rpanuunsix ycaosuil §(0, ).
Ho ans Hayasna BBIUMCJEHHH NpPH NMOMOMIM JHCKPETHOrO aHajora
(3.145) Tpebyercs nBa Habopa HauyaJbHBIX YCJOBHH, TaK KakK LIS
pacuera 3HaueHHfi Ha (n 4 1)-M cJoe HEOOXOLHMMB 3HAUeHHs Ha
n-M 4 {(n— 1)-M c109X.

TakuM o6pasoM, KOHEUHO-PAa3HOCTHOE ypaBHeHHe (PaKTHYeCKH
fIBJieTCsl ypaBHEHHEM BTOPOro MOpsifiKa IO BpeMeHH H Tpefyer
HayaJbHBIX YCJOBHH ) M 3; 3TO aHAJOrMYHO 3a]aHHMI0 HAYaJbHBIX
9t
T 045 nHbdepeHINaNbHOTO YpaBHeHHS,
yTo AesaeT 3ajzauy mis AnddepeHUHANbHOTO ypaBHEHHUS nepeonpe-
desenrodi. JIns monydyenus {3 noJKHA ObITb MCMONb3OBaHA ApYyras
«pa3roHHas» KOHEUHO-DPa3HOCTHAsg CXeMa, [0cJje Yero MOXKHO IpH-
MeHATb CXeMy «uexapna». ECIH Takafi «pasTOHHasi» cxeMma JaeT
TOYHBIE Pe3yJbTaThl, KaK 3TO Ipelrofaranoch nocjae obCyxaeHHs
ypasuenus (3.163), To mocsenyioumee pelleHHe MO cxeMe «4yexapja»
npu C==1 O6ylder ToynbiM, Eciu e «pasronnasg» cXemMa BHOCHT

sgavennsi £(x,0) u
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o 6Ky B 3HaueHHd {2, To sTa ownOKa OyAeT COXpaHSATLCH NpH Mo-
cJaeAYIOUIMX pacyeTax Mo CXeMe «yexapnaas.

Takum o6pa3oM, NpaBH/bHee TOBOPHTb, UTO CXeMa <«uexapaa
npu C =1 coxpanser, a He JaeT TOYHOe pelleHHe, 3aJaHHOE Ha
NepBOM BPEMEHHOM cJoe, AJs BCeX BpeMeH.

Ilpyrum THmOM OWHOKH cXeMBl «4exapia» (H BCeX JAPYrHX
cxem) npu C <C 1 saBasercs ¢asosas ouwubka. Ilpun peuweHUH aud-
(epeHIHAJLHOTO YPaBHEHHs Bce HayaJbHOe pacnpefeenue {(x, 0)
paclupoCTpaHAeTCA CO CKOPOCTbIO KOHBeKuHH . IIpH KoHeuHo-pas-
HOCTHBIX pacueTax pas/HuHble (ypbe-KOMIOHEHTH HMET pasHble

g"\/\/\/\/

Puc. 3.11. ®ypbe-KoMNOHeHTa ¢ OJHHOA BOJMHEL A = 2AX Ha npPoCTPaHCTReHHOM
ceTKe GeCKOHEUHON NPOTAXKEHHOCTH.

CKOpPOCTH KOHBeKHHH, NMpHYeM CKOPOCTb KOMIIOHEHT C HaHOGOJbilel
AJHHOR BOJHH A TNpHOJMKAETCS K NPaBHJIbHOMY 3HAYyeHHIO «, a
KOMIIOHEHTH C MEHbUIHMH [JHHAMH BOJIH paclpOCTPaHAKTCA ¢
MeHBIIHMH cKopocTsamHu. Pasosas ownbka OGyfer noapobHO obcy-
x®aatecsl B pasi. 3.1.13, HO 3TO siBJeHHe JIerKO [IPOAEMOHCTPHPO-
BaTh, paccMatpuBas (cM. pHuc. 3.11) HaHUMEHbIIYIO BO3MOXKHYIO [JIH-
Hy BOJHB A = 2Ax Ha NMpOCTPaHCTBEHHOHN ceTKe OGeCKOHEUHOH Ipo-
TSXKeHHOCTH. Lo 061HOCTH BO3MylIeHHs Ha (1 — 1)-M H n-M Bpe-
MEHHBIX CJOSIX B3SITHl C Pa3/HYHBIMH aMIIUTYAaMU, YTO COOTBET-
CTBYeT HCIIOJb30BAHHIO «PA3rOHHOH» CXeMBl, I/ KOTOPOH He BHI-
noJusercs ycjosue G = 1.

W3 puc. 3.11 scHo, uto

oL | &iy— &7

= A =0 (3.164)

nas seex i Takum o6pasom, (PP ={7-1, (#+?=(7 u 1. n 3Ha-
UHT, 3J€Cb HMeeT MeCTO uepeJOBaHHEe ABYX HCKYCCTBEHHO 3aaHHBIX
HauaJbHBIX pacHpefeseHyil ¢ NMPOH3BOJALHON aMmanTyno#. Oypbe-
KOMOOHEHTa C AJHHOH BOJHB A = 2Ax ABJAETCH NOAHOCTHIO (TA-
yuonapHou, NpHUeM HMeeT MeCTO IoJHas OowHOKa ¢as3oBOH CKo-
pocTH.
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DTo cTpaHHOE NOBeJeHHe COBMECTHMO ¢ TeM, KazaJochb Obvl, Npo-
THBOpedamuMm eMy ¢akToM, 4To cxema «uexapia» npu C =1 co-
XpaHseT TOYHOe pelneHHe. Ec/H HayaTb pacuer C TOYHOTO pelleHHs
[P=1{% ,, TO 1Jsl KOMIOHEHTH ¢ A = 2Ax cjenyiollee NpaBUIbHOE
peuleHne B caMoM fese Oyner gn“—gn-l—gg-l. SlcHo, yro, xors
cxema «yexapaa» HMeeT BTOPOH NOPALOK TOYHOCTH, 8 OelicTsuTens-
HOCTY TOYHOCTb onpeae/zﬂeTc;z TOYHOCTbIO «PA32OHKOU» CXembl, Hc-
noJb3yeMOH Ha HayaJbHOH CTafHu pacueral).

OnbIT pacyeTon MOKA3LIBALT, UTO ABJEHHA, rIpOlIeMOHCTpHPOBaH-
Hble Ha 3TOH MOJeJbHOH 3afaue ¢ MOCTOSHHOH CKOPOCTbIO KOHBEK-
IIMH, BO3HHUKAIOT TaKxke H B HeJHHeliHbIX 3agauax. TakuMm obpasoy,
B NpPaAKTHUECKHX pacueTax BCeraa MMeeTCs BO3MOKHOCTb pacHAeHe-
Hus pewenus no epemennsvin waear (Junnu [1965]), xorma pas-
BUBAIOTCA [Ba HECBSI3aHHBIX PACUJeHEHHBIX pelleHHs, UePeAYIOMINX-
€S Ha KaXJOM lare. 3aMeTHM, UTO, NOCKOJbKY 0f/0f = 0, naMeHe-
HHe BPeMEHHOTrO liara He NpHBeNeT K H3MeHEHHIO IBYX pacujeHeH-
Heix pemennft! Jluaan [1965] ykasan, 4To Takasi «HEyCTOHUHBOCTLY,
CBSI3aHHAs C pacCyJeHEHHeM pelleHHs [0 BPEMEHHHIM Liaram, Io
BCe#l BUAMMOCTH, Pa3BHBAETCS NPH NPHOJHXKEHHH K CTallHOHAPHOMY
COCTOAHHIO. ABTOp HacTOslled KHHUTH TaK¥Ke CTAJKHBAJACAd C 3THM
SIBJEHHEM B Cjydae ypaBHEHHH A/ IJIOCKOTO TEUEHHs HaXxe IpH
HaJnuuuH B3KoCTH. IIpu pelneHuu 3agaun o6 o6TekaHuH o6paTHOTO |
ycTyna 3a cueT BSI3KHX UJIEHOB (KOTOpble He MOTYT OHITH paccMor-
peHBl C TMOMOWIbIO CXeMbl «uexappaa», cM. pasd. 3.1.7) Bo3HHKJA
TEHJEHIHS CBECTH BOEJHHO ABAa DAaCYJEHEHHBIX pelleHHs, HO IpH
NPUGJHKEHHH K CTaLHOHADHOMY COCTOSIHHIO DacuJjieHeHHble pellle-
HHS Da3BHBAJHCh Ja)Ke NpPH CTOJb MaJoM 3HAa4YeHUH uncaa Ped-
HoJabjca, Kak Re = 100 2).

Cxema «uexapia», pacCMOTPeHHas [J5 KOHBEKTHBHLIX UJEHOB,
NpHMeHHMa TakKikKe AJs TeueHHH ¢ MaJuasiMH Re (XwlH u MaxkaHo
[1966]) u nns TeueHHH HeBA3KOH MKHAKOCTH IPH YCJAOBHH, YTO
TOYHOE H4uYasnbHOe pellleHHe PACCUHTHIBAETCS OTIEJNbHO M YTO CTa-
IIMOHAPHOE COCTOSIHHE He JJOCTHT aeTcs.

1y Jlna Toro uTo6Hl MOJYYHTh XOpollee HadaJjbHOe DellleHHe, MOXHO 6paTb
MeHbLIHe BeJAHdYAHE Af ans MepBuXx 10—20 waros mo BpeMeHH, HCMOJb3ys Ka-
Kywo-au60 AByXcaolinylo cxemy. ORHAaKo BONPOC O HayaJbHOM DelleHHH HeTpH-
suasied. Hanpumep, [Monmxkep [1971] nokasan, 4To B Cjaydyae HCOOJAb30OBAHHA
cXeMBl «4exapia» MJsi IPOM3BOAHEIX [0 BpPeMEeHH B YpPaBHEHHAX MJs HEBS3KOM
XUIKOCTH HauajlbHOE pelleHHe OKAa3blBaeT CYUICCTBEHHOe BJHAHHE Ha HelHHeH-
HYI0 HeyCTOHUHBOCTb NPH GOJIbIIMX 3HAYEHHSIX BPEMEHH.

2) @pomm [1967] coobwua, yro Munuy [1965] ymanocs n3Baeutbest OT Ta-
KOr0 pacuwieHeHUsl pellieHHs NO BpPeMEHHBIM InaraM (KOTOpoe OH Hassas ¢hasoBoil
HeYCTONUMBOCTLIO), MEPHOAMYECKH [oJaras pelllende Ha (n— I)-M cioe pan-
HHM pellleHHI0 Ha n-M cjoe. Ho He sicHO, Kak 4yacTO 3TO Haj0 [eJaTh, KOraa
HAYHHATb H KaK 3ITO NOBJHAEeT Ha HecTauHOHApHOoe H CTAalHOHADHOE pelleHHS.
Bonpoc o cBoficTBax peweHnil, pacueHeHHBIX II0 BPEMEHHEIM LIAraM, OCTAETCN
OTKPHITHIM.
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B cxeme «uexapia» (M BO BCeX CXeMaxX BTOPOTO MOPSAAKA TOYHO-
CTH C LEHTPAJbHBIMH Pa3HOCTSIMU IO NMPOCTPAHCTBEHHBLIM IIepeMeH-
HbBIM) HMEIOT MeCTO M AONOJHHTeJbHble OWIHOKH. PaccMOTpUM KO-
HEYHO-PA3HOCTHYIO CXeMY, y KOTODOH HauboJbllee 3HAUeHHe |
paBro /L. Ilpumenenne cxemel «yexappa» (3.145) nas BbUHC/IeHHS
il notpe6oBano Obl 3HAUeHWs BEJAHUHHBI [ ., B TOUKe, KOTOpas

HAXOAHTCS BHe pacueTHo#l cerkd. [losatomMy B Touke /L Heabast
IPOBECTH pacueThl H JAJs ONpelelieHus {;’;L‘f‘ tTpebyercss 3a1aThb YHC-

JIEHHOE 'paHH4HOe ycjoBue B /L,

ITonoGuele ycaoBHst OynyT paccMaTpuBaThesl B pasfa. 3.3, a
3/leCb MBI JIMIUbL YKAaXKeM, YTO TaKoe TpeGOBaHHe aHAJOrHYHO HeoG-
XOOHMOCTH 3allaHHsl ABYX HaGOpOB HayaJbHBIX YCJAOBHH M BemeT K
nepeonpefleJlIeHHOCTH 3ajauu Anaa AuddepeHuHanbHOr0 ypaBHEHHUS,
3aMeTHM Takxe, 4TO OOLIYHO HCIOJb3yeMoe YCIOBHE pPaBeHCTBA
HYJIO IpajHeHTa AJas 3afaHHS YCJOBHA Ha BXOJAHOH rpaHule mo-
Toka (cM. pasf. 3.3.7), Korja noJaraior §71f1= 7{_‘1, NPHBOJAUT K
I3HXKEHHIO CTAaUHOHApPHOH (B NPOYHX OTHOIIEHHAX) (Ypbe-KOMIO-
HEHTHl C JJIMHOH BOJHB A == 2AX, HO 3TO IBHMKEHHE HE HUMeeT HH-
yero oOllero ¢ TeM, 4YTO TNPOHUCXOAHT NpH KoHBekiHU. C pocToM
BpeMeHH 3Ta (ypbe-KOMIOHeHTa ¢ A = 2Ax 3aTyxaeT IO CeTKe
cmpaBa (OT BBIXOJHOH IpaHHULI TOTOKA) HaJeBO, TOIAa KaK HACTOfA-
masi KOHBEKIIHS Pa3BUBAaeTCs cjeBa HaNpago.

Takoe HenpaBu/jbHOe TpeGoBaHHUe, COCTOSIIEE B 3aJaHHH JONOJ-
HHTEJbLHOTO YCJOBHS Ha BHIXONHOH TpaHHIlE NOTOKA, SBJASETCH Clek-
CTBHEM OWMOKH ellle OOHOTO BHJAA, a UMEHHO OOYCJOBJEHHOH Ha-
pyllieHHeM CBOHCTBA TPAHCIOPTHBHOCTH, KOTOpasi 6yneT o6CyXKaaTh-
cs HHXKe.

Ynpaxcrernue. TIpH HOMOLIKH BHYHC/IEHHH BPYYHYIO H TFeOMETPHYECKHX C€006-
pa}l{eHHﬁ HPOBepHTb, UTO CXeMa «uyexappaay fpgaert I[IPaBHJILHOE [OBeIecHHEe peuue-
HUS Ha JIeBOH rpaHHUe (BXOAHas rpaHylla MOTOKa). 3alaB HayajbHOEe YCJIOBHE,
BKJIOYalollee TOJNBKO KOMIIOHEHTy ¢ A == 2Ax, H 32(HKCHPOBAB IPaHHYHOE YCJIO-
BHe Ha BXOL[HOﬁ rpaHylie IIOTOKA AJd BCeX MOMEHTOB BpDEMEHH, HayaTb pacuersl
no cxeme «dexappa» nmpu C = | NIpH TOYHOM pelleHHH Ha BTODOM BpeMeHHOM
cJ10e, HOKaBaTb, 4T0 INpH C = | HavaJbHBIHA l'IpOQ)HJ'Ib npaBHJbHO pacnpocTpa-
HgeTcs1 M0 CETKe.

CﬂenyeT TaKXKe 3aMeTUTb, 4YTO Ha3BaHHE «HEXapla» IpHMe-
HAETCHA AJ4 MHOHX CXeM, OTJIHYAIOWIHXCA BHJAOM alllpOKCHMalHH
NpOCTPAHCTBECHHBLIX NMPOH3BOJIHBIX, HO BCE OHH SBJANTCA Tpexcnoﬁ-
HbIMH H HCIOOJDL3YKOT ILEHTpaJbHble PA3HOCTH IIO BpEMEHH, KakK H
TOJIbKO 4YTO pacCMOTpenHas cxema.

8.1.7. Cxema <yexappa» [wodtopra — MpaHuena

Kaxk 6bL10 MM0Ka3aHo, IMPpH HCIOJIb3OBAHHH LEHTPAJIbHBIX pa3HO-
cTel Kak 1o BpeMeHH, TAK H IO NPOCTPaHCTBCHHLIM IEPEMEHHHIM
ANA annpoKcHManuu MOACNLHOIO YpaBHCHHA, ONUCHBAIOUWILIO TEYe-
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HHE HeBSI3KOH MXHAKOCTH, cXeMa <«yexapaa» ofJjajfaer HeKOTOPHIMH
KelaTelbHBIMH CBOUCTBAMH, BKJIOUAsl BTOPOH MOPSIAOK TOYHOCTH
0 HPOCTPAHCTBEHHBIM NEpeMeHHbIM H 10 BpPeMeHH H TOT (akKT, yTo
MHOXHTe b Nepexoja |G|=1. K coxaseuuio, stra pa3HOCTHas
cXeMa, IpUMeHeHHAs K ypaBHeHHMIO AH¢(Y3uy, NPHBOAHT K Gesyc-
JIOBHO HeyCTOoHunBOH cxeme Puuapacona. Tak kak |G|=1 nas
YPAaBHEHHS, CONEPKALIEro TOIbKO KOHBEKTHBHBIH 4JeH, a MJIs ypaB-
HeHus1 gudodysun |G|> 1, TO HEYIUBHTENbHO, YTO Pa3HOCTHOE
ypapuenHe (3.17), BKJIlO4alollee KOHBeKTHBHBIH H AHQPY3HOHHBIH
4JIeHbl, TaKxKe 6e3yCcJ0BHO HEYCTORUYHBO.

Hekoropble aBTOpbl KOMOHHHPOBAJH CXeMy «uexapias, HMelo-
mylo ownbky nopaaka O (A%, Ax?), 115 KOHBEKTHBHLIX YJIEHOB CO
CXeMO#, HCHOJb3Yolled Pa3HOCTH BIlepe] [0 BpeMEHH H LEHTpa/b-
HbI€ PAa3HOCTH IO NPOCTPAHCTBEHHBIM MepeMeHHBIM (Ha HHTepBaJe
2At) n umeomed ownbky nopsiaka O (Af, Ax?), aas audGysHonnbx
YICHOB:

gt -t _ ubiyy —ubig +a ?—:ll + 4o — 28!
2 At - 2Ax Ax?

(3.165)

PopMaabHO MOPANOK OLWHOKH anMpOKCHMAIHH COOTBETCTBYET BeJH-
yHHe oWHOKU npu Ax — 0, Af — 0, noatomy obwas ownbKa anmnpo-
KCHMallud O/ KOHeUHO-pa3HOCTHoro ypaBHeHHa (3.165) Oyuer Be-
auungnol nopsaaka O (Af, Ax?). Ha npakrtuke BesHunHa TakOH owHG-
KH MoxeT ObiThb MeHblie. [IpH MaJjbiX, HO OTJHUHBIX OT HyJaa Af
MOXHO CuHTaTh, YyTo @ = |/Re = O(Af). B srom cayuae nepsulfi
orbpacbiBaeMblli ujeH B pajge Te#nopa AH(y3HoHHOro uneHa Oy-
zet uMerhb nopsnok Ofa(Af, Ax?)], a BenuunHa CyMMapHOH OWUGKU
nas ypaBHeHHs (3.165) — mopsgok O (Af% Ax?). YcioBHe ycroiiuu-
BOCTH AJs1 ypaBHeHusi (3.165) Oyaer onpenensarbcs HauboJee xKecT-
KHM M3 YCJOBHM, CBA3AHHBIX ¢ KOHBEKTHBHLIM ujeHoMm, C=
= uAt/Ax << |, u ¢ audy3HOHHBIM ujeHOM, d = aAf/Ax? <1/,
(YeToHuuBOCTh /51 KOHBEKTHBHOTO H AH({Y3HOHHOIO UJE€HOB BO
MHOTHX CJydasiXx, HO HE Bcerja, MOXHO HCC/eJ0BaTb pa3/efibHO;
cM., Hanpumep, Kacaxapa [1965].) MaBectHoll siBHOH cxeMmoi,
yeTpaHsiomesi orpaHuyeHde, 06yc/J0BJIeHHOe IAHGDGYSHOHHBIM UJle-
HoMm, sBasieTcss cxema [Hiodopra u Ppankena [1953]. 3ty cxemy
IJis pelleHHs MHOTHX 3ajad THAPOLHHAMHMKH C YCIEXOM HCIOJIb-
3QBasiH pasHele aBTOpHI, Hanpumep, [leiin [1958], ®pomm u Xap-
aoy [1963], ®pomm [1963, 1965, 1967], Amcaen u XapJsoy [1964],
Xbirn 1 Makazo [1966], Toppauc [1968].

B nu¢dysnonHom uiene ypasuenus (3.17) snauenue 7

B [(eHTPaJbHOll Y3JI0BO# TOUKE 3aMeHseTcs CPeAHHM MO BpeMeHH
sHauenueM AJsa (n+4 1)-ro u (n— 1)-ro caoes, yTo naer
1 -1 n n n n n+1 n—1
St Y Y S S +a§i+1+§f—x"§f ~ &
2 At - 2Ax Ax? :

(3.166)
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HecMoTpss Ha TO uTo 37ech B NPaByI0 YacThb BXOASIT 3HAUEHHS Ha
(n 4+ 1)-m caoe, 3TH 3HaueHHs: OTHOCsITCS K Touke i. CJenoBaTelb-
Ho, ypaBHeHHe (3.166) MOXHO sIBHO paspeIlHTh OTHOCHTEJbHO Lt

_ At 20 At
gt — (u8ip —ubi )+ @+ 8 -8
= Ay = Ai’” . (3.167)
T+ Ax?

I1pn nomomn Mmeroga ¢or HeliMmana pnast aHanusa yCTOHUHBOCTH
MOXHO yOeAHTLCS B TOM, YTO €AHHCTBEHHBIM YCJOBHEeM YCTOHUH-
BOCTH nJsi ypaBHeHusi (3.167) saBasiercs ycaoBue C <J 1, Kak B
cayuae HeBS3KOM XHAKOCTH. B MHOroMepHOM ciaydae NpH GOJBIIHX
Re Bo3aMoxHO ocsaGnenne 3toro yciaosusi Gosee ueM Ha 50% (cm
Mlyman [1975]).

Jta cxeMma obJjajnaer HHTEPECHBIM CBOICTBOM. ECaH (yHKLHH,
BXOZAsilIHe B ypaBHeHHe (3.167), pa3yoxHuTb B panbl Teitsiopa (Kak
B pasa. 3.1.5. B), o noayuurca ypaBHeHHe runepéonw{ecxoro THIIA:

At 2 92

(A S+ Lmmurall o
YCcTORYUBOCTE  CXEMB I[lO(popTa—CDpaHKena «MOXKHO CYUHTATL
06yC/0BJeHHON HaJHYHeM rHnepOoJHYecKOro 4JjeHa B YpaBHEHHH
aub bepennnanbioro npubaumenus» (Hodopt u Opanken [1953])
Takum 006pa3oM, KOHEUHO-Pa3HOCTHoe ypaBHeHue (3.167) ammpok-
CHMHpYET HCXOAHOe AHpdepeHIHanbHOE YpaBHeHHe (T. €. IpH
Ax— 0, At —> 0 crpeMuTCS K MOAeALHOMY ypaBHeHHIO (2.18), co-
JepKalleMy KOHBEKTHBHBIE H AH(DOY3HOHHBIH YJEHH) TOJABKO B
TOM cayuae, Korna Ax— 0, A — 0 rax, utro Af/Ax— 0. Ecau xe
Ax — 0, At— 0, no At/Ax % 0, To KOHeUHO-pa3HOCTHOE ypaBHEHHE
(3.167) O6yner anmpokcuMHpoBaTb ypaBHeHHe (3.168) rumep6ouin-
4eCKOro THIA.

Ha npakruke xapakrep crpemJenust Ax — 0 u Af —0 He BHOH-
paeTcs M MOHSITHe anNpPOKCHMALHH CTAHOBHTCS HedeTKHM. Ho ypas-
HeHHe (3.168) maer mpakTHYeckoe PyKOBOACTBO 1714 pacyeToB. Ecin
CXOAMMOCTb HECTallHOHADHOTO pelleHHs [poBepsdercs (KaK 3TO
o6BIYHO [AenaeTcsi Ha HPaKTHKe A8 OOBIKHOBEHHBIX AH((hepeHLH-
aJIbHBIX YpaBHEHHI) UYHCJEHHO NYyTeM NepecyeTa pellCHHs C BABOE
MeHbIIHM [aroM Ax, To Af cienyer yMeHblIaTh GoJiee ueM B 4 pasa
(Puxtmaitep [1957]). Ecan K TOMYy e NepeHeCTH BTOPYIO NPOH3-
BOAHYIO [0 BPEeMEHH B INpaByK 4YacTh ypasHeHms (3.168), To no-
JYIUTCS

9% __

ot (A2, Ax®, a (At/Ax)?]. (3.169)

Orcroga BHAHO, YTO paccMaTpHBaeMasi cxeMa HMeeT BTOPOH mopsi-
J0K TOYHOCTH TOJbLKO B TOM cJayuae, koraa o (Af/Ax)? mano. Heii-
CTBHUTEJBHO, AJs NMepPBOro NMopsAKa TOYHOCTH IO BPEMEHH IoJydaeM
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ycaosue O [a(At/Ax)?] = O (Af), unn aAt/Ax2 =0(1). 310 coB-
najgaer ¢ ycaosuem ycroduuBoctd (3.72) d << !/y amas mpocrtoii
CXEMBI C PA3HOCTSIMH BIEpe] MO BpPeMeHH U NEHTPaJbHBIMH PasHO-
CTSIMM TO MNpocTpaHCcTBeHHBIM NepemeHHbiM (BBIIIT), umeromei
MePBLIH NOPSAOK TOYLOCTH MO BPEMEHH.

Mgt yxe yKasblBaJdd BbllIE, UTO KOHEUHO-PA3HOCTHBIE aHAJIONH
MOTYT BOCIPOH3BOJAMUTbL HEKOTOpLle CBOHCTBa AH(pdepeHIHANbHBIX
ypaBHeHUH naxe Oe3 mepexosa K npegeay npu Ax — 0, At — 0. Ta-
KOBBIMH CBOHCTBaMH SIBJSIOTCA CBOMCTBO HE3aBHCHUMOCTH INOpsiiKa
nubdepenunpoanus 6% /6xdy = 6%f/dydx, cBolicTBO KOHCepBaTHB-
HOCTH, PaBEHCTBO eJUHMHIle MHOMKHTEJS Nepexoja AJNs CXeMBbl «ue-
xapja» H CBOHCTBO TPAHCMOPTUBHOCTH, KOTopoe OypeT KpaTko pac-
CMOTPEHO HHUXKe. YpaBHeHHe NH(DOY3HH, pacCMOTpeHHOE Bhille, 00-
Jlajiaer CBOUCTBOM OrpaHHUEHHOCTH, KOTOPOe 3aKJIuaeTcsi B TOM,
uTo {(x,!) HHKOrJa He NPeBOCXOAHT MaKCHMaJbHLIX 3HAYeHHH Ha-
YaJbHBIX M TPAHHYHBIX YCAOBHH!), MOCTaBJEHHBIX AJs ypaBHeHHS
0f/0t = ad*/0x%. ITO cHpaBelHBO H AJAs KOHEYHO-Pa3HOCTHOH
CXEMb! C PA3HOCTSIMH BIepe] MO BPEMEHH M HeHTpPa/JbHBIMH pasHo-
CTSIMH MO NPOCTPAHCTBEHHON NMepeMeHHOH HPH YCJIOBHH, 4TO pacuyer
yeroiiune. (Kak ykassiBagock B pasa. 3.1.5. a, 370 CBOHCTBO MOXKHO
BhHIBECTH H3 YCJOBHA OTCYTCTBHUSl OCHMJIAUHH, 0O6YCJIOBJIEHHBIX
ypeaMepHo OoJbLINM 1IaroM no BpeMenH.) I'opaod [1968] noka-
3an, urto cxema [rodopra — Ppankena He oTpaKaer Takoro mnope-
JIeHHs] M3-32 Haauuus djaeHoB nopsiaka O(Af, Ax) u 310 ABJAAETCA
ee JOMOJHHTEJNbHBEIM HEeOCTaTKOM.

Tefinop [1970] nokasaJs, uTO rpaHuYHbE yCjaoBus THna Heii-
MaHa (3ajaHHe BeJHYHUHBI rpajveHTa [) MOrYyT INPUBECTH K He-
YCTOAYMBOCTH YHCJEHHOrO pelleHusl ypaBHeHus AubPys3uu mo cxeme
Hiodopra — Opankena, ecau mpejcraBjeHHe pa3HOCTell B rpaHuu-
HBIX TOUYKaX IJIOXO COrJacoBaHO CO CXeMOH pacdeTa BO BHYTpEH-
HuX Toukax. Ilo-BHAMMOMY, TaKoe COrjacoBaHHe HE CTOJb BaXKHO
IJ5 TeueHUH ¢ OonapuiumMu Re, HO CYLIECTBEHHO JAJsl TeUeHHH ¢ Ma-
JgeiMH Re u B 3amauax auddysuu. Aanen [1968] croakuyiacs ¢ He-
KOTOPBIMH TPYIHOCTSIMH pellleHHs y IPaHHIbl NPH NPUMeHeHHH 3To#
cXeMbl K YDaBHEHHAM, ONHCHIBAIOU[UM TEYEHUS CXKHMAeMOH >KHJA-
KOCTH.

HecmoTpsi Ha TO uyto cxema [wodopra — dpanxena obaagaer
HEKOTOPBIMH Hej0CTaTKaMH, OHa HMeeT T€ MpPeHMYliecTBa, 4TO §B-
JsieTcss ABHOH H abcoaoTHO ycToHuHBOH. B npakTHueckHX pacuerax
¢ (UMKCHPOBAaHHBIMH Ax H MaJbIM o, KaK OTMeYeHO BHIIIEe, Pa3HOCT-
HOe ypaBHEHHe MOXeT HMeTh «BTOPOH MOPSAAOK» TOYHOCTH B CMBICJE
MaJIOCTH BeJHYHHBl OIIHOOK, a He B CMbICJe AefCTBUTENbHOrO I0-

'} B OpHMeHeHHH K YDaBHEHH!O TenJIONPOBOXHOCTH 3TO CBONCTBO CBA3AHO
CO BTOPHIM 3aKOHOM TepMOJAMHaMHKH. TeMlepaTypa 3aMKHYTOro ofbeMa Bellie-
CTBa, ompejessieMas TOJbKO AupQy3Heli, He MOXKET NpeBHIIATh CBOEr0 Han60ab-
lero HayaJbHOTO 3HAUYEHUS U CBOETrO HAUGOJIbLIErOo 3HaueHUs Ha TPanuie obbeMma.
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paaka ToyHocTH. [lupcon [1965a, 6] mnokasan, 4to B HEKOTOPHIX
nmpaKkTHueckux pacyerax cxeMa JHiodopra — ®paHkena spjasiercs
6oJiee TOUHOH, YeM CcXeMa C Pa3HOCTSMH BIlepe] IO BpPeMeHH H
LLEeHTPaJbHBIMH DA3HOCTSIMHU IIO NMPOCTPAHCTBEHHOMN NepeMeHHOH (cM.
trakxe ®pomm [1964]).

KoneuHo-pasHocTHoe npeacraBiaeHHe [Hiodopra — Ppankena,
paccMoTpeHHOe AJas JHG@Y3HOHHLIX UJIEHOB, MOXKHO HCIOJb30BATb
I B COYETAHHH C APYTHMH TPEXCJIOHHBIMH CXeMaMH AJS KOHBEKTHB-
HBIX YJIEHOB, HO IIPU 3TOM KaXKAbIH pa3 HeoOXOAUMO HCCJEN0BATh
YCTOHYHUBOCTL MOJHOTO ypaBHeHHs. EJQHHCTBeHHOH apyro#l ommouma-
roBOH §IBHOH abCOJIIOTHO YCTOHUYHBOH cxeMoH 1715 ypaBHeHust aud-
¢y3un saBasercs onHa u3 cxeM CayabeBa (Caysaben [1964], Puxr-
mafiep u Mopron [1967], Kapumaxan u ap. [1969]; cMm. rakxke
pasa. 3.1.17). Kax noxaspiaer HeonyBJHKOBAHHOE MCCJIEIOBAHHE
aBTOpa, 3TOT MOAXOJ OKa3aJicsl HeNMPHMeHHMBIM K TOJHOMY ypaBHe-
HHIO, BKJIOUYaloUleMy KOHBEKTHBHBIH H AU PysHoHHbf uieHsl. [Ipu
NpUMEHEHHH JI000H M3 3THUX CXeM K KOHBEKTHBHBIM YJe€HaM AJs
gqoboro uncna Kypanra C > 0 nosnyuaeres TO e orpaHdueHue Ha
HIar o BpeMeHH, KOTopoe omnpejedsieTcss AH(PGYSHOHHBIM UIeHOM
AJis1 POCTOH CX€MBl C PA3HOCTAMH BIIE€pe] MO BPeMeHH M IIeHTpaJb-
HBIMH Pa3HOCTSIMH N0 MPOCTPAHCTBeHHO# mepeMeHHoll. Kpome Toro,
cxema CayJibeBa B fefiCTBUTEJNbHOCTH OKa3blBAeTCA HeABHOH mno rpa-
HHYHBIM YCJOBHAM, KOTOpble TPeOYIOT 0co60T0 pacCMOTPEHHs NpH
rHAPOJAUHAMHUECKHX pacyeTax.

[ToyuyHTe/bHO pPAacCMOTPETh JABYXCJOHHYIO CXeMY, aHAJIOTHUHYIO
cxeme Jwodopra— Ppankena. Aanen [1968] sameTHs KoBapHy10
JIOBYHIKY, HMEIOLLYIOCSl IIpH 3TOM MNoaxone. PaccMmaTpuBas cxemy
C pasHOCTSMH BIEDel [0 BPEMEHH H IEeHTPAaJbHLIMH PasHOCTAMH
no mpocrpancrBeHHo#l nepeMmenHofi (BBLIIT) nns ypaBuenus aud-
¢$ysuu

gt ot bt -2t

At Ax? ’

(3.170)

3aMeHHM, Kak # B cxeMe [iodpopra — ®PpanKesa, 3HaUeHHE B Cpejl-
Hell Touke {7 B AnddysHOoHHOM unene Ha {**!; 3To mact

n+l n n n n+1
& —gi_a i1+ 8o — 2

At Ax?

(3.171)

Otclona MOXHO B sBHOM Buje HalTH 3sHauenne (}*l.  Meron
¢pon Heifimana nccienopaHusi ycTOHYMBOCTH NOKA3biBaeT, YTO (Kak
1 MOXKHO HafesThcs) Takas cxeMma abcouioTHO ycrofiuua. Ho moc-
Jle MPOCTHIX ajrebpanueckKHx 1peoO6pPasoBaHUM 3Ty CXeMy MOXKKO Ie-
penucaTh Tak:

gt =t o iy + 80 — 2t

At Ax? ’

(3.172)
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rie
’ At
Tenepn ycioBHe ycTOHUMBOCTH AJa ypaBHeHHs (3.172) umeer Bun
At << YoAx?/oi; B TO Xe BpeMs H3 paBeHctBa (3.173) mpu Af — oo
caenyer, 4to At — !/pAx?/a. Muaue rosops, cxema (3.171) npex-
craBager co6oH Bcero JHIIL 3aBYaJqHPOBAHHYIO NPOCTYIO CXEMY C
pPa3HOCTAMHU BMEpe] MO BPEMEHH H LEeHTPAJbHLIMH PasHOCTAMH IO
MpPOCTPAHCTBEHHON mepeMeHHOH ¢ omnboyHO TNpeldnoJaraeMoll Be-
JUYHHON IIara mo BpeMeHH (oWIHOOYHO MpeimnoJaraeMol, Tak Kak
MoJb30BATeNb AyMaeT, YTO pe3y/bTaT, MOJYYeHHHIH Mocle 7 Maros
N0 BpPEMEHH, COOTBETCTBYeT MOMEHTY BpeMeHH nAf, B 1eHCTBUTEb-
HOCTH K€ OH COOTBETCTBYeT BpeMeHHn nAt’) ).

ITonesHo paccMorpers cxemy [Hiwodopra — Ppaukena B npume-
HEHHH K CTallIOHAapHOMY TedeHHIO. B aToM cayuae

=g @Y+ (3.174)

H JIETKO BHjeTh, uTo cxeMa [iodopra — Ppankena anreGpauyecku
SKBHBaJIEHTHa cxeMe PHuapjcona (cxeMme «dexapia» KakK JJs KOH-
BEKTHBHBIX, TaK H 14ad AHGPy3HOHHBIX ujseHoB). OmHAKO aHaJu3
nokaswiBaer, yro cxema J[Miod¢opra — DpaHKesa ycTOHUHBAE, B TO
BpeMs Kak cxema Puuapacona 6esycyioBHO HeycTolyuBa. Pasperue-
HHE 3TOr0 InapajoKca CBA3aHO ¢ HjAeced KOPPEKTHOH NOCTAHOBKH
3a/aYH MJIH YYBCTBUTEJIbHOCTH pellleHUs K HayaJabHBIM gaHHbIM. [To-
CKOJIbKY HEKOTOpBI€ CIelHaJbHble CIyyaH HeCyLeCTBeHHH A Ipak-
THYECKHX pacueToB, Mbl He OYAEM pacCMaTpPUBATh YCTOHUHBOCTHL B
3THX caydasax. Torpa, eciu

=y @ T e, (3.175)

rie e; — NPOU3BOJBHO Majible, HO He BCe TOXKJIECTBEHHO pDaBHble
HYJII0 YHCJa, TO pacyeThl KOHEYHO-Pas3HOCTHHIX YpaBHEHHH MO cxeMe
Puuapacona pacxonsared, a no cxeMe Jiodpopra — ®pankena ycToli-
YHBH. 3aMeTHM, YTO B JI0OOH peasbHOH 3afaue THAPOJHHAMHKH €;
He paBHH TOXKJAECTBEHHO HYJIIO.

3aMeTuM TakkKe, uto npH d = aAf/Ax? =1/, cxema diodop-
ta — Ppankesa, NMpUMeHeHHasd K ypaBHeHHIO Audpy3un 6e3 KoH-
BEeKTHBHOTO uJeHa, ajre6paHuecKd 5KBHBAJIEHTHA CXeMe C pasHo-
CTSIMH BIepejy [0 BPeMEHH H ILEHTPAJbHBIMH Pa3HOCTAMH IO MpO-

1) Jlannas cXeMa COJepXHT OWHOKY aNNPOKCHMALLMH, CBA3AHHYIO C orbpa-
cuiBannem wienoB. CTpOro roBops, 3Ta cXeMa MOXeT OLITb MaTeMaTi4YeckH afl-
NPOKCUMHKPYIOILeH, ecau, HanpuMep, ycTpeMutb Ax u Af K Hymo TakuMm 06pasom,
yTo6bl OTHOmWEHHe Af/Ax® 6BIIO MOCTOSHHBIM — 3TO JacT B mnpefene & — L.
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crpaHcTBeHHOH nepemenHod. Ho npm d = '/, 3TH 1Be cxemml, mo-
JyYeHHBIE 110 HHM pe3yJbTaThl U CBOMCTBA YCTOHYHBOCTH OKa3bl-
BAIOTCS pa3JHYHBIMH.

3.1.8, lMepBasi cxema C pasHOCTAMK MPOTHB NOTOKA.
OwnbKHU, 06YCNOBNEHHBIE CXEMHOH
HCHYCCTBEHHOH BASHOCTLIO

OnHolaroBas fiBHasi IBYXCJofiHasi MO BpeMeHH cXeMa, obecre-
YHBAIOLIAsl CTATHYECKYIO YCTONYHBOCTL I/15 KOHBEKTHBHBIX YJIEHOB,
OCHOBaHa HA HCMOJb30OBAHHH OJHOCTOPOHHHUX, & He HEHTPasJbHHX
pasHOCTed MO INPOCTPAHCTBEHHHIM IlepeMeHHbIM. Korja ckopocTH
TMOJIOXKHUTE/bHBI, TO HCIIOJNL3YIOTCA PA3HOCTH Hasal, H Haobopor!).
Takum 06pa3oM, OLHOCTOPOHHAS Pa3HOCTb BCerja Gepercs NpOTHB
II0TOKA, T. €. B HANPAaBJECHHH BBEPX NO TEYEHHIO OT TOUKH, B KOTOPOH
Beruncasiercss 8%/8¢2%). Januas cxema uMeeT OIWHOGKY alnmpoKCHMa-
mud £ = O (Af, Ax) u 3anuceiBaercs Tak:

n__ *n
;;H-l_;ril -——u;l—A'—:‘Ei HpH u>0,
= et (3.176)
— —H'ITx——i np u<O0.

IanHas cxeMa 4acTo NMpHUMeHsIeTCsl B JHTepaType MOJA pasydy-
HHIMH Ha3BaHUSIMH H ¢ pasHbIMH OObsAcHeHHsIMH. MereopoJioram
NaBHO H3BECTHO cTabHJM3HpYIOllee BJAHSHHE PAa3HOCTeH NPOTHB IO-
toka (Jlumau [1965], Baso u ®opcafit [1960]) uau «HaBerpeH-
Hpix (Ppanken [1956]) pasnocTe#t 2), M OHH HCHOMBL3YIOT HX A
pelueHus 3a7ayY O TeUeHHH HECXKHMaeMOH KHIKOCTH H O TEUeHHH
B npubiauxenuu DyccHHecka. MareMaTHKH OTHOCAT 3Ty cXeMy K
PA3HOCTHHIM YDaBHEHHAM <«C IOJIOXHTENbHEIMH KO3(h®hHIHEHTaMH»
(BazoB u ®opcaiir [1960], Moukun u Basos [1953]); ynorpe6-
JSIETCSl TaKXe TePMHH «HeCHMMETpPHUHBIe pasHOCTH» (JIoMeKe ¢ co-
aBropamu [1970]).

A1y cxeMmy PuxrMmaiiep [1957] cravanma npunuceiBan Jlenessbe,
BIepBhie MPHMEHHBIUEMY ee I/ HCCAENOBaHHs TeUeHHs] HEBSI3KOH
CXKHMaeMo#l KHJKOCTH NDH YCJOBHH CHMMeTPHH ciosl. Pobepre u
Befic [1966], Kypupox [1966] u Kpokko [1965], mo-BuaumMoMy
caenys PHXTMaHepy, TOXe CBfI3LIBAJH ee ¢ HMeHeM JleneBne. B 60-
nee nosaHedt paGore Toro ke Puxtmafiepa (Puxrtmaiiep [1963])
sTa cxeMma Oblla Ha3BaHA «CXeMOH C Da3HOCTSIMH TMPOTHB [OTOKA»

!) TepMuHBl ¢Ha3ag» WJH «BIEPeN®, OUEBHAHO, HMEIOT CMEICT TOJBKO MO OT-
HOILUEHHIO K CKOPOCTH.

?) C yueToM 3TOro TpPH NMepeBOAe TPHHATO HA3BAHHE «CXeMa C DasHOCTAMH
nporus notokas. — Ilpum. ped.

%) «HaperpeHHbiM pasHOCTAM» NPOTHBONOJIOXKHL $e3yc/OBHO HeYCTOMUHBHIE
«noABeTpennbie pasioctu» (Ppanken [1956]).
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U yKazaHo (B 3ToM K Puxrmafiepy npucoenununucs Croyu u Bpatien
[1963]), uto oma BocXoaHT K cTathe Kypanrta, Usakcona u Puca
[1952]. B 3To0il cTartbe Ghisia BnepBble MPOJEMOHCTPHPOBAHA TeCHAs
CBfI3b JAHHOH CXeMBbl C TeODHell XapaKTepPHCTHK, a CaMa cXeMa IpH-
MeHeHa JJisl MJIOCKHX TeYeHHI HeBSI3KOH CHKHMaeMOH XKHJIKOCTH.
Cxema «ruma II» Jlournu [1960] u nepBas cxema Quiiepa H
Jlapnodda [1961] npeacrasasitoT coGol NpHMeHeHHe o6CyXKaaeMOi
cXeMBl AJS HCCJIEJOBAaHHSI OJHOMEDHBIX TEUeHHH CKHMaeMOH KHI-
KocTH ¢ yueroM Bsi3koctH. B Meroge FLIC (Meron xuaxoctu B
siyefikax) [xkentpu, Mapruna u aau [1966] nanuas cxema Ha-
3LIBAETCH «PAa3HOCTHOH cXeMON ¢ MOHOpHBIMH fiuefikamu» !). Kypu-
pok [1966] npumeHHs 3Ty cxeMy [Js1 HCCJAELOBAHHSA IJOCKOTo Te-
UeHHs BSI3KOH CxKUMaeMOf KHIKOCTH H HauleJ KDHTHYeCKOe YCJio-
BHe 1/ BEeJHYHHBI L1ara IO BpeMeHH B 3TOM cJaydyae. B aurtepa-
Type MOXKHO Ha¥TH H MHOrO APYTHX NPHJOMKEHHIH 3TOH CXeMBbl.
[TepenucniBas ypaBHeHus (3.176) u BBoAs uucio Kypanra C =
= uAt/Ax C TOJIOXKHUTENbHON NOCTOSHHOH CKODOCTBIO 4, MOJyuaeMm

gl =1t — C (12— ). (3.177)

[Tpu C=1 ara cxema gaer {*+!=7["_ |, UTO COOTBETCTBYET TOYHO-

My pewendo (cM. pasia 3.1.6). ¥YcaoBue C=1 sBJasercs TaKxe
NpefeabHBIM YCJOBHEM YCTOHYHBOCTH (CM. Npeibliyliee YIpaxHe-
Hue). Ilpu C <1 cxeMa BHOCHT HCKYCCTBEHHOe 3aTyXxaHue; NpH
3TOM HCCAeNoBaHHe YCTOHUHBOCTH MO Meroay ¢oH Heiimana mno-
KasblBaer, 4TO MaTpHLa Iepexoja HMeeT COOCTBEHHHE 3HaueHHS
A << 1. Jlio6as cxeMa AJsl YpaBHEHHs C OJHHM TOJbKO KOHBEKTHB-
HBIM WJIEHOM B HEBSI3KOM cayuae mpu A << 1 ofJajaeT TakuM CXeM-
HBIM HCKYCCTBEHHBIM 3aTyXaHHeM, a pasJjoxeHHe B psig Teilsiopa
(Tak Ke, Kak U NpHMeHeHHe MeTona XE€pra MCCJAEJOBaHHS YCTof-
YHBOCTH) MOKa3bIBaeT, uTo ypaBHeHue (3.176) skBHBaneHTHO ypas-
HEHHIO

% o) |, % | yBn MBI, (3.178)

rae TIBII — npon3BojHbIEe BBHICIIETO 11OPALKA, a
a, = YouAx (1 — C). (3.179)

ITockonbKy 37ech NOSIBAAETCS HeU3HUECKHI KOI(DPHIUHEHT o, TPH
npousBoAHoll 02/0x2, 310 OOBSICHSIET He TOJNbKO HCKYCCTBEHHOE 3a-
TyXaHHe, HO, TOBOPS KOHKpeTHee, H TO, YTO CXeMa C Da3HOCTAMH

) Cxemy c¢ moHOpHEIMH sueiikaMu J[IxeHTpu, Maptuua u [danu Mel 6yiaeMm
paccMaTpuBaTh HUKe, Ha3BIBAas €€ BTOPOR cXeMolfl ¢ PasHOCTAMH UPOTHB MOTOKA
(eMm. pasp. 3.1.11).



3.18. llepsas cxema ¢ PasHocTAMU NPOTUG NOTOKA 103

NPOTHB NMOTOKAa obJajaer cxemnol uckyccrsennotl dupgysuei (Hox
u ITporrep [1963]), unu cxemuot uckyccreennol 8A3K0CTHI0 Y.
Hutepnperanns kosdpduuneHTa o, B cjayyae MHOTOMEPHHIX U
BA3KHX TeUeHHUl He CTOJb OUEBMJIHA, KAK 3TO MOIJO Obl MOKAa3aThCs.
PaccMoTpHM,  HanpuMep, cilyyail, Korga AOCTHraeTcs CTallHoHapHoe
cocTosinpe. Torga Jesad 4acth ypasHeHus (3.176) obpauiaercs B
HYJb H MOXKHO YMEHbIUIATh Af, He MeHssl IPH 5TOM pelleHHs KoHey-
HO-DA3HOCTHOTO YpaBHeHHSl. YpaBHenue e (3.179) mnokaswiBaer,
YTO yMeHbliieHHe Af NDHBOAUT K yBenuueHuio o (4yepez C). Ecau
IOHSITHE CXeMHOH BA3KOCTH o, HMEeT KaKoH-Tu60 CMLICH, TO pelle-
HHe KOHEeYHO-DAa3HOCTHOTO ypaBHEHHs, Ka3asjoch Obl, AOJXKHO GBUIO
34BHCETb OT BEJHUYHHB o, OQHAKO €CJM BMECTO HCCJIeAOBaHus He-
CTallHOHADHOTO yDABHEHHA TOJAOXKHTH 0¢/0f =0 B ypaBueHHH
(3.176) u BOCMOJIB30BaThCA pasgoxkKeHHeM B psanael Teilsiopa, To 110-
Ay4UTCst
a, = ou Ax. (3.180)

[Tpu 3TOM 0 He fIBAsIETCA (yHKIHeH or Af W cTallHOHApHoe pelie-
HHe He 3aBHCHT OT Af.

TIpornBopeune Mexay BbipameHHaMH (3.179) u (3.180) naa .
MOXKHO OOBACHHTD, BCIOMHHUB, YTO JJIsi MOAEJBHOTO ypaBHEHHS, CO-
JepaKallero ToJbKO KOHBEKTHBHBIH UJjeH, €1HHCTBEHHBIM BO3MOX-
HBIM CTABMOHAPHLIM pelileHueM UPH U = const ABJAAETCH TPHBHAJD-
Hoe pemenne [?*!=={" = const. B 3ToM cayuae 8%/6x* = 0%/dx* =0,
YTO AOMyCcKaeT NMPOH3BOJBHbLIA BHA KO3(Q(QHIHEHTA .

PaccmoTpuM Tenepb NpHMeHeHHe CXEMBI C PA3HOCTAMU NPOTUB
MOTOKA K YPABHEHHIO MJIOCKOTO TeYeHHs, YUHTHIBAIOILEMY KaK KOH-
BEKINIO, TaK H (dusndeckyw) audoysuwo. [lpn mocrogHubix noto-
KHUTEJbHBIX 4y, U; NIoJydaeM

cﬂ“’l’_l g:’: i _ uc': ucl—l i _ Uc:l‘ i vc?' -1 -|_
At — Ax Ay
Chen yF 8y =20, U+ Ty — 2
+0~( it 7 szl.f Loy 2k ] Ayé ! J)‘ (3.181)

NpudyeM ycCjaoBHUe YCTOﬁqHBOCTH HakKJ/JdaldbiBaeT CJaeAyioniee orpatu-

yenye na Af:
1
&< 20 (5 + 5

Pasnoxenus B pﬂllbl Tefinopa patwT

ot 0 (ul) U@)
B T P + (@ ‘I"aex)axz'l"

+ (o +a,,) -67- + UBIT-TIBII,  (3.183)

] . (3.182)

) Kak Mbl yBHAHMM I0o33Ke, NpeACTaBJeHHe KO3pPuIHeHTa cXeMHOH BA3KOCTH
Qe AJIS1 CXeMEl C DA3HOCTAMM NDOTHB MOTOKA He eAMHCTBEHHO.
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rJe B CJayuae HCc/el0BaHHs HeCTALMOHAPHOTO ypaBHEHHS
Gop = Yot Ax (1 — Cy),  aoy="hwdy(l —C,),  (3.184)
a B cJydae MCCJIEIOBAHHS CTAUHOHAPHOTO YPaBHEHHs
O ="fot Ax, 0, ="[0Ay. (3.185)

AsTop Hacrosillell KHMru (cM. NpHJIOXeHHe B) nokasaja, uyTo
peayabrat (3.185) mefiCTBHTEIbHO COOTBETCTBYET CTAaLlHOHAPHBIM
pewmennam. s HecTaUHOHAPHBIX pellieHHH (opMyJanl (3.184) no-
Ka3blBalOT, UTO BJHMSHHE CXEMHO# BA3KOCTH GyaeT MHHHMAaJIbHLIM,
ecan Cy u C, no Bo3MOXKHoCTH 6su3KHd K equnule. OqHako Ha Mpak-
THKE HEBO3MOMNKHO LOOUTHCS, YTOOBl 3TH [Be BeJHYHHE OJHOBPEMEH-
HOo OblIH OGJAH3KI K €JIHHHIIE BO BCeX 4acTAX 06JacTH TedeHHS, HO-
3TOMY CXeMHas BS3KOCTb o6si3aTesbHO OyAeT BXOLHTb B PaCHEThI.

3aMeTHM TakiKe, YTO KO3 (MHIUEHTH CXeMHOH BS3KOCTH 3aBHCAT
OT COCTaBJSIOILHX CKOPOCTH & H U, KOTODPble pPaccMaTpPHBAIOTCSA OT-
HOCHTEJBHO HENOJABMHKHOH 3HJepoBOH CHCTeMbl KOOpJAHHAT. JTO
OPUBOJAUT K HApYUIEHUIO NPUHLIHNA HHBapHautHOCTU [aauses, T.e.
npeo6pasoBadue, cBsi3aHHoe ¢ obOpallleHHeM CKOPOCTH HEBO3MYILEH-
HOrO MOTOKAa H JAONyCTHMOe A7 AudQepeHUHaJbHLX YpaBHeHHI,
HENPUMEHHMO K 3ITHM KOHEYHO-Da3HOCTHLIM YpaBHEHHSIM, 3a IIc-
KJl0ueHHeM cayudas, korga Ax — 0, Ay — 0.

TepMuHBI «HCKYCCTBEHHAsi BA3KOCTb» H «CXeMa IEPBOTO I0-
psiiKa» 4acTO HCNOJb3YIOTCS KaK CHHOHHMBI, HO B AeHCTBUTEbHO-
CTH 3TO He Tak. Hampumep, MoxHo mpocTo A06aBHTb B CXeMy BTO-
pOro Topsiika JOIMOJHHTENbHBI uieH apc0?[/0x? ¢ SIBHOH HCKycC-
CTBEHHOI BSI3KOCTBIO aisx ~ AX% Takasi cxema ¢ SIBHOK HCKYCCTBEH-
HOH BfI3KOCTBIO HMeeT BTOpPOH HOPSJOK; HAa Hell, B YaCTHOCTH, OCHO-
BriBaeTcst Meron ¢on Heiimana — Puxrmafiepa anas pacuera ympap-
HBIX BOJH (CM. pasn. 5.4.1j.

O6cynuM HeKoTopble cooOpaXKeHHsl OTHOCHTENBHO TOTO, YTO TOY-
HOe pCIICHHe HeBO3MOXKHO A0 TeX IMOp, NI0Ka He BBHINOJHEHO YCJOBHE
e € o. M3 coornomenn# (3.185), moaydeHHBIX NpH HCCIEIOBAHMH
CTAallHOHAPHOr'0 YypaBHEHHUS, BHIHO, YTO JAJs BBHIIOJHEHHS 3TOCO
YCJAOBHA HOJAXKHO OBITh uAX/o € 2 u vAy/o € 2, T. €. ceTouHble
gyucaa PefiHoabAaca mo pasJHYHBIM HaNpaBJeHHIM JOJIKHBI OHITh
MHOIO MeHbllle 2. DTH YCJOBUS SIBJASAIOTCS TpeboBaHHeM (opMalb-
HOH TOYHOCTH, HO Ha NMPAaKTHKe [0JOXEHHEe OKAa3bIBAETCHA HE CTOJb
YK IJIOXHM. PaccMOTpHM HeKOTOpy!o 06s1acTb, TAe NPHMEHHMO NpH-
6anxenue norpanuunoro caos (cMm. Wanxtunr [1968]). Toraa npo-
u3BoAHas 0% /0x* OGyier mana H BKJad ujeHa ¢ KozhhuuumeHTOM
o 4 oex B ypaBHenHue (3.183) 6yner mana. Kpome Toro, Beqnunna v
TaKxXKe Mana, Mo3ToMy oy B (3.184) u (3.185) MoxkeT OHITL MeHblle,
geM o {(cM. 3agauy 3.9).

Hccnenosanuss Panvesna u Boabdureiina [1969] (cm. Takxe
Boapduiteiin [1969]) nokasslBaioT, 4TO AAS INIOCKOTO TEYEHHS
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%e & /3uAx sin 20, rae 6 — yroJs, KoTOpbl JHHHSI TOKa o6pasyer
: ocblo abcuucc. DTH aBTOPHl HCNOJB30BAJH BTOPYIO CXEMy C pas-
JOCTSIMH NPOTHB NOTOKa !), KoTopast GyaeT paccMOTpeHa HHXKe, A/
pacuera TeueHHS BHYTPH 3aMKHYTOH MNPSIMOYTOJIbHOH 06JacTH c
»AHOH noxsuxkHo# rpanunnefl. Ilpy Re =100 na uepaBHoMepuoi
eTKe 13 X 13 MakcHMalbHOe CeTOUHoe 4YHCao PeftHoabiaca Oblio
ykoq10 20. Tem He MeHee MoJyUeHHBlE 3[€Ch Pe3yJbTaThl JAOCTATOYHO
XOPOILUO COIJIACylTCs ¢ pellleHHeM 3TOH 3ajauH, MOJYUEHHHIM INpH
IIOMOLIH CXeMBl BTOPOTO NOpsiika Ha ceTKe 5] X 51.

AHaJsiorMyHo, pe3yJbTaThl PACYETOB €CTECTBEHHOH KOHBEKLHH,
BBINMOJIHEHHBIX ToppaHcoM [1968] Takxke ¢ HCIOABL30OBAHHEM BTOPOH
CXeMBbl C Pa3HOCTAMH NPOTHB NOTOKa mpu GoJniiom yuciae I'pacroda
(sxBuBaseHTHOM Re = 300), oraHuaioTcs OT pelIeHHS, TOJYYeH-
HOTO MpPH MOMOIIH CXeMBl BTOPOro NOpsiiKa, MeHee ueM Ha 5Y.
KemnGenn u Mrwoasep [1968], a takxke Mwoaaep u O JInpu [1970]
YCTAaHOBHJIH XOpOIlee COrJacoBaHHE DPe3yJbTAaTOB PACUETOB C fAaH-
HbIMH (DH3HUECKHX 3KCIIEPUMEHTOB AJS1 HECKOJbKHX OTPBLIBHLIX Te-
yeHHH npH 6oJblINX uHcaax PefiHogabiaca.

Ha mpumepe pacuera TeueHHS BHYTPH 3aMKHYTOHl NpsSMOYroJb-
Ho#t oOJgacTu ¢ oxHOW MoABUXKHOW rpanuieit ToppaHc ¢ coaBTo-
pamu [1972] mokasajH, 4TO pe3yJbTaThl, NOJYUEHHBIE [IPH IOMOLIY
BTODOH CXeMBbl C Pa3HOCTSIMH NPOTHB MOTOKA AJS ypaBHEHHH B KoOl-
CepBaTHBHOH ¢QopMe, 3HAUHTEJBHO TOUHEE pE3YyJabTAaTOB, MOJYUYEH-
HBIX IIPH NOMOUIH CXeMBbl BTODOro MOPsIAKA AJ51 YPABHEHHH B He-
KOHCepBaTHBHOH (opme.

Chenyer Takxe HAaMOMHHTB, YTO BSI3KOCTb OKA3bIBAeT BJHSHHE
Ha MoJie TeueHuss He TOJbKO uepe3 AH(GPY3HOHHBII UYJIeH B ypas-
HEHHH MepeHoca BHXPS, HO TaKXe M uepe3 YCJOBHE NMPHJHIAHHS HA
creke. IlocnenHee MoXKeT NpPHBECTH K OoJiee CYLIECTBEHHBIM pa3-
JHYHSAM MeXJy TeUeHHSMH BSI3KOH W HeB3KOH XHIKocTeh. Tak,
Kenuep [1970a] ycTaHOBHJ, 4TO pelleHHe qaxe NMPH TAKOM MaJjoMm
cXeMHOM (T. e. OCHOBAaHHOM Ha a.) uHcie Peiinosabiaca, kak 300,
MOXKET [OCTAaTOYHO XOPOLIO aNNPOKCHMHPOBATL pelleHHe [PH OT-
CYTCTBHHM BSI3KOCTH (@ =0) C ycJ0OBHEM CKOJLM(CHHSI Ha CTeHKe.
[Tpu >TOM KOHKpeTlias OrpaHUuNTe/bHAS BeJHUHHA TAKOTO CXEM-
Horo uucja Re 6yaer, koHeuHo, 3aBucetrb oT 3agadu. (OueBHIHO,
YTO B 3ajauyax, He 3aBHCAIIMX OT Re, TaKHX, KaK pacueT TeueHHs
Tlyaseinis uan tevuenuss KyaTra, HCKyccTBeHHasi BA3KOCTb He OKa-
3bIBAET HHKAKOrO BJHMSHHA.)

Taxkum 06pa3oM, OKa3biBaeTcs, YTO MOJE3HbIE PelleHHs] MOXKHO
MoJyyaTh TPH MOMOLIM CXeM C DPA3HOCTSIMH MPOTHB NOTOKA, HO NMpPH
OLEHKE TOYHOCTH PEe3YJbTAaTOB CJENYeT YUHTHLIBATb BJHSIHHE CXeM-
noll Bsi3kKocTH. CXeMBl C Pa3HOCTSIMH INPOTHB MNOTOKa 006Janalor

1) Tagoli aHanH3 HCKYCCTBEHHOH BSI3KOCTH TPHMEHHM TaKXe 78 MepBOH
CXeMbl C DA3HOCTAMH TPOTHB NOTOKA, PaccMaTpHBaeMofl B HACTOAIEM pasiene,
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TaKXkKe HEeCKOJbKHMH TpeHMyllecTBaMH. B oTauuue oT cxeMmbl, Hc-
MOJb3YIOlleH Pa3HOCTH BIlepe] IO BPpeMeHH H LeHTpPaJibHble pasHo-
CTH IIO MPOCTPAHCTBEHHLIM epeMeHHbIM, B CXeMe ¢ Pa3HOCTSIMH Npo-
THB NOTOKA Ha CeTOYHOoe uHcao PefiHoabiaca He HaKJajablBaercs
orparuuenue, obycaoBaennoe TpeGoBaHHAMH ycTOHUYHBOCTH. B or-
JHUHe OT CXeMBl «dyexapJa cO CpefHedl TOUKOH» (paccMOTpPeHHOH B
npeabylleM pasfene) H HEKOTODBIX APYIHX CX€M cXeMa ¢ pasHo-
CTAMH TPOTHB TMOTOKA He NPHUBOAHT K pacuJeHeHHIO pelleHHs IIo
BpPEeMEeHHEIM 1IaraM, a Npu pacyeTax TpeOyeT Ha OLHH MAacCHB MeHb-
e BeJUYHH {. B oTnnuue oT APYTHX CX€M, HCNOJB3YIOMIHX HEeHTPaJb-
Hble PasHOCTH BTOPOrO MOPSAKA MO NPOCTPAHCTBEHHBIM MNEpeMeH-
HBIM, CXeMa ¢ pa3HOCTSIMH NPOTHB NOTOKA He COXPaHsgeT dypbe-KOM-
noHeHty A = 2Ax crauuoHapHoii U He TpebyeT O00JbILUErO 4YHCJIa
HauaJbHBIX U TPAHHUHBIX YCJOBHH, ueM CTaBHTCH MAJs1 HCXOLHOTO
auddepeHnanbEOro ypaBHEHHS B YAaCTHLIX IPOH3BOJHBIX.

PaccmarpuBaemas cxeMma obJajaer ellle OAHHM BaXXHBIM CBOH-
CTBOM, CBSI3AHHBLIM C JBYM# MOCJeJHHMH MYHKTAMH, a HMEHHO CBOH-
CTBOM TPaHCIOPTHBHOCTH. TpH TPYMIbl aBTOPOB C YCHeXOM HCIOJb-
30BaJH (HH3HYECKYIO 0COOEHHOCTb CXEMBl C OJHOCTOPOHHHUMH Pa3HO-
craMu. Jns Toro urtobbl n30exaTh BBeJEeHUs <«IYCTBIX SUYEEK» H
VAYYIIHTL cBOMcTBa ycTolluupoctd Jlkeutpu, Maptun u lanu
[1966] npumeHSIOT DPA3HOCTH C AOHOPHBIMH, sideflKaMH B MeToje
FLIC (meTon »uAKOCTH B siuefikax). Ilpu pellennu 3agauu o teye-
HUH HecKHMaeMofi xkugkocTH Toman u Ilesuuk [1966] «ompene-
JSIOT BEJUUHHY BUXPS B TPAHUUHBIX fiuefiKax B COOTBETCTBHH C Ha-
npaBJeHHeM COCTaBJAIOIIHX CKODOCTH Ha COOTBETCTBYIOIIEH rpa-
HHIE» H TaKuM 00pasoM «MOJb3YIOTCS CPEAHHM BHXpeM Js fueek,
M3 KOTOPHIX OH mepeHocuTcsi». Ppanxen [1956] rosopur 06 «oano-
HAINpaBJeHHOM I0TOKe HHdopMauun». Bce 3TH MOAXOAH TECHO CBS-
3aHbl C TIOHSITHEM <CBOHCTBA TPAHCIIOPTHBHOCTH», KOTOPOE MBI Te-
nepb ONpefesnM.

3.1.9. CgoiicTB0 TPaHCNOPTHBHOCTH:

ByneM roBopHTb, UTO KOHEYHO-Pa3HOCTHBIA aHajor A depen-
I{HAJbHOTO YpaBHEHHs, ONHCHIBAIOLIETO TeUYeHHe >KHUAKOCTH, 06.a-
naer csoticreom Tparcnoprusnoctu (Poyu u Mioasep [1970]),
eCJH BO3MYIeHHe, HAJOKEHHOe HA KakKylo-JHO60 (QyHKIHIO, NepeHo-
CHTCSl 3a CYeT KOHBEKIIHH TOJBKO B HANpPaBJEHHH CKOPOCTH.

DTo onpexeseHue npeacrasasercss 0e300MAHBIM U OUEBHIHBIM,
HO JIeJI0 B TOM, 4TO OOJBLIUHCTBO cXeM He o06JanaeT 3THM CBOH-
cTBOM. Tak, Bce CXe€MH, B KOTODHIX MJ51 MpeACTaBJeHHS KOHBEKTHB-
HBIX UYJIEHOB MCIIOJIb3YIOTCS WEHTPajbHbHE PAa3HOCTH IO MPOCTPaH-
CTBEHHBIM HepeMeHHBIM, He 06/121a10T 3TUMH CBOfICTBAMH.

Ocofoe ynapeHue jaenaeTcss Ha CJIOBa <«IePeHOCHTCS 34 cyeT
KOHBeKIHH». Pu3nyeckoe BO3MYylIeHHe BUXPA PaCIpoCTPaHsieTcs 3a
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cyeT AH(QPY3UH BO BCeX HANpaBJEHHSIX, HO OHO JOJIXKHO NepeHo-
CHTbCl TOJIBKO B HANpaBjeHHH CKOpPOCTH. PaccMOTpUM MOJesbHOe
yPaBHEHHE, OMMUCHIBAIOLLCE TeUeHHe HEBSI3KOH XKHAKOCTH:

9 d(uf)
3 = TR (3.186)
[Tpu nomolyu cxeMbl ¢ PA3HOCTSIMH BIIepe] MO BPeMEeHH H LeHTpaJb-
HBIMH Pa3HOCTSMH 10 IpocTpaHcTBeHHOH nepemennodi (BBLIIT) on-
HOMepHoe ypaBHeHHe (3.186) MoKHO 3amucaTb B CJAelyoOLied KO-
HEeYHO-pa3HOCTHOH QopMe:

n+1 n n n
8 —L  ubi ek

N (3.187)

PaccMoTpuM B TOUKe # BO3MYlUleHHe &, = §, ToJiarasi BO BCeX
ocTaJbHbX Toukax e =0 u # > 0. Torga B Touke m -+ 1, BHH3 IO
TIOTOKY OT TOYKH BO3MYILEHHS,

gntl _gn (0 — ud) ud
_L"LML“_ = ; (3.188)
: X 2Ax
yro mpuemJseMo. Ho B Touke, rie Ham0xkKeHO BO3MYILEHHE,
gl — g (0—0)
A7 = — 37 =0, (3.189)

a 310 yxe HepadyMHo. Emle Gosee cyllecTBeHHO, UTO B TOUKe [ =
== m — |, pacioJ/JIO;KeHHO! 88epX NO HOTOKY OT TOYKH BO3MYILEHHS,

Rl —gn (b — 0) ud

m—1
Af =T ToAax T T %Ax (3.190)

Takum oOpa3om, BJHsIHHe BO3MYIIeHHs NPOABJAAeTCS 88epPxX Mo IO-
TOKY OT TOYKH BO3MYIIEHHS, H, 3HAYHT, CBOUCTBO TPAHCIOPTHBHOCTH
Hapymaercsa. Ha craepyooumem mare no BpeMeHH MOJOXHTENbHOE
BO3MYVIIeHHe NOSIBUTCA B TOUKe i = M — 2 U T. A.
CpaBHUM IOJYYEHHbIH pPe3yJbTaT ¢ pe3yabTaTOM, KOTOPHIH AaeT
¢cXeMa ¢ pasHOCTAMH NIPOTHB NMOTOKA npu u > (:
gt = g —ugy_|

b= L (3.191)

Torpa npu em =8, KaK H paHee, B TOuKe m - 1, pacnosoXeHHOH
BHH3 HO MOTOKY OT TOYKH BO3MYILEHHA, OyIeM HMEThb

Lt — Lt (0—ud)  ub
ompl ool EH 2 (3.192)
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4yTO HpHeMJIeMO. B TOUKE XK€ i, rje HaJoXeHO BO3MYLUIEeHHE, [O-
JydaeM

gl _gn (b — 0) ub

B, L A S (3.193)

a 3TO O3HauaeT, YyTo BO3MylleHHe BbIHOCHTCH H3 00J1acTH, FJe OHO
6bl710 NMPHJIOMKEHO, KaK 3TO H AOJMKHO Obith, (OueBHAHA CBA3b
MeXJy 3THM aKTOM M paHee OTMeYeHHBIM JJIs CXeM C Pa3HOCTAMH
MPOTHB NMOTOKA CBOHCTBOM HECTALLHOHAPHOCTH (Pypbe-KOMIIOHEHTHI C
A =2Ax.) HakoHeu, B Touke m — |, pacnoJioxKeHHO# BBEPX IO MO-
TOKY OT TOYKH BO3MYIEHHS, HMeeM

Lt = Emt 0—0

- =— =0, (3.194)

¥ 3TO yKasbiBaeT Ha TO, YTO BO3MYllEHHEe He NEePEHOCHTCS BBEDPX IO
notoky. Takum oOpasoM, cxema ¢ pasHOCTAMH NpPOTHB NOTOKa 00-
Jajaer cBOHCTBOM TpaHcnmopTHBHocTH. OHa obecneunBaeTr «OJHOHA-
npasJieHHBIH MOTOK HHpopmanuu» (Ppanken [1956]).

Onnako BHIOOp pasHoCcTeHl NPOTHB NOTOKAa OTHIOAbL He BCerja
rapaHTHpyeT CBOHCTBO TPaHCIOPTHBHOCTH cXeMbl. PaccMoTpuM ABY-
MepHYIO 3aJauy, HCNOJb3yss HEOOHUHYIO CXeMy C Pa3HOCTAMH IIpo-
THB NOTOKAa, B KOTOPOH NOTOKH ONpeAeJsoTCA NPOCTPAaHCTBEHHBIM
ocpelHeHHeM 1O 0GOMM HanpasJjeHHsAM. IIpocToTH pajgd npeano-
JIOXKHM, YTO COCTABJIAIOIIHE CKOPOCTH NocTosHHH. Toraa nJs ypas-

HeHHnsa

F)
7§_= — V. (V0) (3.195)

noJayyaem

n+1 n
Gy by, tRb frels (3.196)
At - Ax Ay ’
ora KOHE€YHO-pa3HOCTHAsA cxXeMa 3alluCaHa AJd NOJOXKHTENAbHBIX CO-
CTaBJAKUIHX CKOPOCTH, OCpeIlHeHHbIe 3HAYCHHA BUXDSA ONpeAesidioT-

cfl cyeAyrowuM 06pa3oMm:
B 2% 8

Er = 1 ;
2 Cict g1 28, 15y -1
CL = 4 ,

3.197
~ Ci—l, j+2§1_,'+€1+1' i ( )
CT = 4 )

2 Eimt, =1 T2, 11+ 8ig1, i1
CB = 4 .

B sT0ii cxeMe 3HaueHHe [ B s1u€iiKe, PACIOJOXKEHHOH BBepX IO IIO-
TOKY, OIpeleJsieTcss KaK cpefiHee mapabo/iHueckoe TPeX 3HaueHHH {
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B TOM CEUEHHH [, yepe3 KOTopoe IlepeHoCHTCcsl BUXpb L. PaccMoTpum
Telepb CTallHOHAPHOe pelleHHe U 6yjAeM CUHTaTh, YTO Bcloay v = 0;
BBEJEM BO3MYILIEHHE BHXPS €q,5 =0, 110Jaras BO BCeX OCTaJbHBIX
toukax ¢ = 0. Torna B Touke (@, b — 1) noayyum
Lato1 —La b1 8/4~0 ud
——ay = Uy 0= — . (3.198)
Taxkum oOpa3oM, Bo3aMyieHHe H3 TOUKH (@, b) mepeHocuTcs B
HanpaBJeHHH U B TOUKY (@, b — 1) HecMOTps Ha TO, UTO CKOPOCTb U
TOXKJIECTBEHHO paBHa Hyaw. [laHHas cxema He o6sajgaer CBOfCTBOM
TPaHCIIOPTUBHOCTH, XOTH OHA MHpejcTaBgsieT co0ofl HEKOTOPYIO pas-
HOBHJHOCTb CXEMBI C PA3HOCTSIMH OPOTUB IIOTOKA.

@®opmMmaJjbHOe pasJjoXeHHe B psaAbl [eflopa ykasbiBaeT Ha ToO,
YTO CXeMbl C IEHTPaJbHLIMH DPa3HOCTAMH TOUHEE OJHOCTOPOHHHX
CX€M C pas3HOCTAMH NpPOTHB 1oTOoKa. Kak ObLI0 0TMeyeHO B
pasn. 3.1.3 npu obcyxAeHHH CBOHCTBA KOHCEPBATHBHOCTH, NPH HC-
NOJIb30BAHUH HEKOHCEPBATHBHOH CXeMBl MOXHO TOUHee AalIpOKCH-
MHPOBATh NPOH3BOJHYIO, HO €CJH B KaKOM-J1H60 KPHTEPHH TOYHOCTH
VUHTBIBAE€TCSl CBOHCTBO KOHCEPBATHBHOCTH, TO CHCTEMA B IEeJOM He
6ynger TouHee. OKa3blBA€TCH, CBOHCTBO TPAHCIOPTHBHOCTH HMEET
Tako#H ke (PH3HYECKHH CMDLIC/], KaK H CBOHCTBO KOHCEPBATHBHOCTH.
CxeMbt ¢ pasHOCTSIMH INPOTHB MNOTOKA, obJajpailige CBOHCTBOM
TPAHCIHOPTHBHOCTH, TOYHEE, YeM CXeMBl C LEeHTPaJbHBIMH pas3HoO-
CTIMH JJIS1 IePBBIX NPOH3BOJHBIX HUMCHHO B 3TOM CMBLIC/Ie, a He B
CMbICJe MOPSAAKA OWHOKHA allpOKCHMALHA.

YUro6pl NOAYEPKHYTh 3HAUeHHe CBOHCTBA TPAHCNOPTHBHOCTH B
IPOTHBOIOJIOXKHOCTL CXeMe C pa3HOCTAMH TpPOTHB MOTOKa, pac-
CMOTPHM CXe€MY C Da3HOCTIMH IO NOTOKY HJH HaBeTPeHHble paa3-
HocTHple cxeMbl (Dpanken [1956]). Takas cxema HeycToHuMBa, HO
npeanosiaraercsl, YTo ee MOXHO cAeJaTb YCTOHUHBOH ILIpH NMOMOIILH
HEKOTOPOTO KOHEUHO-PA3HOCTHOTO MpE/CTaBJEeHHS] NPOHU3BOJHON MO
BpeMeHH. C TOUKH 3peHHSl TOUHOCTH NPEACTAaBJIEHHS TOJBKO MPOH3-
BOAHBIX 3Ta CXeMa M CXeMa C Pa3HOCTSIMH MPOTHB MOTOKa OJHHa-
KOoBO mpueMaembl. OJHaKo B cXeMe C Pa3HOCTAMH IO HOTOKY BO3-
MylleHie OyAeT MepeHOCHTbCA 3a CYeT KOHBEKIHH TOJbKO BBEPX IO
IIOTOKY, 4 BOBCE HE B HANPaBJEHHH CKOpocTH! ITo dusnyeckuit ad-
cypil), H CTOHT ellle pa3 HANOMHHUTL TO, YTO OBLIJIO CKa3aHO OTHO-
CHTEJBHO CBOHCTBA KOHCEPBATHBHOCTH: TOUHOCTb KOHEUHO-PA3HOCT-
HOrO MpeACTaBJ/eHHs IIPOM3BOAHLIX He 3KBHBAJEHTHA TOYHOCTH
npeacraBaeHuss AHQGhEpeHIHaNbHOTO YPaBHEHHs.

1) CnoJaHHr TNpejJoXkuJ HasblBaTb CXeMY C pasHOCTSMH NpPOTHB [OTOKa
«CXeMOl CBHHAapHHKa». Ero Mblcjb' 3akJiouaercd B TOM, 4TO eclH [ paccmaTpi-
BATb KaK KOHUEHTPAUHIO HEKOTOPOrO BeIeCTBA, TO MBI JOJ2KHBI [IOYYBCTBOBATDH
3anax CBHHADHHKA, KOTAa HAaXOAMMCA Ha ero MOABETPeHHOH, a He Ha HaBeTpeH-
HOM CTOpOHe (eCJH HCKJIOUHTb BiIHAHHe AHGDY3HH).
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Po6eprc u Befic [1966] naswiBalor cxeMy JlesleBbe ¢ pasHOCTSIMH
MPOTHB MOTOKA «HeajeKBATHOH», OJHAKO B MOJCTPOYHOM MpHMeua-
HUH OpH3HAWOT: «TeM He MeHee 3Ta OJHOCTODOHHSIA cXeMa CoXpa-
HfeT 3HAK MOJOXKHTEJNbHO OTpejleJieHHBIX BeJIHYMH, TaK e Kak H
JlarpaHKeBbl CXEMDI; SHJNEPOBLI e CXeMbl ¢ IEeHTPaJLHBIMH PasHo-
CTAMH He 06/1afaloT TaKHM CBOHCTBOM».

FHTepecHO OTMETHTD, UTO B PACCMOTPEHHOI KOHEUHO-pa3HOCTHON
cxeMe KaxJas y3/joBas TOUKAa CETKH aHAJOTHYHA KOHEUHOMY 3Je-
MEHTY B pacyeTax KOHEUYHO-3JeMeHTHOH MOJAeJH peaKTopa, HHOrAa
HcnoabayeMmoil nHxeHepamu-xuMukamu (Kpumep u Poce [1966]).
[TosToMy, OueBHAHO, ONMpaBAaHO NpeACTaBJeHHEe 3TOH cXeMbl Kak
CXeMbl «MOJEeJHPOBAHHSA».

3.1.10. TpaHcnopTHBHbLIE K HOHCEPBATHBHbLIE
PaA3HOCTHbLIE CXEMBI

[TepBas cxeMa ¢ pasHOCTAMH NPOTHB MoTokKa (3.176) sBiasiercs
KOHCEPBATHBHOM, a TakiKe TPAHCNOPTHBHOA 10 TeX INOP, NMOKa CoO-
CTaBJIsIiOlLIHE CKOPOCTH HE MeHSIOT cBOH 3HaK. [lokaxeM masi omHo-
MepHOTO TeueHHs, Korja sce u; > 0, 4To 3Ta cXeMma obJajaer CBOH-
CTBOM KOHCEepPBAaTHBHOCTH. IIpoBojsi Takne e BBHIKJAAKH, KakK B
pasa. 3.1.3, moayuaem

I el (3.199)
AL, h bl —ut)
D R
ZuC[ll_I_uCIA + [l=[1]
+ug}1| '—uCl[l.H"l' [l=[1+1]
+u§|1|+1_u€‘1.+2+ [i=[1+2]
+utl, s —utl,_,+ [i=1,—2]
+u€}12_2_u€|12_1+ [l=[2——1]
+ ug lln-—l - uc |121 [l — [2] (3.200)
HJAN ;
% =ul,_, —uklp, (3.201)
i=1

[IpaBas uactb npeacraBasieT co6OH BBHIYHCAEHHYIO NPOTHB MO-
TOKa pa3HOCTb ABYX BEJHYHH, 8 HMEHHO NOTOKAa, BTEKAKOLIEro B 00-
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nacth R uepes ee rpauuly [y 33 eRMHUUY BpPEeMeHU, ¥ NOTOKA, BHi-
Tekawllero U3 obaactu R uepes ee rpaHuly /o, 3a efHHHIY BpEMEHH.
Taxkum o6pasoM, CBOHCTBO KOHCEPBATHBHOCTH 3J€Ch HMEET MECTO,

OnHako B 0o6JacTH, Tle CKOPOCTh MeHsieT 3HaK, HalipaBJjeHue
pasHocTell IPOTHB MOTOKA TAaKXKe MeHSIeTCs, H TOrJa CBOHCTBO KOH-
cepBaTHBHOCTH yTpauuBaercs. [Toka:KeM 3TO AN 0JHOMEPHOrO CJay-
yas npH u; >0 ana i< lwuw; < Qpnsai>L

[TpuMeHsia cXeMy ¢ PasHOCTAMH NPOTHB NOTOKA, HOJydyaeM

AL ul |, —ubl; :
AT TRy b i<, rae u; >0, (3.202)
A . — .
th_z_ig_‘i;ﬁ_lm_t npu i >1, rae u; <0 (3.203)
TOraa
O R R e A U SR L Y
=, Ax ) Ax Ax=
i=1 i=1I i=l+1
=ull_,—ul, -+
+ull, —ull+
+u€ I[l.H_'uC '11+2+
Fugli —ulli1 +
+ullir —ull, +
Fulliyr —ub i +
Fullipe —ulliys+
+ u; '12_2 - u; l[,-l +
+u§ I[,——l—u; I[z _'L
+ u; l[z - u; [I;+l’ (3204)
HaH
1 Ag
i =ubl =l —ull tull ). (3.208)

i=1,
[TepBbie aBa uJleHa NPeACTABAAIOT CO00H BLIYHCJEHHYIO MPOTHB [0~
TOKa pasHOCTh NOTOKOB B eJHHHIY BpeMeHH Ha ABYX IpaHHLUax ob-
JacTd R; TpeTHH W ueTBePTHIH UJEHBl NMPeACTABJAIOT COOOH OG-
KH, 0OYCJIOBJeHHble HeKOHCepBaTHBHOCTbIO. [lockoawky u; >0 u
iy << 0, 9TH yJeHB MOXKHO NMepenHcaTh Kak

—ull +ut i =—[u 1% +lwal Ll (3.206)
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H ToTAa
I
AL
A_gt =ull,_ = ull =[G+ g ]8n] (3.207)

i=I,
PaccmorpuM cayuall, Korfia { He MeHsieT 3Haka'!) mpu mepexoje OT
ToukH [ K Touke [41. Torna uneH, cooTBeTcTBYOU U OLIHOKE, MOXK-
HO paccMaTpHBATb KaK uckyccreenwuvli crox (yHKUUH {. Ecam xke
w; << 0, a uyy > 0, TO 3TOT UJIEeH MOXKHO paccMaTpUBaTb KakK UcC-
KYCCT8EHHbLL ucTOUHUK § 2).

Tax kKak Ha yuacTKe Mexay Toukamu [ u [ 4 1 cyluecTByer Tou-
Ka, rae u =20, To #; " t;4; OOBIYHO MAJIBl H NPH YMeHblileHHH 11ara
IPOCTPaHCTBEHHOH ceTKW olinbKa, 00ycJoBJeHHAs HEKOHCEpPBATHB-
HOCTBIO, CTPEMHTCS K HYJIO. .

B 1Byx MoauduKauusx CXeMbl ¢ Pa3HOCTAMH NPOTHB IOTOKA
MOKHO YCTPaHHTH MOfBJEHHE HCKYCCTBEHHOTO HCTOYHHKa. Ilepmas
MoAH(UKaLHsA OCHOBAaHA Ha NepBOH CXeMe C PAa3HOCTAMH HPOTHUB
notoka (3.176), Koraa cKOpOCTb He MeHSeT 3HAaK HH MexXJay Tou-
KaMd {— 1 ¥ i, HH Mexnay ToukaMmu [ u [+ 1. Ecau xe ckopocTs
MeHsleT 3[eCh 3HaK, TO KOHEUHO-PA3HOCTHAs CXeMa CTPOUTCS INPH
IIOMOLIH MeTOja KOHTPOJBHOrO 06beMa, 0XBATHBAIIET0 TOUKY %),
Hrak, Mbl HMeeM

AL, fi +h
a = (3.208)
rage
fi=—1u;lg, (3.209)
;13,1 mpH w;_; >0,
f;-_x—{ 0 npn u;_, <0 (3.210)
H
0 npu u;4 =20,
f,~+,={ Pt = (3.211)
(i1 [Cogr. mpH ;4 <O

) DTo Bceraa HMeeT MeCTo B TOM C/yyae, KOTAAa B KauyecTBe { paccMaTpH-
BaeTCH MJOTHOCTb (MOJIOMKHTEJIbHO ONpejelleHHas BeJIHUHHA), BXOASALIAS B ypaBHe-
HHe HepaspBIBHOCTH IJ1s CKHMaeMOH MHAKOCTH.

2) B nyockoll sajaye Takasg OWHOKAa MOSABAAETCS TOJBKO [OPH YCJOBHH, 4TO
COCTaBJSAIOAs CKOPOCTH MeHsieT 3HaK MpPH JABHXKEHHI B HAOPaBJEHHH 3TOH CO-
crapigiomefi. TakuMm o6pasoM, ecan v, ; >0, a v; ;41 << 0, To omubka, obyc-
JIOBJeHHasl HeKOHCepBATHBHOCTLIO, MOSABJASETCA, HO ecan v ; >0, a vpyy,; << 0,
To Takoli ourHbxu Her. IlepBas cHTyauns BCTpedaeTcs B OTPHIBHBIX TEUCHHSAX,
BTOPaA — B CJyyae, KOTAA IpH OOTEKAHHH COCTABJAOLIAS CKOPOCTH U MeHser
3HaK MpH MNepexofe OT JoBoBoll 4acTH K KOPMOBOH 6e3 oTpuiBa motoka. Takum
o6pasoM, pasnoctHbie pellenns Ckananl W lopaona [1967] KoHCepBaTHBHBL

3) Takofi uacTHBIE ciayuall B JeHCTBHTEJbHOCTH SKBHBAJEHTEH [PHMEHEHHIO
cxemMul (3.176), korza cKOpOCTh He MeHfeT 3HAaK. JTa CXeMa IpPH pacyeTax
HCIOJb3yeTcs: BMecTo cXeMbl (3.176) He BO BCeXx TOYKaX TOJBKO MOTOMY, 4TO
B HeHl AJifl BHIWHCJAEGHHH H JIorH4YecKHX onepaTopos [F npH pealH3alHH mporpaMMul
Ha ®oprpaHe Tpe6GYyIOTCA HeCKOMbKO OOJblUHe 3aTpaThl MAaUHHHONO BpEMEHH,
geM B cxeme (3.176).
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Jlerko npoBepHTb, uTO Takasi MOALMGHKAUHMA JenaeT MepBYIO
CXeMy C D43HOCTSMH MPOTHB NOTOKA KOHCEPBATHBHON H TpaHCHOP-
rupHofl. [lpu stolt mogudukaunu tpebyerca MmeHsoiie apudmerHue-
CKHX OmnepalHi, HO MO TOYHOCTH OHA YCTynaeT BTOpPOH cxeMe ¢
Pa3HOCTMH INPOTHB IOTOKA, K OOCYXIeHHIO KOTOPOH MBI Tenephb
IPHCTYIIHM.

3.1.11. Bropana cxemMa ¢ pasHOCTAMU NPOTHB NOTOKA

Bo BTopo#l cxeMe ¢ pa3HOCTAMH NPOTHB HOTOKA, Ha3kiBaeMOH
TaKe CXeMOH ¢ JOHODHLIMH sAverikaMH (/xeHTpu, Maprun u Haau
[1966] ), no Kaxaylo CTOPOHY OT Y3JIOBOH TOYKH IIPOCTPAHCTBEHHOH
CeTKH HAXOAATCA HEKOTOpble CPefHHe 3HAUeHHs CKOPOCTed Ha rpa-
HHllaX siyefiKH; 3HAK 3THX CKOpocTell olpelessieT, H3 KaKOro MMEHHO
y3J1a CEeTKH HaJo B3fTh 3HAUEHHs { AJs HaNHCAHHS Pa3HOCTEH Mpo-
THB MOTOKa. B oHOMepHOM cayyae OyAeM HMeTh

CAL upbp —4r&y
AT T m (3:212)
rape
up="0s (1 + w), (3.213)

up ==y (u; + u;_y)

(BO3MOXKHBI U HEKOTOpBIE PYTHE CNOCOOBl ocpeaHeHus). 3HaueHus §
fepyTca Tak:

L npu up >0, &1 mpu up >0,
= L=

g1 mpH up <0, ¢ mpu up <O. (3:214)
Jlerko mpoBepHTb, UTO 3Ta cXeMa $IBJAETCA KOHCEePBATHBHOH H
TPAHCIOPTHBHOH. DTy CXeMy NPOCTO HHTePINPeTHPOBATb C TOYKH
3peHHsl MeTOla KOHTPOJbHOTO 00beMa, eC/H BeJHYHHB CKOPOCTeH
Ha TpPaHHUax AUeeK HAXOJAATCS KaK CPeAHHE 3HAaueHHsd, a COOTBET-
CTBYIOLLHE BEeJHUHHBI { ONpelessioTCs HalmpaBJeHHeM NoToka. (3a-
meyarue. Ec/M BeJUUHHB [ Ha CTOPOHAX fueeK ONpeleJsiTb TOXKe
KaK cpeiHHe, TO IOJYYHTCA CXeMa C DA3HOCTAMH BIepej IO Bpe-
MEeHH H LeHTPaJbHBIMH DAa3HOCTAMH IO NMPOCTPAHCTBEHHBIM Iepe-
MEHHBIM, He o0Jajampwas CBOHCTBOM TPAHCIOPTHBHOCTH.)

[To cpaBHeHHIO c NepBOH cXeMOH C Pa3sHOCTAMH NPOTHB NOTOKA
B paccMaTpuHBaeMol cxeMme TpelyeTcs NpOBeleHHe JONOJHHTEbHBIX
BBIYMCJEHHH /151 CKOpocTeH: JOoMoJHHTe bHOE YHCaeHHOe auddeper-
uMpoBaHHe (YHKUUH TOKA W AJS NOJYUEHHS 4 M JOIOJHHTeJbHblE
pacueThl cpelAHHX 3HaueHHH (3.213). OaHako 3Ta cxeMa TOYHee
NepBOil CXeMbl NPH AaNNpOKCHMalHH NPOM3BOAHOA O (ul)/dx, Tak
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KaK COXpaHseT KOe-uTo OT BTOPOro MHOPsAKa TOYHOCTH, KOTOPBIM
06J1a1a10T CXEMBI C IEHTPaJbHBIMH Pa3HOCTSMH.
PaccMmoTpum cayua#i, korga § mnocTosiHHo, T. e. G =0i=

=Ty =, a u siBaseTcs ¢yHKIHeH NPOCTPAHCTBEHHOH NepeMeH-
nHo#i. Torna ypapHenue (3.212) npuHUMaeT BUJ

AL, uglp—wb, /2 (0 1) — /a4 (1 41y _y)
a=— gt = - . (32159)
HJIH

AL, M T

N —C——m——-, (3.2156)

YTO JaeT BTOPOH MOPSAAOK TOUHOCTH [J51 YJeHa, ONUCHIBAIIIEFO
KoHBeknuio. Takum o6pa3om, BTopas cXxeMa C Pa3HOCTSIMH IPOTHB
notoka obsajgaer Kak CBOHCTBOM KOHCEDBATHBHOCTH, TaK H CBOH-
CTBOM TPAHCIOPTHBHOCTH H COXPaHsAeT KOe-uTO OT BTOPOTO NMOpPAIKA
TOYHOCTH, NPHCYIIEr0 CXeMaM C LEHTDaJbHBIMH Pa3HOCTAMH [
IPOCTPAHCTBEHHBIX TPOH3BOAHBIX. IlpeBocXoacTBO BTOpO# CXeMbl
HaJ MepBO# CXEMOH C Pa3HOCTAMH NMPOTHB MOTOKa ObLIO paKTHUECKH
npoaeMoHcTpHpoBano Toppancom [1968] npu pacuere NJIOCKHX Te-
YeHHH.

Tenepb MOXHO OOBSICHHTb yAUBHTEJALHOE COTJIACOBAHHE Pe3yJib-
taroB (npu Re = 100 oTkyoHeHHe MmeHee 5% ) pewieHus 3agauu o
TeYEHHH BS3KOH KHUIKOCTH BHYTPH 3aMKHYTOH NPSMOYTroJbHOH 06-
JAaCTH C OJHOH MNOABHXKHOH rpaHulled, MOJydYeHHHIX MPH MOMOIIH
3TOH BTOPOI CXE€MBl M NIPH MOMOILH CXEMbl BTOPOTO NOPSIAKA TOYHO-
cTH, ucnosub3oBanHoll ToppancoM. Bioab cpenHell uacTu CTEHOK, rae
MPUMEHUMO TIPUOJHIKEHHE MOTPAHHYHOrO CJHOS, BJIHSHHE UJeHa CO
CXEMHOH HCKYCCTBEHHOH BfI3KOCTBIO o, MaJo (CM. oOcy:KueHue B
pasa. 3.1.8). B6au3n Ke yrioB CKOPOCTH MaJibl, MO3TOMY 3/1eCh KO-
3 ¢uurenT (QH3HUECKOA BA3SKOCTH a > cte. A BO Bpauiawiuiefics
LEHTPaAbHOH YacTH o6JacTH TeYeHHA BUXDPb § MeHsieTcss caabo, u
MO3TOMY paccMaTpHBaeMas BTOpas CXeMa uMeeT mo4YTH BTOPOH mo-
PSALOK TOYHOCTH B COOTBETCTBHH C ypaBHeHHeM (3.2156). '

Cxema Panuesna ¢ coapropamu [1969] anrefpauyecku 3KBHBA-
JIEHTHA BTOpOH cXeMe C Pa3HOCTAMH NMpPOTHB MOTOKAa. 3a CYET HeKo-
TOPBIX YCJOXKHEHHH I YyBeJHUeHHs 4YucJa apH(pMeTHUECKHX omepa-
uuil B Hell ynaerca u3beKaTh CBA3AHHBIX C ONPEEJIEHHEM 3HAKOB U
u v Joruueckux onepartopoe IF ®oprpana. Ilpafic ¢ coaBropamu
[1966] B oxHOMEpPHOM cJiyyae HCIIOJB30BAJH HEKOHCEPBATHBHYIO
CXeMy BTOpOro MOPsAKa TOUHOCTH C PAa3HOCTAMH IMPOTHB [OTOKa.
KonBektusHasi mpousBogHas npH u > 0 3jpech annpoOKCHMHPOBa-
Jach cAelyOMUM 06pa3oM:

6€i' _ 3, — 45, +8
8x 2Ax

(3.216)
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3.1.12. Cxembl Apamca — BawdopTta n Hpouio

PasnocTHas cxema Anamca — Bamgopra, ucnonabszoBanuas JIua-
au [1965] nns ypaBHeHHS, cOJepiKalllero TOJbKO KOHBEKTHBHBIN
ujied, ABJAAETCA ABHOH OJHOLIAroBOH TPeXCJONHOH IO BpeMeHH cXe-
MOH C pasHOCTAMH BIepel IO BpPEeMEHH; OHAa HMeeT OLIHGKY
O (A%, Ax?). Ee MOKHO HHTEPIPETHPOBATh KAK KOHEUHO-Pa3HOCTHYIO
annpoKCHMAaLHUIO 8TOPOIl NPOU3BOOHOU no 8pemenu.

3annmeM pasjoxkenne (! B pan Teltmopa mo Bpemenn:
§7+1=§7+_@a£t L o% |* (AR 0 (A8, (3.217)

1 T 997
AHHpOKCHMI/IpyEM BTOPYIO HPOH3BOAHYIO NIO BpPpeMeHH OJHOCTO-
POHHHUMH KOHEYHBIMH Pa3HOCTAMH!

9"
otz

a0 Bt ), T ot
i at[a%]_ T+ 0@ (3218

[ToacraBass 370 Bupaxenue B (3.217), noayuaem

n—1

95
grtt=r7 4 at, A+ = [ i Atat A O(At)]At2+ O (A,
HJIH
n-1
gr=g+[ L] ey Jar+o@n. @219

A10 BHIpaXKeHHe JaeT OCHOBHYIO (HhOPMY pAasHOCTHOH cXeMbl
ApaMca — bswdopra Aas KOHBEKTHBHHIX 4/JeHOB. B coderanmu ¢
annpokcHMmanue AuQ@y3HOHHOro uJeHa IeHTPaJbHBIMH Pa3HOCTS-
MH IS MOMeEHTa BpeMeHH n B cJydae IUIOCKOH 3ajaud 1osayuaeMm

3 dug |
=g+ o[~ 5

lGUC,
+2 dy

1 dug

n—1 n
3 Oug

i _76!/1

a2

i

+

D] e

Oxnako 3Ta CXeMa Mpd HaJdUYUd BA3KUX UJIEHOB HMEET TOJIBKO
liepBbl# MOPALOK TOUHOCTH.

OcHoBHas ¢opMa pasHocTHoro ypasHeHHs (3.219) Owsa mpen-
aoxkeHa bamdoprom n Amxamcom B 1883 r. Tomac [1954] ucnodb-
30BaJl aHaJIOTHUHYIO cXeMy $oJiee BBICOKOIO MopsiaKa AJs NpUHOJH-
XKeHpst K yaapHoMy GpoHTY OpPH TIOMOIUM OJHOCTOPOHHHX PasJjoie-
HHii IO TPOCTPAHCTBEHHOM MEpPEMeHHON M Ha3BaJj 3Ty CXeMy CXeMOi
Apamca. Jluaau [1965] mpuMeHHJ TaKoe Ke Pa3JOXKEHHE 1O Bpe-
MeHH, KaK H B (3.219), njsa ypaBHeHHA NepeHOCA BHXPA B HEeBSISKOH
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KUAKOCTH H 6Ge3 Kaxkux-Au60 HCTOPDHUECKHX CCHIJIOK HA3Basd 3Ty
cxeMy cxemofl Anamca — bamgopra.

YpaBHeune (3.219) B TOM BHIe, KaK OHO 3aMHCAHO, SIBJAETCS
6€3yCJA0BHO HEyCTORUHBLIM YpaBHEHHEM O €Aa00f pacXOZUMOCThIO,
06yCaOBJEHHON TeM, 4TO 3[€Ch MHOXHTEJb Mepexoja HMeeT BHJ
G =1+ O(A#?); cM. Jluaau [1965]. Tak Kak HeYCTOHUUBOCTDL CJa-
6asi, 3Ty CXeMy MOXKHO HCIOJb30BaTbh AJs PAacueToOB HeCTalHOHAap-
HBIX TeUeHHH HEBA3KOH XHUAKOCTH NMPHU YCJIOBHH, UTO IMOJHOE BpeMs
peileHusl HeBesauKo. Jluaau [1965] o6Hapyxu/, 4To 3Ta cxeMa TOU-
Hee cxeMul Jlakca — Benapodda [1964] (cM. pasa. 5.5.5). Haan-
yHe BA3KHX 4JeHOB B ypaBHeHHH (3.220) crabuan3upyeT 3T0 ypas-
HeHHe, AaBasi BO3MOXHOCTb Bui6paTb mar Af B 3aBHCHMOCTH OT
yncaa Pefinonbaca Re (cM. 3amauy 3.11).

"Kpoxko [1965] npensoxug cxeMy AJs pacuera KBasHOLHOMEp-
HOTO TeUeHHA CHKHMaeMOH XKHAKOCTH, Kotopas OymeT ammnpoOKCHMH-
pyoLlell TOAbKO NPH AOCTHXKEHHH CTALHOHAPHOTO COCTOSIHHS., ITa
cxeMma HMeeT CAeAVIOLIUH BHI:

rtl=1n — uAg, + aA%, (3.221a)
L — Loy ?;1—2?:11
At =(14T) i —T 5y , (3.22106)
n n —9 n+l
Atg, o S R 7 2 (3.221)

Ax? ‘

Kpokko HcclenoBas BecoBOH MHOXKHTeNb!) I' 4 B cayvyae TeueHHS
HEBSI3KOH KHIKOCTH YCTAHOBHJ, 4TO /sl yCTOHYUBOCTH HaHMeHb-
IWHM 3HauyeHueM I' moxHO ObITh I' =1/, a 3TO B TOUHOCTH COOT-
BETCTBYeT CXxeMe nepBoro nopsiaka Apamca — Bamdopra (ypasHe-
nue (3.219)). Anre6panueckye BLIKJAJAKH NPH NMPHMeHEHNH MeTOAA
¢don Hefimana ana aHajausa yCTOHUHBOCTH CXEMBl OKA3aJHCh CJIHLU-
KOM TPOMO3JKHMH, N03TOMYy KpOKKO mnpejicTaBu/ YHCJAEHHLIE pe-
3YJbTAThl HCCJIEAOBAHNA YCTOHUHBOCTH rpadHYeCcKH, 0KasbiBas NpH
Kakux KomOunauusax I', Re,, C u Af HMeeT MeCTO YyCTOHUMBOCTHL B
pacuerax AJs O0JbIIHX 3HAaueHHH BpeMeHu. B neficTBHUTesIBHOCTH
pacueTsl TeueHuil Oblin BeinoaneHsl npu I'=1. [Ipumenenne me-
Toga Xépra /s HCCAeJ0BaHHs ycrofiunBocTH (cM. 3amauy 3.12)
JaeT B HeCTAlHOHAPHOM cJydae 3HaueHHe o = u?At(I'— 1), uro
TakKe NMPUBOAHUT K YCJIOBHIO yeToHuuBocTH I' = /5.

Cxembl Apnamca — Bamdopra u Kpokko (Tak »Ke, Kak cxema
«dyexapia co cpejHeil TOUYKOH» H cxemMa «dexappa» [Hiwodopra —
dpankesa) HMelOT BTOPOH MOPALOK TOYHOCTH [AJ/51 KOHBEKTHBHBIX

1) 3to xopowo usBecTHblt npHem; cM. Puxrmaitep [1957].
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[NPOCTPAHCTBEHHHX npou3BofgHbiX. Ilogo6HO cxemam «uexapua»,
B HHX /A pacueTa 3HAUEHHH Ha HEKOTOPOM CJIOe IO BpEeMEHH HC-
NOJb3YIOTCS 3HAUEHHS Ha ABYX NPeAlIeCTBYIOUIMX CJ0fX, HO B TO
Xe BpeMs OHH He SBASIOTCS CXeMaMW THNA «uexapia», Tak Kak
B HHX 3HaueHHe [?+! BmuHCisieTcs Kak cTapoe 3nadenne {7 peno-

CPe/ICTBEHHO B NPeAIIeCTBYIOIIH] MOMEHT BpPeMEHH IJIOC COOTBeT-
cTBytollee npupaiienHe. Ciel0BaTeNbHO, 3TH CXeMbl He IPHBOAAT
K pacu/JeHeHHIO pelleHHH MO BpeMEHHBIM IaraM, Kak CXeMbl «ue-
xapiaa». OHH He o6JajaloT CBOHCTBOM TPAHCIOPTHBHOCTH M He
JaroT TOUHOro pemienus npu C = 1.

Cxema Muskonm [1962] (cM. takxke Jluaau [1965]) B HekoTO-
PHIX OTHOMIGHHSIX CXOHHA co cxemod Apgamca — Bswdopra. Irto
yeTnlpexcJaolidas cxeMmMa, H AJdd BBIUHCJEHHS 3HAYeHHH Ha cJoe
n <+ 1 B Hell HCNOJB3YIOTCH 3HAUeHHd Ha cjaoax n—2, n—1 u n.
CxeMa MHAKOAB TOMe HMeeT BTOPOH MOPSAOK TOYHOCTH H He MpH-
BOAHT K pacu/JeHeHHIO pelieHHH MO BpeMeHHBbIM lnaram. OHa Takxe
aBasieTcss caabo HeycTOHUABOH H, MO-BHAMMOMY, He HMeeT KaKHX-
Ju60 NpenMyllecTB 110 CpaBHeHHIO ¢ Oosee npoctoil cxeMoit AnaM-
ca — bamdopra.

3.1.13. Cxema Jleiita; thasosbie ownbHu, ownOHH,
06yCcnoBneHHbIE HEePas3NHYUMOCTLIO,
pacwenneide No BpeMehH

UpesBplualHO HHTEPECHA OJHOIIAroBas ABYXCHOHHad cxema Jleit-
tTa [1965] BTOpOro mopsigiKa TOYHOCTH; OJHOMEDHBIH BAapHAHT 3TOH
cxembl npepaoxuau panee Hox u Ilporrep [1963] (cm. Takxke
Benapodd [1961]). [TocTtpoum cHayasa cxeMy AJs OJXHOMEPHOIO
TeyeHHsi, 00PaTHBLIMCh K JIarPAHKeBY ONHCAHHIO JABHKeHHS XHAKO-
CTH, NPH KOTOPOM CJIeAAT 34 ABHIKEHHEM YaCTHL.

Ha puc. 3.12,a crpenkamu H300paxeHbl TPAeKTOpHH (KpHBHe
B IJIOCKOCTH (X, {)) 4acTHU XHAKOCTH AJs OJHOMEPHOH 3ajiauH LPH
nocrosHHOH ckopoctw u. lIpH H3MeHeHHH BpeMeHu ot ¢ 1o ¢+ Af
YacTHIB epeMeltalnTcs B Hanpas/ieHHH x Ha paccrosinne udAf. Ilo-
MeTHM TeNepb KaXKIyl0 4acTuHUy, NpHNHCcaB eH 3HavyeHHe §, MOpH-
yeMm [ MO¥XKeT OBbITb JIOOBIM eCTEeCTBEHHBIM CBONCTBOM, CBS3aHHBIM
¢ oTAeNbHOH YacTHUel KHAKOCTH. B cayuae oTcyrcrBusi audohysuu
Ka)kjlasg uacTiiia XKHAKOCTH OyAeT COXpauaTh CBoe 3Hayenue {. Ta-
KuM o6pa3oM, TpaeKTOpHH, H300paxKeHHble Ha puc. 3.12,a, npen-
CTaBJAT co00M JHHHH NOCTOAHHOIO §.

VpaBHeHHe KOHBEKUMH JJsi HeBA3KOH KupkoctH Of/0t =
= —u0f/0x Kak pa3 M O3HAuYaeT, 4To { eCTb HEKOTOpOoe CBOHCTBO
KHIKOCTH, KOTOpDOE He MeHsleTCs B IpoLecce TedeHHs. DTO SABJSAeT-
ca  omnpefeseHneM c¢yGCTAHUMOHAJNbHOH NPOH3BOAHOH, KOTOpas B
ob6osHayenusx Jlarpanxka 3sanuceBaerca Kak D{/Df=0[/0f +
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-+ udt/0x. Ilpoussoanas Df/Dt¢ cBsszana ¢ uactuneli KHIKOCTH,
a ypaBHeHHe KOHBEKLHH JJif HeBS3KOH XKHAKOCTH KaK pa3 O3Ha-
qaer, yro D¢/Dft =0, 1. e. 3HaueHne { M000H 4YacTHIH OCTaeTCs
HEeH3MeHHHIM 1},

Kak nokasweiBaer puc. 3.12,6, ypaBHeHHe KOHBeKUHH 0e3 yueTa
BA3KHX UJeHOB o3HauaeT, uto [}*!={". IlocTtpoeHue KoHeUHO-pa3-

HOCTHBIX YpaBHEHHH CBOJHTCs K 3ajade NpuHOIHXKEHHOro ompejeJie-

¢ //Z t+At
I
! ¢
wbt |

a

e
&i=¢ t=(n+)AL
& t=nAt
/re—upt—>
(i-Nax z=iAT (+NAz

'3

Puc. 3.12, Tloctpoenue cxeMmbl JlefiTa B OfHOMepPHOM CJyyae. @ —— TPaeKTODHH
YacTHL B IJOCKOCTH (X, {) npu u = const; 6 — nepeHOCc BeJHUHHbB [*.

HHUs C* ¢ MOMOILBIO KaKOH-1H60 HHTepNMOJALHH N0 H3BeCTHHIM 3Ha-
YyeHHsAM (7.

3aMeTHM cHayaJsa, 4ToO NPH HeKOTOpPOH omnpejeseHHOH KoMOuHa-
IIHY TTapaMeTPOB TPAEKTODUSA NIPOXOJIUT Yepe3 Y3JI0BYIO TOYKY € KO-
opadHataMu i — 1 ¥ n. B atom cayuae g“:g'g_l, T. e. {* HaxooUTCa
TOYHO 0e3 BHeCeHHsl OIIUOKH NpH HHTepHoJsiuu. Heobxoxumoe ana

1} TeM, KTO BIEPBble CTA/JKHBAeTCA C 3ITHM [OHSTHEM, MOXKET OKa3aTbcs
noJjie3Ho cJeAylollas HATeprnperanus. IlpeactaBuM cefe, 4TO Ha MOBEPXHOCTb
UAaBHO Tekylle# BOAB NOMellleRa Kamjs 4YepsHJ, H OYyIeM pacCcMaTpPHBaTh {
KaK KOHLEHTPAUHIO OKPAaCKH, KOTOpas, OYEeBHAHO, NPHIHCLIBAETCS (KOHEUHOH) ua-
CTHUE XHAKOCTH. Ec/iH npene6perath auddysueil, To 3HIEPOBO ONHCAHHe H3Me-
HeHHsl OKPACKH B TOUKe AaeTcsi ypasuennem 0(/0f = —udl/0x, a narpanxeso —
ypaBHeHHeM D{/Dt = 0. Pekomenayercs Tak:xke oObsACHenHe, NpelsoxeHHoe Bep-
nom, Creioaptom u Jlaitdytom [1960].
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storo ycaoBHe (cM. puc. 3.12,6) umeer Bum uAf = Ax, uau C =1I;
3HayHT, npu yucae KypaHTa, paBHOM eRHHHLE, MHOJYYaeTcss TOYHOE
peuwenue {7*!'=177_, (xax u B pasi. 3.1.6),
Paccmorpum teneps 6osece obulee yeaoBue C 5= 1. Ecan ulAl <<
<C Ax, To TOUKa CO 3HAUCHHeM [* HAaxXOJAHTCH MeXAy TOUKaMH i
ni—1 (cM. puc. 3.12,6). Hcnosbsys nna npubiHXKeHHOTO ompe-
JefeHus §* JHHeHHYI0 MHTePIOJSLHIO, 101yUaeM OLEHKY C NepBhIM
NOPSAIKOM TOUHOCTH
u At

C=0— @ =) 75 (3.222)
Ionaras {#*!=1{", 6ynem uMmeTsb
gt (GE‘— ?_1)
T e ] (3.223)

YTO COOTBETCTBYeT CXeMe C DAa3HOCTSMH IIPOTHB IIOTOKa, pPaccMoT-
pennoit B pa3f. 3.1.8. Ecau NDHMEHHTb JHHCHHYIO HHTEPIOJSALHIO
no troukaM { + | U i — 1, TO MOJIyuHTCA CX€Ma C PA3HOCTAMH BIiepej
10 BpEMEHU U UEHTPAJBbHLIMH Pa3HOCTAMH MO MPOCTPAHCTBEHHBIM
nepeMeHHBIM. Ecau ke [/ HHTepNOJALUH MO ToykKaM {— 1, i u
i + 1 HcnoJab3oBaTh KBAAPATHUHHIA anNpOKCUMALHOHHLIE MOJHHOM
(cm. pasp. 3.1.1), To nosyuntes cxeMa Jle#ta

Q?H:C?—%(”Ait)(zﬂ =y (uN) P 28080,
(3.224)

Uucino Kypanra C= uAf/Ax tenepb MOXHO paccMaTpHBaTb Kak
napamerp untepnoaayuu. Orpannyenne C <Cl, HakaaJbiBaeMoe
yCa0BHEM YCTOWYHBOCTH, KAaK MOXHO TOKa3aTb MPHMEHHTEJbHO K
pasHOCTHBIM ypaBHeHHsM (3.224) u (3.223), Tenepb MOXHO HHTep-
IpeTHPOBaTh KakK TpefoBaHHe, 4TO {* MOJIKHO ONpelelATbCH UH-
Teproasyueli, a He IKCTPAnOARYHUEH.

Jlpyro#t BBIBOA cXeMbl Jlefita Mojyyaercs NpH pPacCMOTPEHHH
pasnoxennsi B psig Teitopa Bnepen no Bpemend g0 O(Af%), kak
H npH BBBOJe cxeMbl AnaMca — bsudopra, HO BTOpasi NPOH3BOA-
Has 110 BpeMEHH Tellepb onpefeisieTcs H3 HCXOAHOr0 ypaBHEHHS
KOHBEKLHH CAeJyIouIuM 00pasoM:

98 _ o¢

S5 = U 5o (3.225)

== (e )=
o T Yyt

Torna paanoxenue B psl Ten.nopa naer

Q)Q;
szr\“c’

(3.226)

O =1+ M S AR i C 1+ 0 (A8, (3,227)
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Hcnoas3ys AJas npou3BOAHBX B ypaBHeHusx (3.225) u (3.226)
GbopMyaBl ¢ LeHTpaJbHBIMH pPa3HOCTSIMH BTOporo mnopsinka 68%/éx
u 6% /6x% n moacraBasns ux B (3.227), 6y1eM HMeTb

A+l — s 5§ 1 oA 87" 3 A2
gri=gr—unr S8 4 L2an S8 L 0an, A, (3.228)

3TOT pesyabraTr coBnajgaer ¢ (3.224) u nokaseiBaer, 4TO JaHHas
cxeMa HMeeT BTOPOH IOPSALOK TOUHOCTH.

3ti gBa cnmocoba BLHIBOJA CXeMbl, OOHH H3 KOTOPBHIX OCHOBHI-
BaeTcA Ha KBaJpaTHUYHOH HHTEPMOJAUHH MO MPOCTPAHCTBEHHOH Ime-
peMeHHOH, a JApyroli — Ha pasJoXKeHHHM BTOPOH MNPOH3BOLHOH IO
BpEMeHH, NPUBOAAT K OAHHAKOBBIM pe3ysbTaTaM, TakK KakK ypaBHe-
Hue (3.226) naer CBf3b MeXIYy NPOU3BOAHBIMH J%C/0f% u 0%C/0x2
OxHakKo 3Ta CBsA3b ClpaBejJHBa TOAbKO B CJydae ypaBHEHHS AJA
HEBA3KOH XKHAKOCTH NPH TNOCTOSTHHOM #. B 3TOM cayuae cxema Jle#t-
tTa coBmajgaer co cxeMmol Jlakca — Benjgpodda u aApyrumu ABYX-
maroBblMH cxemamu Jlakca — Bengpodda, ocHoBaHHBIMH Ha pa3s-
JIOXKEHHH [0 BpeMeHH (CM. I'JI. 5).

Haun6onee uHTepecHbifi acmekr, BaXHBIH H npun obCyXKaeHHN
OPYTHX CXeM, CBSI3aH C HCKYCCTBEHHLIM 3aTyxaHHeM B cxeMe Jleiira.
Ecnu Bce useHBl, BXOASLIHE B ypaBHeHHe (3.224), passoXHuTh B
panu Teftnmopa B okpecTHOCTH TOUKH (f, 1), KaK 3TO AeJNAETCH B Me-
TOnE XépTa IPH HCCJIENOBAHHH YCTOHUHBOCTH, TO MOJYUHTCH

E At gZEarto@0s)=

u At 9g 1 ulAt 93¢ 1 u2Af 2
T TAx axA 6 Ax 6x3A3+_2' Ax? [ A2—|—O(Ax)]
(3.229)
HJH
9 _ g , 1
Ee—u S i n[— S TS 00, A (3.230)

B ypasuennu (3.230) uneH, cToswHA B KBaAPaTHBIX CKOOKax, MpH
MOCTOSTHHOM # paBeH HYJIO B cuay cBa3H (3.226). Kosdduuuent
npu 02¢/0x% paBeH Hyn0, u B cxeMe JlefiTa HET CXeMHOH HCKycC-
CTBEHHOH BsidkocTH!). Takum obpasom, cxeMa Jlefita, (pakTHUECKH
NpeACTaBAsAAd ypaBHeHHe AJA HeBSI3KOH KHAKOCTH B Pa3HOCTHOH
dopme ¢ omnbkoi mopsiaka O (Af2, Ax?), npuBoxuT K TOH Xe dop-
Me (3.224), yTo u cxema Cc pa3HOCTAMH BIlepe] IO BpeMEHH U IieH-
TpPaJbHBIMH DPAa3HOCTIMH MO MNpPOCTPAHCTBEHHOH TepeMeHHOH, jparo-
ag B NPHUMEHeHHH K TNOJIHOMY YDaBHEHHIO AJf BSIBKOH XKHAKOCTH

') Hucchnauns nosBJsieTcs JHIUbL B 4/eHe HeTBEPTOro NOPSAKA.
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omu6bky mopsaaka O (Af, Ax) npu a. = !/ou?At (cpaBuurte c¢ ¢op-
mMyJao# (3.18)).

OnHaKo npH HCCAEJOBAHHM TOJBKO CTAIIMOHAPHBIX YPaBHEHHH
AJs 3TOH CcXeMbl CHOBa TNoJydaercsi o = !/ou?Af, OTKyla caenyer,
qTO CTallMOHAPHOE pelleHHe 3aBHCHT OT Af H HMeeT TOJbLKO HepBhIli
NOpPSNOK TOYHOCTH. Takas aHOMaJiusl CBsi3aHa ¢ HEOOXOJHMOCTBIO
[IOCTAHOBKH JOMOJHHTEJBbHOIO YCJOBHA Ha BBIXOAHOH rpaHuile mno-
TOKa NpPH MCMOJb30BAHHHM LIEHTPAJbHBIX pa3HocTell JA MPOU3BOJ-
HBIX 110 NpPOCTPAHCTBEHHBIM nepeMeHHbIM. Ha mnpaxrtuke Bbicokas
TOYHOCTb O0ecrneyHBaeTcss 3a cyeT HOCTAHOBKU Ha BHIXOZHOH rpa-
HHLE NOTOKAa YCJOBHS IpajuHeHTHOro THma (pasg. 3.3.7). 31y aHo-
MaJHI0 MOXKHO paccMaTpHBaTb TOJbKO COBMECTHO C T'PaHHUYHBIMH
YCJIOBUSIMH; NOAPOOGHOCTH MOXHO HalTH B crathbe Poyua [19718].

OTMeTHM OJHH BaXKHBIHi MOMEHT, Ha KOTOpPBIH OOBIYHO He ofpa-
1al0T BHUMaHuA. EcJH B ypaBHEHHH, BKJIOYAIOUIEM KOHBEKTHBHBIH
M BSI3KHH 4YJeHBl, AJS KOHBEKTHBHOIO UJIeHa HCIIOJb3yeTcs CXema
Jle#iTa, TO cxeMHas HCKYCCTBEHHAasl BA3KOCTb HMeeT BIIOJIHE OMpe-
[eJeHHb BHI a. = !/pu?Af, 38 HCKJIOYEHHEM eIUHCTBEHHOro cJy-
yas, korga C =1 (cM. npunoxeHue B).

AHanu3 ycTOHYHBOCTH NpH noMolnd Meroaa ¢oH Helimana mMox-
HO NPOBECTH OU€Hb MPOCTO, HCHOJb3Yys NpuUMep B pasd. 3.1.5.6, or-
HOCSIIMACS K CXeMe ¢ PAasHOCTSIMH BIepel MO BpPeMeHH H IIeH-
TPaJbHBIMH DA3HOCTSIMH IO NPOCTPAHCTBEHHOH NepeMeHHOH, H 3a-
Meuast, 4yTo Tenepb B ypaBHeHuH (3.105) nago 3ameHuTb d Ha C2%/2,
Torma B cuay ¢gopmyanl (3.108) njsi MHOXKHTeNs Mepexoda B cXeMe
JlefiTa 6yaem uUMeTh

G=1—C2?(]1 —cos8)—ICsin¥, (3.231)

OTKyJa CIedyeT, UTO
|GP=1-+C2(C*—1)(1 — cos 8)%, (3.232)

H OJ1d YCTOﬁqHBOCTH JOJIZKHbl BBIIIOJIHATBCS HepaBeHCTBa
1<+ C(CP— 1) (1 —cos 02 < + 1. (3.233)

JIerko mpoBepHTBb, YTO JeBOe HepaBeHCTBO BHIMNOJHSETCS BCeria, a
npasoe, Kak o0bluHO, TosbKO npH C << 1.

[Ipu nomown dopmyasl (3.232) MOXKHO TaKke HCCIELOBATH
omHbKy, oO6ycnOBJEHHYIO 3aTyXaHHeM, H ¢asoBylo owmubKy pac-
cMarpuBaeMoi cxeMnbl. Jleiit [1965] mnpoBen Takoifi aHaads pas
cayyasi, koria C <1 u 0 maJo, 4TO nIpeicTaB/asieT HHTepec NPH
MeTeopOJIOrHUecKHX pacuerax. [lepBoe yc/loBHe HMeeT MeCTO I0-
TOMY, YTO MeTeOPOJIOTHYeCKHe pacyeThl NMPOBOAATCHA NPH MaJbix Af,
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a BTOpOE CBfI3aHO C TeM, UTO HauboJblIHI HHTEpeC 3J1eChb I[pej-
CTABJSIIOT JAJHHHOBOJIHOBble (MO CpaBHeHHIO ¢ Ax) BO3MylieHHS,
korga 0 = kAx = 2nAx/A < 1. Tonaraa C* <« C?u 1 —cos0 =~
~02/2, dopmyay (3.232) MOXKHO MepenHucaTb B CJAeAYIOLIEM BHJe:

|G P~ 1— C%Y4 (3.234)
Tak Kak (1 —e)» = | —e/2 npu e < |, orciofa cJaeayer, 4to
|G|~ 1— C%8Y8. (3.235)

[TockonbKy masi HeXoaHoro aHddepeHnHasbHoro ypaBienus |G|=
=1, ugen C20*/8 npexncraBaser cobofi MpubAHKEHHOE BHIPAXKEHHe
I omHOKH, 0o0yC/JOBJeHHOH 3aTyXaHHeM. 3aMeTHM, 4To omubKa,
obycJqoBaeHHan 3aTyXaHHeM, HMeeT UeTBepPThI mopsaaok mo Ax.

AHajiorHUYHO MOXKHO OUEeHHTb (asoBylo omubky. Kak yxke 06-
cyxkaajnoch Beile (cM. pasd. 3.1.6), Tounas ¢daszoBas CKOPOCTh AJS
JupdepeHuanbHOro ypaBHeHHs NpH Bcex 0 Oyaer u. Pemenne
nuddepeHIHANBHOTO yYPaBHEeHH MOXHO (mpeHefperas BAHsIHHEM
rpaHuu) sanucarb B BuUge (3.160) uaum B craenyiolleM 3KBHBAJEHT-
HOM BHJE:

E(x, ) =2C(x —ut, t — 1), (3.236)

rge T-— OPOHU3BOJBHBEIH CABHT TO BpeMeHH. DTO peIIeHHE MOJKHO
3amucarth uepe3 (pypbe-KOMIOHEHTLI C BOJHOBBIM UHCJIOM Ey H COOT-
BeTCTBYIOLIEH aMITya0i V !):

Lr, = Vexp [lky (x — ub)], (3.237)

HJH
L, (x, )=Vexp[l (0 — k.ut)]. (3.238)
3HauyuT, TOUHBIA CABHr IO ¢ase 3a BpeMf T AJS pelleHUs AHbde-
peHLHaabHOrO ypaBHeHus paBed AO = —k.ut. CpaBHHUM Tenepb

3TOT pe3yJbTaTr CO CABHIOM INo ¢ase A/ YHCJIEHHOrO pelleHHsl. Bbl-
YHCAHUM caBur no (ase Anas AudbepenuHanbHoro ypasHeHHs (V)
B UACTHBLIX MPOH3BOAHBIX 3a BpeMsi T = Af:

(A8) 1y = — kAt = — k,C Az, (3.239)

(A6) 1y = — CB. (3.240)

®axruyeckuil cABUr MO (dasze AT KOHEUHO-PA3HOCTHOIO YypaBHEHHS
(KPY) HaxomuTcs H3 reoMeTpHUeCKHX coobpaxKeHHH (CM., HampH-
Mep, puc. 3.8) u onpeneasercs paBeHCTBOM

sin [(40)py] = 57 (3.241)

) Tlpoauddepenunponas (3.237), nonyuum 0L/0f = —Iuk.l u 0l/0x =
= Ik, T.e. ypaBHeHue 03/0f = —u0Y/Ox BBHIMOJHSCTCA TOYHO.
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HU3 ypaBuenus (3.231) wumeem Im G=-—Csinf. Tlosaras
sin (AB) &~ AB u ucnosan3ys paBeHcTBO (3.235), moaydaem
— Csin®
(A8)y py = T—cays (3.242)
HJIH, TIOCKOIBKY (1 —&e)~! = | +enpue < 1,
(A8)py = — C sin 6 (1 + C%/8). (3.243)
Ias yno6erBa cpaBHeHus ¢ (3.240) mepennmem (3.243) B BHue
(A8)py = — Cbr, (3.244)
rae

sin 0 C¥*y _ sin®
r=2 (1 + =) = 5. (3.245)
ITockoabky 6 MaJo, packjaaabpiBas sin® B pajl, moJyuaem

ree 8= 63/3g+ CACN (3.246)

HJIH
rel—0Y6 < 1. (3.247)

CpaBuuBas paseHncTBa (3.244) u (3.240), Mbl BHAHM, 4TO B KoO-
HEYHO-DA3HOCTHOM pelleHuH Kaxaas (ypbe-KOMIOHEHTa I[epeHo-
CHTCSl BIOJH OCH X MeJJIeHHee H3-3a HaJHYHA MHOXHTeNs r(B) << 1.
B rtouHoMm pelnennun audeepeHUHANLHONO YpaBHEHHs B YaCTHBIX
npou3BOAHbIX ([Y) BCe KOMUOHEHTH NEPEHOCHTCA 3a CUeT KOHBeK-
1K CO CKOPOCThIO 4; B pellleHHH K& KOHEYHO-DPa3HOCTHHIX ypaBHe-
HUH oCTawTCs Bce (Pypbe-KOMIOHEHTH TOYHOI'O pellleHHs, HO pas-
JUYHBIE KOMIIOHEHTH HePeHOCATCA ¢ pas3/HUYHBIME CKOPOCTAMH. DTa
omubka GoJsblle aJas Ooapluux 6, T. e. Aasi Gojee KOPOTKHX AJHH
BosiH A. Takum ofpasom, B Opollecce YHCJEHHOrO PelleHHA pasJjHy-
Hble (Pypbe-KOMIIOHEHTH OynyT OTKJOHATbCS OJHA OT JAPYTOH HJH
JHCIEPTHPOBATh; 3TO sBJCHHE 4YacTO Ha3bIBaeTCsd OUCHEepPCUOHHOL
owubrot. (OnLHO U3 NepPBHIX HCCAeLOBAHUH AUCIEPCHOHHOH OMUOKH
6110 nano B paGore Croyna u bpaiiena [1963].)

®asoBas omubrka 3a OAHH wiar 1o BpeMmenn Oyaer Eg=
== (AB)kpy — (AB) gy. U3 cdopmya (3.240) u (3.243) naxomaum, uyro
Eg ~ —Csin —(—C8)= —C[6 —6%/3! + ... —8], uau

Ey~ C06%6. (3.248)

Takum o6pasoM, ¢aszoBasi olwxaOKa NMeeT TPeTHH MOPsALOK 1o 6, a
CJI€10BATENBHO, TPETHH NOPSALOK H 1O AX.

[Ipenenpublii cayuaii KOPOTKHX AJIHH BOJH MOXKHO pacCMOTPeThb
6e3 NOMONHHTEJBHLIX NpHOaHKeuHbx jponyiieHud. Ilpy C << 1 us
ypasuenns (3.232) caenyer, uto |G|?2 << 1, 3a dcK/IIoueHHeM cay-
yas, Korga 6 = 0. M3 pasencrBa (3.231) umeem Im G = —Csin 0.
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B npenese npu 8 —n Im(G)—0 u u3 pasencrra (3.241) noay-
yaeM, uto Sin(A8)—- 0 uau (A®)kpy— 0. Takum o6pasom, dasopas
olrn6ka OyaeT MOJHOH, TPHUEM (hypbe-KOMHOHENTA ¢ HaumerHbulell
OAUHOLl BOAHBL CTA@HOBUTCA NOAKOCTHIO CTAUUOKAPHOU., ITOT 3¢-
dheKT TakxkKe HMeeT MeCTO B CXeMe «uexaplla Co CcpefHeHd TOUKO»
(cM. pasn. 3.1.6) u THUNHYeH [J9 BCEX CXeM, HCHOJb3YIOUIHX LeH-
TpaJbHble pasHocTH Aas uneHa 8/6x (Ppomm [1968]).

[Tpu C =1 u3 pasencrBa (3.232) cnenyer, uro |G|2 = 1. 3neco
tdazoBas omub6Ka TakKe HCue3aeT, NMOCKOJBKY paBeHCTBO (3.241)
pHHHAMAaeT BHA

[sin (AQ)]py = — 27 °. (3.249)

HJIH
(AB)ypy = — 6, (3.259)

UTO COOTBETCTBYET paBeHCTBY (3.240) nna TOYHOro pelleHHS I[IPH
C=1. 310 Jerko mnpoBeputh, nojarag C =1 B KOHEUHO-paA3HOCT-
HOM ypaBHeHuH (3.224):

g =0 =g (G = Go) F g (e UL — 2, (3.25D)

OTKyxa {F*!'=1{?_ |, UTO COOTBETCTBYET TOUHOMY pellleHHIO.

B pa6ore ®dpomma [1968] npuBedeHB H30JHHHH (a30BOH H
aMIJHTYAHOH OWHGOK cXeMbl JlefiTa B 3aBHCHMOCTH OT Iapamer-
poB C u 8. OTMeuaercsi Xopollee MoBefleHHe THX JHHHH B Npeaenb-
HbX cayuasx npa C—1 u 6 —0, 2n. B KauecTBe dyHraMeHTaNbHOH
pabotel mo ¢a3oBbIM OWIHOKAM MOXKHO DEKOMeHAOBATb CTaTbIO
Kpoyan [1968a].

Ecau uHTepecyoTCs TOJNBKO CTallHOHAapHBIM pelleHheM, To (a-
30Bbie OIIMOKH He MOpeNCTaB/AT HHTepeca. OOHAKO B HeECTAIMO-
HAPHOM pEUIeHHH OHHM MOTYT HIPaTb BaxKHeHHyw0 poab. OCHOBHI-
Basich Ha dopmyne (3.248), Jleiir [1965] mames, uto uncao N ma-
rOB 10 BPEMeHH, NPH KOTOPOM IoJjyuaercs ¢asoBasi OMIHGKA B OfHH
panuaH, paBio N = 6/(C0%). Jleir cuhTaer, 4TO TPH UHUCJIEHHBIX
pacyetax $aszoBble OWHOKH OKa3blBAIlOTCS BaXHee aMIJIHTYIHBIX
OLIHGOK.

Ynpaxenenue. Oupenenutb $a3oByH W IHCNEPCHOHHYIO OWMHGKH IJIS CXeMbl
C PA3HOCTAIMH MPOTHB NMOTOKA.

Ipyro#i Tun omuOKH, KOTOPAS OKasblBaeT BJHSHHE HA TOUHOCTDb
HeCTAlHOHAPHBIX H CTAlHOHADHBIX PACUeTOB IIPH HCIOJb30BaHHH
Kak cxeMbt JlefiTa, TaKk H NI00BIX IDYTHX CXeM, Ha3bIBaeTcsl owub-
Koil, obycrosaenrol Hepasauuumocrsro. Oumubka, 0O6YCJHOBIEHHAS
Hepas3JHYUMOCTLIO, BIepBhle OBLJIA ONHCAHA H IIPOAHAJH3HpOBaHa
dunnuncom [1959]. B kauecTBe ApyrHX BaXKHbIX paboT Ha 3Ty
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TeMy MOXKHO yKasaTb craThH ['pammesbrBenra [1969] u PoGepra
¢ coaBTopamu [1970]. 3xech MBI TOJBKO OMHIIEM 3TO SIBJEHHE.

HepasnnunmocTs cBAsaHa ¢ o6MeHOM 3Hepruefi mMexay ¢ypbe-
KOMIIOHEHTaMH (TEPMHH «3HEpTHH» 3JAeCh HCIOJb3yeTcs B 0BLIEM
CMBICJIE NEPBOr0 MOMeHTa IepeHOCHMOH ¢yHruun §?). Kak yxe
Obl10 YKa3aHO BHlIle, HAHMeHbIIAs NJHHA BOJH KOMIIOHEHT, KOTO-
pble MOXHO Pa3JHuYHTL NPH NAHHOH PA3HOCTHOH CETKe, paBHa A =
= 2Ax. O6bluHO GOJBLIHH HHTepeC NMpeACTaBJseT TOUHOCTh AJHHHO-
BOJIHOBBIX KOMIIOHEHT, M IO3TOMY HEBO3MOMXKHOCTb pPAasJjHuyaTh KO-
POTKOBOJIHOBbIE KOMIOHEHTH MOTIJa OBl 110Ka3aThCsl  Hecylie-
CTBEHHOH.

B camom jpeJe, ecqH NMpEANOJOXKHTL, YTO KOHBEKTHBHOE MOJE U
BCIOAY MOCTOSIHHO, TO OMIHOKa, OOYCJAOBJEHHAS HEPa3JHUHMOCTbIO,
He Oyner noseastbcs. OfHAKO B HeJHHeHHHX 3a7auax, Kag W3-
BECTHO, KOMIMOHEHTH B3aHMOAEHCTBYIOT TaKHM 00pasoM, 4YTO 3HEp-
rug MEepeHOCHTCH OT JJIMHHOBOJIHOBBIX KOMIIOHEHT K KOPOTKOBOJI-
HOBbIM. (B ¢u3uke usBecTHo, uTO 3Hepruss TYpOYJIEHTHOCTH OOLIYHO
nepeHOCHTC OT OOJBIIHX BHXpell K MEHBUIMM, a SHEPTHS MaJlbiX
BHXpell JHCCHNNpYyeT HJH NMpeobpa3yeTcs BO BHYTPEHHIOIO HEPTHIO
nocpeACTBOM TpeHHd.) /st Toro uToObl HMeJO MeCTO TaKOe B3aH-
MOAeHCTBHE KOMIIOHEHT, COBCeM He 00f3aTeJbHO HaJHYHE HacTOs-
el HeJHHeHHOCTH; A0CTAaTOUHO, 4TOObl CKOPOCTh 4 6bliaa (GyHKUHELH
NPOCTPAHCTBEHHBIX NMepeMeHHBIX.

Tenepp Bo3HHKaeT c/JAeAVIOWHKI BOMPOC: YTO HyAET NPOHCXOIHTH
B TOM cJyuae, KOra MeXaHH3M [HCCHINALHH .45 oTOOpa 3HeprHH
OT KOPOTKOBOJIHOBBIX KOMIIOHEHT OTCYTCTBYeT M KOTAa INpH pacue-
Tax HEJb3s PA3JIKYMTb KOMTOHEHTH ¢ AJMHOK BojHB A <C 2Ax? THe-
OXHAAHHBIA OTBET 3aKJIOUaeTcss B TOM, 4TO TOTAa SHEPrusi mepe-
pacrnpenessieTcsl H BHOBb IEPeXOAHT K AJHHHOBOJHOBHM KOMIIO-
HeHTaM, HCKaxasl 3TH MpejACTaB/sifollne HaHOObIIHA HHTEPEC KOM-
MOHEHTH H Ja)Ke MPHBOAS K HEKOTOPOMY POJLY UYHCIeHHOHN HeycToM-
guocTn (®unaunc [1959]). Hannuue B pacueTax Kaxoro-aun6o 3a-
TyXaHHs, (U3HIECKOrO HJH YHCJAEHHOro, ofecleunBaeT AHCCHNATHB-
HBI MEXaHH3M H TeM caMblM ofJjerdaer pellleHHe 3TOrO BONpoca.
Taxum o6pa3oM, pacueTsl TeueHHH NPH MaJblXx Re W pacueTn Teye-
HHH HEBSI3KOHW MKHAKOCTH NPH MOMOLIH YHCJAEHHBIX METOAOB, BBOAA-
LIIHX HCKYCCTBEHHOE 3aTyXaHHe KOPOTKOBOJIHOBHIX KOMIIOHEHT, MeHb-
e CTPajalT H3-3a OMHOOK, 06YCJOBJAEHHBIX HEPa3JHUIHMOCTHIO.

CJI0BO HEPA3AUHUMOCTd HCIOJbB3YETCS TaKXKe JJ51 ONHCAHHA TOTO
(dakTa, UTO Ha KOHeUHOJl CeTKe NMPOCTO HeJb3s1 NOOHTHCS pasaHuH-
MOCTH HeKOTOpBHIX uacToT. (MIMeHHO H3-3a 3TOrG 3HEPTHS MOIKET
mepepacnpeiensiTbcss K JUIHHHOBOJIHOBHIM — KOMIOHeHTaM.) To
06CTOATENBCTBO, UTO JBa TAaKUX paclpefeneHHsl, KakK L=
= cos8 [;(m & n)i], UMET B TOUYHOCTH OAHHAKOBLIE 3IHAUCHHS B
V3JIOBBIX TOUKaxX [, SIBJSETCH CJe[CTBHEM MPOCTHIX TPHTOHOMETpPH-
UECKHX TOX/JAeCTB. Takas Ke AHCKPETH3AUH% WIH «CETOUHOe» Tpeld-
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CTaBJIEHUE SIBJEHHS 80 8pPEMEHI BBHI3BIBAaeT CTPOOOCKOMHYECKHE (-
(QEeKTH B JBUKYIIUXCS KapTHHAX, HalpHMep Kojeca BaroHa ka-
KYTCS 3aMeNJSIOIHMH JIBHXKEHHe U BpPAIlAMUMUCT B 00paTHOM
HampaBaeHHH. Takoe cMeIleHHE 4YacTOT ABJSETCS HEeH30eKHBIM
CJIeICTBHEM AHCKpeTH3aluu; cM. XemMuHr [1962, c. 276, 303].

B 3akmaloueHHe 3TOr0 pasjesa pPaccMOTPHM 000OleHHe CXeMhl
Jlefita Ha cayuafi AByX HpPOCTDAHCTBEHHBIX NepeMeHHbX. OueBHA-
HbBIM 00061IeHHeM ypaBHeHHs (3.224) 6yﬂeT ypaBHeHHe

1
CnH— i, ] ?C (7+l i t—l )+ CZ( i+1, § QCEZ,!'—}—C?—I, f)_

C P (S TR S Bl e S(8F 28 8 ), (3.252)
HJIM B OUEBHAHBIX coxpameHHblx 0603HaYeHHSX

g =1, — = C8, () + 5 C0 () — 5 C,8, €) + 5 C8 (),
(3.253)

rae Cy = uAt/Ax, a C, = vAf/Ay. Sra cxeMa He ABJsAETCT CXEMOH
BTOPOro Mopsifka toyHoctd., Cxema BTOPOTO MOPSAKA ACAXKHA Ghja
6Bl BKJIOUATb 4ICH C NPOU3BOAHOH 0%/0x 0y B pasiokEeHHAX B
panst Teliiopa. Bonee rtoro, gaHHas cxeMma weycrotiwusa (Jle#T
[1965]). Takum ofpasoMm, KOHEYHO-pa3HOCTHasA cxema (3.252) sB.-
JISIeTCsl MPUMepOM [ABYMEPHOH HEYCTOHUHMBOH CX€MBl, NOJIYUEHHOH B
pe3yabTaTe KOMOWHAllHH ABYX OJHOMEDHBIX CXeM, Kaxjaas H3 Ko-
TOPBIX YCTOHYHBA.

Jle#ir [1965] naer ycToHYHBYIO ABYMEDHYIO CXeMy, KOTopas
OCHOBBIBAeTCS Ha MOHATHH APOOHBIX WIAaroB Mo BpeMeHH (Mapuyk
[1965]) u xoTopyio Tenepb OOBIYHO HA3BIBAIOT CXeMOH pacluierne-
Husl 1o BpeMeHH. Ee uiesl 3akJiouaercss B MOCJEIOBATEIbHOM MpH-
MeHEeHHH KaXKIOH OJHOMEpPHOH CXeMbl MO OTJeJbHOCTH, NpHYEM pe-
3yJbTATHI, MOJYYalollHecs Ha NepBOM IIPOMEXYTOYHOM Ilare, Ji-
HleHb (PH3HYECKOro cMbicnia!). DTa cxema 3alHCHIBAETCS Tak:

e =t - 3C8. @) +5C2020EY,  (3.254)
€n+l — Cn.+l/2 - Cy(sy (gn+12) L %C?,‘Si (Cn+1/2)- (3.2546)

OHa sBAseTcs aNNpoOKCUMHUPYIOLLEH, B OTJHUHE OT cxeMbl (3.253)
obecrneyuBaeT MOJHBIH BTOPOH MOPANOK TOYHOCTH U YCTOHYHBA MpPH
yeaoBuax Cy << 1, Cy < .

) Dra KOHUeNIHA TNOXO0Xa Ha paculeNyeHHe, paHee wucNoJb30BaHgoe Iluc-
menoM H Paxdopaom [1955] B HesBHOM cXeMe MeTONa YepeAVIOUIMXCA Hanpan-
neBuit (cM. pasg. 3.1.16), Ho me 3kBHBajgcHTHa eMy. B wmonorpadun Huenxo
[1967] paccmaTpuBaloTCH H JpYrHe METOAB JPOOHBLIX [AroB 10 BPEMEHH.
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[To-BuauMoMy, 1100yI0 YCTOHUHBYIO OJHOMEPHYIO CXEMY MOXKHO
IIPUMEHATb U B cJydae ABYX NPOCTPAHCTBEHHBIX IT€PEMEHHBIX, KOrjaa
NMPOBOJUTCSl pacllelyieHHe 10 BpeMEeHH, NpHUeM YCJIOBHS YCTOHUH-
BOCTH AJIS1 OAHOMepHOH cxeMbl He MeHAWTCs. B 3agauax obrekanus
TeJ TAaKOe pacilieljieHue Mo BPeMEHH IPHBOAHT K TPYAHOCTAM, CBSI-
3AHHBIM C I'PAHHUHBIMA YCJAOBHSMM Ha TpoMexyrowunoM inare. Kak
MBI YBHJAHM, AJs BBIUHCJEHHsl FpaHUYHBIX 3HaueHHH { Ha mnoBepx-
HOCTH TeJa HCIOJIb3YIOTCS 3HA4YeHHs1 (DYHKIMH TOKa ¢ BO BHYTpPEH-
HHX TOYKAaX, HO BBLIUMCJAATL 3HAUeHHs P*t'2 Ha MPOMEKYTOUHOM IIa-
re, KaXKeTcs, He UMeeT CMbICJa.

Ilpn mocraTtoyHo MaJblX lIarax MO BpeMeHM Ha BTOPOM liare
cxembl (3.254), BeposiTHO, MOXHO OpaTb 3HaueHHe §” ¢ npenlue-
CTBYIOLIErO CJIOsi MO BpeMeHH. Kak BJMsieT Takas MOCTAHOBKA rpa-
HUYHOTO YCJOBUSI Ha YCTOHUHBOCTBD M TOUHOCTb KAKOH-HGO CXeMHl
paculenJieHus Mo BpPeMEHH, IoKa 4To He ycraHosjeHo. ([lpu peute-
HHH METeOpOJIOTHYecKHX 3ajay, paccMaTpuBaBlinxcs JleitoM, Tpya-
HocTed He Bosnukaer.) Ppowmy [1971] npu nomomn BBemeHH:
B OMHOWIATOBYIO CXEMY UYJEHOB CO CMeIIaHHBIMH MPOH3BOJIHLEIMH
yaafsoch AOOUTbCS YCTOHYHBOCTH B cXeMe, KoTopas Owbsia ycroli-
YyHBa B OAHOMEPHOM CJyuae H HeycTOHYHBA B JBYMEDHOM.

PaciiensieHde no BpeMeHH MOMKET NPHBECTH MOMHMO yJayYIleHHs
YCTOHYHBOCTH H K YJYUIIEHHIO TOYHOCTH (CM. CJelylollee yIpax-
HeHue).

Ynpoaoxrenue. TIpuMeHNTb CXeMy € pasHOCTSMH TNpPOTHB IMOTOKa B cJydae
JABYX NPOCTPaHCTBCHHLIX IIeDeMEHHBIX M OTCYTCTBHS BS3KOCTH J[JI YDaBHEHHs
nepeHoca ¢ MOCTOSIHHbIME KO3 QHUHeHTaMH

98 _ 9¢ 9g

= =—u—"—v ==

ot 0x dy "’

[TokazaTs, UTO CXeMa pACUICILICHHS [0 BPEMeHH B OTJHYHE OT cXeMwl Ge3 pac-
HleNJMeHHsT TPHBOAHT K TOYHOMY pelIcHHIO, KOrja uHcaa KypaHrta uAf/Ax = 1
i vAi/Ay = 1.

HekoTopoie cxeMmbl, aHanoruunnie cxeme Jlefita, obcyxkaaTes
B paborax Kacaxapn [1965] u @umepa [1965a]. D1u cxembl
H cxeMa Jlefita moxoxKu Ha cxeMmy Jlakca — Bengpodda u ee asyx-
l1aroBble BapHAaHTH, KOTOpble OYAyT paccMaTpuBaThca B I, 5.
Xors cxeMbl Jlakca — Benapodda Onlin paszpaboTanbl aas Teue-
HHH CXKHMaeMoH JXKHIKOCTH, OHH NPEACTaBJAIT HHTEPeC H AJs Te-
yeHnH HeckumaeMoi xuakoctd (Jluaau [1965]), HecMmoTpsa Ha ToO
YTO 3TH CXeMBl NPHBOAAT K CHJIBHOMY 3aTyXaHHIO KOPOTKOBOJIHO-
BLIX BO3MYHIEHHUH.

Jpyrue cxembl, TOCTpPOEHHBIE HA HIee pacUIelJeHHs1 MO Bpe-
MeHu M ofjajaiollHe JYYIIHMH AHCIEePCHOHHLIMH CBOHCTBamu, Oy-
AyT paccMaTpHBATBLCS B CJedyOLIUX pasjesax, a cefiuac Mbl Ipo-
HOJXKHM 00cyXKIeHHE HEKOTOpHX 60Jsee MPOCTHIX CXEM.
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3.1.14. HenBHble cxembl

PaccMOTpeHHbI® BLIIle CXEMbl ABJAIOTCS ABHLIMH, T. €. B HHX
JUIS BBIYHCJAEHHs 3HayeHu#i Ha (n -+ 1)-M cjgoe o BpeMeHH Heob6-
XOAHMBl TOJLKO H3BECTHBHIEe 3HAUeHlisl HA n-M, (n— 1)-M, ... closx.
Tenepp mnpHCTYNHM K OOCYMKIAEHHIO HeABHBIX CXeM, B KOTOPHIX
B TNpPOCTPAHCTBEHHLIX TNPOH3BOAHLIX HCMOJL3YIOTCS 3HAYeHHs Ha
n -+ 1 caoe no BpeMeHH H IIO3TOMY JJsi TNpPOJABHXKEHHSA pacyeTa
HY?KHO OJIHOBPEMEHHO pEellaTh CUCTEMY YpaBHeHHH Ha n - 1 cJoe.

3anuiieM OéLLLYlO CXeMy g MOJAEJbHOrO ypaBHEHHS, OIHCHI-
PAlOLIero TEYeHHE HEeBSI3KOH XXHUAKOCTH, B caeaylomeM BHIEC!

=" — (uAY) 87 /bx. (3.255)

31ech 6y116T/ paccMaTpuBaTbCA IpeAcCTaBJIEHHE npOCTpaHCTBeHHOf/’x
HpOHSBOﬂHOﬁ TOJbKO IL€HTPaJbHbIMH Pa3HOCTSIMH, TakK 4TO
6§i §i+1_§i—1

k= L (3.256)

rjae cjofl Mo BpeMEHH x NMOKA elie He onpefeseH. AHAJOTHYHO, AJ5
ypaBHeHHs JH(PPY3IHH MOJ0KHM

g =+ (o Af) 8%/ex’ (3.257)

Ecau mpocTpaHCTBeHHDIe Npou3BogHbie B (3.255) uau (3.257)
BBINMCATH HA n-M CJ0€ 10 BPEMEeHH, TO MOJYUYHTCS paccMOTpeHHas
paHee ABHAs cxeMa C Pa3sHOCTAMH BIepej II0 BPEMeHH H LeHTpaJb-
HBIMH Pa3HOCTSIMH 110 NPOCTPAHCTBEHHON mepeMeHHOH H ¢ omubxoi
nopsigka O (Af, Ax?). Ecnu xe ujeH 8f/6x B ypaBHeHUH KOHBEKIHU
(3.2565) samucatb Ha HOBOM (1 4 1)-M cjoe, TO MOJYYUTCS TaK Ha-
3blBaeMasi NOAHOCTHH) HEABHAS CXeMa

g =" — (u A 6L bx. (3.258)

Owubka mpu 3TOM MNo-TpexHeMy HMeer mHopsamok O (Af, Ax?), no
3Ta cxeMa o6JajaerT CYUECTBCHHBIM NPEHMYIIECTBOM B CMBbIC/e
ycrofiuuBoctd. Mccaenys ycroiunBocTb Meroiom ¢on Hefimana
u mnosarasg C = uAf/Ax, noayuaem

V™1 4 CI sin 6) = V",  (3.260)
1 1 — ClsinB
6= [+ Clsin® 1+ CZsin?0’ (3.261)
1+ C*sin’08 1
1GF= [1+C%sin?0]2 = 1+ C?sin%@ ° (3.262)

Takum 06pa3oM, AJs MOJHOCTbIO HeABHOH CXeMbl uMmeeM |G| << 1
HesapicuMo ot Beanunnbl C. JlaHHas cxeMa abCcoJIIOTHO yCTOHYHBA,
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YTO JaeT BO3MOMKHOCTb BECTM pacyeThl C NPOH3BOALHO OOJbIHM
[IaroM Mo BpeMeHH, a 3TO sABJsieTcs GOJbIIHM NMPEeHMYILEeCTBOM.

[TonHocTbl0 HesiBHAsi cxeMa I€PBOro [OPsijaKa TOYHOCTH abco-
JIOTHO yCTOHYHBA TaKXe W 119 ypaBHenus auddysuu') (Jlaaco-
nen [1949], Puxrmafiep u Mopron [1967]). Ilpu d = a At/Ax? no-
JdydaeM

T = - a A8 647, (3.263)
VrH =yt L vl (e 4 e — 2), (3.264)
V1 — 2d (cos 0 — 1)] = V", (3.265)

G ! (3.266)

T TF2d(1 —cos®) °

Tak kak 1 —cos6 = 0 ans mobbix 6, uMeem |G|<C 1 aas n106bix
d unau mobuix Af. 3amerum rtakxe, uro G > 0 aasa awobux 0; Kax
ObIO YKA3aHO paHee, 3TO YCJOBHe OTBeYaeT CJydaio, KOTJ4a OCLHJ-
AAUHH, 06yCcaOBJEHHble 4pe3MepHO GOJbIIMM 1IarOM IO BPEMEHH,
OTCYTCTBYIOT.

¥npascrenue. Tlpu nomoln merona don Hefimana yGeouThecsi B TOM, 4TO
MOJTHOCTbIO HesIBHAA cXeMa a6COJIOTHO yCToiurBa AJs ypaBHEHHA, BKJIOYAIOLLEro
KOHBEKTHBHBIH H AW Y3HOHHBIA uJeHHI.

Ynpascrenue. Vicuonbsys, Kak B MeTole Xé&pta, passoxeHus B paan Tei-
Jopa, MOKa3aTb, YTO B HECTALLHOHAPHOM cJydae cXeMHasf BA3KOCTb [OJHOCTbIO
HesBHOH cxeMBl uMeerT BHA Qe = u2At)2. (¥kasanue. Hdns ynupollleHds BHIYHCTe-
HHH DAa3/10XKeHHe NMPOBOJAHTb B OKPecTHOCTH TOUKH (i, n 4 1).)

Ecau B ypaBuenun kKoupexuuu (3.255) Beanuuny O60/0x Bbiumc-
JATb KaK CpejHee 3Hauenne Ha n-M H (n 4 1)-m caodax, To Oyrem
HMeTb

A+l a1 oz 6@"“]
Juaau [1965] unasBaa 3Ty cxeMy <«MOAH(MHIMPOBAHHOH CXeMOH
Diinepa» (CxemMa ¢ pasHOCTAMH Brepej MO BpeMeHH H LEHTPaJb-
HBIMHM Pa3HOCTSHMH [0 MPOCTPAHCTBEHHBIM MepeMeHHBIM Ha3biBaeTcs
cxeMol Diaepa?)). Hannas cxema TakXe HESIBHas, HO NMOCKOJbLKY
OCpeJHEHHE ILEHTPHPYET NPOCTPAHCTBEHHYI IPOH3BOAHYIO OTHOCH-
TeJbHO (14 !/2), KaK u B cXeMe «yexapaa co cpejHeHd TOUKOH»
(eM. pasp. 3.1.6), omubka wMeer nopsnok O (Af2, Ax?). Muoxu-

1) Tlpepbiaylise MPHAMepH MOTAH 6LI HABECTH HA MLICJAb, YTO PA3HOCTHBIE
CXEMBI, C yCIIeXOM HCHOJb3yeMble JJ18 YpaBHeHHs KOHBEKIHH, OGHYHO HelpHMe-
HUMbl K ypaBHeHuro Anddysuu. Ho 5T0 sMnupuuecKoe mpaBua0 HeNPHMEHHMO
IJIs HESIBHBIX CXeM.

?) ManHas cxema HaswiBaeTca Takxe cxeMofi Kpamka — Hukoncona. Kak
6yZer yKazaHQ Hu¥e, 3TO HasBaHyje Jyullle NOAXOAHT K cXeMme AJs ypasHeHHs
auddysun, Takol, Kak cxema (3.273).
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TeJb MNepexofa MAJA 3TOH CXeMBl TOXJAECTBEHHO paBeH €NHHHILE,
| G| = 1. eficTBuTeNbHO,

A R VL % (ele . e—le) (Vn+l + Vn)’ (3.268)
virl=y® — o (VP V"), (3.269)
rie
a=1(C/2) sin 6; (3.270)
TOT 4
G — l—al 1 —2al —a?
T 14al 1 4 a? ’ (3.271)
H
16 P=0G =4t B0y, (3.272)

JIlpyrue mpeuMymiecTBa MOAH(HUMPOBAHHON cXeMbl Dfijepa 3aKJio-
yaloTcsl B CJAEAYIOIIEM: B OTJHYMe OT CXCMBl «dexapja €O CpegHed
TOUKOfi» 3jecb He TpebyeTcs ABYX HAOODPOB HayaJbHLIX AAHHBIX
¥ He pAa3BHBaeTCd HEYCTOHUHBOCTL, CBS3aHHAA C pacuJeHeHHeM
pellleHHs] [0 BpeMeHH.

Takoe Ke ycpejHeHue 110 BpeMeHH, IPDUMeHCHHOE K YpaBHEHHIO
nupoysun (3.257), npuBoAHT K H3BecTHOH cxeme Kpaxka — Hu-
KoncoHa [1947], rakxke umeromeii omubky nopsaka O (Af?, Ax?):

(52;"' 62§n+1 ] '

€n+1=€n+%wt [_&Z_JF_W (3.273)

Anagus ycroftuuBocts nmo merony ¢ou Helimana paer

=yt L e =) (VT YT, (3.279)

Vi = V" 4 d(cos 6 — 1) (V" 4+ v, (3.275)
__1l—d(l —cos0)
G= 1+d(Q —cosB) ~ (3.276)

Oas 1—cos® =0 umeem G = 1. PaccmorpuM Temepb cayuai,
korga 1-—cos0 >0. Ecai d—>0, o G—1 (Kak 3T0 H JOJXKHO
Goith npu Af—0). Eciu d—> oo, To G—>—1. Takum o6pasom,
cxeMa Kpanka — Hukosncona aGcomotHo ycroffuuBa u |G| << 1
AJs 6oapudx Af; HO OoJblune o BeAHdYdHe Af NPHBOAAT K 06yc-
JIOBJIEHHBIM Upe3MepHO GOJBILIHM LIaTOM MO BPEMEHH OCIHHJISILHAM
HEKOTOPHIX (Dypbe-KOMIOHEHT. DTO HABOJAUT HAa MBIC/Ab, YTO CXeMa
Kpanka — HuxoJscoHa BTOpoOro nopsiika IpH AOCTATOUHO GOJbLIHX
At Gyner MeHee TOUHOI, ueM ABHas CXeMa C Pa3HOCTAMH BIepes
N0 BpPeMEHH M LEeHTPAJLHBIMH DPa3HOCTSIMH IO NPOCTPaHCTBEHHOMH
nepemenHoli (cxema BBIIII)., JleficTBuTesNbHO, 3TO HOJYdYaercsl
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MPOCTO M COMOCTABJIEHHEM UYJEHOB, HAIOUHX OIHOKY cXeM: AJs j0-
craTouno Maawix At unen nopsaxka O(A#?) Oyaer MeHblle uJeHa
nopsinka O(Af), a npu pocrarouno OGoabmnx Af jgeno obGcrout
Hao60pOoT.

Yapamnenue. Vcxons w3 paseHctBa (3.276), nmokasath, uto ecan war Af
B cxeMe Kpanka — HukosicoHa npesuiuzaet KputHYeckoe AJs fBHOH cxeMmsl BBIIIT
3nauendue Af, To GYAYT UMeTb MecTo OOYCJOBJIeHHblE upe3MepHO OOJbIIMM LIaroM
00 BpeMeHH OCUHJUIAUHH (ypbe-KOMIOHEHTH! ¢ JUIHHOHA BOJHE A = 2Ax.

MoandpuuupoBannas cxema DHjepa A5 yPaBHCHHS KOHBEKIIHH
(3.267) u cxema Kpanka — Hukosicona anas ypaBHenus nudhysuu
(3.273) Moryt ObITh CKOMOHHHPOBAHBL AJI TTPHMEHEHHS] K MOJHOMY
ypaBHEHHIO, BKJOUAIOIEMY KOHBEKTHBHBIH H AH(DGY3HOHHBIH wUie-
HBl; TOCTPOEHHAsi cxeMa TaKxe 6yler abCOJIOTHO YCTOMUHBOM.

B paccMOTpeHHBIX «YaCTHYHO HESBHHIX» CXeMax 3HaueHHs
0tn/0x na n-m u 9L"t1/dx Ha (n - 1)-M caoax Gepyres mpH ocpe-
HeHHH C OJHHAKOBBLIMH BECOBBIMH MHOMKHTEJISMH, ITO3TOMY OlIHOKA
spech umeer nmopsamok O (Af%, Ax?). Haunbomee TouHbIl BapHaHT Ta-
KOT0 MOAXOJa, YACTHYHO OCHOBAHHBIH HA paHHeH pabore Bpafiena
[1961], 6nla1 npensnoxen Ctoynom u Bpaitenom [1963]. B srtoit pa-
6oTe pacCMaTPHBAIOTCS OTJEJbHBIE BECOBble MHOMKUTCJHN H Jesaercs
IONHITKA HX ONTHMH3alMH. Hanayumuit pesysabraT nosyuyaercs
B TOM CJy4ae, KOT[a AJs PasHbIX 1IaroB IO BPEMEHH NMPUHUMAIOTCS
pasNHuHble BECOBBIE MHOXHTEJH.

Ipyras HesgBHasa cxema Oblia paccmoTpeHa HMBaHOBEIM ¢ coab-
topamu [1970].

OnuH U3 HEIOCTATKOB HESIBHBIX CXeM, IPHUMEHSIEMBIX K ypaBHe-
HHIO KOHBEKIHH B CJyuae HEBA3KOH XKUAKOCTH, 3aKJI0UAETCS B TOM,
YTO OHH NPHBOAAT K GeCKOHEUHOH CKOPOCTH PacHpOCTPaHeHHS BO3-
mylnerus, A MOXeNLHOTO YpaBHEHHS B CJayyae HEBSA3KOH XHAKO-
CTH BO3MYINEHHE BeJUUUHBl { pacmpocrpaHsiercss 3a BpeMms Af Ha
paccrosguue [ = uAf. dasa mnpocroit fABHOH KOHEUHO-PA3HOCTHOH
CXeMbl BO3MYVINEHHE Bcerfa pacrnpocrpangercs 3a Jaioboe Bpems Af
B COCEJIHIOI Y3JIOBYIO TOUKY Ha paccrosuue [ = Ax. Ho nas uess-
HOH cXeMbl, IOCKOJBKY B Helf Bce {"t! paccMaTpHBAIOTCS OIHOBpE-
MeHHO, BO3MYIIeHHe PaclpoCTPaHseTcss Ha paccTosfHue [ = oo (MJH
J0 TPaHHI pacyeTHOH ceTKH)!). 3aMeTuM, OLHAKO, UTO 3TO CBOW-
CTBO JKeJaTeNbHO 1J YpaBHeHus Auddys3uH, Kotopoe B Audde-
peHLHaJbHOH (opMe HMeeT GeCKOHEUHYIO CKOPOCTh pacnpocTpaHe-
HHA Bo3MyuleHHst. IIpocTble SIBHBIE KOHEUHO-PA3HOCTHBIE aHAJOTH

1) Takas OecKoHeuHas CKOPOCTL PacCHpOCTPAaHeHHs: BO3MYIIEHHS TAKKe O3HA-
YaeT, YTO XOTS Obl HeKOTOpHe (Ypbe-KOMIOHERTH HMEIOT omepexamomyio ¢bazo-
BYI0O OWHOKY B NPOTHBOMOJOXKHOCTb 3amasisiBaioulefi ¢asosoil ownbke B npo-
CTBIX SIBHBIX CXeMax.
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aaa ypaBHeHHs aud@ysuu He o6najgalor TakMM cBoiicTBoM. [lns
Toro 4to6bl MOJEJHPOBATh LPAaBUJbHOE KaUECTBEHHOE IIOBEIeHHe
ypaBHeHHs, BKIIOYAIOEro KOHBEKTUBHBIH H JHOOY3HOHHBI UJIeHH,
MO CKOPOCTH pacnpocTpaHeHUs BO3MYILEHHS, MOXHO JJIS KOHBEK-
THBHOrO YJeHa MNPHMEHSITb fIBHYIO CXeMy, a aaAf Au(pGY3HOHHOTO
ujena — HesBHyl (cm. [Ipaxr [1971a]). Koueuno, takoe mosene-
HHE He CVIIeCTBEHHO, €CJH OTBICKHBAeTCH TOJbKO CTALHOHAPHOE
pelilelHe.

JIpyriM OUEBHIHBIM HEJIOCTATKOM pACCMOTDPEHHBIX HESBHHIX
cXeM SIBJsieTCss HeoOXOAHUMOCTb OJHOBPEMEHHOTO pellleHHs Ha Ho-
BOM miare Mo BpeMeHH N aare6panveckHx ypaBHeHHil (rze N —
YHCJAO TOUYEK { MO TNPOCTPAHCTBEHHOH IepeMeHHOH, B KOTOPBIX
pellleHHe He OIpejeJsieTcsl H3BECTHBIMH TDaHHUYHBIMH YCJIOBHAMHU),
Eciu npu pelleHHH HenMHeHHOH 3ajaud YACTHUHO HesIBHBIE CXeMBl
IOJIKHE AeficTBUTeNsHO o0ecneunTts nopsaaok toynoctu O (Af2, Ax?),
TO ToJe cKopocred wu™t! NOJIKHO PAcCUMTHIBATLCSI TaKyKe HEeSBHO.
B Hacrosiniee BpeMs pelleHHe CHCTeMbl HeqHHeHHBIX YpaBHeHH{
SIBJsieTCs] BecbMa TPYAHBIM [eJOM, W Ha NPaKTHKe HesBHBIE pac-
YyeThl KOHBEKTHBHOrO MOJsi He NpoBoAsTcs. Pemnrth cucreMy n3a N
JHHeHHBIX yYpaBHeHHH, KOHEUHO, TpyJHee, ueM MPOBECTH paCUeThl
no npocrofi aBHOW cxeMe, HO, Kak OyleT IOKa3aHO HHUIKe, TaKoe
pellleHUe He SIBJISIETCH HCKJIOUMTENbHO TPYAHLIM B He TpebyeT upes-
MEpHO MHOIO BpeMeHH (B OJHOMEpDHOM ciyuae).

KoHneuHo-pasHOCTHOe ypaBHEHHe B KaxAOfl TOuKe [ BKJIOyaer
HeU3BeCTHHEe 3HAUEHHS] TOJBKO B JIBYX COCENHUX Toukax i+ 1. [las
HJJIOCTPALME TOKAXKEeM, KaK MOIKHO NPOBOAUTL pelleHHe CHCTEMBI
Takux ypaBHenufi. (B meficTBHTeNbHOCTH onHcbiBaeMblil cnocol pe-
HmIeHusl NpHMeHsercs He gacro.) [lycTb u3BecTHHI 3Hauewust & u &
ra (n-1)-M cnoe. YpaBHeHHe B Y3J0BOH TOYKE UMeeT BHI

Lot at + 0gi =¢, (3.277)

_ rae sepxuuil nugerc n 1 onymen aaa npocrorsl., Ilpn n3secrrom
3HaYeHUH §; M3 ypaBHeHus (3.277), paccMaTpHBaeMoro B TOYKe
{ = 2, MOXHO HaHTH

€3=f(€2v cl)) (3.278)
T, e. {3 KaK QyHKOUIO 3HaueHHH §o u §;. [lepexons ¥ Touke { = 3,
noJjyyaem

=1 &) (3.279a)

[Tpn nomomn (3.278) BoipasuM G uepes §p u ;, 4To jacr

Ga="1(Co T (3.2796)
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[Tpononxas, moayyaeM B TOdKe (==/[—2
Lror = (G2 L) = (L2 ) (3.280)
H, HaKoHel, B Touke { = [ — 1
&r=1(Z - (3.281)

[Ipu H3BECTHBIX TpaHHYHBIX 3HAUGHHAX {1 H §; OTCIOAA MOXHO
HaliTu Go. 3aTem, MpOBOAA 1/1A pelleHHs ypaBHerufl Buga (3.277)
«BTOpPOH 00X0[» Yy3JOBBIX TOUEK, MOXHO HaHTH 3HaueHus { B ocC-
TaJbHLIX TOYKaX. TaKoH crmoco6 pelleHHs JIErKO HPHCHOCOGHTD
¥ K TPaHUYHBLIM YCJOBHAM APYroro BIAa.

Jauubiit cnoco6 penieHusi, B TOM BHIe, KaK OH OBII ONHCaH,
HCIIOJb3YeTCA PelKo, TAK Kak NpU MOA00HBIX «IBOHHHIX o6xomax»
MHOTIAa TMPOUCXOJHMT HAKONJEHHE MAIIHHHEIX OIIHGOK OKPYrJeHHS.
JTOro HeJOCTAaTKa JHIIEHBl HEKOTODHIE aJrOPHTMBI  MPOTOHKH
(«TpexauaroHajbHble aJTOPUTMbI»), OJAHH H3 KOTOPEIX paccMaTpH-
BaeTcs B NPHJACKEHHH A,

CuCTeMa pa3HOCTHHIX YPaBHEHHH Ha3bIBAaeTCH TPEXAHArOHaJb-
HOH B TOM cJyuae, KOTJa B MaTPHUYHOH 3aNUCH 3TOH CHCTEMHI

[A][¢] =[B] (3.282)

martpuna [A], Koropas noJjxkHa ObITh obpalileHa, HMeeT TpexjaHa-
roHaJbHYIO (OpMY, T. e. BCe ee 3JEMEeHTHl, OTCTOSILHE OT JHaro-
HaJsn Gosee ueM Ha OAHY MO3HIHIO, PaBHBI HYJO. Tpexguaronab-
HYIO MaTpHIy CXeMaTHYeCKH MOXKHO MpPeACTaBUTb KakK

0
A= . . . . (3.283)

.
TaKHe TpeXllHaFOHaJIbeIe CUHCTEeMbI pa3HOCTHbIX ypaBHe}mﬁ pe-
HI1arTCA J0OCTATOYUHO HpOCTO. OﬂHaKO HpHMeHeHHe HEABHLIX CXEM

AJsT pelleHHs] IBYMEepHLIX 3ajJay IPHBOJAHT K MaTpHIe 06.404HO-
TPex0uazonarb ROl HOPMHI
dt 0
PR
(A=} .- - |, (3.284)
0

rae MeMedThl d W { CaMu ABARIOTCH TPEXAUATOHAJBHBIMH MATPH-
namu (cM. Mutuenn [1969, c. 120]). YpaBHeHusi ¢ Takofl MaTpH-
el yKe He TaK MPOCTO PEIIHThb, H HanGoJee U3BECTHEE METONBl HX
pellleHHs ABASIOTCA HTePALHOHHBIMH,
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TlosTomMy, HecMOTps Ha TO 4TO TPH MCMOJb30BAHEH HEABHBIX
cXeM JOMYCTHMBI KPYIHBIE IIardH MO BPeMeHH, Ha KaXKAoM IIare,
BooGile TroBops, Tpe6GyeTcsi BHINOJHeHHe GOJIBLIOTO YHCJAa HTepa-
uuil, Ilpn 3TOM HesBHas cXeMa yXKe He JaeT BBIHIPHILA MO CpaBHe-
HHMIO C MHOTFOKpPaTHBIM NpHMeHeHHeM fABHOH cxeMul. BcuseucrBue
9TOrO TaKHe HesiBHble CXeMbl He HaxOAAT HeNOCPeACTBEHHOTO HpH-
MEHEeHHs /151 pellleHHs MHOTOMEeDHBIX THAPOAHHAMHUECKHX 3a1au!),
EfMHCTBEHHBLIM HCKJIIOUEHHEeM SBJAeTCS ypaBHeHHe TMOrpaHHIHOTO
cios {pasa. 6.4); sgech aAndysued B HampaBJeHHH MOTOKa mpe-
HeGperaroT, a BIOJAb APYTOH KOODAMHATHOH OCH K ypaBHEHHIO aud-
dy3uu mnpumeHsercs cxema Kpaska — Hukosacona?), Tak uTo
B 3TOM CJyYae MoJydaercs TpeXAHaroHaJabHas CHCTeMa ypaBHEHHH.

HesiBHas ¢opMyJHpPOBKa 4acTO HCIOJb3YeTCs B HESBHBIX CXe-
Max YepelyIOIHXCA HANpaBJeHHH, OCHOBAHHBIX Ha Hjee NPOGHBIX
maroB no BpemeHH (pas3x. 3.1.13) M OpuUBOASIIMX K TpexaHaro-
HaJbHBIM MaTpHLAM Jaxe B cjJydae MHOrOMepHbIX 3ajpad. Takue
cxembl 6yayT o6CyxAaTbCA B JaJjbHeHIleM, HO CHayajJa paccMoT-
PHM HEKOTOpLle MHOTOIIAroBLle ABHBIE CXEMBHI.

3.1.16. MHorowaroBble ABHbIE CXEMbl

Panee onucaHHble CXeMbl IS OLHOMEPHOTO JIHHEHHOro MOJesb-
HOTO ypaBHEeHHSl SIBJASIOTCS <OAHOINATOBBIMH», MOCKOJIbKY B HHX
IJ5 TOJYy4eHHs 3HavYeHHH Ha HOBOM BPeMeHHOM cJjoe Ttpebyercs
TOJBKO OJHH BBIUHCJIUTENbHBEHA 1mar?). PaccMoTpHM Temepb He-
CKOJIbKO MHOTOILIAroBLIX CXEM.

OpnHoft M3 IBYXLIArOBbIX fAIBHBIX CXE€M /JIsl PelieHHs ypaBHEHHS
KOHBEKLUHH TPH OTCYTCTBHH BSI3KOCTH fABJAsieTcad cxeMa XoiHHa
(Heun). Ona ucmoas3oBanach Jlopenuem [1963] u Gnina uccaeno-
BaHa Jluanm [1965]. Dra cxema npeacrasaser coGolt mepBoe uTe-
pauHoHHOe npuOJHKeHHe [JS «MOAH(HIUPOBAHHOH cXeMbl -
Jgepa» (3.267). Bwmecro HesBHOro umena O7"+!/8x B Hee BX0AHUT

aHaNOTHYHBIA YJleH, colepKalui BeauunHy {*+!, koropast BHYHC-
JISIeTCA MPEJBAPUTENbLHO NPH NOMOINH CXeMBl C Pa3HOCTSMH BIlepe

) Jlas mpocToro HeCTAUHOHAPHOro ypaBHeHns AHGMdY3UH B CAyuae ABYX
HJH TpeX [MPOCTPAHCTBEHHBIX MepeMeHHbIXx OF/0f = aV?, uesaBHOe pa3HoCTHOE
ypasuenne Kpanka — Hukoscona csoautcs K ypasHeHuw [lyaccoHa ¢ «HeTod-
HHKOBHIM» uJeHom BHza (2/a)df/0t — V2" B stoM Caywae mJs pelueHHs He-
ABHOTO pPA3HOCTHOTO YypaBHeHHs AHGGY3HH MOMKHO HCMOJb30BAaTh HEHTEDaLHOH-
Hble METOAB pelleHus ypasHeHus [lyaccoHa (cM. pasm. 3.2.1, 328 u 3.29) yu
cxeMa 6yzeT TOUHOH H 30 eKTHBHOM.

2) Ecau cTaBsTCA IPAHMYHBIE YCJIOBHs TPAaIHEHTHOTO THNA, To cxema Kpan-
ka — Hukoscona B 3ToM cayduae moxeT npusecTH kK HeycrofiumBocta (. Baorr-
Hep, JHUYHOe coollueHHe).

%) B cxeme Jlefita (cm. pasm. 3.1.13) aBa mara tpefyrorcs TOAbKO B CJaydae
ABYX NpPOCTPAHCTBEHHBIX MEepPeMeHHbIX, '
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110 BpEMEHH U C HEHTPaJbHBIMH PA3HOCTAMH IO MPOCTPAHCTBEHHBIM
MEePEMECHHBIM!

=" —uAtag "Jox, (3.2852)

n+l

g = At[ S GQM ] (3.2856)
dTa cxeMa COXpaHfieT BTOPOH MOPAJLOK TOYHOCTH, MPHCYLIHH cXeMe
(3.267), Ho okasmiBaerca cnabo HeycroduumBo# (Jlumasam [1965])
uMess MHOXHTenab nepexoga G = |+ O(Af#?). Ee MOKHO HCHOJb-
30BaTh Ha pamHedl CTajHH B [ECTAlHOHapHLIX pacyeTax, HO He
CAeAYeT NPUMeNsATh B HeCTallHOHAPHBIX pacyerax A0 GOJbIIHX 3HA-
YyeHHH BpeMEHH W B CTAIlHOHApPHOM cJjyuyae.

[Tepoe wHTepanHOHHOe NpuG/HKEHHE AJ [OJHOCTbIO SBHOM
cxeMbl (3.258) npUMeHHTENBbHO K YpPaBHEHWIO KOHBEKUHH MPH OT-
CYTCTBHH BfA3KoCTH Oblyio npemsoxeno Manyno (em. Jluamau
[1965]). BpaumoBckas [1965] wucrmosb3oBajga TAKOf ke MNOAXON
JJIs1 ypaBHEHH{l, ONMHCHIBAIOMIHX TeUueHHe BA3KON CKUMaeMOH KHA-
KOCTH. DTa cXeMa TaKOBa:

M =" — u At 8g" /b, (3.286a)
o =y Ater™ o (3.2866)

3nech omnbKa anmpokcumanun uMeer mopsigok O (Af, Ax?).
Hdnas toro uyrobbl HCCAeOBaTh YCTOHYHBOCTL 3TOH JBYyXIiLaro-
BoH cxeMBl Metronom ¢ou Helimana, npexkje Bcero npeiacTaBHM ece

B BHJe OJHOIIAroBoH cxeMbl. Buinniuem ypaBuenue (3.286a) B Tou-
Kax {4 1:

G =0, -] (3.287)
Gl =t -5 @ - (3.288)
[Moncrasasa st Bblan(e;lHH B ypabHenue (3.2866), noayuaem
gt=g -5 [gh -t =
=5t — 5 =) — o+ 5 — )] (3.289)

HJIH
n+1

1 = L — % (crizfl - @?_1) + (%’)2 (€?+2 + @:.’_2 - Qd)' (3.290)
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Torpa meron pon Hefimana gacr
n n C - C\2 -
1% +1 -V [ ?(ele—e 16 + (__) em—l—e 216 2)]’ (3.291)
G=1— (21 sin 0) + ( ) (2 cos 20 — 2). (3.292)

Tak kak 1 —cos 28 = 2 sin? 6, uMeeM

G==1—1ICsin6— C?sin?0. (3.293)
Broas o6osnauenne a = Csin 8, noayyum
|GP=(l —a?*+a% (3.294)
HAH
|GP==1—a’>+ a’ (3.295)

YenoBue ycrofiunBoctu |G |? << 1 Gyner BbomoansaThes npu |a|<< I,
orkyna C << 1. Takum obBpasom, neproe urepalHoHHOe NpHOIMKe-
HHe /15 MOJHOCTbIO HESBHOH CXeMbi NPHBOAHT K OOLIYHOMY YCJO-
BHIO YCTOHYHBOCTH AJs SIBHBIX cXeM, a He K abCOJIIOTHOH ycTOH4H-
BOCTH HEABHOH CXeMBI.

Has aByxmaroBoii cxembl (3.286) nosayyaercss TO e yCJOBHE
YCTOHYMBOCTH, 4TO H 14l ofHowAaroBo# cxemel (3.290), Ho ¢ BHI-
YHCJHTENLbHON TOUKH 3peHHS 3TH CXeMbl He 3KBHBaJeHTHBI. JIByx-
IIaroByI0 CXeMY MOMHO TNPHMEHSITh B COCEIHHX C TpaHHIeH yaJjo-
BHIX TOYKax, a AJa OJHOILATOBOH cxeMbl TpeOyloTca HedH3MYeCKie
3HayeHHs B y3JaX, PacloJOXKeHHBIX 3a rpanuuefl pacuerno#i obuaa-
cth. B cayuae mpumeHeHHsI 3TOfl CxeMBl K TEUEHHSM CXHMaeMoH
xuaxkoctH (bpaunosckasa [1965]) K pasauuusaM NpHBOAMT M He-
JIHHEHHOCTb.

OmnpenesuM CXeMHYIO BA3KOCTb pacCMaTpHBaeMOH CXeMbl B He-
CTAallHOHADHOM cJyyYae, pacKJaajbplBasi, KaK 3TO JeJ1aJoCh B MeTOJe
XépTa, BxojsfliMe B OAHOIWAroBoe ypapHeHue (3.290) useHwb
B pﬂ,[lbl Teftnopa. Onyckasi HujekcH i U n, Mojydaem

L+ S M4+ T AL 008 =

otz

=1— 3%, {[c+ M+ 5 S5 A + 0 (8] —
[ ;“Ax +0(Ax3)]}

+ 4 {[ Sr @0+ 3ot (A0 +

+ 5o QA0+ 0<<2Ax>4>] +e =53 @00+

o TE @A — ¢ 25 (2AxP 40 (2 ae]— 2}, (3.296)
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[locne npuBefeHus NOAOOHBIX 4YJIEHOB M JeJleHHR Ha Af Oynewm
HMEeTb

S oM =—u OO+ M T (3.297)

Onpenenaum 02¢/0f? U3 ypaBHeHHS KOHBEKIMH NpH OTCYTCTBHH BfI3-
KOCTH (cM. ypaBHeHue (3.226)):

62 62
T =St  (3.298)
Torpa ypaBHeHHe (3.297) NpPHHHUMAET BUJI
Py Ey MU , Ax?). (3.299)

CuoepoBaTenblio, B HeCTallHOHAPHOM cJllyyae paccMarpuBaeMas
cxeMa HMeeT CJAEAVIOMIHA K0o3b(ULHEHT cCXeMHOH BSI3KOCTH:

a, = Y2 Al =",C(uAx). (3.300)

Ecan yuecth orpanndyeHsde Ha BeJHYHHY llara Mo BpeMeHH, HaKJa-
AbiBaeMoe NTHOQPYSHOHHHIM 4JIeHOM B cJydae fBHOH CXeMBbl

M<E A (3.301)
to u3 (3.300) mosyuures
1 Ax?
A< -2~—@’§T , (3.302a)
W A2 << Ax?, (3.3026)

uag C <1, RKakK W 10Opu HccaeloBaHuH MertojnoM ¢oH HefiMana,

B NpoTHBONONOXKHOCTL CXeMHOH BSI3KOCTH B CXe€Me C pa3Ho-
cTaMH npotus motroka (3.179) msizkocTh B cxeme MalyHo nas He-
CTallMOHApPHOTo peulleHHs y6GuiBaeT ¢ ymensllenneM Af. Ilns cra-
[MHOHAPHOrO pelleHHsi Ko3(BdHUHEHT CXeMHOH BS3KOCTH paBeH
HyJi0. B 3roM Jerko yGenuThbesl, 3aMeuasi, 4TO NpPH AOCTHIKEHHH
CTAIlHOHAPHOTO pelleHHs Pe3yJabTaThl, NMOoJydYeHHble HAa KaXKIOM H3
o6oux wIaroB cxemnl, Oyayr cosnanath (Auagnen [1968], Aanen
u Yen [1970]), rak kak ofe ¢opMyaw wnienTuuHol. (Bce npoune
ABYXIIATOBble CXeMbl He 06JajaioT 3THM KeJaeMBIM CBOHCTBOM.)
Hcnoab3oBanne B 3TOM Cayyae LEHTpaJbHBIX PasHOCTeH AJs Npo-
u3BoJHON 8L/8X NPHBOAUT K paBeHCTBY o, = 0

PaccMarpuBaeMyio cXeMy MOXHO TNPHMEHSITh H JJS TNOJHOrO
ypaBHEHHS, BKJIOYAOIIEr0 KONBEKTHBHBIA U AHGOY3HOHHBIA UJeHbl,
au60 BHIYKC/AA OpeJBapATe/bHBE 3HAaueHHS TOJbKO ANA KOHBEK-
THBHOTO WJeHa H OCTaBJSIf CTapble 3HaveHUn AJas AHPDY3HoHHOTO
ujeHa, JMHOO BHIYHCJAS MNpeJBapuTesNbHBIE 3HAUCHHA MU O0OHX
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3THX UJeHoB. B n1060M H3 3THX CaydaeB HCCJeLOBAHHE YCTOHUMBO-
cru merogom ¢oH Hefimana, nokaswiBaer (Bpaunnosckas [1965],
Annen [1968]), uro mOCTATOUHBIE YCJOBHSI YCTOHUHBOCTH HMEIOT
Bug C<C1 u d <<y Bropoe ycioBue okaswmiBaercs 80soe Goaee
gcecTKum, ueM oOblUHOe OrpaHHuYeHHe, ofycsoBJeHHOe AHDDY3IHOH-
HBIM YJIEHOM B CXeMe C Pa3HOCTsMH Bllepel 10 BpeMeHH H IleHTpaJlb-
HBIMH Pa3HOCTAMH MO IIPOCTPAHCTBEHHBIM IepeMeHHLIM. AJjeH
u Hen [1970] (cMm. raxke Annen [1968]) ycrpavuaH orpannueHwe,
o6ycyoBJeHHOe AHPGY3HOHHBIM UYJIEHOM, MOJHGMHLHPYS 3Ty CXeMy
1o TOH Xe uiaee W ¢ TOH Ke mpocToTol, ¢ kKakuMH [rodopt u Ppan-
KeJl MOIHQHIHpPOBAJH CXeMy «uexapla co CpeJHeH Toukoi» (cM.
pasn. 3.1.7), a HMEHHO IIOJIOXKHJIH

C?T = Q? - %(Q?H - Cril-l) +d (C?H + c?—l - QC—:'H_l)’ (3-303a)
oY =0 — ST 0T A (T 8T — o). (3.3030)

Takas cxema ¢ ycnexoM HCHOJb30OBaJjach AJ5 ypaBHeHua DBroprepca
(2.20) n nna ypaBHeHHH, ONHCBHIBAIOWIHX TeUeHHE CXKHMaeMOH KUMI-
KOCTH B cJydae J[ABYX IPOCTPAHCTBEHHBIX INepeMeHHBX (Ajnen
[1968], Anaen u Uen [1970]). Jlannas cxeMa Takxe Jaer OmHOKY
nopsinka O (Atf, Ax2).

Ecan B cxeme Mauyno — BpausoBckoil (3.286) nnd ypaBHeHus,
ONMHCHIBAIOWErO TeUeHHe HOeaJbHOH KUAKOCTH, NPOAOJKHUTH HTe-
pauyH, TO MOJYYUTCA ANMNPOKCHMALHA NOJHOCTbIO HESIBHOH CXeMbl
(3.258). O6o3uauas HOMep HTepallUH BEPXHHM HHAEKCOM k, GymeM
HMeThb

gt — ¢ uAt—(c )

(02 __on Ay O (plnt

;(n+ l)k"'l ; —u Af 5 (; n+ l)k)

STOT NOAXOA MOKHO paCHPOCTpaHHTb " Ha cxeMmy (3.285), npuuem
noJNydHTCs ycTouHBasg cxema ¢ ownbkoH mnopsaiaka O(A#2 Ax?):

gD — ey AFSE" bk,
n 5 o]
R |

=g — uat [ 42 (), (3.305)

g(n+ pEFL - %uAt [%i" + %(;(rﬁ 1)k)]'
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Hu onHa u3 3THX CXeM He HCHOJb30BAJach JJI§ pEIUCHHA Ypab-
HeHWs mepeHoca BHXpsi, HO Beponuc [1968] npumeHHa cxemy
(3.305) nas pelieHHs cHCTeMbl OOBIKHOBEHHLIX AH((epeHHaNbHbBIX
ypaBHeHH. OH 00HapyKuJ, 4TO NPH <«ONTHMaJbHOM» BHIOope Af
IJ151 DOCTHXKEHHS CXOLHMOCTH JAOCTaToyHo B3ATh k£ = 3. (OnHako
yCcTOMYHBOCTL CX€Mbl CYLIECTBEHHO YJAyulliaeTcsi TOJBKO NpH 60jb-
HiHX 3HAYEeHUAx R.)

TpexcJiofiHas AByxiiaroBasi cxeMma, npennoxenHas Kypuxapoi
[1965] (cm. rakxke Ilommkep [1971]), obaagaer HEKOTOPBIMH
MHTEPEeCHLIMH cBoficTBamMu. B cJyvae ypaBHeHHS [AJS HeBA3KOH
XHAKOCTH €€ MOXKHO 3alHCaTh B CJAEAVIOLEM BHJE:

gm — ;n—l — 9% At-g%n, (33063)
nt+l __on 1 8" 6Cm
g — gt [ B+ 5], (3.3066)

[lepBhifi mar ecTh He UYTO WHOE, KaK NPEAHUKTOP MO CXeMe «ue-
xapjaa», a Bropoli — cxeMa (3.285). [laHHas cxeMa ofsafaer HEKo-
TOPHIMH HHTEDeCHBIMH XapaKTepuHcTHKaMHu (cM. 3apauyy 3.16). Io-
nobHo cxeme «yexapaar», oHa uMeeT OWHOKY BTOPOro MOpsilKa
E = O(Af3, Ax?); uccienoBanHe ycTOHYHBOCTH MerogoM (on Heit-
MaHa MokasbiBaeT, uto |A|=1 npu C <C 1, u cxema umeer HyJe-
BYI0 CXEMHYIO BfI3KOCTb KaK B HECTallHOHApHOM, TaK H B CTaIHO-
HapHoM cayyasx. OHa Takxe o6/anaer HelOCTATKaMH, NPHCYLIUMH
cxeMe «yexapna», T. e. TpeOyeT NOMNOJHHUTENBHBIX YCJIOBUH Ha BHI-
XOJHOH rpaHHlle HOTOKa H JAOMOJHHTEJbHBIX HadaJbHBIX YCJIOBHH U
(ypbe-KOMNOHEeHTa ¢ AJHHOH BOAHB A = 2Ax craudoHapua. B ot-
JMYhe OT CXEMbl «Uexapra» oHa olJajaer ele H TeM HEIOCTaTKOM,
UTO He JaeT TOYHOTO pellleHHs MoJesbHOro ypaBHeHus npu C = I;
OJHAKO 3HAYHTEJbHHM TPEHMYLIECTBOM pacCMaTpHBaeMOH CXEMBbI
SIBJISIETCS OTCYTCTBHE HEYCTOHYHBOCTH, CBSI3aHHOH ¢ pacu/ieHeHHeM
pellieHHsl 0O BpeMeHHEIM LIaraM.

3.1.16. HesnBHbie cxembl mMeToAa YepeayloWHUXCA HanpasBneHWi

HesBHble cxeMBI MeToJa 4epeiylOLIMXcs HanpaBJeHHH (cXeMbl
ADI) 6wbuu npepsaoxensl B paborax [Tucmena, Pakdopuna [1955]
u Iyrnaca [1955]. HasniBaeMas Takxke CXeMOH MepeMeHHBIX Ha-
npapaedufi (KyckoBa [1968]), sTa cxemMa OCHOBaHa Ha paclien-
JEHUH LIara Mo BPeMeHH C LeJbld MOCTPOEHHA MHOTOMEPHOH Hesn-
HO# CXeMEl, B KOTOpoH Tpelyercsi ofpallieHHe TOJbKO TpeXaHaro-
HanbHO#A Marpunsl !). ITepBrle npuiI0KeHHst 3TOH CXeMbl K 3ajauam

1y H. H. flgenxo [1967] paspaboTai meTol ZAPOGHHIX [1aroB, B KOTOPOM
MHOTOMEpPHOe YypaBHeHHe pacllel/seTcss Ha [0CAeL0BaTeNbHOCT OJHOMepHHIX
ypaBHeHHH; MepBHe pe3yabTaTHl oH onybauxosaa B JAH CCCP, 1959, 1. 125,
Ne 6. Merop pacmenseruss OHJ Takxke pasBHT COBETCKHMH MaTeMaTHKaMH



140 3.1. Metodu pewenus ypasHeHus nepenoca 8uxps

ruApofHHaMuKky faju Yuaxkc u Yepunaa [1966], Camioenc n Hep-
auna [1967], Mupcon!) [1964, 1965a, 19656], Asus u Xeaaymc
[1967]. B wuacrosiiiee BpeMsl HesiBHble CXeMbl YEpeAYIOLIMXCS Ha-
npaBienHii — Haubojee pacnpocTpaHeHHble CXeMbl Jif  3ajad
C y4eTOM BSI3KOCTH.

Ins JuHeapH30BaHHOH 3a/JayH HesIBHYIO CXeMy MeTOola 4Yepe-
nylolnxcss HanpasJenuit [lucmena u Pakdopra MoxHO npexcra-
BHTB B cJeayolleM Buge. O6o3naunm uepes 84/0x n 82F/6x% anmpok-
CHMAIMH C I[eHTPaJbHBIMH pasHoCTAMH Aas 0(/0x n 0% /0x® B
Touke i. MHTerpupoBanye mo BpeMeHH Ha HHTepBaJe Af ypaBHeHHS,
BKJIIOYAIOLIEr0 KOHBEKTHBHBIE U N1H(PHY3UOHHBIE YJEHH,

0%

0 __ ag 9g 3%z
W——ua—vw—l—aaxz—%aayz, (3307)

OCYULeCTBJIACTCA 3a [ABa CACAYIOUIHX uUiara:

€n+1/2 _ €"’ . 6§"+1/2 6@"’ 62§"+1/2 62€n
STEE T 4T T Uay TeTee Togy (33083
€n+1 _ €n+l/2 — 6€"+1/2 o 6€n+1 62€"+1/2 " 62€"'+1
Atf2 — dx dy dx? dy2

(3.3086)

(x ¥ y MOXHO NOMEHATb POJISIMH).

[IpeumyliecTBO 3TOro MoOJX0Aa NO CPaBHEHHIO C MONHOCTBHIO He-
ABHBIMH CXe€MaMH 3akKJjiouaeTcss B TOM, 4TO B pacCMaTpHBaeMoH
CXeMe KaxJ0oe pa3HOCTHOe YypaBHEHHe, XOTH H HEsBHOE, HMeEeT
TOJbKO TpexjAHaroHaJbHyl0 MaTpuuy. YpasBHenue (3.308a) conep-

JKHT HesiBHble HEH3BeCTHhIe gg"f/'/g, g;f;r;/%.. YpaBHenne (3.3086) co-

JlepKHAT HesiBHble HeussecTHnle {PHL 774l | OTa ABymepHas cxema
a6CoOJIIOTHO YCTOHUMBA, KaK M NOJHOCTbIO HesiBHAasd cxeMa (ypaBHe-
HHA (3.258) mam (3.263)). Ho B nanHOi cxeme Tpebyercsi pewathb
TOJMBKO TPEXAHArOHaNbLHYIO CHCTEMY (CM. NpHJOXKeHHe A), KoTopas
AJ151 OOLIYHBIX HeABHBIX CXeM HMeeT MECTO JiHIIb B OLHOMepPHOM
cayuyae. ([lpyrofl HepocTaTOK HesiIBHBIX CXeM, CBSI3aHHBIH ¢ Gecko-
HEYHOH CKOPOCTbIO PacCNpOCTpPaHEHHs BO3MYUIEHHA AJS KOHBEKTHUB-

E. T. Hbsaxonosmm, I. M. Mapuykom, A. A. Camapckum, B. K. Cayiabesbim.
Onso 43 NMepBbIX NPUMEHEHHH MeTOAa pacllellJeHHs K MHOTOMEPHOH THAPO/HHA-
muke 6bio naHo K. A. Barpunosckum m C. K. ToaydHoBeM B craTbe, omy6.m-
koBanHo# B IAH CCCP, 1957, 1. 115, No 3. — [Ipum. ped.

1) Ilupcon [1964] nmokasas, uTO KOHBEKTHBHBIE WIEHH He MeHSIOT 6e3yCnaos-
HOH YCTOHYHBOCTH 3TOH CXeMbl, KAK H B CJydae MOJHOCTBIO HesBHOH cxeMmbl. On-
Hako Xaycron u e Dpemekep [1974] yrTBepxaaioT, 4To COGCTBeHHBIE (YHKIHH,
ucnosb3oBaHHble [1HPCOHOM, MOpaBHALHLI TOJMLKO TOTAA, KOI/la KOHBEKTHBHBIE
qJeHBl MaJbl, H MO3TOMY €ro /[0Ka3aTeJbCTBY HexBaTaer obuiHocTH. Jlerko yGe-
OUTbCA B TOM, 4TO Tpebyemasi 37eCb MaJOCTb H3MepPSeTCs, KAK H MOXKHO ObLIO
npeanosarath, ycJloBHeM AJs CeTOUHOro uucaa PedHolbaca Rec < 2.
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HOTO WJI€HA, COXPaHfeTcs H B HeJBHBIX CXeMax MeTONd Yepenyio-
LIMXCS HalpapJeHHH.)

Kpome toro, paceMaTpuBaemMas cxeMa, NPHMCHEHHAA K JiHHefi-
HOMY  ypaBHeHHIO, HMeeT (opMaJbHYil0 OLIHOKY  INOpAAKa
O (A3, Ax?, Ay?). Has toro 4106bl yOenHTbCH B TOM, UTO CXeMa
JefCTBHTeJIbHO HMeeT BTOPOi NOpAJOK TOYHOCTH MO BPeMeHH (3TO
Ha MepBbil B3rJigJ HE OYeBHAHO), HYXKHO BBIIHCATL OTAEJBHO
BKJaJbl OT NPOM3BOAHBLIX 1O NMepeMeHHBIM x H y. [Ipenebperas 3a-
BHCHMOCTBIO OT 4, ypaBHeHne (3.308) morkHO 3anmucath B dopme

Cn+1 _ Q" .y écn+l/‘;’ o 62€n+1/2
At — Ox ox?

(3.309)

KOTOopas, oueBHAHO, uMeer nopsigok O(Af?). Anajoruduo, npee-
Operas B ypaBHeHHH (3.308) 3aBHCHMOCTBIO OT X, MoJydyaem dopmy

oo L[S e e e

A T T2V Ty 3y | Tz 5, 597

], (3.310)

KOTOpast Takxe, oueBHAHO, umeeT nopsiaok O (Af?). Bropoit mops-
JOK TOYHOCTH, alNPOKCHMAIHSA H CXOAMMOCTL JaHHOH CXeMbl B IIPH-
MeHeHHH K ypaBHeHHI0 AHGOQY3HH AJs NpSMOYrOJbHBIX K Hemps-
MOYTOJIbHBIX  ofsactefi  Obinin (bopmanbno nokasansl Jlyraacom
[1955, 1957].

Bropo#i mopgaaoK TOYHOCTH CXeMbl MOXeT OLITh HAPYIIEH HeJH-
HeHHBIMU UJIEHAMH, KOTOPLIE COOTBETCTBEHHO AOJMHBI BLIYUCAATHCH
Kak u"t12 un B ypaBHeHun (3.308a) u Kak u*t'2, untl B ypaBHeHuu
(3.3086). ITockoabKy ¢ U v onpefensiores depe3 (QyHKIHIO TOKa 1,
KOTOpast B CBOIO O4epelb HAXOAHTCHA H3 SJJHNTHIECKOTO YpaBHEHUS
VA =, B aTOM cayuae TpeGYyercs COBMECTHO pelliaTh ypaBHEHHA
A8 G ¥ 4as ¢ Ha caoaX a4 Yo u a1, 4TO COBceM HepeanbHO.
Ecnu Xe B cxeMe BCIOAYy HCIO/JB30BAThb CTapble 3HaYeHHS u™ H U%,
kak B pabore Cona u Xauparru [1969], To cxema OygeT HMeThb
tdopmaabuyio TouHoctb O (Af, Ax% Ay?); ecau ke moJje cKopocTeil
MeHsieTcsl ca1abo, TO B JHHEAPH30BAHHON CHCTEME OCTaeTcst Koe-uTo
oT BTOporo mnopsiika tounoctd'). Dpuan {1970] 1o BHIYHCIEHHBIM
3HAYEHHNIM u4" U U” U MO paHee BHIUHCJAEHHHIM 4™! H v™! jJuHefiHOH
sKCTpamossiiuell onpenenasay w2 y ov"+2. Takas cxeMma yCTOH-
yHBa M, KaK 0Ka3aJoCh, HMeeT BTOPOH NOpSAoK TouHOCTH. OMHAKO
oHa TpebyeT [AONMOJHUTEIbHOH NaMATH [ XpaHEHHs 3Hade-
HHI Pl

MOXKHO Takke NPOBOAUTH MONHYI0 HTEPANHOHHYIO TPOLEAYPY
(TTupcon [1965], Asuz u Xeanymc [1967]): us ypasueuns (3.308)

') DTo aHaJOTHUHO TOMY CJAy4al, KOrjga BO BTOPOH cXeMe ¢ Pa3HOCTAMH
NpPOTHB MOTOKA, (OpPMa/JbHO Hmemowell TouHocTh O{AX), ocraeTcss Koe-4To OT
BTOPOTO MOPsJAKA TOUYHOCTH [PH pacueTe KOHBEKTHBHOrO MoJs, ecan § c1abo
MeHfleTcs B 3aBHCHMOCTH OT MNPOCTPAHCTBEHHOH mepeMeHHoH (cM. pasz. 3.1.11).
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c u™ U v* HaHTH mepBoe mpubanxkeHHe {"+!, a 3aTeM U3 ypaBHEHHS
V¥ = "+ onpeneauts nepsoe mpubamkenue u™+t!' u vl Ha Bro-
POl HMTepalWyN KOHBEKTHBHble 4jeHH B ypaBHeHuHu (3.308) MoOxKHO
6path Kak cpenHue 4 = !/o(u"-4 u"t!) u 1. n. Mrepauun MoxHO
3aKOHYUTbL HA 3TOM HJH NMpojosKaTh A0 (k- 1)-it urepaiyny, T. e.
JO Tex IOp, MOKa He OYAeT BHIIOAHATHCA yeaoshe (u™+)*™ =
= (u)*: B moGom cayyae omubKa 6yIeT HMeTh nopsinox O (Af2),
Kak u B cxeme (3.285); cm. pasa. 3.1.15. Tlpu oamnoit urepaiuu
ofbem BBIUHCJIEHHH Ha OAHOM BpPEeMEHHOM Iuare YJABaHBaercH,
i TpebyeTcs MONOJHHUTEJbHAS NMAMSTh JJA XpaHeHHs Pl

Jpyras Bo3MoOXKHAs NpolEeAYypa 3aKJAYaeTcs B TOM, 4TO MOCJe
petttenust ypaBHenus (3.308a) Bbiuncasiercs (QYHKIHA ToKa "+1/2
¥ ToJydYaeMhble H3 Hee 3HadeHHa Y2 pnth2? gopcramasfioTes
B ypasHenHe (3.3086). DTo MpPHUBOAUT K JHHEAPH3AaUHUWd TOJBKO Ha
nepsoM noJayliare, Takasi mpolueaypa MOMKET oKazaThcs 6oJee Tou-
HOH, 4eM Tpollefypa JAUHEAPH3ALUWH MO 3HAYEHHAM u” H U®, U He
Tpefyer JONOJHHTEIHHON MaMATH KaK CXeMa CO CTPOro BTOpPLIM
MOPSAKOM TOUYHOCTH, TMOCKOJbKY 371eCh HeT HeOOXOAHUMOCTH pasJi-
yath B naMath " u P2 (To ectb " 1 "2 umeroT o1HHAKO-
Bbie HIeHTH(HKaTOpsl B nporpamme). Asus u Xemnymc [1967] uc-
CJ€0BAIH 3TH Pa3HOBHAHOCTH cxeM. Kak H caeLoBajo OXHIATH,
¢XeMa CO CTPOro BTOPEIM NOPSAKOM TOYHOCTH (¢ u ') okasa-
Jach TO'HEee, HO [J151 DelleHHst TPeXMepHOH 3a/laul 5TH aBTOPH NPH-
MeHsiIM Hocaennion cxemy (P u P*t2) motomy uTto 0GBEM
HCIOJB3yeMO maMsITH B 3TOM cJyuae OBl Ha npejede.

B aTHX cxeMax urepauuu, HeoGXOAUMBIE AJS JAOCTHXKEHHS BTO-
poro mopsilka TOYHOCTH H JAJ% HeJHHEHHBIX YJeHOB, He 00si3a-
TEJbHO CBfI3aHbI C AOMNOJHHTEJbHOH paboToH, TaK KaK OHH MOTYT
noTpe6oBaThCA U NPH YUCIEHHOH peasiM3allul TPAHHYHBIX YCAOBHH.
OxHMM H3 HefoCcTATKOB HEfBHBIX CXEM MeTOJAa uepeaylouluxcs
HampaBJICHUH, TaK Xe KaK U JAPYrHX HesIBHBIX CXeM, ABJseTCS He-
06X0AMMOCTb HMETh TpaHHYHbIE 3HadeHna aJs "t Bpoab Heko-
TOPBLIX TPaHHIl MOXHO 3ajaTh ycJoBHA aasa (!, pomyckarouiue
HesiBHOe pelleHne. Ho Ha cTeHKe ¢ ycJAOBHeM INPHJAHMNAHHA 3HaUe-
Hus {, Ha 3TOfi rpaHulle 3aBHCAT OT 3HAYeHHH 1 BO BHYTpPEH-
HHX TOYKaxX (TaKue BO3MOXKHLIE 3aBHCHMOCTH OYAyT 0GCYKIAThCSs
B pasa. 3.3.2). [losTomy nas onpenenenns suauenus C%*' Ha
crenke TpebyeTcs HesiBHOE DpeliieHWe ypaBHeHH V2prt! = {7+l
Taxkum o06pasoM, noJiHAsi HesiBHAsl 3ajaya MPH HAJHYUH TPaHHY-
HOrO YCJAOBHAl TMpPHJHMNAHHS TNPAaKTHUECKH He MOAAAeTCH pacuery
jpaxe NpH JHHeapH3allMu CKOpPOCTeH MO 3HAYEHHAM u" u v™.

Boamoxuble npouexypbl pacuera TIpaHHYHBIX 3HaveHHH %!
HIEHTHYHB DPACCMOTPEHHEBIM BhIIIE BO3MOXKHBIM MpPOLEAypaM s

u u v. Ias sHaueHH# Ha CTeHKe MOXKHO NpHHATH [At!={(",
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H B 3TOM CJyyae 3HayeHHs { Ha CcTeHKe OYIyT oTcTaBaTb Ha Af
OT 3Ha4YeHUH BO BHYTPEHHHX TOUKax. Takas cXxeMa HCIOJb30BAaJach
B pabore Yunkca u YUepunnna [1966]. Ilpn mManbix Af ata annpok-
cUMallisg JAOCTaTOUHO TOUHA, HO BeAb OCHOBHOE MPEHMYILECTBO
HeSBHBIX CXeM MeToJa UepeAyIOUHXCsS HampaBJeHHII — BO3MOXK-
HOCTL cueTa ¢ OGoapwiuMu Imaramu Af. Ilpn Gosnbminx Af Takas
CXeMa MOXeT OKa3aThcH He TOJBKO HE TOUHOH, HO M AecTabHIH3H-
pylolieii. PellleHre NpH MOMOIIH HTepalHil, KaK H NPH HAXOXKIEHHH
pelileHust ™+, oueBHIHO, OKa3blBAETCS MNpeaNOYTHTENLHEE,

Ilpu ucnosib3oBaHHH HEABHEIX CXeM METOJA UepeAyIOIHXCs Ha-
IpaBJeHH# NS pacyeTa TeueHHH NpH Goabliux Re (Han npu 60nb-
wux uucnax [pacroda nas Teuenufi co cBoOOAHOH KOHBeKlHel)
MHOI'He HccJaenoBaTe M OOHAPYKHUBAJH BBIUHCIHTENbHYIO HEyCTOM-
UHBCCTh (HJH, BO3MOXHO, OYEHb MaJyl CKOPOCTb CXOAHMOCTH
urepannit). OHu aub0 He CMOTJH MOJYYHTL pellleHHe IPH GOoJbLINX
Re (manpumep, Ilapuc u Yurerep [1965], Toppauc [1968]), nubo
OBLIJIH BBIHYXKIEHB OCPeAHSITh C BeCOM pAacCUHTaHHBIE NaHHLIE Ha
cTapoM H HOBOM caosix nmo Bpemenu (ITupcor [1965al), uro akBu-
BaJCHTHO yMeHbLIeHHI0 Af, 1n60 NepexoiuJH K cXeMaM ¢ pasHo-
CTSIMH NPOTHB NOTOKAa AJS KOHBEKTHBHBIX useHoB {Bao u Jlorepru
[1969]), uTo B HeKOTOpOH cTeneHH ObIIO SKBHBAJEHTHO yMeHbIIe-
nuio Re (cm. pasn. 3.1.8). bBuio mesicho, ueM o6ycaoBjuBafach
nmoteps CXOAHMOCTH: MeIJICHHOH CXOJHMOCTBIO JHHEapH30BaHHOH
3ajayy, HeJHHeHHOH HeyCTOHYHBOCTBLIO YPaBHEHHH BO BHYTPEHHHX
TOYKaX, OTCTaBaHHeM [? Ha Af B OAHOWUIarOBOH Npoluenype, Hemo-
CTaTOUHOM CTEeNeHbI0 CXOAMMOCTH (%! B HTepallMOHHOH npolenype .
WM BHAOM YpaBHeHHS, HCIOJb3YyeMOr'o HJis pacuera {p [0 3Hade-
HHAM 1 BO BHYTPeHHHX ToyKax. Omnpele/silOIIHMH OKa3aJHCh J1Be
nocjelHHe TMPHYHHLL, H B cBeTe paborul Dpuan [1970] Bosnuxao-
[He 3[eCh 3aTPYAHEHHS MOTYT GBbITb pa3pelieHBhl.

3arpynHeHus, onucanusle Yuakcom u Yepumasom [1966], cBs-
3aHbl KaK C OTCTaBaHueM Ty N0 BpeMeHH (T. €. C TeM, YTO ero
3gayenve GeperTcsl ¢ NpeIUIECTBYIONIEr0 CJ0S1), TaK H C UaCTHHIM
BHAOM pa3HOCTHOTO YpaBHEHHs BTOPOro NOpPSAKAa TOUHOCTH, HC-
NOoJb3yeMoro 1Js Gw. PesyabraTel Bpuan, oTHocAumuecss K rpaHuu-
HHIM yCJOBHAM Ans Ly, OVAYT mpuBeneHsl B pasg. 3.3.2. Camiocenc
n Yepuuan [1967] BepHyJaHCH K YpaBHEHHIO MepBOro Mopsijka TOU-
HOCTH 4Jf {w, KOTOPOE He NMPHBOJAHT K HEYCTOHUHMBOCTH, Oiaronaps
yeMy HM yIaJoch NMPOJIOJIKUTL pacdeTsl aBTOPOB NpelllecTBYIOLeH
pa6oThl nag OoablIHX uHcea I'pacroda o Tex mop, MOKa OTCTaBa-
Hue §, Ha Af He MPUBOJNUIO K HeyCTOHUHBOCTH. ‘

Crenenb CXOLUMOCTH g, TpebyeMas OJs NOJYUEHHS ycToHUH-
BOTO pellleHust, 3aBHCHT Npexjae Bcero or camofi sagauu. Ilpu
GoJbliux Af CXOIHMOCTh MOXKET HapyllaThes H3-3a HeJHHCHHOCTH.
QueBuaHO, YTO npH (GUKCUPOBAHHOM UHCJIe HTepauuil Tpebyercq
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MeHpIIMH wwiar A? 1Jd AOCTHXEHHS OJHOH H TOH »Xe TOUHOCTH
CXOJAHMOCTH HTEpalluil, T. €. OMHOH H TOH XK€ BeJHUHHBl € B KDUTEPHH
cxonumoctn (gt! k+l—(§g,+') +e&. Toppauc [1968] (cM. Takxke
Bpuau [1970], Bpuau u Yoanc [1971]) oGHapyxua, 4To ycjaoBHe
CXOJMMOCTH M1/ 3HAaueHHs BHUXPS Ha CTeHKE B AefCTBHTENBHOCTH
HAaKJaabiBaeT OrpaHHUeHHe Ha BEJMUMHY IIara MO BpPeMEeHH BHAA
At << a/Ax?, rae a — HEeKOTOpOe YHCJO0, 3aBHcsIlee OT 3afaud H OT
TpeGoBaunil cxomumoctd. Hecmorps na 1o uto meton don Hefimana
VKa3eBaeT Ha 0e3YCJMOBHYI0 YCTOHYHMBOCTb paccMaTpHBaeMoH
CXeMBI, OKa3bIBaeTCs, UTO HesBHOe oOlpeleseHHe 3HaueHH# [, Ha
CTeHKe (DaKTHUECKH MPHUBOIHT K OTPaHHUEHHIO HA BeJHUHHY IIara
N0 BpeMeHH, KOTOpOe aHaJOrHYHO OrpaHHUeHHIO, HMeWlleMy MeCTO
I npocTefiliell ABHOH CXeMBl C Pa3HOCTAMH BIiepej IO BpPeMEHH
W UEHTPaJbHBIMH PA3HOCTAMH 10 MPOCTPAHCTBEHHLIM I€PEMEHHLIM.
Takoe momeneHHe MpICYLle He TOJLKO HEBHLIM CXeMaM MeTona
uyepeAVIOUHXCSA HANpaBJeluil, HO H BceM HesIBHBIM CXeMaM.

XoTa TNpeHMYIIECTBA HESIBHLIX CXEM MeTOola UYepeayioliuxcs
HampaBJAeHH# HajJ ABHBIMH CXeMaMH NPaKTHUECKH HE TAaKOBLI, Kak
3TO CJeAyeT M3 aHaJu3a NpH nmoMmolu Merona ¢on Hefimana, omwir
MHOTHX HCCJIeoBaTeslell TMOKAa3blBaeT, UTO HesIBHBIE CXeMHl MeToja
YepeAVIOIHUXCA HaNpaBJaCHHI ponyckalor OO0ablIHe 1O BeJHUHHE
pasMepsl IDaroB MO BpeMeHH, YCKOPSIIOT pacueT B LejgoM (BABOE
u 6oJjee) H, KpOMe TOro, AAlOT BO3MOXKHOCTb IOJYYHTb BTOPOH MO-
PAZIOK TOUHOCTH MO BpeMeHH. MOXHO OLITh YBepeHHLIM B TOM, UTO
IJs1 TIPOCTBLIX MpPSAMOYTrOJLEBIX objacTell Takne cxeMbl OyayT LiH-
pOKO NpHMeHATbCA M B JanabHefimrem. B cayuae xe o6sacrelt He-
npaBuAbLHON (OPMEI NMpPOrpaMMHpOBAaHHEe IJf 3THX CXEM MOXeT
VCJOXKHUTBCH U 6ojiee NPAKTHUYHBIMH MOTYT 0Ka3aThCA  ABHLIE
CXEMDI.

Hns ycrmewrHoro pacnpoCTpaHEHHs] OCHOBHOH HEBHOH CXEMBI
MeTOLa YepelylolHxcs Hampasiaenu#t (3.308) ma cayuail Tpex mpo-
CTPAHCTBEHHBIX NepeMeHHLIX HYXHO MPHHATH BO BHHMaHHe HEKo-
TOpble TOHKOCTH. B HanboJiee OueBHIHOH cXeMe B 3TOM cJjyuae
HaJ0 BBLIIOJHUTH TPH BBIYHCJAHTENBHBIX IIara ¢ JABYMs MPOMEXY-
TOUHLIMH maraMu npu ¢+ At/3 u t 4 2At/3. Dra cxema yxe ne
o6sajaeT HH BTOPHLIM NOPSIIKOM TOYHOCTH MO BpeMeHH, HH Geayc-
JOBHOH ycToAunBoCcTbIo (Fuxtmaiiep n Mopton [1967]) u meycrofi-
unBa npu d >3/, (KapHaxaH c coaBropamu [1969]) Hponemon-
CTPHDYeM TaKoe pacnpocTpaHeHue cXeMEl Ha cJjaydafl TpexmepHoro

ypaBHeHHs Lmq)(pywn
oLy 0% 0%
6x"’ 0y? 822

(3.311)

Ayraac  [1962] npemsoXua cJeAy0IyI0 TPEXIIATOBYIO CXeMy
(BepxHHe HHAEKCH % I ## OTHOCATCS K TPOMEXKYTOUHLIM 3Haye-
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HHAM, BBDIYHCJEHHBIM C¢ TMOMOUBID aJdroOpHTMa HpOFOHKH)Z

vog ¥l (C+;)]+a‘f;—§:+a%;, (3.312a)
LG X TG ERD) R
(3.3126)
€n+1 Q"

Pl e L [r @+ O] a2+ 0]+
tapgr[3 @ +89]. G3120)

Cxema umeer nopsigok TounoctH O (A% Ax? Ay?, Az?) u GesycaosHo
ycrofiyuBa. drta mpolleaypa MoxeT ObiTh ob6obiieHa W Ha cayuail
Gosbliiero uyucsaa nepeMennwnix. Jdyrnac u Pakbopa [1956], dyraac
u TFanu [1964] u DBpaiten [1961] npennoxunu ApYyrue HesiBHbIe
cXeMBbl MeTOla YepeAVIOLMXCSl HalpaBJaeHHH B c/yiae Tpex NpOCT-
aHCTBeHHBIX NepeMeHHBIX (cM. Takxke KapHaxaH ¢ coaBTopamu
[1969]). Cie pa3 oTMeTHM, YTO Ka3aJ/0Cb OBl MPaBAONOAOOHBIE 06-
oblIeHHsa 3[eCh UacTO OKa3blBalOTCs HeBepHBIMH. Ecjau B wiene
8%2/6x? B ypaBuenun (3.312B) BMecTO §* HCNOJB30BaTh TOCJeLHEE
npubJKeHHoe 3HaUeHHe {**, TO, KaK mokasanu PuxTmafiep u Mop-
tToH [1967], GeaycioBHas yCTOHNUHBOCTL cXeMbl GyAeT yTpauena.

Aszuz u Xeaaymc [1967] ¢ ycmexoM HCNOJb30BaJH TpexMepHbe
HesiBHBIE CXEeMBl METOJa YepeAYIOIIHXCs HampaB/eHHH 1Js MOJHOTO
ypaBHEHHs], BKJIOYAIOIEro KOHBEKTHBHEIHA H AU PY3IHOHHBIA YJEHBL.
Mak-Ku u Muruenn [1970] paccMorpenu HesiBHble CXeMBI Yepesyio-
IIMXCSl HanpaBJeHHH AJs1 3a4ay CO CMeIIaHHBIMH NPOH3BOJIHBIMH
no KoopauHartaMm 0%(/0x dy. Kensor [1969] wuccnenoBan HesiBHYIO
CXeMy MeTOAa UYepeAyIoUINXCcsl HanpaBJeHHH AJad HeJHHeHHOro
ypaBHeHHd AHGOY3HH ¢ HeJHHEHHBIM TpaHHYHBIM ycJjoBueM. [lpu-
MeHeHHe HeSIBHBIX CXeM MeTOJa YepeAyIOIHXCsl HalpaBJeHHH 114
ypasHenust Anddy3nu B ciayuae NepeMeHHOro mara NpocTpaHCTBeH-
HOH CeTKH M I'DaHHYHBIX yCJIOBHH ofiero Bujaa paccmorpes CreHbep
[1967]. Obuee obcy:xaeHHe MeToAa MNpoBoauTCcH B pabore Bua-
ayupa [1967]. Tycracdcon [1971] npemnoxua HesBHYIO cXeMy Me-
TOoxa uepelyIOUINXCS HanpaBJeHHN AJs ypaBHEHHH MeEJKOH BOMBL.
Fypau u Muruenn [1969a] ycTaHOBH/IM 3KBHBAJIEHTHOCTH HEKOTO-
pPbiX HesBHBIX CXeM MeToja YepeaYIONMXCS HampaBJieHHH H «Jo-
KaJbHO OJHOMepHHX» cxeM (cM. Takxe Muruenn [1969]). Pu-
yapac [1970] ncmonb3oBaJ HESBHYIO CXeMYy METOAA Yepenyloluxcs
HanpaBJjeHHH ANs ypaBHeHHs NepeHOCa BHXPS B IIHJIHHIPHYECKOH
cicTeMe Koopaunat. CM. Takxke paborbl [lnauexka [1968, 19696).
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3.1.17. faHbie cxeMbl MeTOaa YEpeAYIOWHUXCH HanpasieHHH

B OCHOBHOM M3 METOAMYECKHX COO6pa)eHHH paccCMOTDHM Te-
mepb SIBHBIE CXEMBbI METOAa YepeldyIOlMXCA HalpaBJeHHil (CXeMbl
ADE). 310 uenblit Kaacc cxeM, KOTOpble BIepPBLie OLIJIH pacCcMOT-
penbl CayabeBoiM [1957] (cM. takxke Cayaben [1964], Puxtmaitep
1 Mopron [1967] u Kapuaxan c¢ coaBropamu [1969]). B npume-
HeHHH K OJHOMEPHOMY YypaBHeHHI0 AH(Ddy3uH mpocTeifimas cxema
CayJabeBa COOTBETCTBYeT CJelAyioilledl ofHomaroBo#i cxeme. [lag
GoJsbllefl SICHOCTH 3anulleM ypaBHeHHe Aud¢dy3uu B BHJIE

of 0%t . 0 _0_@_) .
ot = % xr — %5 \ox )’ (3.313)
TOrJla KOHEUYHO-PA3HOCTHasdA CXeMa Cay.nbeBa 6yIleT BBITVIAAETD TakK:
6€ n 6@ n+l
€?+1—€’il W i+l/2,—_67 i—1/2
Y =q = , (3.314)

uy, eciu d = a Af/Ax, To Tak:

ntl _ en n n n+l ntl .

gi _gi + d(€i+l —gi _—gi +€i—-l IpH ! T . (3315)
3aMeruM, 4TO e€cad OBXOX TOYEK NMPH pacyeTe MPOBOAMUTCS B Ha-
NpaBJeHHH pocTa i (Ha YTO yKas3blBaeT 3allUCh ({1 B ypDaBHEHHH
(3.315)), To suauenne [?F] Ha pacCUNTHIBAEMOM CJOe YKe H3Be-
crHO. HecMOTpsl Ha TO YTO 3Ta cXeMa fBJAsSETCA ABYXCAOHHOH, Tpe-
Gyercsi TOJNBLKO OJIHH MacCCHB JJs XPaHEHHS HEU3BECTHOH BeJH-
YyHHBl {, MOCKOJMbKY B mporpaMmme ({**! u (" Bxojsuiue B ypaBHe-
uue (3.315), MOXKHO HAeHTHOHUHPOBATH OJHHAKOBO. Tak Kak ypaB-

nenue (3.315) MOXKHO paspelluTb OTHOCHTENBHO {*+!, naHHas cxema
6yner ABHOL.

Ecau Ha KakKAOM lLiare No BpeMeHH HalpaBJ/ieHHe 06Xoja TOYEK
0NpH pacyeTe 4yepeioBaTb OT YBeJHYEHHS { K YMEHBUIEHHUIO [, TO Ta-
Kasi fABHasg CXeMa MeToJa 4YepelylOluXcs HampaBjaeHHH Oyjer
6/1M3Ka K CHMMETPHYHOH H MoXKeT OBLIThL 3allcaHa B BHIAe

n+1 n n n n+1 n+tl1 .
g =0 d (g, -0 -0+ npu i1, (3.316a)

i1

GU =g -0t gt 4 gt) npu il (3.3160)
[Ipn wucenefoBaHUM ycTOHUMBOCTH ypaBHeHHH (3.316) meron don
HefiMmana npuMeHsercs Ha J[AByX luaraX. [lJs mepBoro miara us
ypaBHenus (3.316a) noayuaem

=yt v (= D+ v = 1)) @3.317)
1| —d + de'

=TT (3.318)

A
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HAns Broporo mara u3 ypasHenus (3.3166) moayuaem
VII+2= Vn+l _|_ d[vﬂ+2 (ele_ 1) + Vn+1(e—]e - 1)]’ (3‘319)

_1—d4de”™
0=~ (3.320)

Toraga a7 mosHO# ABYX1IaroBof cxemsl 6yneM HMeTb

Vi =GRV =G, (G, V), (3.321)

HJH
Vit =gGv", (3.322)

rae
G e GAGB' (3323)

YunrsiBas, uto e*'® = cos 0 £ /sin6, u3 (3.323) Haxomum

l—d4dcosO—/Idsin® | —d+dcos6+4 Idsin0d

G= 1+d—dcos®—Jdsin® L+ d—dcosO+Idsind °

(3.324)

Ucnoabsysi AJsi YIPOLIEHHS YHCJIUTENS] U 3HAMEHATENs TOXJECTBO
(a +1b) (a — Ib) = a?*+- b?%, nonyuaem

[1 —d (1 —cos6)]®+ 4?2 sm29
G= [1+d (1 —cos8))?+ d?sin20 = sL (3.325)

YTO [OKa3blBaeT 6e3yCJO0BHYIO YCTOHUHBOCTL cxeMbl. [lokasaresb-
cTBa 6e3ycJOBHOR ycroiuuBOcTH cxeMbl (3.315) ¢ oxHMM Hanpas-
JgenneM obxona Touek MOXHO HaliTh y CayabeBa [1964].

$IBHas cxeMma MeTONa UYepeAyIOMHXCs HampaBJeHHH, NpHMeHeH-
Hasd K ypaBHeHHIO nu(pPy3uH, 6e3ycJOBHO yCTOHUHBA, KaK ¥ HEAB-
Has CxeMa MeToJa 4epelyIOLIUXCH HampaBJleHuH, uMeeT GopMalib-
Byl owmubKy annpokcuManun E = O(Af%, Ax?) (cm. Cayabes
[1964]) n anasoruuHo o6o6miaercss Ha cayyad 60JblIEro wucaa
NPOCTPAHCTBEHHBIX INIePEMEHHBIX, HampHMep

€n+1 g:l‘ i €l+1 = €n+l g:}i—ll,/
A7 =G0 sz +
TR P S AP S A .
RO LS Ay2 : upu i4, 1. (3.326)

(O pas3nuuHBIX IHKJAHUECKHX HepeCTaHOBKAaxX HampaBJeHUH 06Xo-
JOB Touek mpu pacuere cM. Jlapkuu [1964].) Baxnoe npeumyiune-
CTBO 3TOH SIBHOH CXeMbl NI CPaBHEHHIO C HeIBHOH CXeMoH MeTola
yepeNYIOMIHXCSA HaHpaBJIeHHH 3aKjajouaercss B TOM, YTO 31eChb He
TpeGyercss HCIOJbL30BATh HEABHBIH TpPeXAHAroHaJbHbLIH aJrOpHTM.
Hdpyrie BapHaHTH SBHBIX CXeM METONA YeDeIYIOIUXCSl Halpas-
aeHuii npeanoxunun CayaveB [1964], Jlapkun [1964], DBapakar
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H Kuaapk [1966]; cm. rtakxe kuury KapHaxaua ¢ coaBTopamyu
[1969]. IlpumeHeHne ABHOH CXeMBI METOAA YEPEAYIOLIHXCA HANpas-
JeHHH K HeJHHEHHOMY ypaBHeHHUIO AH(DY3HH

0 0 0
a_§=‘07(“ 5,@7) a=a(x, f) (3.327)

NPOBOAHTCS odeHb npocTo (cM. KBoH ¢ coaBTopamu [1966]).

OnHaKo npuMEHeHHe SABHBIX CXEM MeToda YepeAYIONIUXCS Ha-
npaBJeHHH aJ8 pelleHHs 3ajAad CHAPOJAHHAMHKH OrpPaHHUEHO IO
JIBYyM NpHUHHaM. Bo-mepBuix, XOTA AJMs BHYTPEHHHX TOYEK KOHEUIIO-
pasHocTHasi cxema (3.316) sBaseTca aABHOH, B LEJOM 9Ta cxeMma
tdakTHyecku GyjaeT HesiBHOH H3-3a rpaunynbix yeaosufl. Ilpu mep-
BOM HampapjeHunH obxoga mo cxeMe (3.316a) mosxuno ObITH H3Be-
cTHO 3nauenne ("' ¢ (n -4 I)-ro BpeMeHHOro cJos; NPH BTOPOM
HanpaBJeHHH o0xoda no cxeme (3.3160) A0.1KHO ObITb H3BECTHO
agauenue {2*!, rae [ = maxi. IT0 0OCTOATEALCTBO HE BbI3HIBAET
OCJOKHEHHH B CJydae 3ajau TelJONPOBOIHOCTH, I/¢ TEMIEPATYPHI
HJIM FPaJHEHTHl TEMMepaTyphl HA FPaHHllax. KaK MPaBHJO, U3BECTHBI
[UIs BCEX MOMEHTOB BpeMeHu. Ho 3HaueHHs] BHXpsA Ha CTeHKE He
H3BEeCTHBI H, KaK yxe OulJI0 OTMeueHO NpH OOCY)XKAeHHH HesBHBbIX
cXeM MeTOfa 4epefylolHXCs HampaBJaeHuii, 3TO BLI3LIBACT 3aTPYA-
HeHysl. Bo-BTopeiX (M 3TO ropasfo BaKHee), €C/JH JaHHAsd cxeMa
KOMOMHHpPYeTC C IPYrHMH CXeMaMH H B Hell [Js KOHBEKTHBHBIX
4JE€HOB  HCIOJb3YIOTCS KaKue-J1HOO BapHAaHTHl aNNpOKCHMAallMH M3
CXeMbl C PasHOCTSIMH MPOTHB MOTOKA, CXEMBbl C Pa3HOCTSIMH BIepes
N0 BPEMEHH H UEHTPAJbHBIMY Pa3HOCTAMH 1O NPOCTPAHCTBEHHBIM
nepeMEHHbIM, CXeMbl «dexXapaa» W SBHOM CXeMbl METOAA Uepeaylo-
IIHXCA HalpaBJeHHH, TO nosyueHHass KOMOHHHpOBaHHAs CXema
aub0 oKasbiBaeTcsi 0e3yCAOBHO HeyCTOHUMBOM, JHOO AJS Hee OMATH
nosipastoTcs orpaHHuenns suaa C<< 1 u d<</p!), xapakrepHbie
IJs ABHBIX cXeM. EfHHCTBeHHONl CpaBHHTE/NbHO yClellHOH KOM-
O6uHalHel sBJseTcss KoMOHHAIUS CXeMbl, B KOTOpOo# mo oGoHM ue-
PEeAYIOLIUMCS HallpaBjaeHUAM 00X04a TOYEK HCIIONb3YIOTCS Pa3sHOCTH
NPOTHB TNMOTOKa [ KOHBEKTHBHBIX WIEHOB H SBHOH CXEMB MeToJa
uyepelYIOLIHXCS HaNpapJeHHH ¢ ocpefHeHHeM AJas AHGDPY3HOHHBIX
yseHoB (cM. Jlapkun [1964]):

C=0—CU—t )+, ~U-t+E),  (3.328)
=g —C( -t ) Hd(E -8 g +E) (3.3286)
ot =2 (G +). (3.3288)

1) Heonmy6ankoBaHHBIH pe3ysabraT aBTOpa.
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Ins Takol ¢xeMbl aHAJH3 YCTOHYHBOCTH INPH IIOMOLH MeToaa (oH
Hefimana naet

10 -1y
G —1— C1—+dd+ d; tCe (3.329a)
— de
_ —16 _ —18
gr=1=C +lffd - —, (3.3296)
— ae
G = (G* +G™. (3.3298)

Anre6panueckoe HcclenoBaHHe ypaBHeHuil (3.329) BecbMa 3aTpyia-
HUTesJbHO. YUHCJeHHOe HCCIel0BaHHe HX [Js IOJHOTO HHTepBaJa
n3Menenus napamerpoB C, d U € NPUBOAMUT K YCJOBHIO YCTOHUH-
poct C < 1; orpaHduenus Ha d 3pech Het. Jlsia pellleHUs 3ajgay
THAPOJHHAMHKH C HEHY/JEBbIMH KOHBEKTHBHBIMH YJ/€HAMH HH CXeMa
(3.328), wu kakasi-1u6o apyras sBHasi cXema MeToJa Yepeaylo-
IIMXCA HanpaBJeHHH Ha NpaKTHKe He HCIOJAb30Banach. EIMHCTBEH-
HOe HCKJIOUEeHHe cocTaBjsdeT paccuuranHoe Cakypau u HMBacaku
[1970] pelieHue 3amauu O CTPYKType OLHOMEPHOH yLapHOH BOJHbI,
B KOTOPOH He CTaBATCs KpaeBble YCJOBHSI

Po6eprc u Beiic [1966] npeanoxuau yaauHbll BapuaHT sIBHOH
CXeMbl MeTOJa UepelyIOLIHXCS HaNpaBjJeHHH IS pelleHHs] ypaB-
HeHHsl NepeHoca /s HeBS3KOH MKMAKOCTH, KOTODHIH OHHM Ha3BajH
«CXeMOH C pa3HOCTSIMH MO AMAaroHa/H». JTa CxeMa OCHOBaHAa Ha
LIeHTPAJbHLIX Pa3HOCTHAX KakK [J NPOHU3BOJHOH IO BpEMeEHH, TakK
U AJs IPOH3BOLHOH IO NPOCTPAHCTBEHHOH NepeMeHHOH, KOTOpLle
BBIUHCJSAIOTCS B TOYKAaX, PAcHOJNIOXEHHLIX Ha MOJYILIAraX CETKH:

S T 37 41 Rl Y 3.330

At - Ax . (3.330)

UseHsl, CTOSIIME B NPaBOH YacTH, BBIYUC/ASIOTCS KaK CpelHHe 3Ha-

yeHHsi BAOJb AHArOHAJU gUeeK NPOCTPaHCTBEHHO-BPeMeHHOH ceTKH,

Ecau pacuer Bejercst B HanpaBJeHUH yBeauuedus { (cM. puc. 3.13),
To OyIeM HMeTb

c¢:1'/§=é(c¢+‘ +8h) it (3.331a)
gt = (e ) npuit. (3.3316)
[MoacraBasas 3TH BblpaxkeHus B ypaBHenue (3.330), moayuaem
gt =g et —al), (3.332a)
rie
b= (3.3326)
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¥npasxcrnenue, TlokasaTb, 4To B caydae OpPOBelAeHHs pacyeTa B HANMpaBJEHHH
yObiBaHus [ cXeMd ¢ pasHOCTAMH Mo jpuarodaan Pobeprca u Befica umeer BHzR

€:}+1 — Cr:, _ E,I (Ci;zi—ll _ ?—l)’ (33333)
rae
2
P T—gé/*z _ (3.3336)

[TockoabKy B paccMaTpuBaeMOH cxeMe HCIOJB3YIOTCH IEHTPaJb-
Eble PA3HOCTH KaK [0 BpPeMeHH, Tak M 1O HPOCTPAHCTBEHHOH Mepe-
MEHHOH, CXeMa HMeeT BTOPO¥ MNOPAJOK TOYHOCTH; OAHAKO H3-32

Puc. 3.13. Cxema c¢ pasHocTAMM NO auaroHaiu. KpyxKd COOTBETCTBYIOT H3BeCT-

HEIM 3HayeHHsM NpPH o0Xone B HaNpapB/ieHW® pocra i, POMOHK — HEH3BECTHOMY

3HayeHHI© B TouKe (i, n - 1), TPeyroJbHHUKH — 3HaUeHHAM, ONpeleJqseMBIM Ha

cepenHHe JHaronafefi siueek Ha noaymarax. CTpejka cnpaBa MoKa3siBaeT Hampa-
BJIeHHe 00X07a.

HaJIHUHA CMenlaHHOH NpPOM3BOAHOH (0 BpPeMeHH H IO NPOCTpPaH-
CTBeHHON NepeMeHKOll) B pasjgoxeHusax B page Tefiopa ¢op-
MaJbHO 3TO TPYAHO JA0oKa3atb. Kak ycranoBuau ITuauek n Yuabamc
[1970], ara cxema obaajaer AOCTAaTOYHOH TOYHOCTHIO B IpaKTHYe-
CKHX pacuerax.

[Mono6uo cxeme CayJabeBa, paccMaTpHBaeMasi CXeMa OKasbl-
BaeTcs ABHOH BO BHYTPEHHHX TOYKAax U HEsIBHOH Mpu pacuere rpa-
HHUYHBIX YCJOBAH. [Ia1 OCTHIKEeHHS CHMMETPHU IPH pacueTe MOXKHO
uepe0BaTh HampaBaenusi obxoma Touek it u i}. Hccaenosanue
yerodunBocTH cXeMbl (3.332) mpu nomowu Merona ¢oH Hefimana
JAaer

Vn+l (Vn 9 _ n+le—16)’ (3‘334)
. 1— gele
G=1= (3.335)

orkyna |G|2==1 ToxnecrBenno. 3HAUHUT, 9Ta ABHAA CXeMa uepe-
IYIOMUXCS HalpaBJeHui 6e3ycsioBHO ycrofiunBa no ¢oH Hefimany
H 1719 Hee |G| =1, KaK 3TO UMeeT MeCTO U AJf CXeMBbl «Uexapaa»
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(cM. pasp. 3.1.6), HO B oTJaMuHe OT NocaejiHell He obuanaer He-
YCTOHUMBOCTBIO, CBI3aHHOH C pacuJeHeHHeM pelleHHsl [0 BpeMeH-
HHIM liaraM. JTa cxema JABYXCJOI[tHasi, HO IPH ee MPOTPaMMHPO-
Banun Ha PopTpaHe NOCTATOUHO OJAHOTO MacCHBAa [Js XpaHeHHs
trom gt

Onuako qwobas ownOKa, AONYyLIeHHAS NPH BBIYHCJCHHM 3HaUe-
HHH Ha rpaHuile B Hauajge 06XOJa Y3JOBLIX TOUEK, MOXKET pacTH
He C yBeJHUeHHeM BpeMeHH, a IIPH H3MEeHEHHH NPOCTPAHCTBEHHOU
koopdunaret. Ilyctb Bce {* =0, H NyCTb Ha FpaHHUYHOE 3HAUEHHE
grt! manoxkena nekotopasi omuGka e. Torna us ypapnenus (3.332)
cJaenyer, UTO g;}j}zge. Has toro urobu n3bexarb yBeJHUEHHS
omH60K (cKaxeM, MAalIHHHLIX OWHOGOK OKDPYI/eHHUsl) BLOJb APOCT-
PAaHCTBEHHOI KOOPAHHATBI, HeOOXOAHMO, 4YTOGH MpPH BO3pACTAHHH
{ (i) 60 |E|<C 1, a npu yMenbmenuu i (i}) 6wuo || 1.
[ns cxeMbl UepelyIOIIHXCsA HanpabjJeHHH o06a 3TH OrpaHHUEHHS
npusogar kK ycaosuio |C|<C1 (cm. 3agauy 3.19). D10 ommm u3
npuMepoB, Korja oObluHbll Meron (on [HelimaHa He naer orBera
OTHOCHTEJbHO JIeHCTBHTEJbHON BLIMHC/JIHTCIbHON HeyCTOHUHBOCTH,

[lonoGHO HesiBHBIM cXeMaM, sIBHble CXEeMLl MeToJa Yepejyro-
IIHXCS HANpaBJEHHI B NPHMEHEHHH K yPaBHEHHIO KOHBEKIHH A
HEBSI3KOH 2KMJKOCTH NPHBOASIT K IOfABJEHHI0 OecKOHeUHOH CKOpo-
CTH pAaclnpoCTpaHeHHs] BO3MYIIEHHS, 4TO He SBJSeTCS CBOHCTBOM
audepeHIHaIbHOrO YPaBHEHHUS.

Paccmorpennass sBHasg cXeMa MeTOAa uepelyIOIHXCs Harpas-
JeHn#l He KoMOMHHpOBaJacb C SIBHOH CXeMOH MeToja uepeayio-
IIUXCA HANpaBJeHHH /s ypaBHeHHS AU(PQY3HUH ¢ LeJbl0 MOoJayue-
Husi 6e3yC/J0BHO YCTOHUMBOH $SIBHOH CcXeMbl JAJf INOJHOrO ypaBHe-
HUS, BKJIOUAIONIEr0 KOHBEKTHBHbIE H AH(P(PY3HOHHBlE UJIeHB, H He
HCIIOJL30BaAacCh JJIf DCLIEHHS PeAJIbHBIX 3a/a4 THAPOAMHAMHKH.

¥npascrenue. TlokazaTe, 4TO siBHasi cXeMa MeTOIa YepPelyIOUIUXCsi HalpasJe-
uuit Caymapesa (3.315) nns ypaBHenus Aud¢ys3uu He HPHBOILHT K POCTY OUIHGOK
IpH Nepexoje OT OJHOH NPOCTPAHCTBEHHONH TOUKH K APYrof.

3.1.18. Cxema <HAACCHHH»

Dra cxema 6blza BUepBble HCNOMb30BAHA JJsA HTEPALHOHHOTO
pewenusi ypaBrenns [1yaccona Ilennonom [1962] (cM. pasn. 3.2.7),
a JJIs pelleHHs YpaBHEHHH, ONHCLIBAIOIIHX TeueHHe CXKHMaeMOH
xkuakoctd, Ckanoft u Topaonom [1966, 1967]. T'ypau [1970a] o6-
ofIIua 3Ty CXeMy, J0Ka3aJ ee YCTOHUHBOCTb JJIs OOGILLEro cJhayuas
ypaBHEeHHH MHOTOMEPHBIX TeUeHHH, NPHMEHHJA CXeMy K HecTalHo-
HapHOMY YpaBHEHHIO TelJIONPOBOAHOCTH H K 3JJIHITHUECKHM ypas-
HEHHSM H jaua efi Tounoe oOpasuoe Ha3BallMe «KJIACCHKHY,
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3To Ha3BaHHE CBA3aHO €O cnocofoM 006X01a pacueTHLIX Touek,
nokasanHHbiM Ha pHc. 3.14. Ha kaxxaoMm cioe mo BpeMeHH n o6xojn
TOUeK MpPOCTPAHCTBEHHOH CceTKH coBepliaerca ABaxabl. -‘Ha mepsom
H MOCJAeAYIOIIHX CJOSiIX NO BpeMEHH C HEUeTHHIMH #1 BBIUKHCAAIT

Puc. 3.14. Cxema «kaaccukn». POMOGHKH COOTBETCTBYIOT NepBOMY OGXORY, yer-
HOMY uHcay [~ j - n; KPYXKH — BTODOMY 0GXOAy, HEYETHOMY YHCAy [+ [+ n.

3HaUeHUA B y3JaX C HeueTHoH cyMMoH i + j (Ha pHCYHKe OHH OTMe-
yeHn poMmbukamu). [las nmpocTtoro ypaBHeHHS AHGGY3HH

d 0? 02
=St (3.336)

noJiyuaem

n n n n n n
ntl  on §ipr,  — 28+ 8y i1 — 28+ & f—l)
& =&, A ( Ax? + Ag? '

i+ ] HedeTHOE. (3.337)

3toT nepBHH 00XOA OCHOBAH Ha CXeMe C PA3HOCTAMH BIepe] IO
BpeMeHU H C LEHTPAJbHLIMH PA3HOCTAMH IO TNPOCTPAaHCTBEHHBIM
nepeMeHHbLIM B Y3JaX ¢ HedeTHbIMH i - j. IIpun BTOpOoM 06xonme Ha
TOM € CJIO€ N0 BPEMEHH BLIMOJHAIOTCA TE Ke BBIUHCJEHHS B y3Jax
¢ ueTHOM cyMMOH {-j (Ha pHCYHKe OHH OTMedeHBl KPYKKaMiu),
fipHueM B COCeJHHX Touxkax OepyTca 3Hauenus Ha (n-+1)-m croe,
[oAyucHHBIE TIPH TepBOM 06Xoje:

g g .+Al(c?I.{,-—zc?jwé?.ﬂx,j n c?,*;h—zg?ﬁwz?ﬁh)
i if Ax? Ay?

i+ j uernoe. (3.338)

drtor pacuer npuH BTOpoM OO6XORe TNOJHOCTLID HEFBEH B TOM
CMBICJIe, UTO 3HAYeHHH B Toukax (i,f), (i 1,j) n (i,j41) Ge-
‘pyTcs Ha (n+ 1)-M cioe, HO 3Ta «HEABHOCTb» He BJedeT 3a coboi

’
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HeOOXOUMOCTH pEILIeHHs] CHCTEMBbl ajreGpauuecKuX ypaBHeHHH, TakK
KaK 3HAYCHHsA B COCeJHHX Toukax Ha (n - 1)-M cjoe yKe H3Be-
CTHH B pe3yJabTaTe pacueTa IpH [OepsoM 06xo0le, a 3HAyeHHe
{7t! MOXKHO ONPENEJHTh [POCTHIM HCKJIIOYEHHEM:

f‘l+1 n+l n+1 n+
n+l i 8T 5+ & —1)
~(g, + iy BB ) 2 L),
(3.339)

Ha sTopom u mocjieAylomux cJOSIX IO BPeMEHH C YETHBIMH £ DOJH
y3JI0B, OTMEUEeHHBIX POMOMKAaMH H KpyxKamu, MmeHnsiiorcs. Kpatko
3TO MOXKHO pe3WMHpOBaTh TakK: Npu (-4 j+ n yeTHoM Oepercs
pa3HoCTHoe ypaBHeHue (3.337), a npH {4 j+ n HeueTHOM — ypas-
Henue (3.338).

CKOpOCTb pacueTa CyLIeCTBEHHO YBeJHUYHBAETCS MPH HCIOJb30-
BaHHH cooTHowenus: (3.340), caenyromero H3 ajare6panyeckol
cTpykTypnl cxembl (Iypau [1970a]).

¥Ynpaxcrenue. [Tokasatb, uro u3 ypasuenuii (3.337) u (3.338) caepyer coor-
HOllleHHe

;”+2 = 2;”‘“ — 7 p i+ uerHoe. (3.340)

Ha rtex caosix no BpeMeHH, rie TpebyeTcs BblAaBaTb HHboOpMa-
UHIO BO BCeX TOUKAX, HAJO BECTH pacueThl MO OCHOBHBIM YypaBHe-
HHSIM CXEMHI.

dopMaabHO paccMaTpUBaeMas CXeMa HMEET OMIHOKY ammpoKcll-
Mauun £ = O(At, Ax? Ay?). CxeMa npHMeHHMa W JJs1 ypaBHeHHS,
BKJIIOUAIOLIETO KOHBEKTHBHbIE H AH(D}Y3HOHHBIE YJICHBI, MPHYEM CO-
orHolleHue (3.340) coxpausercs.

['ypau [1970a] nokasaa 6e3yCJOBHYIO YCTOHYHBOCTD 3TOM CXeMBI
1Jis ypaBHenus AHbdY3un U A8 YpaBHEHHS, BKJIOYAIOLIEr0 KOH-
BeKTHBHble H AHGbdY3HOHHBIE UJ€HBl, KOTJa KOHBEKTHBHBIE UJIEHEI
MpeicTaBaAOTC pas3HoCTAMH npotuB notoka. Ckana u [lopron
(1966, 1967] mpuMeHSNH CXeMY <KJACCHKH» C Pa3HOCTSIMH MPOTHB
MOTOKAa [Jf pacueTa TeuyeHHs BA3KOH cxkuMaeMoh xkuakoctu. Ox-
HAKO BO3MOXKHO, UTO TaKHe CXE€Mbl MOTYT HCIOJb30BAaTbC M IpU
NpPEeACTaBJECHHY KOHBEKTHBHBHIX YJIEHOB IEHTPAJbHBIMH Pa3HOCTAMHY,
KaK 3TO JeJaeTcsl B HESIBHBIX CXeMaX MeTOLa yepelyIoLUXCsl Ha-
npasJjennii. ['ypau [1970a] coobuaer, uTo H3-3a OTCYTCTBHS 06pa-
IMIEHHS TPEXAHATOHAJbBHBIX MaTpPHI U 3)PEKTHBHOCTH COOTHOIIEHHS
(3.340) pacuer oaHOro ilara NO BpPeMeHH N0 CXeMe <KJIACCHKH»
POH3BOAHTCA B TPH-UeThIpe pa3a ObICTpee, YeM MO HesIBHOHM cxeme
MeToja  depelylomuxcss HanpasJaenuli ITlucmena — Pakdopaa.
Kpome Toro, cxema «KJaCCHKH» CYILECTBEHHO MpOLUe AJs NPOrpaM-
MHPOBAaHHS IO CPAaBHEHHIO C HEABHOH CcXeMOH MeTola uepenylo-
IIUXCA lanpaBJjeHdii (oco0eHHO a5l o6aacTedl CJa0KHOH (OpPMBI)
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u Jerko o6obuiaercs Ha caydail Tpex NPOCTPAHCTBEHHBLIX [IE€pPEeMeH-
HbX. OAHAKO NpH pacueTax ypaBHEHMsi MePeHOCa BUXPs 3Ta CXeMa,
KaK M siBHblE H HESABHBIE CXEMbl METOAA uepenyIOLIHXCs HanpasJe-
HUH, BCTpedaeTcs ¢ TPYAHOCTLIO, CBSI3aHHON ¢ HEBHOCTLIO TpAHHY-
goix ycéaosuit. T'ypan [1970a, 19700) oOHapyxua TecHYl0 CBs3b
MeXJy CXeMOH «KJAaCCHKH», HeABHOH CXeMOH MeToja uepeaylo-
muxcsa Hanpasienuit u cxemolt Hiodpopra — Ppankxena.

«fIBHOCTBL» ypaBuenuii (3.338) obyciaoBnena teM (aKTOM, 4TO
3iecb B OOBIMHOM TISITHTOYEUHOM AaHasore ollepaTopa Jlannaca
HCNONB3YIOTCS  3HAYEHHST TOJALKO B Toukax (i,f), ({Zx=1,j) H
(i,jx=1). Typau [1970a] HasuiBaer Takie KOHEYHO-DPA3HOCTHHE
BblpaKeHus E-omepatopamiu. Popma ¢ HeHTPaJbUBIMH PA3HOCTSIMH
AJ151 KOHBEKTHBHBIX UJEHOB TaKkKe ApJjfercs £-OnepaTopoM, a pas-
HOCTHLIE (POPMBI /51 WJIEHOB CO CMEIIAHHBLIMH POH3BOAHLIMU H Je€-
BATHTOUEUHBIE pasHocTHHe (GOpMYJaBnl aad omepaTopa Jlamnaca
(cMm. pa3a. 3.2.10) TakoBHIM He SABJSIIOTCS H NO3TOMY OHH TpeByioT
HeABHOTO pa3pelicHUs ypaBHEHUH, COOTBETCTBYIOUIMX YPaBHEHHIO
(3.338). T'ypan u Maxk-Ku [1971] npuMeHHJH cXeMy «KJACCHKH» B
cayuyae CMeUlaHHHIX NMPoH3BOAHHIX, a I'ypau u Moppuc [1971] nas
runep6oaHYeCKHX CHCTEM CO CKaukaMH. B nocaeaneii padore dakTu-
YeCKH paccMaTpuBajach OJZHOMepHaa YyjaapHas BoaHa. Moppuc
[1971] npuMensan 3Ty cxeMy AJs pacyeTa YyPaBHEHHS TeMJIONPOBOA-
HOCTH (mapaboJHUecKOro THMA) B TPeXMepHOM clydyae ¢ rpaHuy-
HBIMH YCJOBHSIMH cMellaHHOro THna (ycJosus Po66uHa), KoTopble
BO3HHMKAIOT NPH NCIOJb30BAHHH HBIOTOHOBCKHX YpaBHeHHI KOHBeK-
THBHOH Temnonepejgauu. Jng pacuera MHOrOMEpHBIX TeueHHH He-
CXKuMaeMofl KHAKOCTH NPH HEKOTODBbIX IPAHHYHLIX YCJOBHSIX Tpa-
JHEHTHOrO THIA AdHHAs CXeMa MOKa He MpPHMEHsJIach, HO MOIKHO
npeaBHJETL €€ IIHPOKOe NPUMeHeHHe B Aa/bHeieM.

3.1.19. Cxembl YeTseproro nopsagHa to4yHoctH Pobeptca —
Beiica u Hpoymu

B crneayroouinx Ttpex pasgenax Mbl o6paTtuMcs K 0GCYXKAEHHIO
TAKHX SBHBIX CX€M, KOTOpble OKa3blBAIOTCH CJOXKHee HesBHBIX,
CJ0KHOCTb 5THX cXeM OOBACHAETCA TeM, UTO OHH CTPOATCS C LeJbI0
yMeHbllleHHs1 (a30BOH OWHOKH, paccMOTpeHHOH B pasa. 3.1.13 Ha
npuMepe cxemul Jlefita.

Crates PoGeprca u Befica [1966] nogBujace MOYTH ONHOBpe-
MeHHo ¢ pabotoh Jlefita [1965] OGe paGorhl MpogeMOHCTPHPOBAJIH
BaXKHOCTb (pasopoli ownbku. Pobeptc n Beilic paspaboranu uerwipe
Pa3JHYHBIX BHA SIBHBIX CXeM H U3YUHJH Apyrue cxeMmbl. Ynratenio,
XKenaplleMy MoApoOHO 03HAKOMHUTbCS ¢ (PA30BBIMH OIUIHOKAaMH,
KpoMe 3TOoH pa6GoThl pekoMeHayiorcs pabGorsl @Ppomma [1968)
u I'pammennvtBenta [1969].
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B mpeapaymeM pasiene yxe Obla pacCMOTpPEHa cXeMa ¢ pas-
HOCTAMHU N0 auaronann PobGeprca n Befica, umeromas Bropoit nopsi-
NIOK TOYHOCTH. 3pech OyayT npejcTaBieHbl HauboJee HHTEpeCHbIE
H Hawgyulne (C TOYKH 3peHHS yMeHblIEHHS ($as30BOH OLIHGKH)
cXeMbl 3THX aBTOpOB, HMewIue nopagok tounocTu O (Af2, Ax?).
OTH cxXeMbl OBLJIM NOCTPOEHBI NPH NOMOIUH HHTErpaJbHOTO MeTondad
(pazn. 3.1.1B), uTo obecneyHBaso HX CTPOrYI0 KOHCEPBATHBHOCTh,
Cnenys Po6eprcy u Beficy [1966], onpenesum [Be nepemnjerenHble

n+3 | —4-

1 |
A e

g

nt+2

n+3/2

nt

<

-
L4 +
—+

+
; t

n¥1/2 ——?——--——?——
n f ‘ +

T

Puc. 3.15. CeTka ¢ pacnoJioXKeHHeM V3JOB B IIAXMATHOM IODSIIKE Mt CXEMH
PoGeprca u Befica ueTBepTOro nopsaka B cJayuyae OLHOH NPOCTPAaHCTBEHHOH nepe-
MeHHof.

CEeTKH C PAacCHOJIOXKeHHEM Yy3J0B B LIaXMaTHOM mopsiike!), kak mo-
Ka3aHo Ha puc. 3.15, rie y3nu OQHOH CeTKH OTMeueHH pOMOHKaMu,
a Jpyrodl — KpyXKaMy. BssaB 1715 annpoKCHMALMH NPOCTPaHCTBEH-
HO# NMpOH3BOJHOH B JMHEAPH30BAHHOM YpaBHEHHH UCTHIpE 3HAUEHHS .
¢ (n~F1)-ro caos mo BpeMeHH, MOJYYHM NepBYIO cxemy Pobepr-
ca — Beifica uerBepTOoro mnopsifika, HMEIOUYIO CACAYIOMIHHA BHAI:

n C n
t+l — c:z — (ct;ti—ll/z ij-ll/Q) +
1 C2 n 2 n 2 n n
+or (1 =5 ) (@5 =38t + 3 — ™). (3.341)

[epBuifl 3akaiOYeHHBII B CKOOKH UJileH B 3TOM yDaBHEHHH B TOY-
HOCTH COOTBETCTBYET CXeMe «uexapfa», a BTOPOH NpeJCTaBAseT

1) DTy cxeMy MOXHO TaKkXe ONHCaTb Ha oZHOH JAByMepHoii cerxke. CxeMa
Po6eprca — Befica ¢ ceTkofi ¢ pacroJioxeHHeM y3/l0B B WIAXMAaTHOM [OPsSJAKe
daxTHYeCKH 3KBUBANEHTHA CXeMe «yexapaa» (cM. pasi. 3.1.6). .
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co6oli MOTPaBKy 60J1ee BLICOKOrO nopsaka. Jlasi 3rofi cxeMbl
[AM|[=1 npu C<C2. (3amerum, uto C = uAt/Ax, tne Af=
= s+l — 7 Ho sa OJIHH PacCyeTHBIN MIar H3BECTHOE B MOMEHT Bpe-
MeHH ["t12 pelleHHe IPOJBHTAETCA A0 MOMEHTa BpeMeHH ("l
Toabko Ha Af/2. Tloatomy adpdextnBHoe uncao KypaHra B nefiCTBH-
teabHoctH OyaeT C’ = (u At/2)/Ax, npuueM AJs YCTOHYHBOCTH Tpe-
6yercs Beimosnenue ycaosusi C'<C 1.) Ias casura daswer AB/2 3a
oouH war no BpeMeHd PoGeprc u Beiic [1966] moayuuau (B o6o-
3HAUEHHSIX, BBEJEHHLIX B pa3ﬂ 3.1.13) BripaxkeHue

sin (5 )eny =5 sin0[6 + (1 — CT) sin?6]. (3.342)

BTopas cxema 4eTBepToro nopsjika toyHoctu Pobeprca — Befica
CTPOHTCA KaK KOMOHMHALHUS NPeJAJOXKEHHBIX HMH JBYX CXeM BTCpPOTro
MOpsiAKa TOUHOCTH: SIBHOH CXeMbl METOJa UYepelyHOL(HXCS Hampas-
JneHu#t ¢ pa3HOCTAMHU No nuaroHann (ypasrenus (3.332) u (3.333)
u3 pasn. 3.1.17) u cxXeMbl «uyexapja», 3amHMCaHHOH Ha ceTKe ¢ pac-
MOJIOJKEHHEM Y3JO0B B IIaXMaTHOM MNOPAJKe, H HMeEeT CJAEAYIOWHH
BHI:

6 =8 — v L 4 2M) (G - ) —

MC/2 i+l t-—l
— M — )] upu it, (3.3432)
rjie | cp

Hocxonbxy B NpaByl 4YacTb YypaBHEHHS (3 343a) BXONHT 3Haye-
HHe [7t] 3Ta BTOpas cxeMa sBagercs SBHOH cXeMofi MeToia uepe-
JYIOIIHXCS HaMpaBJeHHH, 3aMHCaHHON AJg 006XojJa TOYeK B Halpas-
JIeHHH Boapactamolux 3HaueHuit if. ITomgo6HO ApPYruM sIBHLIM cXe-
MaM MeToja 4YepPeAYIOLIHXCS  HanpaBJeHufl, paccMOTPEHHBIM
B pa3a. 3.1.17, aTa cxema HesIBHAR 10 IPAHHYHOMY YCJOBHIO, T. €.
1719 Toro, yToObl HayaTb pacueT B HAMpaBJEHHH pocTa i, HeoBXo-

JAHMO 3HaTb [Tl
[Tpu C— 0 umeem M — /g H——2
i~ MC/2

ypaBHeHue (3.343a) MOXKHO Iepemucatb B BHJIE
n+1 n n+1/2 n+1/2 1 n
o=t [ @G - =5 (@L —uh)] s

Cneur dasnl onpefened B pabore PoGeprca u Befica [1966]. [Tpu
C >0 ¢dazoByr0 omHOKYy MOXKHO HAHTH H3 CJAEAYIONIEr0 COOTHO-
IIeHH:

— C/2. B 310M cayuae

(ABYypy . Csin0(4 —cos 0)
Wy 3 :

(3.345)
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Bropas cxema ofsajaeT HeCKONbKO MeHblIefl (asoBoil owHOKoI,
yeM rnepBasi, Ho o6e 3TH CXeMbl CYLIECTBEHHO JYyYIIe CXeM BTOPOro
nopsiika TOYHOCTH. Bce aTH cXeMBbl He OKa3blBalOT BO3JeHCTBHS Ha
KOMIIOHEHTY BO3MVIIEHHUSl ¢ AJUHOH BOJHH A = 2Ax, 1. e. a4
Hee HMeeT MecTO noJsHas (asoBas omwMOKa, KaK U BO BCeX cXeMax
(3a MCKJIOUEHHEM CXeM C Pa3HOCTAMH MPOTHB MOTOKA).

Kak u crnenoBaso 0KujaaTh, paccMaTpHBaeMasi cxema ofJajgaer
HEKOTOPLIMH HeJocTaTKaMu. Ly ee uClOJIL30BaHHSA B cJyyae ABYX
NPOCTPAHCTBEHHLIX NepeMeHHLIX TpebyeTcs UeThpe CETKH ¢ pac-
10J10’KEHHEM Y3J10B B IIAXMATHOM MOpSIAKE: MO JBE NepeleTeHHbIX
CeTKH /51 KaxKJoH MNpPOCTPAaHCTBCHHOH NepeMeHHOH, NOCTpOeHHBIX
Ha LeJNbIX H NOJyHeJablX caosx mo Bpemenu (cMm. PoGeprc n Beiic
[1966]). OGbeM BblUMCJAEHHI NPH STOM CYLIECTBEHHO YBEJHYH-
Baercs. Mosenkamn [1968] orMeuaeT, YTO MNpH HCNOJb3OBaHHHU
CXeMBl ¢ paclioJIOXKEeHHeM Y3JI0B B IlaXMaTHOM NOpsijaKe Tpebyercs
B 45 pas GoJbllle¢ MALIHHHOIO BpeMeHH H B 4 pasa GoJbliHi o6beM
namsTH, YeM IPH HCIOJb30BAHMH CXEMBl C PA3HOCTAMH IIPOTHB
noroka. PopmanbHan omubka annpokcumanun E = O (A#?, Ax?) ne
BbIEpXKHBaeTcd r100ajJbHO BO BCEX TOYKAX, €CJIM T'PaHHUHBIE YCJO0-
BUs Toxe He OyayT uMerh omubky nopsara O(Ax*), uto, Kax
npaBHJIO, He BhINOJHAETCS (CM. pas3a. 3.3.2).

HeycrofiunBocTh, cBA3aHHasd C pacuJieHeHHeM pelLIeHHs] [0 Bpe-
MEHHEIM IIaraM B cxeMe «dexappaa» (pasa. 3.1.6), OpHBOAMT K IO-
SIBJICHHIO JBYX pacuJeHEeHHLIX pelIeHHH; JAaHHasg cXeMa AONyCcKaeT
NOosIBJIEHHe #eTbipex pacuseHeHHHX pewennf, Jas oO0beanHeHnus
3THX pelleHHH, 0O4eBHAHO, TpelyeTcsl HaAHuHe AHDGDY3HOHHLIX YJie-
HOB ¥ (ecJd CYHTATb, YTO ONBIT NMPHMEHEHHS CXEMbl «uexapaa»
MOKET CJYXHTh HEKOTOPBLIM PYKOBOJCTBOM) TpeGyloTcs Madible
ypcaa Re TNpH YCJIOBHH BEpOSTHOTO JOCTHXKEHHS! CTalHOHAPHOrO
pemrerusi. IllaxmaTHas ceTKa NPHBOAMT TakKxXe K HEKOTOPHIM 3a-
TPYAHEHHSM T[pH I[OCTAHOBKE TI'PAHHYHBIX VCJOBHH; TIOCTAHOBKA
rpaHHUHBIX YCJOBHH, npensoxendas PoGeprcom u BeficoM, npuso-
JUT K TOMY, UTO HHTepPHpeTalHsl 3HAueHHH B y3JaX TpPaHHIBI NPH
MOMOIIH MEeTOJAa KOHTPOJBHOrO 06'beMa OKa3blBa€TCH HECOrJjacoBaH-
HOH € HHTepnpeTauHed 3HAYEHHH BO BHYTPEHHHX y3Jax CeTKH,
a 5TO MPHBOAHMT K CHHKEHHIO TOUHOCTH BOJIH3H TPAHHIL

Jpyras cxeMa ueTBEpPTOro MOpPSIKA TOYHOCTH C MeHbliell ¢a-
3oBoft omubKrof npeaaoxena ¥. Kpoyau [1967]. 3necy na meprom
mare no cxeMe Jlefita (3.224) ¢ Af/2 BBIUHCASIOTCS TIpeaBapPHTENb-
uole 3Hasenuss £*H2 B roukax i, i 4+ 1. Ha BTOpOM mare ucnoJib-
3yeTcsl cXema «dexapaas:

O = — S (). (3.346)

i z i+1 t—l

daszoBas omHOKa JaHHON cXeMbl o6cyxkjaercs B paborax Y. Kpoysuan
[1967] u ®pomma [1968].
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3.1.20. Cxema Mpomma c Hyneeol cpepHel (PasoBO#H
ownbHOMN

BOJbLIIMHCTBO fIBHBIX cXeM ofJanaer TOJBKO 3amnasfbiBaloiieii
¢dasoBoit omUGKOH, T. €. PACCYHTAHHASA CKOPOCTh KOHBEKUHH 0-KOM-
noHeHTH cocraBJaser ur(0), rae r(6) << 1, ®pomm [1968] nocrpoua
koMOUHALKIO CXeM C onepexalolieli u 3anaspniBalomeit PasoBuIMHU
olmHOKaMu AJs TMOJYyUeHHs: CXeMHl, Kotopasi 1) Guta 651 6e3ycsioBHO
yctoliunBa H 2) uMena Ob HYJeBylO CpelHIO (a3oByl0 omuOKY.

Wnes takofi cXeMbl 3aK/I0YaeTCsl B ONpeNeJeHHH TOYHOTO pelle-
HHA (AJ19 JHHeapH30BAHHOI'O YPaBHEHHS C [OCTOSHHBIM 4) B HOBHI
momeHT BpeMend npu C = 1. M3 atoro toyHoro peuieHus OpH HO-
MOIIIH CXeMBbl JlefiTa ¢ pasHOCTSIMH Ha3ad 1O BpeMeHH NOJydYaercs
nckomoe pemenne npH C << 1. Jlasg npocTOTH NPOAEMOHCTPHpPYeM
3Ty HJAE€I0 CHayaJa Ha CXeMe C Da3HOCTAMH BIlepef TO BpeMeHH
H C LEHTPaJbHHMHU PAa3HOCTAMH IO NPOCTPaHCTBEHHOH MEpeMeHHON,
a He Ha cxeme Jlefita.

Jas TouHoro pemwenuss npH uncsae KypaHTa, paBHOM eIHHHIIE,
umeeM Af == Axfu. Torna nmepeHOC CETOYHHX 3HAYEHHH OT TOYKH
K TOUKe B cjy4ae TOYHOTO pellleHHs NPOHCXOANT TakKHM 00pasom:

et = =10, (3.3472)
L ==t} (3.3476)
FHAE

-1 T gi—g = g:}_g' (3.347B)

VckoMoe pellleHHe HAXOLHTCA NMePeXOfOM IO BpeMeHH B 0GpaTHOM
nanpaBjeHuu ot ! -+ A¥ po ¢ Af, rae At << At toraa

gt.“'At’___gt.‘I-At (5§tl+Atl u fEAL Y
Sgrmar— =t == (G —ah). (3.348)
Paspemasi 3T0 ypaBHeHHe OTHOCHTeJbHO (i+A! m 3ameuas, uro
u(At — At
—— =1-C, (3.349)
noayyaem
G =t =0 —an) (3.350)

UneHn B NpaBOM 4acTH ONpefeJdIoTcs TOUHBIM pellendeM (3.347),
W, yUUTHBag obo3Hauenne Ci+A =rn+! umeeMm

=g =D (E ) (3.351)

YpaBHeHHe (3.351) mOKa3kBBaeT NOCTPOEHHE OXHOMEPHOH CXEMBbl
¢ omepexaroueii gasoBoli omubxofi. BmMecro ueHrpaabHO-pasHoCcT-
HOTO MPEACTABJIEHUs BTOPOro TOPSAKA TOUHOCTH ana OL!+AY [bx,

npuHATOro ‘B ypasHenud (3.348), ®pomm OGeper cxemy Jleiita
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ApOGHBIX WAaroB no BpemeHH (3.254) ans AByX NPOCTPAHCTBEHHMBIX
nepeMeHHbXx. CxeMa ¢ onepexatouei (hasosoit omHOKOH KOMOGH-
Hupyercs (B cMmblcie ocpenHeHus) co cxemoil Jlefitra (3.254), xo-
TOpas HMeeT 3aNasibBalomyl0 ¢as3oBylo owubKy. B pesyabrare
nosyusaercss cxema ®pomma, HasBaHHasl «CXeMOH C HYyJeBOH cpel-
He#l ¢dasoBol owubKofi». OTMeTHM 3HauyeHHs, BLIYHCJGHHBE HA
noayuare n+ !y B He uMeomue (GU3HYECKOTO CMBIC/IA, 3HAKOM
tuabia U nonoxum C,= uAf{/Ax u C, = v Af/Ay. Torga cxema
dpoMma ¢ HysneBoH cpeaHed ¢azoBol omIHOKOH OyaeT HMeThb cJje-
aylouuit Buj;

‘; _";, ,+ (‘:;—1 i z+1 ]+€1—2] ‘:; !)+
+ _i(‘;?—l, 1 2‘;?, ] + §?+1. i) +

+( )(g, o — 26 ;+8; ;) (3.352a)
- C, ~ ~ -
Q"H = Q,,, + _y(ct, -1 &, 1t &, -2 &, J) +
c
+= L (&, 1—1—2§11+§1 j+1)+( )(‘;11 . — 2L, j_1+§1 1
(3.3526)

Ara cxeMa ycroiiuuBa nmpu Cx -+ C, << 1. ®pomm [1968] nocrpoun
U30MHHUH MoayJs |G| u ¢das3oBofi OWIHGKH B 3aBHCHMOCTH OT ma-
pamerpoB C,, C, u 6. Hecmorps Ha To uyTO cxeMa ¢opManbHO
UMeeT BTOpPOH MOPSAJOK TOYHOCTH, ee (as3oBble CBOMCTBA cylie-
CTBEHHO JIyUle COOTBETCTBYIOHMIMUX CBOMCTB CXeM YETBEPTOro I0-
psiaka ToyHoctH Pobeprca — Befica [1966] n Kpoyau [1967], pac-
CMOTPEHHBHX B IpelblAylieM pasfese. Kak u gas 3TuUX cxem, 3a-
TpaThl MaIIHMHHOTO BpeMeHH JJsA cXxeMbl PpoMMa 3HAaYHTEJBHO
GoJsblie 3aTpaTt ans Gojee npocThix cxeM. Kak u B cxeme Jleita
H BO BCeX cxemax APOGHBIX HIAaroB 3/1€Ch HMEETCs TPYAHOCTb, CBSI-
3aHHAas ¢ TNOCTAaHOBKOH TpaHUYHBIX YCJOBHH Ha NEepPBOM ToJyliare
(3.352a). dTH TPYNHOCTH MOXKHO IPEO/J0JETb, BEIOHpAs B KayecTBe
3HayeHHH { Ha CTeHKe 3HAYeHHS { C NepBOro noJyuiara WJiH MoJy-
yasg HX HTEpalHOHHBIM nyTeM (cM. pasf. 3.1.16). ®pomMm!) peko-
MeHAyeT BOJM3M TPAHHLBLI NepexoAHTb K 6oJiee NMPOCTHIM PasHOCT-
HBIM CXeMaM ¢ LEeHTpPaJbHBLIMH PAa3HOCTAMH HJH C pa3HOCTAMH
NpOTUB NMOTOKa. PasHocTHble cxeMbl THna (3.352) c yuerom auddy-
3HOHHBIX YJICHOB MOKa eille He MOSIBJIAJHCH B OTKPHITOH JIHTepaType.

Ynpasxrenue. I1oCTPOHTb cXeMy ¢ HyJIeBO# cpeAHeH (asoBoll OLIHGKOH Ha
OCHOBe pa3pocTell MPOTHB noToKa. .

1) Jluynoe cooGleHHe,
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B omuoit us nocaeaywomux pa6or ®pomm [1971] ncnomabzoBaa
pPa3HOCTH MPOTHB MOTOKA H LEHTpaJjblible PAa3HOCTH HA Yepeiylo-
IMXCs IIarax MO BpeMEHH, a He B JABYXILUAroBOfl cXeMe, yMeHbllas
TeM caMblM BpeMsl BbIUHCJEHHI, HO Pa3HOCTH MPOTHB NOTOKa Opa-
Jquch npu uncnax Kypanra Cy << Uy, Cy << /o, Pacuer Todek BGIH3H
rpaHuI] 34ecb TaKxke TpebyeT CIeNaAbHOrO PacCMOTPeHHS (CM.
dpomm [1971]).

3.1.21. Cxema ApaHaBbi

Cxema ApakaBu [1966] ugacto npumensercs AJs pellleHHs Me-
TEOPOJIOrHYeCKHX 3ajJad, B KOTOPHIX paccMaTpHBAaeTCs ypaBHeHHe
nepeHoca BUXPS B HEBA3KO[l XHAKOCTH. DTO CYLIECTBEHHO ABYyMep-
Haf LeBATHTOYeYHas cXema ¢ yaaamu Tuna (i4+1,j—1) u 1. L
B Hefi cocTaBasIOLINe CKOPOCTH HEMOCPEACTBEHHO BBHIpaXKEHB! yepes
(YHKIMIO TOKa, T. e. NPHHATO u == JP[/dy, v = —o0¢/ox. He npu-
BOAf BBIBOJA CXEMBI, MBI MPOCTO BBHINULIEM ee He B 00O3HAUCHUAX
aBTopa, a B HaWHX OGO3HAYECHHAX:

U=t EAATtA"] (T Rl T | (SRR Rl S by
— (Wi 141 — V0 =) Cir, = Cim, ) F Win j Gy jar — Gig o) —
— 1 i Gt gt = i =) — Wi j1 Gigr, 1 — S, 1)
+ Wi, o1 Gty jmt = Cimn =) 8oyt (B, 41 — Bimg, j+1) —

=i pet (i jmr = Wimy, jo) — Cigt  (Wrg, jar — Vit j—1) +
8o (Wimn, per — i1, )3 (3.353)

HecMoTps Ha OYeBHOHYIO CJAOXKHOCTH, AaHHas cxeMa obaajgaer
HEKOTOPBLIMH TNpeHMyH[ecTBaMH. Y Hee (opMmaJpHad olWlnbGKa am-
npokcuMaluu cocrabaser £ = O (Af? Ax* Ay*). D10 oxpHouiaroBas
¢Xema, ¥ I03TOMY 3/ieCh He BO3HHKaeT NpobJjaeMm, CBA3AHHHIX ¢ rpa-
HHYHBIMH YCJOBHAMH, [I15 3TOf cXeMbl TOXKECTBEHHO BHINOJHAETCSA
paBeicTBO |G| =1 U TOXAECTBEHHO COXPAHAIOTCA BeJHYHHH §, {2
U KuHeTHueckas sHeprus u? 4 v?%; aTH cBoficTBa cXeMHl AeNalOT ee
ocoOeHHO YAOOHOH A/15 pellleHHs 3ajad FHAPOAHHAMHYECKON ycToil-
uuBocTH. IlocKoabKy cxema coxpanser Beauuuuy G2, oHa He MOA-
BepXKeHa Henuuelinofi ueycrofiuusocty Puanunca [1959], Bosuu-
Kawoulefl H3-3a 00YyCJOBJIEHHBIX Hepa3JHYMMOCTBIO OMHOOK (TaKHe
OWHOKH HMEIOT MeCTO, HO OCTAlOTCA OrpaHHYeHHBIMH, TaK Kak G2
OCTaeTCA OrpanuyenubiM). Xopolile CBOHCTBA 3TOM CXeMBI, OTHO-
camuecs K $asoBofl oumnbke u oGoblLiatmiie ee HAa caytall MeTeo-
pOJIOTHUECKHX ypaBHeHHH B MNpPUOJHXKEHHH «f-IJIOCKOCTH», pac-
cmorpennt I'pammenvtBesrom [1969]. Henoassyss moaxoxn [dio-
popra — Ppankena (pasg. 3.1.7), Pecra [1970] BKAOUUA B
JaHHyro cXeMy AHpdY3HOHHbIE UJIeHHL.
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K coxaJienuto, 3Ta cxema o0JajaeT HeLOCTAaTKaMH, TIPUCYHIAMH
JPYTHM cXeMaM, HCIOJb3YIOIIHM pa3HOCTH IO BPEeMeHH THHA «ue-
xapaa» (cM. pasi. 3.1.6), KoTopele UyBCTBHTEJbHH K HeycToHuH-
BOCTH, CB3aHNHOH C pacuJieHeHHeM pellleHHs 10 BpeMeHHLIM Ilaram
(eM. Yuapsimc [1969]). duas pocTuxeHHs YCTOAYMBOTO CTAIMOHAD-
Horo pewenusi ®Pecra [1970] Bpems OT BpeMeHH NMPOBOJAHJ YCpPel-
HeHHe 10 BpeMEeHHLIM CJOSIM.

8.1.22, 3ameyaHua 0 cxeMax ANs pacyera CTauHOHAPHbIX
TEYEeHHH

MrHorue cBoficTBa cxeM JJIs ypaBHeHHs IepeHOCa BHUXpS, OIH-
caHHble BBIIE, HMEIOT CMBICJ TOJIBKO [JIs1 HeCTallMOHADHHIX pelle-
Hul (HanpuMep, dasoBas omubka). XoTs cama Hlesl HecTallHoHap-
HOro noxxona npusiekatesbHa (Xapuaoy u ®pomm [1965], Makano
[1965]), ecTecTBeHHO BO3HHKAaeT CJAeAYIOUIHH Bompoc: 3aueM BO-
3UTbCA C HECTAIMOHAPHBLIM pelIeHHEeM, eCJH HHTepec NpPEeACTaBJSeT
TONBKO BO3MOXKHOe CTallHOoHapHoe pelleHHe? [louemy Obl He moJIO-
XHTb 07/0f u He paboTaTh ¢ ypaBHEHHsIMIH, OINHCHIBAIOLUIMMH CTa-
LlHoHapHOE TeueHHe?

Takoli monxox Ha caMoM JieJie ¢ YCIeXOM HCIOJIb30BaJCH MHO-
ruMu astopaMu. OnHako B ofljeM cJlyuae MOKa peKOMeHJyeTcs
HecTalMOHapHBIH noaxox. B KauecTBe mepBOro peluaroliero apry-
MeHTa B ero IoJb3y MPOLEMOHCTPHPYEM 3KBHBAJIEHTHOCTb IPOCTEH-
mel cxeMbl Jif CTAallHOHAPHOTO ypaBHEHHS H OLHOH pa3HOCTHOH
CX€MBl JAJis] HecTallHOHAPHOTrO ypaBHEHHS.

OnHomepHOe cTalMOHAPHOE MOJeNbHOE YpaBHEHHE MepeHoca Io-
JydaeTcss H3 MOJeJIbHOIO YDaBHEHHS MepeHoca NapaloJIHyecKoro
tuna (2.18) u uMeer BuI

l8 0%

Uy = %57

(3.354)

3To ypaBHeHHe MOXHO NPEJCTAaBHTb B KOHEUHO-PA3HOCTHOH QopMe,

HCMOJIb3YSl LleHTpaJibHble Pa3HOCTH [0 INPOCTPAHCTBCHHOH mepe- .

MeHHOH: . )
i1 — & Cie1—28,+C,_

u i+1 i1 —— i+l i i—1 .

2Ax Ax?

(3.355)

[Js1 pemieHus 3TOro ypaBHEHHS 3JJHNTHUECKOTO THIIE MOXKHO BOC-
0/Ib30BAThCSl KAKOH-MHO0 M3 HTEPaLHOHHBIX cXeM, KoTopble OyAayT
obcyxpuatbcsd B pasia. 3.2. B mpocrefinefl HTepallHOHHOH cXeMe
(Puuapacona uau $SIkoGu) ypaBHeHHe (3.355) paspemraercsi OTHO-
curesbHo ;. CunHTas H3BECTHBIM HEKOTOpOe HauajJbHOe NPHOJIHIKe-
nue ! pasi Beex [, HoBble 3Hauenus (fF' ma (k- 1)-fi urepauun
OTpeleNSIIOTCH MO CTOSIL{MM B NpPaBOfl UacTH CTapblM 3HA4YeHHUSIM
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nocse k-fi uTepaunuu:
A i
P (SR o) B (PR ) PR G X )

Urepannn npopoaxkamorcd A0 TexX Nop, Noka He OyjeT BBHINOJHEH
HEKOTOPHIH Kpurepu#i cxonumoctu (pasn. 3.4). Ecau u3 obenx
yacrell ypaBHenus (3.356) BmiuecTb ZF, TO uTepauMOHHAs BbIYHC-

JINTEeJibHasg CXeéMa HE€ H3MCHUTCH

A i
k+1 “C =— = (§z+1 ?-1) + ?(€?+l _ QQ? + é?—l)' (3.357)
HJIH
wAx® th —tk Pk otk
€k+l g - o i+l2Axl 1 + > +1 e 1 . (3.358)

3aMeTuM Temepb, uTo ypaBHeHHe (3.358) OymeT 3KBHBaJIEHTHO
ypaBuenuio (3.18) (wecrayuonapromy KOHEYHO-DA3HOCTHOMY YpaEe-
HEHHIO ¢ Pa3HOCTSIMH BIepel IO BPEMEHH H C LEHTPaJbHLIMH pas-
HOCTSAMH MO MPOCTPAHCTBEHHOH IepeMeHHOH), ecau ompeaeHTh
lar no BpeMeHH B ypaBHeHHH (3.18) kak Af* = |, uTepauHOHHYIO
CKOPOCTb KOHBeKIHH Kak u* = u Ax?/(20.) W HTepallHOHHBIH KO3(-
unnent 1udpdysuu Kak a* = Ax?/2. 3 ananusa ypasuenus (3.18)
H3BECTHO, YTO JJISi CXOLHMOCTH Tpebyercs, YTOOH HTePallMOHHOE
uygcao Kypanra C* He npeBblIajo €AHHHIBL, T. €. YTOOHI

H A1 2,
o s,
HJIH
Re, < 2. (3.3596)

3HaunT, TpH CceTouHOM uucae PefiHoapaca wuAxfo > 2 panHas
HTepallHOHHAasi cXeMa OyJeT pacXoAHThbCS.

SToT mpuMep MOKa3bIBaeT, UYTO HTePAallHOHHas cxeMa Puyaps-
COHA 8 TOYHOCTU IKBUBANEHTHA HECTALHOHAPHOH CXeMe M SBJSETCH
orpaHuueHHOH. [lpyrue HTepallMOHHBIE CXEMBl AJsi ypaBHeHHH 3i-
JUNTHYECKOTO THMA 3KBHBAJEHTHBH HJH 10 MeHbIUeH Mepe aHaJo-
PHUHB HeCTAlHOHAPHLIM CXeMaM Jj19 ypaBHeHHH mapabosindecKoro
THna. BrnepBble Ha TaKyi0 aHaJoruio ykasai ®pankea [1950].

Brnocaeactsun  Xoaxkuuc [1966] ycTaHOBHA  COOTBETCTBHE
MeXJy MOJyaHaJHTHUeCKHM MeTojoM YeOblllieBa H peICHHEM He-
CTallHOHapHOTO ypaBHeHHs THIepOoanyecKoro Tuna. Xeisyn [1970]
Heeae0Ba CBfI3b MeXIY pelieHHeM YpaBHEHHH [Jsi CTalHoHap-
HOTG TeueHHs H MNpeJesiOM pelleHHs HeCTallHOHAaPHOro ypaBHeHHS.

B cxemax HHXHeH M BepXHeH peJlaKCallHH CyLEeCTBEHHYIO pOJb
HrpaeT YMHOXEHHE YJEHOB, CTOSIIUX B MpPaBofl 4acTH YpaBHEHHS
(3.357), Ha MHOXHTeJb r, NpHUeM r < | COOTBETCTBYeT HHKHeH
pejakcanuu, a r > |—BepxHeli penakcanuu. Hanpumep, nas
cxeMbl (3.358) yMeHblleHHe r, OUEBHJHO, SKBUBAJEATHO yMEHbUIe-
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HHIO BeJHUMHHI mIara no BpeMeHd. Kak cienyer 0XuUJaTh M3 aHa-
JH3a A5 HecTAIMOHADHHLIX YPABHEHHH, NpPH YBeNHUYeHHH uHcaa Re
rpebyercss HHXHAS penakcanus. Tekcrop [1968] u Texefipa [1966]
9KCIIepHMEHTAJbHO YCTAHOBHJIH, YTO HYXKHAsl BeJHuunHa r ~ [/Re
B COOTBETCTBHH C INOJYYeHHHIM paHee OrpaHHYeHHeM Ha uHcao Ky-
pauta. Ho Hauunaa c¢ uHekoroporo Re U BHINeE, CXOAHMOCTb He
JNOCTHraeTcss JaxKe IPH IPOH3BOJbHO MaJblX r!). JTO MOATBEpK-
JlaeT ONBLIT MHOTHX HccJegoBarenefl, KOTOphe (YCHNEIIHO) HCHIOJb-
30BaJIH CXeMy TaKoro THna; cm., Hanpumep, Tom u Opp [1931],
Tom [1933], Tom u Aneast [1961], Kasarytu [1953, 1961, 1965],
Byprrpad [1966], Maiikn [1966], I'amunen c coaBropamu [1967a,
19676], ®puaman c coasropamu [1968], dennuc ¢ coaBTOpamu
[1968), ©punaman [1970], JIu u dun [1970].

Orpannuenne Ha Re, coxpaHsercss Jnake NPH HCNOJb30BaHHH
HeKOTOPLIX (HO He BceX) mpHOJHXKeHuH morpanuduoro caost ([laot-
kuH [1968]). [Ipu MTepalHOHHOM peIIEHHH CTAUHOHADPHOrO ypaB-
HEeHHS 3TO OTrpaHHUeHHe YJIAeTcs YCTPAHHTb, BEPHYBIUHCHL /14
ANNPOKCHMALUHH KOHBEKTHBHBIX WJIEHOB K Da3HOCTAM IMPOTHB IIO-
TOKa, Kak 3To chejanau Panuen u Boabdmredtn [1969], Tpuncnan
[1969a, 19696], T'ocman u Crnoagunr {1971]. Bo3MoXHH U Ipyrue
HTepPalHOHHBlE CXeMEBl, KOTOPBle MOTYT 0OKa3aTbCs BIOJHE 3¢ dek-
THBHBIMH; B [IOINOJHEHHe K OTMeUeHHBIM pafoTaM YyKaxeM 37ecChb
psan pabor. Anaen u Caycsean [1955] ucnmosb3oBasu penakcauHoH-
Hy10 pasHocTHylo cxemy CaycBeasa (pasg. 3.2.3) nns pemrenus
3agaud o6 obrekaHHWH nuauHApa npu Re = 1000; I'pucpdurc ¢ co-
apTopaMu [1969] npumMensin JHHEHHBIE METOX TMOCJIEIOBATENbHOH
BepxHell pesakcauuu (pasn. 3.2.4) B UUJIHHIPHYECKOH cHCTeMe KO-
opaunat; Karcanuc [1967] u Bpemn [1967] pemanun utepauuos-
HbIM METOJOM CTallHOHApHblE ypaBHEHHs, OMHCHIBAIONIHE NOTEHIH-
aJbHOe TeueHHe.

OTMeTHM HHTepeCHBIH HCTOPUUYECKHH (aKT, 3aKJIOYaOUIHACT
B TOM, uTO OOJBIIMHCTBO HCcaeoBaTesell, NPUMEHSBINHX HTepa-
IIHOHHBIE CXeMBl JJISI pelleHHs CTAlHOHAPHHIX 3ajhad, He 3aHUMa-
JIOCh 2HAJH30M YCTOHYHBOCTH M CKOPOCTH CXOIHMOCTH CBOHX CXEM,
a ONpenessiyio XapaKTePHCTHKH SMIOHPHUECKH, XOTS yKe B TO BpeMs
u3 paHHell pabotu ¢on Hefimana Oulal H3BeCcTeH METOHM HCCJIENOBA-
HHS YCTONUHBOCTH JAJS YpaBHEHMH, ONHCHIBAIOLINX HECTAalHOHADHOE
Teuenue. Bo3aMoxHoe o6bsicHenHe 3TOro (pakTa 3aKM0UaeTcss B TOM,
UTO METOJbl pacueTa CTANHOHAPHLIX TeUeHHH pa3BHBAJHCL M3 pas-
Jgena YHCJEHHOrO aHaJi3a, OTHOCSILIErocsl K pelleHUI0 ypaBHeHHS
Ilyaccona, AJs KOTOpOro npocTefliHe HTEpAaLHOHHbIE METOIH He
HMEIOT OrpaHHYEHHH, CBS3aHHBIX C YCTOMYHBOCTBIO.

'} HecMoTps H& TO YTO B [eHCTBHTENLHOCTH 3TO OrpPaHHYeHHe, HANOKEHHOE
Ha Re, moxer OBITL CBA323HO C JIHHENHOI HEYCTONUHBOCTBIO B HTePALHOHHOM
npoluecce, aRAJOTHYHOM [MPOUECcCY HecTAlHOHApHOrO pellieHHs, OO MoxeT OwTh
CBSA3aHO M C BJHsHMeM TPaHHE, KOTOpOe paccMaTtpuBaercs B pasi. 3.3.8.
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PaccMOTpeHHe HeJHHeHHBIX KOHBEKTHBHHIX UJEHOB MOXKET W3-
MEHHTb CTPOTYIO SKBHBAJEHTHOCTb MEXJAY HTEPALHOHHOH CcXeMoil
PuuyapicoHa W HeCTallHOHApHBIM Toiaxoiom. Ilpu HecrauHoHapHOM
MOAXOLE Ha KaxKJOM liare Io BpeMEHH peliaercsi ypaBHeHHe Mepe-
HOoca BHXPA M OOBIUHO HTEPHPYeTCs 1O CXOAHMOCTH YypaBHEHHe
IMyaccona saauntuueckoro tHma, V2 = . [1pu craunonaprom xe
MOLXOLe KaskKI0€ H3 STHX JBYX YpaBHeHHH MOXKHO (XOT H He
o6s13aTe/IbHO) HTEPHPOBATh MocjeloBatenbHO. I1pH TakoM noaxome
¢ «<KOMGHHHPOBAHHBIM HTEPHPOBAHMEM» CXOIHMOCTb HTepalHil, ecau
OHa HMEeT MecTo, MOMKeT ObTb JOCTHTHYTa 32 MEHbIUee YHCJI0
waroB; [ocmsn (nuuHoe coobiieHne; cM. Takxke [ocm3d m Cnoa-
nunr [1971]) ykaselBaj, 4TO 3aTPaTel MAaIlHHHOIO BPEMEHH IpH
stom cokpamatoress na 40%. OmHako, MOCKOJMBKY I1Jsl YpaBHEHHS
V2 == { He ofecreuyrBaeTcs CXOQHMOCTh Ha KaXKAo# HTepalud aJs
ypaBHEHHs BHXpS, MJAOX0H BBIGOP MCXONHBIX 3HAUCHHH NMPH CTALUO-
HApHOM MOAXOJe MOXKeT MPHBECTH K HEeYCTOHUMBOCTH, 00YCJOBJIEH-
ot HeauneiiHoctoio (Texefipa [1966], Jlum [1969], Puuapnc
[1970]) u3-3a KOHBEKTHBHHIX UJEHOB H/WJIH H3-32 TPAHHYHBIX
ycaoBuil. OObIT NOKa3bIBAET, YTO €CJH PAHHUHBIE YCJOBHS HTEpH-
PYIOTCSl € JOCTATOUHOH CTENEHbIO TOYHOCTH, TO TaKasi TPYAHOCThb
He BO3HHKAaeT HH [MPH HCIOJNb30BAHHH fIBHBIX HECTAUHOHAPHBIX
cXeM, HM TpPH HCIOJb30BAaHWM HeABHHIX cxeM. bBosee Toro, mpo-
rpamMma Ha DopTpaHe MoxeT ObITh HamHcaHa AJs HeCTALHOHAPHBIX
ypaBHeHHH, a 3areM npHcrmocobjeHa jAJsi CTallHOHAPHOTO NMOAX0Aa.

[Tpu «xoMOHHHPOBAHHOM HTEpHpPOBaHUH» ypaBHeHHus Ilyaccona
¥ YpaBHEHHA MepeHoca BHXPA MOMKHO MOJb30BATHCA MPOCTHIM KpH-
TepHeM CXOAUMOCTH 1Js1 ypaBHeHHs1 Ilyaccona. (Ity npouenypy
neHCTBHTENbHO MOXKHO PEKOMEHIOBAaTh JJIsl PACUETOB; CM. pasi. 3.4).
[Ipeumylnecrso, NMpHCYllee HTEpPAallHOHHOMY MeTody JlubmaHa (me-
tony [aycca — 3efimens) HJAM HTCpPALHOHHOMY MeETOAY MOCJEN0-
BaTeJNLHON BepxHell pesakcanuu (OyayT paccMOTpeHB B pasi. 3.2),
KOTOPblE aHAJOrHUHK HECTAIHOHADHBIM SIBHBIM CXEMaM MeTola
yepeayomuxces Hanpassenuit (pasn. 3.1.17), MoxHO ofecneuuTthb
npocThIM noGaBaennem B nporpammy onepatopa EQUIVALENCE
aas maccusoB (! u " Ha npakrtike HCOOJNB30BAHHE MEHbBIIHX
3HaueHHil mapaMerpa HuXHeli penakcauuu BO6au3u rpaHun (Ppun-
man [1970] nns pacueToB B I'paHHYHBIX Toukax Opas mapametp r
MpHOJH3HTENLHO PAaBHBIM OAHOH TPeTH OF ero 3HAaUYeHHs, NPHHHA-
TOTO JUIS BHYTPEHHHX TOUEK) MOXKeT OblTh PeasiH30BaHO BBEAECHHEM
mepeMeHHOro B mpoctpaHctse ') mara Af.

1) Taxnm ofpasoM, J0OKaabHOe 3HaueHHe Af(X,y) MOKHO OMPeNe/dATb B 3a-
BUCHMOCTH OT JIOKaJbHOTO KPHTHUECKOro 3nauvenus Af, a 3ateM 6pate ero Jo-
KaJbHO M mpojBlXKenns [ mocpeactsom Of/0f. HecranuonapHoe pelicHHe mpH
3TOM, OUeBHIHO, He OyAeT HMeTb CMBICA3, HO CKOPOCTb CXOIMMOCTH HTepauHi
K CTALHOHAPHOMY COCTOSHHIO MOXKeT OHITb yBeJIHUeHa.
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Onno#t n3 paloT, B KOTOPBLIX HCMOJb30OBAJHCh KaK CTALHOHAp-
HBIfl, TaK W HeCTAllHOHApHBIH MOAXOAH, fBJAseTcs paGora XbiHa
1 Makauo [1966]. DTH aBTOpH HAIIJH, YTO C HECTALHOHAPHBIMH
ypaBHeHHsMHU Jerde paGoraTb H OHH Gosee YCTOHUYHMBBI, K TAKOMY
e BBIBOLY C TeX NOp NPHIIJIH MHOT'HE JpyrHe uccaegoBaresu. Ta-
KOe 3aKJIOYeHHe, OUeBHIHO, CBF3AHO C NMPOCTOTOH HCIOJb3yeMOTro
HeCTallHOHAapHOro MeTofa. Korma wuHTepec mpeactaBasieT TOJBKO
CTallHOHAPHOE pelleHHe, He PEKOMeHIYeTcs MPHMEHSATh CJOKHYIO
cXeMy, Takylo, HampuMmep, Kak cxema Ppomma (pasa. 3.1.19).
B mocraTouHo MpPOCTHIX HECTAllHOHAPHLIX CXeMaX IPHBJEKAaeT HX
THOKOCTb B OTHOLIEHHH BO3MOMHOCTeH MOJyueHusl HeCTaIlHOHA PHOTO
pellleHHsl, ecJd HMEHHO OHO MpeicraBaser nHrepec. 1 — uro Gosee
BaXKHO — NPH HECTALIHOHAPHOM IMOAXOJE He Mpejrosaraercs cyuie-
CTBOBAHHE CTAIIHOHAPHOTO pelleHHsl, KOTOPOro B AEHCTBHTENLHOCTH
MOMeT H He CyLIECTBOBATh.

[Ipu atom caenyer cobaronaTh ONpeesieHHYIO OCTOPOIKHOCTD.
Ecnau HecrannoHapHble KOHEUHO-PA3HOCTHBIE YpPaBHEHHS CXOASTCSA
K YCTOHUHBOMY CTAllHOHAPHOMY pELIEHHIO, TO elllé HeNb3s CUHTATh,
YTO COOTBETCTBYIOIIHe An¢depenuHanbHble ypaBHeHHS] B YacTHBIX
MPOH3BOAHLIX HMEIOT YCTOHUHBOe CTAallHOHAPHOe pelleHHe. Kak mul
yIKe BUOENH, TUCKPETH3aLHs HHOrAa NPUBOAUT K MOSABJEHHIO CXEM-
HOH BSI3KOCTH. DTa M APYrHe OWHGKH anNpoOKCHMALHH MOTYT MpH-
BECTH K TOMY, YTO KOHEUHO-DA3HOCTHBIE YpaBHEHHsS 0KaxkyTcs Gosee
ycToHUHBLIMH, UeM AH(depeHIHaNbHBle YPAaBHEHHS B YACTHBIX MpPO-
H3BOJHBIX. BHISICHEHHE OTJAHYMA THAPOAHHAMHYECKOH yCTOHYHBOCTH
OT 3aBBIIIeHHOH YHCJAEHHOH YCTONUHBOCTH NpEACTaBJSeT TPYAHYIO
3agauy (cMm. pasg. 6.5).

Hpyro#i 3acny:XKuBaoUiil BHHMaHHUA MOAXOL K PelleHHIO 3a]ay
THAPOAHHAMHUKH HeCKHMaeMOll IKHAKOCTH COCTOHT B pelleHHH
ypaBHeHHsI YeTBEPTOro MOpALKA [/ eIHHCTBEHHOH NepeMeHHON —
byuruun toka, [loncrasasas ypaBuenue Ilvaccona (2.13) u Bwipa-
JKeHHS [JIs COCTaBJAIIINX CKOpPOCTH (2.7) B ypaBHEeHHe NepeHoca
BUxpsa (2.12), nonyuaem

a(g;w) S 6w V) + 2 = ( Vi) + &5 — V4. (3.360a)

HecMoTpa Ha TO 4TO 3TO ypaBHEHHe B NPHHLKIE ONUCHIBAET HeCTa-
IIHOHAPHOe TeueHHe, OHO OOBIYHO paccMaTpHBaeTcs B CTallHOHAPHOH
¢dopMe, Korjaa ero jeBas yacTb paBHa HyJw. Memoansys s1o ypas-
HeHHe, YCNelIHbIX pe3yabraToB pobuauck DBypcee u ®pancya
[1969], KoTopble TPHUMEHAJNH HeSBHble CXeMbl UYePeAYIOUIHXCA Ha-
npasBaenuii (cM. pasg. 3.2.7), u Ilay c¢ coasropamu [1971], moJb-
30BaBlLIHeCs HTePaIlMOHHBLIM MeTonoMm JluGmana. BosbwiHHCTBO HC-
caenosatenefi (Tom u Anenst [1961], [Tapuc u Yutekep [1965],
[Mupcon [1964, 1965a]) cronkHyaHCh 37ech C TPYAHOCTAMH, CBSI-
3aHHBIMH C TPAHHYHBLIMH YCJOBHAMH H C MaJjOH CKOPOCTBIO CXOJH-
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Mmoctd. ITupcon [1964, 1965a] BHIMONHUJ pacyeThl B MpeAeSbHOM
cJay4yae OTCYTCTBHSI KOHBEKTHBHBEIX UJIEHOB, T. €. KOrJa AJsi CTalHO-
HapHOro TedeHHs ypaBHeHHe (3.360a) cBOAHTCA K ypaBHEHHIO

Vép =0 (3.3606)

¢ MPOCTEHIUHMH I'PAHHYHBIMH ycaoBHAMH Jupuxae. OH o6HA pyxKuJI,
4TO JaKe B 3TOM MPOCTOM CJayyae CKOPOCTb CXOJHMOCTH Ha NOPA-
JOK MeHbllle, YeM B cJyyae, KOIJa pellaeTcsl CHCTeMa JBYX ypas-
HeHuil (Ans GyHKOMHM TOKAa H Aas BUXps). JeHcTBHTenbHO, H3Be-
cTHO, yTo Haubosee 3PGHEKTHBHLIA HTEPALHOHHBIH METOJH pelleHHS
furapMoHuueckoro ypaBHeHus (3.3606), o6menpuHATHE B 3agayax
TEOpPHH YAPYTOCTH, 3aKJI0YAeTCS B pa3feJieHUH 5TOro ypaBHEeHHS Ha
nBa ypaBHenus Ilyaccona, ecaM 3To JONMyCKaeTcs 3aJaHHBIMH rpa-
HHUHBIMH ycaoBuSIMH  (cM., Hampumep, Tom u Apeabt [1961],
a takxe [lanbues [1970]). duac [1970] Buuucasa omeparop V4
¢ MOMOLIbIO MOJHMHOMHAJBHEIX ANNPOKCUMALUH YeTBEPTOr0 H Mfl-
TOrO MOPSJAKOB, HO NPH 3TOM BO3HHKaJH TPYJAHOCTH C FpaHUYHLIMH
YCJIOBUSIMH.

[TpeuMy1ecTBO CTALMOHADHOIO MOAX0Aa 0cO6eHHO y6enuTeabHo
B TOM CJyyae, KOrJa CTalHOHAPHble YpaBHeHHS fBJAIOTCSA mapabo-
JHYECKHMH 110 TNpPOCTPAHCTBEHHOH MepeMeHHOH, T. e. KOrja BO3-
MOIKHO UMK Tpefyercsl «MaplieBoe» IPOJBHIKEHHe pellleHHsl o Mpo-
CTpaHCTBeHHON KoopiauHaTe. K TakHM caydasM OTHOCATCS ypaBHe-
HHUSl TOTPAHHYHOrO CJIOSl, TEUEHHS C XUMHUYECKHMH pEeaKIHAMH,
MMEIOIMMH KOHEUHHE CKOPOCTH, 3(M(deKThl, KOTOphle 3aBHCAT OT
MpeLBCTOPHH NarpaHKeBeX yacTull (pasj. 6.4), u peiuenue ofpar-
Ho#l 3ajauyn o6 orowenuwef ygapHolt BosaHe (pasx. 5.1.1). Ilpu
pelleHHH 3aJayd O TEUYeHHH Trasa ¢ OTolleflledl ynapHOH BOJHOH
Kafipuc [1970] mbitajcs MOCTPOHTH METOH, COSAHHSIOUHA HaHIyy-
IHe CBOMACTBA, NMPUCYIIHE KaXKAOMY H3 MOAXOIOB (CTAHOHADPHOMY
H HecTallHOHADHOMY), B35IB HecTallHOHApHLle (GOPMHI YPaBHEHHUS He-
PaspLIBHOCTH M YpPaBHEHHH KOJHYECTBA IBHKEHHS W CTAllMOHADHbBIE
(GOpMH YpaBHEHHH AJsl TeMIepaType H IJIs XHMHUYECKHX KOMIIO-
HEHTOB, :

Hasuc [1972] paspaboran merton pelleHusi ypaBHenu#t HaBbe —
Crokca, MOXOXKH# Ha HeCTAUMOHAPHBII MeTON, HO 0O6JaxaloUHi
HEKOTOPHIMH CBOHCTBaMH, HDHCYIIHMH CTALUOHAPHHEIM MeETOAaM.
BhiuMcieHHs] pacIlensioTcs MO ABYM HaIlpaBJeHHSIM; B OJHOM Ha-
MpaBJeHHH pacyeT NPOBOJUTCA IO HECTALHOHADHBIM YpPaBHEHHUAM
MOTPAHHYHOI'O CJIOSI C INONPABKOM BTOPCrO MOPSAKA HAa KPHBH3HY,
a B JpPyroM HampaBJieHHH ypaBHeHUs OynyT JuHefinmbMm#. Bcnen-
CTBHE HCIOJb3yeMBIX mpeoGpa3oBaHUN HauajbHHEE YCJAOBHS AJS
OmpefeNeHusl CTAYUOHAPHO2O PEIIeHHsT YPaBHEHHHl IOrPaHHYHOrO
CJIOSl TOJYYaloTCs . ecTecTBeHHbIM o6pasoM. HauanbHoe pelnenue
TakXe (DHKCHDYeT IpaHHUHble 3HAYeHHA HAa OeCKOHeYHOCTH, COOT-



3.1.22. Cxemor 048 pacuera CTAYUOHAPHBLX TedeHuil 167

BETCTBYIOHIHE cTaluoHapHoMy cocrosinuio. (IIpeoGpasoBanus Tax-
XKe yCTpaHSIOT 0COOEHHOCTb HA mMepefHell KPOMKe B MpelesJbHOM
caydae TJAOCKOM maacTHHKH.) [lad TedenuH npu OOJBIIHX UHCHAAX
PeliHoabca, KOrAa ypaBHEHHsS] MOTPAHHYHOTO CJOS TOUHBL, CXOAH-
MOCTb JOCTHTaercsl 32 OAny HTepalHio. J[/si 6€30TPLIBHBIX TeueHHH
NpH MeHbLIUMX uYncaaxX PefHosbjca CXOAHMOCTb BCe eille JOCTH-
raeTcst 3a CpPaBHHTEJbHO MaJsoe 4YHCJAO HTepauuil. Ecth Bce ocHo-
BaHHsl CUHTATb, UTO TOT MeToA OYyJAeT MIHPOKO NpHMeHsiTbcsi B 6y-
AyIEM.

ABTop nmaHHOH MOHOrpadHH TaKXKe NPeLJIONKHJ HECKOJbKO Me-
TONOB, KOTOpLle OTJIHYAIOTCS OT HECTAlHOHAPHBIX NOAXOA0B MPO-
BeneHnem wurepupoBanus (Poyu [1972]). DTH MeToAH — MeTO[,
B KOTOPOM HTEPHpPYIOTCS ypaBHeHHsl THra ypaBHeHHst O3eeHa (Me-
ton NOS), H Merol, B KOTOPOM HTEpPHPYETCS] TOJbKO JaljacHaH
(Laplace Driver method, meton LAD)— ocHOBaHbl Ha HCIOJIb30BA-
HHW TOCJHELHHX AOCTHXKEHHH B pelieHHH JHHeHHbIX KOHEUHO-pasHo-
CTHBIX ypaBHEeHHI BTOporo mopsaka (cm. pasx. 3.2.1, 3.2.8 u 3.2.9).
Paspa6oTka 3THX MeTOLOB JaJjeKa OT 3aBeplleHHs, HO MO Kpaiiuel
Mepe 1751 HEKOTOPBIX THIOB TeUeHHH OHHM NMOKa3ajJH OYeBHAHOEe Mpe-
HUMYIECTBO 1[I0 CPABHEHHIO C HeCTALHOHAPHBIMH MeTOJaMH Jaike
B cJyuae OTPBIBHBLIX T€UeHHH.

Jlnsi pellieHusl ypaBHeHHH, OMHCBHIBAIOHIUX CTallHOHApHOE Teuye-
HHe, HEHTeDAUNOHHBIE METOJNH HENPHUMEHHMBI H3-32 HeJWHEHHOCTH
stux ypaBHeHuil. OnHakc MeTonwl, NMopo0HbBIE paccMaTpPpHBAEMBIM
B pasl. 3.2.1, 3.2.8 u 3.2.9, Moryr okasatbcsi BecbMa 3(hdeKTus-
HBIMH [1Jis1 pelLleHHs] JIMHeapH30BaHHLIX YypaBHeHHH (HampHMep,
ypaBHeHHsl JJIsl TeMIepaTypbl, pasi. 3.6).

Takum . 0o6pasoM, cpaBHHBas HTepalHOHHLIE CTallHOHApHLIE
M HeCTallHOHADHBEIE METOJAbl, MOXHO INpPHHTH K CJEIyIOUHM BBHI-
BOJAM.

1) Hegoroprle cTalioHapHble METOABI B TOUHOCTH 3KBHBAJEHTHEI
HeCTallHOHAPHBIM MeTOJAaM, -IIPHYEM peryJHpOBaHHE MHOXKHTENS
B CXeMax HH:KHeH HJHM BepXHeH peJakcalluM 3KBHBaJEeHTHO H3MeHe-
HHIO BeJHUYHHB! wara nmo speMeHd Af. DosbIMHCTBO CTalHOHAPHBIX
HTepallHOHHBIX METOAOB IO MeHblIeH Mepe aHaJOTHUHLI HECTallHO-
HapHBHIM MerojJaM. Bo BcSIKOM cayuae, Takas aHAJOTHS MOKAa3Hl-
BaeT, UTO

2) CraumuoHapHble HTepallHOHHBIE METOAH HeJb3sl 3aBeLOMO
CUNTATb YCTOHUHBBHIMH H ‘HX YCTOHUHBOCTb J0JKHA OBITH HCCJIeAO-
BaHa TpH nomoluu Merona ¢on Helimana.

3) Ilporpammy Ha PoprpaHe, HallHCcaHHYIO AJS HecTallHOHap-
HOro MOAXO0Ja, MOXHO a) TPOCTO HCIOJNB30BaTb ISl peasusaluu
KOMOHHHPOBAHHOTO HTEPHPOBAHHS B CTALlHOHADHOM MeToje, IpH-
yeM PacCMAaTpHBaercsi KpUTepHH CXOAUMOCTH Ajsl ypaBHeHus Ilyac-
coHa, # 6) ObICTPO NMpeBpPaTHTh B MeTOA JIHOMaHa WM MeTOJ THNA
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MeTOAa MocaefoBaTeabHOH BepxHe# penakcauuu (Metox SOR) nmo-
cpeAcTBoM HcnoabdoBanusa oneparopa EQUIVALENCE.

4) SlBHble HecTallHOHapHble METOABl, B KOTOPHIX IIOCJe pacyera
Ka)KA0ro llara AJd ypaBHEeHUs [eperoca BHXPA HTepUpyeTcs [0
CXOAHMMOCTH ypaBHenue Ilyaccona, Meliee BOCIPHHMYHBLl K HeYCTOH-
YHUBOCTH, OOYyCJOBJEHHOH HEJHHEHHOCTbIO YpDaBHEHUH, M [O3TOMY
MeHee 4YYBCTBHUTENbHbl K HayaJbHBIM YCJIOBHAM.

5) Hecranuonapuas dopmyaupoBka gaer O6JblIyO FHOKOCTb
0pH HOJYYeHHH HECTalHOHADHOTO PpEIUEHHS, €CJH OHO MpPeACTaB-
JAeT HHTePec, H — 4YTO Gosiee BaXKHO — HE INpejrnoJgaraeT CyLleCTBO-
BaHHA CTallHOHAPHOTO DELICHHS, KOTOPOrO B HEHCTBHTENLHOCTH MO-
XKeT H He CyLLecTBOBAaTh.

6) Ectb HeuTo npuBnekaTesbHOe (C NPHHIMIHAJLHOH H JaXe
C 3CTETHYECKOH TOYKH 3peHHdA) B MOACJHPOBAHMH HMEHHO peaJib-
HOTo (PH3MYECKOro [pomecca, KOTOPBIH B KOHIE KOHIOB Cylle-
CTBEHHO HeCTalHOHAapeH.

3.1.23. BameyaHna K oueHKe METOAOB; OWHOKH, CBA3AHHbLIE
CO CBOWCTBAMH CXEMbl; HOMNAKTHbLIE PA3HOCTHbIE CXEMb

B mpeamgymux pasgenax Gbla paccMOTpeH LeJblHl psii 4HC/EH-
HBIX METOJOB AJs pellleHus ypaBHeHnsi nepeHoca suxpdA. Ilepen
HCCJef0BaTeJeM, KOTOPHIH cobipaercss 110Jb30BATbCA 3THMH MeETO-
JaMH, BcTaeT BOMPOC 0§ OleHKe 3THX METOAOB IPHMEHHTENbHO
K HHTePeCyIOlIHM €ero rHjpojJHHaMHYeCKHM 3ajalaM, a TaKXKe BO-
Npoc O INOCTPOEHHH HOBBIX METOJAOB, €CAH ONHCaHHBle 31eCh OH
HafiAeT HeJOCTaTOUHBIMHU,

OcHOBHBEIM (PAKTOPOM NpPH OllEHKE H NMOCTPOCHHH UYHCACHHBIX Me-
TOLOB ABJSETCS, OYECBHAHO, aHAJIH3 OWHOGOK KOHEYHO-DA3HOCTHOIO
aHanora., B oObLIYHBIX yueOHHKAaX OMIHOKH KOHEYHO-PA3HOCTHLIX
ypaBHeHH# KJacCHQHIHPYIOTCS KaK OIUOKH OKpYyeAeHus W OLIHOKY
annpoxcumayuu. OWHOKH OKpPYyrJeHUsi 0OYCJIOBJCHB KOHEUHOCTBIO
JJIMHBL CJIOBA Y 3JEKTPOHHBIX BLHIUHCJAHTE/bHBIX MALIMH NpH Hpel-
CTaBJeHHU uucesq B ¢dopMe ¢ maaBaloulefl samsTofl. QauHa caoBa,
HJIH 4HCJIO 3HAYauHX UHPp, MOXKeT ObITh TOJbLKO LieJbIM B CHCTEME
cuncaedus IBM (o6biyno 2, 8, 10 u 16). Hasa coBpeMeHHBIX ame-
pHKaHCKHX DBM npu HCmosb3oBaHWH OJHOrO IpoIeccopa 3KBHBA-
JeHTHas [AJHHA CJOBa B AeCATHYHON cHCcTeMe MeHseTcs oT 7 1o 14
3HAYaUIHX AECATHYHBEIX HUPP.

Tpyauoctn HccnefoBaHusa OMHGOK OKPYIJEHH O0OYCJAOBJAEHbI
TeM, YTO 3TH OWHOKH NPHBOAAT K Ka4eCTBEHHOMY OTKJOHEHHIO OT
HOPMAaJIbHOTO NOBENCHHA, HAaNpuUMep, CJAOXKEHHE H YMHOXKEHHE UH-
ces, npeAcTaBJAeHHbIX B (opMe ¢ maaBawllell 3andaToil, o6aanalor
CBOHCTBOM KOMMYTATHBHOCTH, HO B TO XK€ BPeMsl HE HMeEIOT CBOHCTB
acCoUHaTHBHOCTH M aucTpubyTuBHOCTH. (B pabote ®opcaiita
[1970] umeerca npekpacnoe u obulefocTyliHoe onucanue 3ddek-
TOB, K KOTOPBIM MPHBOJUT OLIMOKA OKPYIJICHHS.)
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OwnbKa OKPYrjeHHs MOMKeT UrpaTh IVIaBHYIO POJIb NPH HAXOXK-
JeHHH BHICOKOTOUHBLIX pellleHHH OObIKHOBEHHLIX AH(D(depeHuHaNbHbBIX
ypaBHEHHH, NOCKOMbKY BeJHYMHA Imara Ax MoOXKeT CTaTh OdYeHb
MaJiol H TMOCKOJBKY HCNOJb3YIOTCS CXEMbl BBICOKOTO NOpfAKa TOY-
HOCTH, UYBCTBHTeJbHble K oliHOKaMm okpyraenus. Haa nuddepen-
UHAJTbHBIX YpPaBHEHHH B YaCTHLIX [POM3BOAHLIX B OJHOMEPHOM
caydyae BeJHUHHB Ax U Af MOTYT TaKiKe 0Ka3aThCf CTOJNb MaJbIMH,
urTo omnbKa OKpyrJaeHHs OyjaeT HrpaTh BaxKHYIO pojb. Omubka
OKpYrJeHHsl BaxKHa H B HEKOTOPHIX 3ajJayax oO6pallleHHs MaTpHLbI
(cM. pasa. 3.2.8). Dta ownbKa OyAeT OKa3blBaTh BJIHAHHE Ha BHOOp
KpHTEpHs CXOAMMOCTH (cM. pasf. 3.4) Hu, oueBHAHO, OyjpeT orpaHu-
YHBaThb HAaHMEHDLIIYIO BEeJHUHHY IlIara mo BpeMeHH Af, AJs KoTopoil
BBIYHCJIEHHSI HMEIOT CMBICJ.

HecmoTpa Ha BaXHOCTb MNOHHMaHHs mnpo6JieMbi, CBs3aHHON
¢ ownbKo# oOKpyraenus, oObluHO mHddepeHNUaIbHEE YPaBHEHHS
B UYACTHBIX NMPOU3BOJHBEIX B CJyyae MHOTOMEPHLIX 3ajay 1o Heol-
XOAMMOCTH peIlAaloTC NPH A0CTATOYHO OOJMBIIMX BEJHUHHAX ILIAroB
no npoctpaHcTBeHHOH ceTKe Ax = (Ax,Ay,Az) u no ppemenu Af,
TAK 4YTO OWHOKH aNNpOKCHMAalHMH OKa3bBaloTes GoJblle OMIHOOK
OKpYTJICHHS.

OmwnbKa annpoKCHMalHMH CBSI3aHa C TeM, YTO B PAa3jJOXKEHHAX
B pannl Teliopa cCOXpaHAIOTCA He BCe WIEHHl, a 9TO 3KBHBAJEHTHO
HCIOJIb30BAHUIO KOHeUHbIX BeqHUHH AXx H Al Ilpenebperas omub-
KaMH{ OKDYIJICHHS, MOXHO CKa3aTb, YTO BCe OCTaJbHBIE OLIMOKH
gBasilOTC OomMOKaMu anmpokcumauud. Hecmorpa Ha cBoio Tou-
HOCTb, TakKas KJaaccudukauusi oIHGOK He gBJASeTcs ajeKBaTHOMH.
B npeasiaymux pasgenax Mbl 00CY:KAaJH APYTYIO KJaacCHHHKALMIO
omHb6OK, KOTOPYIO MOXKHO Has3BaTb Kjaccubukauueit no csoi-
cT8am.

OwnbxHu, cBI3aHHbBIE C Pa3JHUYHLIMH CBONCTBAMH CXeMBI, BKJIO-
yaioT B cebs OomHOKH, 00yc/OBJeHHEEe HapylleHHeM KOHCEeDBATHB-
HOCTH, OWIKOKH, 06ycJOBJIeHHbIE HapylleHHeM CBOHCTBA TPaHCHOp-
THBHOCTH, OMIHOKH, CBA3aHHBIE C YHCJAEHHLIM 3aTyXaHHeM H CXeM-
HOl BSI3KOCTbIO, OMIHOKH, 00YCJOBJEHHBle HapyLIeHHeM INpHHLHKNA
WHBapHaHTHOCTH [aguies (r. e. mnpeo0pa3oBaHHs, CBSI3aHHOTO
¢ ofpalleHHeM CKOPOCTH HEBO3MYIIEHHOro NOTOKa), OMHOKH, CBA-
3aHHBIE C OrPAHHUYEHHOCTLIO pellleHUs (MJAH MOfBJEHHEM OCLHJMSA-
uulf, o0yCJOBJEeHHBIX uYpe3aMepHO OOJBLUINM IIaroM IO BpeMeHH),
(azoBble OWHOKH U OWIHOKH, OOYCJIOBJEHHbIE HEPA3JHUHMOCTLIO.
Bce 3T omHGKH gBASIOTCS ouwlubxamu annpoKcumauuy B TOM
CMBICJIE, UTO OHH cTpeMdATrcs K Hyswo npu Ax — 0, Af =0, HO B nefl-
CTBHTEJNLHOCTH 3TO JHIIbL rpyboe onpenesenne. Hanpumep, olInOKH,
o0ycJaoBaAeHHbIe HapyIlIeHHeM KGHCEPBAaTHBHOCTH, MOXHO YCTPaHHTb
He3aBHCHMO OT OIIHGOK ammnpoKCHMalWH (XOTs NPH 3TOM coxpa-
HHTCSI HEKOTOPHIA BKJIaj OT OWHKOOK OKpyrjeHHs). AHAJOTHYHO He-
KOTOpHIe MeTOABl 06sajaiT CBOHCTBOM TDPAHCMOPTHBHOCTH, ApYTHE
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He HMeloT oIUHOOK, 0OYCJOBJEHHBIX 3aTyXaHHeM [Jf ypaBHEHHA
¢ nOCTOAHHBIMH Kosdduuuentamu, u T. A. [lo-Buaumomy, umeer
CMBICJI KJAACCHUIMPOBATE OWHOKH MO CBOACTBAM, 4 HE MPOCTO Jie-
JUTh HX Ha OIIHOKH OKpYIJIeHHd H OWIHNGKH aNlpOKCHMAIHH.

[Tpu BbIGOpe UHCJIEHHOTO METOAA I0Jb30BaTENb AOJKEH Olle-
HHTb BaxKHOCTb 3THX OmIMOOK B paccMaTpuBaeMofi UM 3ajaue. Ha-
npUMep, AJsl MPHHATOrO MeToAa OmHOKa, o0yc/OBJEHHAst Hapylle-
HHEM KOHCEPBATHBHOCTH, MOXKeT CJYyXKHTb AJSl IPOBEPKH CXOIMMO-
CTH penieHHsi; (a3oBble OMHOKH HECYLleCTBEHHLI MJs CTalLHOHAD-
HOTO pelleHHsT; IJsI IIOJy4eHHs CXeM C JKeJaeMbIMH CBOHCTBAMH
byneman [1967] paccmarpuBai 0o6palllaeMOCTh MO BpPeMEHH CHM--
METPHYHHIX MO BpeMeHH cxeM H T. 1. llesecoo6pasHo OueHHBATH
METOJ C TOUKH 3peHHs KaaccHbHKannu omuboK 1o CBOACTBAM, a He
COCPEJOTOUHBAThL BHHMAaHHE MCKJIIOYHTEJNbHO HA TNOpAAKE OIIHOKH
annpokcumaluu, ckaxem £ = O(Af?, Ax%) u T. n., XOTSl NOPSIOK
OWIMOGKH TOXKe BaKeH.

Te, KTO 3HAKOM TOJIBKO C YHCJEHHBIMH METOAAMH IJs OOBIKHO-
BEHHBIX OHG@epeHUHANbHBX YyPaBHeHHH, NOCTOAHHO YAUBJAETCS
HH3KOMY NOPSAAKY anmpoKCHMau¥H B CXeMax, [PHMeHABIIHXCH
B mpouioM ans A depeHLHaNbHBIX YpaBHEHHH B YaCTHBIX IPOH3-
BOJAHBIX. [IpUumHa 3TOrO MpPOCTO 3aKJIOMaeTcsd B TOM, YTO AJs He-
TPUBHANMbHBIX 3aja4 THIPOAHHAMHKH TPYAHO N0O6HTbCSI (hakTHUe-
CKOT'0 II0JIyUEHHS Pe3yJbTAaTOB PaBHOMEPHO BBICOKOI'O NOPSAKA TOY-
HOCTH. B moJsiHO¥ 3ajade TOYHOCTL DellleHHsl YpaBHEHHs NepeHoca
BHXps OyneT OrpaHHueHa TOYHOCTLIO pellieHHs ypaBHenus [Ilyac-
cona (cM. pasi. 3.2) H NOCTAHOGKOU epanuunbly ycaosuti (cm.
pa3a. 3.3.1). Tlocaenusias ocobeHHO YBeJHUHBAET TPYMHOCTh H0-
CTHKEHHsI PABHOMEPHO BBICOKOIO IOPSIIKA TOYHOCTH ISl 3amaud
B LeJOM INpPH HCHOJL30BAHHH CTAHAAPTHHIX MHOTOTOUEUHBHIX YpaEe-
HEHUH BBICOKOTO MNOpPSiAKa TOYHOCTH, TAKHX, KOTOpble paccCMaTpu-
Balorca B pasa. 3.2.10. (Hanmpumep, BOau3n npsiMosiMHeHHOH rpa-
HHLBI, OOGBIYHO NapaJjjejbHOH OAHOH H3 OCell KOOpAHHAT, AJs
cxeMbl ¢ on6kol nopsinka O (Ax*) Tpefyercs 3HATh 3HAUEHUH HA
IpaHule H B OATH OJHKANIINX BHYTPEHHHX TOUKax; cM. Caycpenn
[1946].) HccaenoBaTs ycTOHUMBOCTL TaKHX CXEM OUYE€Hb TPYIHO,
XOTsl 3[leCb HAa MOMOIIbL MOXKET HPUUTH MOHATHE paclienierus Ho
spemernu (pasg. 3.1.13).

Ipyrasi npuunna, o6bsACHAKOLIAS TIOJyYeHHe YACTO He ONpaBbi-
BAlOUIUX OMHAAHHUS XaPAKTEPHCTHK CXeM BBICOKOTO NOpAAKA A
IuddepeHIHANbHEBX yYpaBHEHUH B YaCTHHIX MPOU3BOAHBIX, 3aKJIO-
yaercs B TOM, UTO MOPSIIOK TOYHOCTH CXe€M HMEET CMBICA TOJbLKO
mpu Ax—0, Af—0. TakuM o06pas3oM, TOPSILOK TOUHOCTH CXeM
uMeer OoJiblllee 3HaueHHe B CJayuyae OOGBIKHOBEHHHIX IH(depeHuHu-
aJbHHIX yDaBHEeHHH, Korhia Ttpebyercs MeHblM# o6beM omepaTHB-
HOW MaMATH H AONYCTHMOEe BPeMs pacyeToB MO3BOJseT GpaTh 3Ha-
YUTEJbHO MEHbIIHE IIarH AX.
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Bo MHOrHX TECTOBBIX pacyeTax CXeMbl HH3KOTO IIODSAKA TOY-
HOCTH IPUBOJAT K LOBOJbLHO TOYHBIM pe3yJbTaTaM IPH FpyOHIX Ax
u At; cm. Cafipyc u ®aarou [1967], Uen [1968], Xemmuur [1962,
c. 210], a takxe npumepsl, npuenennrvie B pasn. 3.1.8. (ITo mue-
uuio Yena [1970a], cxemsl BTOporo mopsaka, rpy6o roBops, siB-
JAIOTCA ONTHMAJbHBLIMH.) B HeACTBHTEJNbHOCTH NPH UACTO XKeJjae-
MBbIX GOJBIWIHX A/ MOXHO OXHIATb HCUE3HOBEHMS IIPEHMYILECTBA
cXeM, MMeIOWHX BHICOKHH NOPSANOK TOUHOCTH BO BpeMeHH. Hampu-
mep, B pa3f. 3.1.14 ykasbiBasoch, uto cxeMa Kpanka — Hukoncona
¢ omrnbko#t E = O (A%, Ax?) npu mpUMeHEHHH K YpaBHEHHIO IH-
$y3sHH TPUBOAHT K OUIHOGOUHBIM OCIHHJISALHAM, OOYCJOBJIEHHHIM
ypeaMepHo GoJblIMM 11aroM Ho BpeMeHd (G < 0), mas 6oJabLInx
Af, B TO BpeMs KaK MOJHOCTBIO HesBHAas cxema C ouHOKo# E ==
== O (Af, Ax?) maer KaueCTBEHHO NMpPaBHJbHOE NMOBEIEHHE pelleHHs.
Haxke B ycUeIUHHIX MPHJIOXKEHHSAX CYIUECTBYeT IIHPOKHI AMana3oH
YCJOBHH, IIPH KOTOPBIX OOJLUIMA yCMex NalT CXeMBl BTOPOFO IMO-
psilka H eile GoJiee INHPOKHE J[HANa30H YCJOBHH, IPH KOTOPBIX
6oJiee YCIEIIHB CXeMBl YeTBEPTOrO NOpsiAKa. Pasjuunst B TOUHOCTH
KOHKYPHPYIOIHX CXeM UYeTBEePTOro MOpsiiKa dYacTo 06yCJOBJEHbI
KOHCEpB8aTugHoOCTLI0 cxeM (cM., Hampumep, Yuabsimcon [1969])
H TeM, UTO OCHOBHOE BHHMAaHHE NMPH HUX MOCTPOEHHH COCPEIOTOUEHO
Ha npobaeMe ¢pasosod ownbku (cM. pasm. 3.1.18—3.1.20). Kpome
TOrO, Owubxa, 00yCA0BAEHHAA HEPA3AUYUMOCTEIO, ¥ HEKOTOPHIX
cXeM YeTBepTOro INOpsAKa TOUHOCTH MO MPOCTPAHCTBEHHOH mepe-
menHoli (O (Ax*)) okasbiBaeTcsi GoJiblile, 4eM y CXeM BTOPOLO MO-
panka (O (Ax?)), oco6eHHO MJs1 KODOTKOBOJHOBBIX KOMIIOHEHT
(TpammenbrBenr [1969]).

TeM He MeHee B HacTosilllee BpeMsi NPOBOAHTCH paspaboTka
cXxeM 6oJiee BBICOKOTO TNOpPsiKAa TOUYHOCTH, H, NO-BHIHMOMY, OHH
Halinyt Gosee WIHPOKOE MPUMEHEeHHE B BBIUHCIHTENBHOH THAPOAH-
HaMuKke. B nepBom musmanuu sro#t kuurum (1972 r.) Mwl noBTOpSIH
«00BIUHYI0 61aropa3yMHYI0» MBIC/Ib: TIPH Nepexoje K CXeMaM BHICO-
KOFO TIOpSiZIKa TOYHOCTH H3-3a IOTEPH HH)OPMALMH NPH TUCKPETH-
3allUl TPAaHHUHBIX YCJAOBHH Ansi AudQepeHIHANbHBIX YpaBHEHHH
B YAaCTHBIX IIPOH3BOAHBIX TNPAKTHUECKH CJIelyeT OXHUAAaTh TOJHKO
yMEepEeHHOro YJyulleHHsi TOUHOCTH TO CPABHEHHMIO ¢ OGHKHOBEHHBIMH
quddepeHIHaNbHBIME YPABHEHHSIMH; TeNepb Ke Y Hac BO3HHKJIH
cepbe3Hble COMHEHHSI B CIPaBEeJJIMBOCTH 3TOFO COOOpaKeHHus.
[IpaBna, pakTHYeCKHEe TPYAHOCTH, OKA3bIBAIOLIHe BJHSHHE HA TOY-
HOCTb CXeM BTOPOTO MNOPSIKAa, — TPYINHOCTH, CBSI3aHHBEIE C IpaHHU-
HBIMH YCJOBHSIMH W CO CJOXHOH ¢opMoill rpaHHILB, ONpejeieHHe
COOTBETCTBYIOLIEro pelileHHs ypaBHeHHs1 Ilyaccona u mpobGiema ce-
TOYHOro yucja PefiHonbica, — Bce 3TH TPYAHOCTH cTaHOBATCA GO-
Jee IIEKOTJIIMBBIMH INPH TNOJYUeHHH pelleHn# 6ojiee BBHICOKOTO
HOpsiKa TOYHOCTH; K TOMY e CKOPOCTb CXOIHMOCTH He BCerja
paBHOMEpDHO BeJIHKa BO BCeX TOYKax ABYMepHOH ceTkH. Tem He
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MeHee Mpu 3TOM pe3yJbTaTbl BHICOKOTO NMOPSAKA AJsS MHOIOMEpPHBIX
3afad MOTYT ObITb IoJydeHbl W (DaKTHUECKH IOJY4aroTCH.

Hekoropble cxeMbl BBICOKOro MOPfiAKA TOYHOCTH ObLITH ONMHCAHBI
B pasx. 3.1.18—3.1.20. OTMeTuM JOMOJHHTENbHO CJAEIYyIOLIHe pa-
GOTBl, B KOTOPBIX UCHOJb3YIOTCSA OOblUHBIE CXEMbl BLICOKOTO MOPAIKA
tounocrn. Pefipresep [1969] npuMeHnns UeABHYIO CXeMy MeToja
uepelyOIUXCS HATlpaBJeHHH Aas ypaBHeHHsl 1HDDY3HH, HMeIOILYIO
nopsiaok Tounoctd O (A2, Ax?). (3aMeruM, YTO HEKOTODblE CXeMB,
npuBefeHHble B KHure PuxtMafiepa u Moprtoua [1967] nas ypae-
HeHUsl AuPPY3UH, NPHOOPETAIOT BBHICOKHI NOPALOK TOUHOCTH IIpH
onpejeneHHbIX KOMOHHALHAX NAPaMeTPOB, HO 3TH YCJIOBHS OOBIYHO
He XapaKTepHbl AJs 3a4ad HAPOIHHAMHKH.)

Fynapatuam u Ilepkuuc [1970] nocrpousu cxembl BBICOKOTO
nopsjika ¢ NMOMOIIbI0 MeTOJa B3BelleHHbIX HeBA3OK. [Jdaycon u Map-
kyc {1970] wucnoabsoBanaun MoauHUHPOBAHHYI cxeMy PyHre —
Kyrra — 'uana TOJbKO “ 4751 HHTErpupoBanus no BpemeHu. Jlo-
Mekc ¢ coaropamu [1970] npumenun cxemy Pynre — Kyrra uer-
BepPTOro MOpSAKAa TOUYHOCTH JJsi HHTEPHPOBAHHS 10 BpEMEHH
0/HOMEepPHOr0 MOJeJbHOr0 ypaBHeHHs, ONUCHIBAIOILErO TeUEHHEe He-
BAskol ugkoctH. Ppuaman [1970] npeacraBass Bblpa’KeHUAMH
4eTBEPTOro MOPAAKA TOUHOCTH BTOpble NMPOH3BOAHbIE IO HOpMaJH
K creHke (mpeobsajatomee Hanpassenne AudPysuu) H Bblpaxe-
HHUSMH BTOPOIO MOPfAJAKA MNpPOM3BOJAHBEIE IO HANPaBJEHMIO, Napal-
JleJlbHOMY CTEHKe.

Ananornusbifi sddekr Moxker ObITh NOCTHTHYT INPH HCHOJDL3O-
BaHHH NPAMOYTOJbHOH CETKH C HepaBHBLIMH IaraMu Ax = Ay; pe-
aJlbHOe TIPEUMYLIeCTBO TaKOH CEeTKH INpPOAeMOHCTPHPOBANH XbIH
u Makano [1966}. Pui6nuku u Xynnep [1970] pewanu aBymepHOe
ypaBHeHHe OHGPY3UN NpH MOMOILH NOJHOCTbIO HeABHLIX pasHocTefl
nepeoro nopsaka O (Af) no BpeMeHH U KOHEUHBIX 3JIeMEHTOB, HMEIO-
mux 36 creneHelt cBO6OAb, NO NPOCTPAHCTBY.

ITocae 1972 r. noABHJIKUCL W APyTHe KOHEUHO-PA3HOCTHLIC CXeMH
BLICOKOr'O TNOPsAJAKa TOUHOCTH OOBIYHOrO THMA, HO HauboJee mepc-
NEeKTHBHBIMH OKa3aJHCh CXeMbl, OCHOBalHble Ha «KOMIIAKTHbIX pas-
HocTaAx». Opcar u Uspasan [1974] u Xépm [1975] ucmonbzoBasu
cxeMy, npeasioxentyio Kpaficom [1973], 1 HasBasau ee KOMNAKTHOH
pasHocrHolt cxemofl. Ho cornacno pabore Py6usa u Xocna [1975],
CJeIYIOLIHE CXeMbl SKBHBAaJEHTHH (T. €. KaXKjaas M3 HHX MOXeT
OblTh MOJydeHa W3 JIOGOH aApyroft): KomnaktHasi cxeMma Kpaiica,
anmnpokcHMaunonuas ¢opmyna dpmura — [lage, cxema Mepiured-
Jgenra, cobcrBeHHas cxema Py6uHa — Xocsa co cnaafiHamMu der-
Beproro nopsiika. B o6osnauenusix Xépwa [1975] kommakTHYIO
cXeMy MOXHO 3amHucaTb B CJeAyIOllleM BHIE.

PaccMoTpuM AHCKpeTHYIO DYHKUHIO T;, AAS KOTOPOH MbLI XOTHM
onpefesHTb NPHOJHKeHHOe 3HaueHHe F; mepBOfl YacTHOM mNpOH3-
BOJHOH NO NPOCTPAHCTBEHHOH NepeMeHHON H NMpHOJMMKEHHOE 3Ha-



d.1.23. 3JamMeuanun K oyeHke mertodos 173

yeHHe S; BTOpOH 4acTHOH NPOHM3BOAHOH MO MPOCTPAHCTBEHHOH me-
peMeHHOH. YToObl BBIYHC/AHTL F;, cHauasJa Ha#ljgeM NEPBYIO MPOH3-
BOAHYI0 10 0OBIYHOH aNmnpOKCHMAaLHOHHOH <opMmyJse BTOPOro
nopsijKa TOUHOCTH C LeHTPaJbHOH Pa3HOCTbIO, 0603HAUHM ee uepes
fi 1 OyaeM XpaHHTb B COOTBeTCTByolleM MaccuBe. Hrak,

i1 — 8y
fi =5, (3.361a)
rge A-—mar npoCTpPaHCTBEHHOH CeTKH B HalNpaBJEHHH X HJH .
Torpa npubauKeHHoe 3HAaueHHe [; YeTBEPTOro MOPAAKA TOUHOCTH
MOJIy4yaeTcsl W3 peIleHHs] YpaBHEHHH BHAA

A (Fior +4F, +F ) =T (3.3616)
OGbluHEe CXeMbl YETBEPTOTO MOPSAKA TOUHOCTH HMEIOT BHJ ABHBIX
pPasHOCTHBEIX (OPMYJ, NOCTPOEHHBIX HA NATHTOUYEYHOM MmabiaoHe
(Touka { W coceiHHe TOUKH {41, i+ 2). B xomnakTHo#l cXxeme
GepyTcst TOIBKO TPH TOUKH (i M i = 1), HO pasHocTHas ¢opmyJaa
noJyyaercsl HesBHOH, T. €. He JIOKaJAbHOH. 3HayeHus1 F; Haxoasitcd
3 ypaBHeHnns (3.3616) npH mMoMoIlH MeTOAa NPOTOHKH (CM. IpH-
JoXeHHe A), TaK 4YTO 3TH 3HAUEHHS BO BCeX TOUKAX [ 3aBUCAT OT
3HAUEHHH B APYTHX TOUKAaX H, CJEA0BATEJbHO, 3aBHCAT OT f; U (;
rao6anbHo, a He JjoxaabHo. (M3-3a Tako#t rnobaabHOH 3aBHCHMO-
CTH KOMMAKTHasl cxema mofobHa CIEKTPAJbHBIM H IICEBJOCIEKTPAb-
HbIM cxemaM; cM. Opcar u Mspasau [1974].) KomnakrHasi cxema
ob6nagaeT TakxkKe MeHLIIHM KO3(DQHUIHeHTOM NpH OLIHOKe amnmpoK-
cuMauun nopsinka O (A*), ueM o6bluHasi cXeMa UeTBEPTOro Nopsaaka
TOUHOCTH. AHaJIOrHYHO, CHaYaJa Mo SIBHOH cXeMe BTOPOro NOpsaKa
TOYHOCTH BBIUHCJSIETCSI BTOpas MPOH3BOAHAsl, KoTopasi obo3na-
yaeTcs uepe3 S; H XPAaHHUTCS B COOTBETCTBYIOIeM MaccHBe, Takum
o6pasom,

_ gi+1 — 2€i + gi_l

;= A7 (3.3618B)
Torpa npubaukenHoe 3HaueHHe S; UETBEPTOro MOPSiAKA TOUHOCTH

noJay4aeTrcs H3 pelieHHsa MeTOAOM INPOTOHKH ypaBHeHHﬁ BHJa

5 (Sier+ 108, + ;) =s,. (3.361r)

Camo cofofi pasdyMmeeTcsl, YTO NpH pelIeHUH YpaBHEHWH 4
byuruun F Heo6X0AMMO MHOCTABHTh IPAaHHYHOE YCJAOBHE AJsI Nep-
BOH NPOH3BOAHOM; aHAJOTHYHO HAJ0 CTABHTH TPAHHUHOE YCJIOBHC
u aas S. Takas TpyAHOCTL IpHCYIlAa BCeM CXeMaM BBICOKOIO MO-
psiaka. Opnako Xépm [1975] mokasana, uro miasi o6belHHEHHOM
cucTeMbl ypaBHeHHH miaf F n S rpaHHuHble 3HAYEHHS] UETBEPTOrQ
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nopsaaka TOYHOCTH MOILYT OBLITD IIOJY4Y€Hbl C MMOMOIUbLIO BTOPOTO AHa-
rOHAJIbHOrO alMnpoOKCHMAaHTa ITane

G— L+ 5 (Fi+ Fr) + 15 (S — i) =0, (3.362)

D10 ypaBHEHHe MO3BOJsAeT 00beIHHEHHON CHCTEME YpaBHEHHH AJd
F u S coxpaHHTb KaK YyeTBEpPTLIH MOPSAAOK TOYHCCTH, TaK H Tpex-
IHArOHAJbHBIH BUJ MATPHIbl BIJOTh 1O rpaHUlb. TakuM ofpasoM,
jJaHHas ¢opMa Tmpole H TOYHee, yeM OOGBIUHBIE MNATHTOYEUHBIE
BLIPAXKEHHUS.

Hcnosb3yss KOMIAKTHYI0 CXeMY B HEsIBHOM MeToJe Yepeaylo-
IuxcsA Hampasienu#n (cM. pasa. 3.1.16), Xépw [1975] paccuuran
IBYMEpHBIE CTAlHOHAPHBIE TeUYeHHS BSI3KOH MKHAKOCTH NPH MaJioM
yucne PefiHoabaca. Ilpn moMomin KOMIAKTHOH CXeMBl YeTBEPTOro
MOpsiiKa yIanoch JAOCTHTHYTH 9SKOHOMHH MAIIMHHOIO BpeMeHH
B 20 pa3 u o6beMa MaUIMHHON MaMATH B 3 pasa IO cPaBHEHHIO CO
cXeMO#l BTODOro nopsigika (mpuUMepHO mpH ToH ke TounoctH). ['pa-
HHYHBIE YCJIOBHA [/ BHXpsA Opanuch ¢ MNpelblAyIlero cJos Mo
BpeMeHH (KaK 3TO 0GBIMHO Je/aeTCs B TOM CJydae, KOra HHTepec
NpeAcTaBaseT TOJbKO CTAllHOHApHOe pellleHHe), YTO MPHBOAHJIO
K MOoTepe TOYHOCTH MO BpeMeHH. TpeXToueuHble KOMIAKTHEIE pa3HO-
CTH MOXKHO TaKxKe NPHMEHATb JJIS IIOCTPOEHHs CXeM IluecToro u 6o-
Jee BBICOKOI'O IMOpAAKa TOYHOCTH (XE&pll, JHYHOe CcooblleHHe).
B cxeme Py6una — Xocaa [1975], ocHOBaHHOH Ha anmpOKCHMALHH
cniafiHaMH, BBOJUTCS HEPeMeHHbll wiae Nno ApOCTPAHCTBEHHOL
ceTKe, ¥ B 3TOM cJydyae HOpsiiok o6k Anas F ocraercs O(AY),
HO TMOPSIAOK OWHOGKH aas S yMeHbluaercs Ao O(A3).

JIlnst 03HAKOMJIEHHS C Da3HOCTHBIMH CXeMaMH BBICOKOTO TIO-
psIAKA TOYHOCTH, & TaKXKe CO CIEeKTPaJbHBIMH U NCEBAOCNEKTpasb-
HBIMH CXeMaMH peKoMeHayioTcsl MoHorpagua Kpafica u Onupxepa
[1973] u o63sop Opcara u Hspasau [1974].

BaXHO OTMeTHTL, YTO [Ja)Ke NpPaBHJbHBE H PaBHOMEDHO TOY-
Hble BO BCeX TOYKaX CXeMbl BBICOKOrO IIOpfjKa He pelaT npob-
JeMy CceTOYHOro uxciaa PeillHoabiaca, onucaHHyw B pasfa. 3.1.8.
B caMom jpene, KojeGaHus, BO3HUKAIONIHe NIPH Re, > 2 npu HCnoJb-
30BaHHH pPa3HOCTell BEICOKOI'O MOPsAAKA, YacTO YBeJHUHBAIOTCS.
ITo-BuauMoOMy, HebMaronpHATHEE OLEGHKH CXeM BBICOKOTO MOpSiAKa
TOYHOCTH, NIpHBeJeHHbE BO MHOTHX PaHHHX HCCAE0BaRHAX, MOMKHO
OTHECTH 34 CYeT HeJOCTATOYHOI'O IIOHHMAaHHS POJIM OTPaHHYEHUS Ha
Re;, KOTOpoe, BO3MOXKHO, SIBJSIETCS CaMOifl CJOXKHOH npobaeMoit
BHIUHCJAHTENLHON THApoAHHAMHKH; cMm. Poyu [1975].

B 3akJioueHye 3aMeTHM, UTO TOYHOCTb He SIBJSIETCS €IAHHCTBEH-
HBIM coobpaxkeHHeM npu BeGOope Merona. CyMMapHble 3aTparThl,
KaK MallHHHOTO BPeMeHH, TAK U BPeMeHH 4eJoBeKa, YacTO HIpPaloT
r1aBeHCTBYIOIYI0 poJib, CyMMapHEBEIE 3aTpaThl AOJIKHBl BKJIOYATD
KaK 3aTpaThl Ha IpoBejeHHe CepPHHHHIX PacyeToB, TaK M 3aTpaThl
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Ha pa3paboTky nporpammel ajasa OBM, npudem nocsnegnue B 3HauH-
TeJBHOH Mepe 3aBHCAT OT NpoCTOTH MeToja. CJI0XKHBlE MeTOMABI
3aTpyAHUTe]bHBl AJ51 NpOrpaMMHPOBAHHS, NIPOBEPKU U 0COOeHHO AJS
OTJIafiKH MO CPAaBHEHHIO C MNPOCTBIMH METOJAMH, YTO CTAHOBHTCA
6osiee BaXKHBIM B Cjaydae obJacrefl ¢ rpaHHLAMH CJOXKHOH (DOpMEI
U NIPH BKJAIOYEHHH JONOJHHTEJbHLIX (PAKTOPOB, HalDHMep XHUMHUe-
CKHX peakUHil. JIcHO, 4TO BbIGOp HAHJAYUIIErO METOfa OTHIOAb He
OUeBHIEH.

3.2, MeToabl pelleHHA ypaBHEHHH AAA (YHHKUWH TOHa

B npeabaymiux pasienax Obla paccMOTpeHa TOJbKO OJHA H3
Tpex yacTed INOJHOH 3aJauyd JHHAMHKH HECXKHMaeMOH XHJKOCTH,
a MMEHHO pellieHHe napaboJHdecKOro ypaBHEHHs MepeHoca BHXpA.
Tlpu >ToM pemasach 3ajada ¢ HavaJbHBHIMH J4aHHLIMH, T. €. 3a-
Jada «MapLIeBOro» THNA MO BpeMeHH. PaccMOTpPHM Tenepb BTOPYIO
YaCTb NMOJHOH 3aJayd, 8 HMEHHO MeTOAb PeIleHHs 3JJIHITHYECKOro
ypaBHenus Ilyaccona (2.13) ILJISI q)yHKuHH TOKa .

Vp=3% 1 T (3.363)

31ech HMeeT MecTo KpaeBas 3ajaya, [Js pelIeHHA KOTOPOH Tpe-
6yroTcs apyrHe mMeroanl. Ml 6yieM paccMaTpHBarth pelenne ypan-
HeHHs HyaCCOHa C JBYMSl THIAMH TPAHHUYHBIX YCJOBHH BJOJb pas-
JHYHBIX dacTell rpanuusl: anbo ¢ ycaoBHeM J[lupHXJe, Koria Ha
rpaHuile H3BECTHB 3HAauYeHHS QYHKuMH P, auH60 ¢ ycaoBuem Heit-
MaHa, Korja Ha rpaHHIle H3BeCTHb 3HAUCHHS HOPMaJbHOH MpPOH3-
BogHOH Oy/0n. VMeHHO BOmpoc O TOM, KOrAa 3TH YCJOBHS SB-
JSIOTCS NOAXOASILIHMH, COCTAaBJseT 3aKJIOYHTENbHYIO YacTh MOJHOH
3ajfaun H OyJeT paccMaTpuBaThcs B pasf. 3.3.
JlucKpeTH3HpOBaHHASA q)opMa ypaBHenust Ilyaccona

R (3.364)

HCIOJB3YIOIas Pa3HOCTH BTOPOrO MOPSJAKA, MpeAacTaBisier coboi
nsturoyeynnfl mwabaon (Tom u Aneabt {1961])

R L S ; =29y ;Y g~
¢1+l,] 2’;21 by 1] + ’47,_ i+ Zb!:'z’ '471,] ‘:ci'j, (3.365)

rjae & j H3BECTHO.

3.2.1. lMpaAmbie meToAbI

B npsmoyroabHOo#l obaactH, rie maxi=1/ u maxj=>J,, ypas-
HeyHs (3.365) H rpaHHUHBle YCJIGBHS 06pPasyloT B COBOKYIHOCTH
cucteMy N =(I — 2)X (J — 2) nuuneifiiblx ajre6paHyeckHX ypas-
HeHHIl. Drta cHcTeMa dABasgercs OJOYHO-TPEXJHAroHAJbHOH, Kak
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H cHcTeMa, KoTopas Oblia MoJyueHa MPH HCHOJbL30BAHHH NMOJHOCTbIO
HeABHON CXeMBbl [Jis pelleHHs JABYMepHOro ypaBHeHHs AHDPY3HH
(cM. pasa. 3.1.14), oramuaercsl OT MNOCAeAHEH JHUIL HAJHIHEM
«MCTOYHHKOBOTO» HEOJHOPOAHOrO UjneHa (;; H Takke He MOXKET
ObITL pelleHa INPH INIOMOLGH MeToJa TNPOTOHKH,

Haubosee saeMeHTapHBIMH METOJaMH pelleHHs TaKOH CHCTeMBb
ABJsiioTcs npaBuio Kpamepa H pasJHuHble BapHaHTLl MeToJa
uckaouenua laycca (cMm. Kpenpenn [1956]). Has 3anmau, mpen-
CTaBJAIOIIAX NpaKTHUeCKHHA HHTepec, N BecbMa BeJHKO H 3TH Me-
TOJIbl CTAHOBATCA HeMoxXxoasiiuMu. B mpasuie Kpamepa tpebyercs
BLIIOJIHHTE HeBepoATHO OOJblIoe dYHCAO0 omepauuil — npubianzu-
teabHo (N -+ 1)! ymMHOXKeHHH, H Ja)Ke ecaH HMeeTcs AOCTATOUHO
MalIHHHOTO BPEMEHH, TO TOUHOCTb pelleHHs] OyneT GakTHUECKH CBe-
JeHa Ha HeT olwHOKaMH okpyraenus!). Uncao yMmMHOXKenuii B Me-
togax l'aycca npsiMo mpomopuHoHanbHO N® M MOXKHO O0XKHJIATh,
YTQ TOUHOCThL pellleHuss 6yjeT yxyamarbes npu N, GOJbUIMX TSITH-
necatd (Xemmudr [1962]), B 3aBHCHMOCTH OT JieTaJedl MeToja
H JJHHBI CJOBA B MaminHe. 3TH (M ApyrHe) MeToAbl 06CYXKIaI0TCH
B kgure Yscraeiika [1968].

3a mocaenuue rogn OblH paspaboTaHbl BLICOKO3((EKTUBHLIE
npsimbie Metoasl. Jopp [1970] nmpusomut 0630p «BJIOUHBIX» METO-
JOB, METOJOB IIHKJIHYECKOrOo HCKJWUEHHS, METOJO0B TeH30pHOro
MPOH3BEEHHS, METOJ0B, HCIOJAB3YIOMHX psaabl Pypbe, U HEKOTO-
pbix apyrux. Jlaukacrep [1970] rax:Ke npepcraBua 0630p MPAMBIX
cxem. Ipyrumu HenaBHO ONYyOJHKOBAHHBIMH NDAMBIMH METOAAMH
ABASIIOTCS METOJ NHCKPETHOTO HHBAaPHAHTHOTO BJIOXKEHHS DHKENa
[1968a], ero moaxox MHHAMHAYECKOTO NMPOrpaMMHpPOBaHHs (DHAXKeJ
[19686]), meron cymmapuoro mnpeacraBaenus [losoxero [1965],
a takxke J[umenko u Jlgwenko [1964] (cM. Takxke YagaeHko
[1970]), merox WIn [1969], MeTOA HEUETHO-UETHOTO HCKJIIOUEHHs
Bas6u ¢ coasropamu [1969, 19706} u Meron pacuera pacnpoctpa-
Henus Bekropa ownbku (Meron EVP) Poyua [1971a, 19716]. Xeiis
[1970] ucnoab3oBan HHTerpadbHyio Gopmyay I'puna nas npsMoro
peitexns ypasHenus Jlangaca (L= 0). dumken u Kanaba [1970]
nonyungan ¢GbopMysap MeToga ¢ ONHHM OOXOAOM pacueTHHIX TOUEK,
OCHOBAHHOTO Ha HHBAPHAHTHOM BJOXKEHHH. [pyrue HpHMbIe METOIbI
paccmarpuBaan Csudt [1971] n Llao [1970].

Oco6enHo mpHUBJAeKaTeJbHbIM  siBAseTcs MeTol DyHemana
[1969}, ocmoBawHMii Ha HedeTHo-ueTHOM HcKJIloueHnH. CooTBer-
CTByloIIas mporpamma aias IBM jpocTaTodHo KOpOTKa I 3aMKHYTA,
He 3aBHCUT OT IOANpPOrpaMM s 6picTporo npeo6GpasoBanus Pypee

1} Ho BpeMenn, xak npasujo, GblBaetr HefocCTaToyHO. JlaHHHE, NMpHBeleHHBIE
dopcafitom [1970], mokasniBaloT, UTO Ha BHINOJHEHHe YMHOMCEHHI M5 pelleHHA
26 ypapeeHuif npu nomou npasuaa Kpamepa Ha BeMHCHTeqbHON maummne CDC
6600 norpebyerca 10'8 mer, wro B 10° pa3s npepuiwaer Bospact Bcenennofi (mo
COBPeMEHHLIM OLEHKaM).
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¥ aeT pe3yJbTaTH, HMEILIHe MallMHHYI0 TouHOocThb. Ho uemocpen-
CTBEHHOE MPHMEHeHUe 3TOr0 METOJa OTPaHHUEHO NPAMOYIrOJbHLIMH
o6JacTAMH C TPAHUYHLIMU YCJOBHAMH J[HpUXJe HAa BCeH rpaHile,
npuyeM [/— 1 u J—1 posKHBl ObTh cTeneHsAMH ABOHKH. (Boa-
MOXKHbBle crnocobel  00600IIeHHs] TaKHX MeTONOB MOXHO HaHTH
B pasa 3.2.9.) 3ror Merox wucnoabsosan Ppomm [1971] nas
pelienus 3ajgaud B OoJbluofl obJacTH ¢ uyucJaoM sideek 128 X 128,
[TporpamMMa 3xech mojydaercs OueHL XOpOILIeH, HO HCNOJb30BaHHAN
B HeH cucTeMa Hugekcanuu touek (M, N) mecomocraBuma ¢ cucre-
mo#t (/,J), npuMeHAeMOoH B 3TOH KHHre, T. e. cuHcTeMy (M, N)
HEBO3MOKHO TlepeBeCTH B cucremy (/,J).

Bce aTH MeToabl 006/1a1aK0T OLHHM HJH HeCKOJbKHMH H3 CJeAyio-
IIHX HEJOCTATKOB: OTPAHUYEHBI ') NMpAMOyroJbHbeiMH, [- uan T-06-
pasHeIMH 06JacTAMH H BHIOODOM TDAaHHYHBIX YCJAOBHH Tuna ¢ = 0;
Tpebyitor Goapluoro o6bvema naMath IBM; menpuMeHHMEl B cayyae
CHCTEMBl KOODAHHAT, OTJIHYHONH OT NeKapTOBO; W3-3a HAKOMJEHHS
OMIHOKH OKPYTJIEHHST MOTYT OBEITb HCIOJB30BAHLI JHIUL Adsi 06Ja-
cTell orpaHHyeHHOro pasmepa (T. e. 1Js OrpaHHUYEHHHIX 3HaueHHH [
1 J); HAKIaABIBAIOT OTPAHUYEHHE HAa BHIGOD Y3J0B PACUETHON CETKH
(nanpumep, /— 1 u J— 1 n0oaXHB uMeThb BUR 2%, rae k-— iuenoe
yncgo); TpebylT IPOMO3AKHX MpPeiBAaPHTENbHBIX BLHIUHCICHUH HJa4
MOCTPOEHHS CETKH; NMPHBOJAT K CAOXKHLIM MPOrpaMMaM H ajJTOPHT-
mam, OnHako AJs pelueHus OoJblIHX 3agad Bce GoJblliee MpHMe-
HeHHe HAaXOAAT UMEHHO NpsSMble MeTOIBl, OCOGEHHO METOJb, OCHO-
BaHHbIe Ha pasJoxeHHH B paibl ®Pypbe. Haubosee rubkuii u mnpo-
CTOH MO CPaBHEHHIO ¢ APYTHMH NPSIMBIMH MeTOJaMH METOJ pacuera
pacnpocTpaHeHHs BeKTopa oOIIHOKH obcyxpaerca B pasn 3.2.8;
B pasg. 3.29 paccMaTpuBarOTCs MeTOAbl, HCHOJb3VIOILHE PSAHI
®ypbe (1 urpawinue Bce 6OAbIYIO B OOABLIYIO POAB).

[To cpaBHeHHIO ¢ NPAMBIMH METOIAMH pa3JUYHBIE HTEPALHOH-
Hble METONK MpOolle C TOUYKH 3PEHHs MOHHMAHHA W MPOTPaMMHPO-
BAHHS W SIBJSIOTCH AOCTATOYHO THOKUMH. CKOpPOCTL CXOAMMOCTH
B TAKHX METOAaX CYIIeCTBEHHO OGoJblile CKOPOCTH CXOLHMOCTH
B cTapelXx npsaMbix Merofax (V¥Yacraefik [1968]), Tak KakK B HHX
HCIMOJL3YIOTCST «pa3peleHHble» MaTpHibl, VcTOpHYECKH CI0XKHIOCH
TAK, UTO HTEpPallHOHHbIE METOAbl Yallle NPHMEHSIOTCH B BBIYHCJHU-
TeJbHOH THAPOAMHAMHUKE H, HECOMHEHHO, He YTDPATAT CBOeHd BaxK-
HOCTH, 3[ecb HUTepallHOHHBIE MeTOAbL OYAYyT paccMaTpuBaThCs
B XPOHOJIOrMUYECKOM MOpAIKE.

3.2.2. Meton PuyappcoHa u metop Jlnbmana

Kak o6cyxpanoce panee B § 3.1.22, pemreHne (CTalHOHADPHBIX)
ypaBHEHUH BJTHITHYECKOrO THIA aHAJOTHYHO MOJYUEHHIO aCHMIITO-
THYECKH CTAILIHOHAPHOTO pellleHus HecTalHoHapHo# 3agauu (Ppan-

1) Ilpn HenocpeacTsenuoM OpuMeHelnyd; cM. pasz. 3.2.9.
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ken [1950]). Tlpennmonoxum, 4TO paccMaTpHBAaeTCss HeCTalHOHap-
HOoe ypaBHeHHe IHPPY3HH mia P € <«HCTOYHHKOBHIM UJeHOM»
H ¢ KoadpduuuertoM Auddys3ud, paBHEIM eJUHHLE:

R (3.366)

du3nyecKH#l CMBICJA HECTAllUOHAPHOrO pelleHHs 37eCh He Hrpaer
poJIH, HO KOTjJa pelleHHe TAKOro ypaBHeHHS AH(Py3uH npubin-
XAeTCsl K CTAaIlHOHapHOMY, OHO CTPEMHTCS K HHTepeCymolleMy Hac
pemleHuio ypasHenus Ilyaccona (3.363).

B HEKOTOPHIX CJydyasix TaKasli aHaJIOTHS BHHIOJHSETCS TOUHO,
JLast Toro 4ro6Bl NPOJEMOHCTPHPOBATh NOJ0OHYI0 3KBHBAJIEHTHOCTD,
BLIBEIEM HTEpalHOHHBIH Meton PuuapicoHa A 3JJIHNTHYECKOrO
ypaBHenus IlyaccoHa H3 HeCTallHOHapHOH CXeMbl C Pa3HOCTAMH
BIepeJ N0 BPEMEeHH H LEeHTPaJbHEIMH Pa3HOCTAMH NO HPOCTPAHCT-
BEHHBIM MepeMeHHLIM AJ1s ypaBHeHUS Audby3un napaboaHuyecKoro
THIA.

TIpuMensis K ypaBHeHuo (3.366) pasHOCTHYI0 cXeMy C pasHo-
CTSIMH BIlepefl N0 BpeMeHH U C LEeHTPaJbHBIMH PasHOCTAMH IO MpO-
CTPaHCTBEHHBIM II€peMeHHBIM, MOJyYaeM

'lbliz,_l}l __ ,lpllz, ; 62,¢k 62\|Jk
AL - 5x2 + 6y2 _gi.]- (3'367)

Jas npocTOTHl BPeMEHHO OTPAaHHUHMCS CJayuyaeM, Koraa Ax =
= Ay = A u ypasHeHHe (3.367) HpHUHHMAaeT CJeAYIOLIHH BHA:

P = b R W AW b — e — A, ]
(3.368)

[TokaxeM cHauana, 4To §;; He OKasblBaeT BJHSHHSA Ha YCTOM-
yHBOCTb ypaBHeHHsa (3.368). Caenxya pabore Lopram n Yasrepa
[1938], 6ynem paccMaTpuBaTh rpaHHuHBle yciaoBus Jupuxsae u o6o-
3HAayHM yepe3 Y™ TOUHOE KOHEUHO-PAa3HOCTHOe pelleHue!) KoHeuHo-
pasHoctHoro ypaBHenus Ilyaccona (3.364). Torma omu6xa
ei’f, 3HaUeHHs 1])?,] nocae HtepaluuH k& GyIeT COCTaBJAATD

& =07~ (3.369)
[TogcraBasas MOJyYeHHOe OTCIOAA BBIpaXKeHUe JJs P* B ypaBHeHHe
(3.364), 6yneM HMeETb

62¢m ézek 52h>° 629k

dx2  8x2 6332 T 52 ={. (3.370)

1) dopmanpHoe 3aKJIOUEHHE, YTO TOYHOE DelleHHe NoJydaercss NpH k—> oo,
ABJASETCA CKOpPee NPEANOJONKHTENbHBM, ueM crporum. [lpeaes lim %  6ymer
k> oo

OTJHYATBCA OT TOYHOTO pellleHusi ypaBHeHHs (3.365) H3-3a omIHGOK OKpyIJeHHs.
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Tak Kak Y™ B TOYHOCTH YAOBJETBOpsACT ypaBHeHHio (3.364), ypas-
HeHHe (3.370) cpoauTcs K ypaBHeHHio Jlamaaca

82eF 52
w5 T =0. (3.371)
[TockonbKky rpanutinble YCJIOBHSR 3aJaHH, Ha BCeX rpanHumax ¢* =
= ¢®, uan e — 0. Torza aHajOrHYHO HTEPALHOHHOMY KOHEYHO-
pasHoCTHOMY ypaBHeHHI0 (3.368) MOXKHO 3amucaTh IJs OWHOKH e
caenyoiee ypaBHeHne:

eftl=ek + [ez+1 jhet  tef tef, —4et ] (3.372)

Takum o6pasoM, HTepannonHoe yparHeHue (3.368) nnst  3KBH-
BaJIGHTHO HTepallHOHHOMY ypaBHeHHi0 (3.372) 475 e, npHueM IMoO-
cJle[lHEE, OUEBUIHO, HE 3aBHUCHT OT (.

YcaoBue ycro#iumBoctH ypaBHenuss (3.368) wuau  (3.372)
(cm. pasg. 3.1.5.1) umeer Bui d = aAt/A?’ <!/, win npu o =1
At << A?/4. TTocKOJIbKY KeJTaTeNbHO NOCTHYb ACHMITOTHYECKOTO pe-
IIeHHsT KaK MOXKHO CKOpee, BhiGepeM MAaKCHMaJbHO BO3MOXKHOE
snauenne Af = A?/4. TloxcraHoBKa 3TOro 3HaueHHS B YpaBHeHHE
(3.368) naetr

Pitl=1p; 4+ ¢ [‘I’x+1 P RIE L A
4k — 4t — A%, ] (3.373)

IIpuBons nonoéx—n;le YJieHH, colepxKaiHe Pk j» TosyyaeM

11) =7 [1p1+1 i + ‘I’?—l, i + ‘p’f, J+1 + \P’fv -1 A2C1, j]. (3.379)

OToT aJropHTM npelcraBiasieTr coboli merod Puwapdconal) mpu
Ax = Ay. B uyactHOM cJyuae AJs ypaBHenHus Jlammaca (§i,; = 0)
OH CBOJAHTCS IPOCTO K TpeGoBaHHIO, YTOOL 3HAUeHHE | Ha HOBOH
UTEpallMH PaBHSJOCL CPelHEMY apH(MMETHUECKOMY 3HAUEHHIO B ue-
THIPEX COCEIHHX TOUKaX.

Ypasrenue (3.374) mnpencraBJisier co0OH TOT Ke pe3yJbrar,
KOTOpHIH MOXHO NOJYYHTb, paspellasl CTAlMOHAPHOE YpaBHEHHe
(3.365) 2AAHOTHYECKOTO THHA OTHOCHTENBHO Vp; ; MPH YCJIOBHH, 4TO
HTOT 4WJeH B JIeBOH 4YacCTH ypaBHeHHsl Oepercs Ha HTepalyu k -+ I,

) DTtor MeTon u3BecTeH Takxe Kak Meron $Jko6n (CanbBagopH u Bapon
[1961]), kak merox <«HTepauuil moaHeIMH 3TanaMmu» (Kpenmenn [1956]) u kax
MeToJ €«OJHOBDeMeHHHIX CMelleHHi» (HHr [1954]); nocienHee Ha3paHHe CBA3AHO
C TeM, YTO Kaxcaoe 3HaueHHe P*+! BHIUHCASETCS B TOUYKE, KOTOPYIO MOXKHO Gpath
He3aBHCHMO B Ji060M MOPSJAKE H3 MOCJeJ0BATeJbHOCTH Todek (i,j), M mo3Tomy
BCe TOYKH MOXHO B H3BECTHOM CMBICJIe PacCuHTaTh OJHOBpeMeHHO. Takoe CBOIi-
CTBO aJrOPHTMA OYeHb BAXKHO IPH OUEHKE METOAOB AJA BLIYMCIHTEIBHBIX MAauInH
¢ mapaji/ieJbHEIMH MPOLECcCOPaMH.
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a Bce uJieHbl B MpaBoft yactu OepyTcst Ha HTepauuH k. BBeaem Be-
JIHYHHY OTHOLLUEHHS pasMepoB LIaroB ceTKH B = Ax/Ay; toraa

W = g [V s Wi B L B — A,
(3.375)

drtor anaropur™m nOpeacrasiaseT cobofi merod Puuwapdcona npu
Ax 5= Ay.

HccnenoBanne CKOPOCTH CXOAMMOCTH METOAOB MOMHO HNDOBECTH
TaK e, KaKk W HCCJeJoBaHHe YCTOHYMBOCTH I/l yDaBHEHHA Mepe-
Hoca BHXpS, TNOJACTaBAss B ypaBHeHHe [ad omHOKH (3.372)

vEH = gv* (3.376)

HIM pacKJaaanBas oleparop Jlansmaca B JAHCKDeTH3HPOBAHHOH
¢dopMe 1o ero coOCTBeHHbIM (DYHKIHAM; Pe3yJLTATH OKa3bIBAIOTCs
WACHTUYHBIMH OPH YCJOBHU, UTO TPAHUYHBIE YCJAOBHA NPaBUIALHO
yureHnl '), IlpencTaBuM 3iech HOJydeHHble TaKHM crmocoboM (HO
B ApYrux o6osHaueHHsix) pesyabraTel @pankesaa [1950].

KoMmnoneHTH omHOKH ¢ HauboJbllell H HauMeHblleH AJHHAMH
BOJIH 3aTyxaloT Haubosee caabo (T. e. UMelOT HaUOOJBLIYIO BeJH-
gyuny |G (6)|). Takum o6pasoM, He3aBHCHMO OT HA4aJbHOro pac-
npejfeseHHs OWHOGKH Mo O naHHbBle KOMIOHEHTH OYAYT HOMHHHPO-
BATb NPH ACUMINTOTHUECKH GoJblinx k., O6e 3TH KOMIOHEHTH HUMEIOT
OIHY H Ty e BeaHuHHY |G (8)|, HO KOPOTKOBOJIHOBasl KOMIIOHEHTa
omwnbkH (A = 2Ax) coBepluaeT 3HaKONepeMeHHble KosJeGaHHs NpH
G < 0, 4TO B HEKOTOPOM cMhicje onTuMaJbHO (Ppankea [1950]).

YpaBHeHHe (3.375) daBJssdercs ABYXCJIOHHBIM YpaBHeHHEM, H B
naMsATH BLIYHCJAUTENbHOR MalIHHB HeoOXOAMMO XPaHHTb MAacCHBEI
415 BeauuuH P+l u pE Ecan 06xom pacueTHBIX TOUeK BECTH B Ha-
npaBJeHHH BO3pacTaHHsA [ U | U B ypaBHeHHH (3.37D) HCIOJIb30BATH,
rje 3TO. BO3MOXHO, yXKe 10JyueHHble HOBhie 3HaueHHs *+!, To mo-
JYUUTCS CJedyloUias cxema:

1 [}
Yt =13 T +p9 KT Rk /AN ol e
SR — AR, ] (3.377)

KoTopas HaswiBaeTcs merodom Jlubmana?). Ilpu mporpaMmupoBa-
HHMH 3TOr0 MeTOJAa AOCTATOYHO B MAMSTH XPAaHUTb JHIUL OJHH Mac-

) Donee u3slHble MaTpuyHhle MeTOAB omucaHbl 8 KHHrax Basosa u ®op-
cafita [1960] u ditmca [1969].

2) DTOT MeTOA H3BeCTeH Takke Kak meroa laycca — 3eitaens (CasnbBamopu
n Bapon [1961]), kak meTox «uTepauuit HemosMHEIMH 3Tamamiu» (Kpenpena
[1956]) ® Kak MeTod «moc/eloBaTeabHBIX cMeweHufiy (Hur [1954]). Sror meroa’
noXaX Ha Mertonnl CayibeBa [Jif HeCTAllUOHAPHBIX ypaBHeHuH (cM. pasa.3.1.17),
HO He H/JeHTHYeH HM,



3.2.3. Merod pesakcayuu nesasku Cayceeara 181

CHB /1 BeJHYMHBl { B ypaBHeHuu (3.377), mpeaycMoTpeB B Mpo-
rpaMMe onepatop 3ameuleHusi. Kpome rtoro, ®panken [1950] mo-
KasaJa, uTo aJsi Haubojee <«CTOMKHX» KOMIOHEHT OIIHOKH
¢ OOJIbIIHMH H MaJblMH BOJHOBBIMH YHCJaMu B MeTojaax JlubOMaHa
i PHuapicoHa HMeeT MeCTO COOTHOILEHHE

G (/lu6man) = [G (Puuapicon)] (3.378)

AcCHMITOTIIYeCKH NpPH JOCTAaTOUHO OGOJbILIOM 4YHCJe HTepaluul k&
dTepalunii mo Merony JIu6MaHa 3KBHBaJIeHTHH 2k HTepaLHuaM IO
Metoay PHuapicoHa; KpoMe Toro B Merole JIlnbmaHa Tpebyercs
BIBOE MeHbIIH 00beM MAUIHHHOA TaMsATH ').

bBosee ciaoxHbléi BapHaHT MeToga JluOMaHa Oblil HpejJoxeH
WWopran u Yaanepom [1938].

3.2.3. Metoa penakcauuu Hesnsku Caycsenna

Merton penakcauuu HeBsisku CaycBessa (Caycsesn [1946])
NpUMEHsJICT B TeUeHHe MHOTHX JeT NpPH pacyeTax BPYUHYIO HJid
NOJIYUEHHS YHCJAEHHBIX PEIIeHHH BaXKHBLIX TeXHHYECKHX H HayYHLIX
3aJ1ay, BKJIOUAsi OJHO H3 CAMbIX PAHHHX pelleHHH 3a/aYH O TEUEeHHH
npu GouaeuioM uuciae PefiHosbaca (Aanen u Caycseaa [1955]).
[TepBoHa4anbHO OH Ha3bIBAJCS MPOCTO «PEeNaKCALHUOHHLIM METO-
JIOM», HO 3JeCh 3TO Ha3BaHHEe 3aMeHEHO Ha <«METOJ peJaKcallHH
HeBSI3KH», YTOObI ObIJIO MOXKHO OTJHYATb ero or Meroja JluOmaua
H IPYTHX MTEpPAaLHOHHBIX MeTOLOB, KOTOpHlE B HAacTOsllee BpeMs
HHOrjJa Has3blBAIOT pPelaKCalHOHHBIMH METOLaMH,

IIpocrefimiasi ¢opma meroga penakcanuu HeBsski CaycBessa
OCHOBaHAa Ha TOM e ypaBHeHHH (3.375), uto M Merox PuuapicoHa
AJis BHIYHCJEHHsl HOBHIX 3Hauenufi Y4+l Pasanune sakmouaercs

B TOM, YTO ypaBHeHHe (3.375) He ucmoJib3yercsl Bo Bcex 0e3 HUCKJIO-
YeHHsl Y3JOBBLIX TOYKaX CeTKH. 3JeCchb HeBsA3Ka r;; Olpejessercs
H3 ypaBHEHHS

Wy, gy, 20y ¥y 1y, g — 29,
ri.]— Ax? + Ayz —gi.l'

(3.379)

Korgaa r;j = 0, ypaBHeHnue [lyaccona (3.365) yaoBjeTBOpsieTcs], HO
T0bKO B Touke (i,j). Takum oOpasom, BeauuunHa |r; ;| mokasm-
BaeT, KaK Ha oWHOKY B TOuKe (i, ) BJHSIOT Bce TeKylHe npubaH-

'} B nmeiicTBuTesBHOCTH AJ51 MeTOJOB, moAoOHBIX MeToay Puuapacosa, mo-
TpeGHOCTL B BesMHunHe o0beMa mamMaTH OBM MoxHo COKpaTHTb 3a CYeT HEXHT-
pHX NPOrPAMMHCTCKHX [pPHEMOB H HCHOJb30BAaHHS HECKOJbKO OOJBIIErQ 4HCIIa
OnepaTopoB 3aMelIeHHU.
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XKeHHble 3HauYeHHS W; ;. 3areM mNepeGOPOM HAXOAAT Ty Y3JOBYIO
TOYKY, T1€ BeJHUHHA |ri ;| sBAseTcs HauGoJblied, MoJaramoT B
3Tol Touke ri, ;= 0 ¥ npu momouy ypaBHeHus (3.375) HaxonaAT OT-
Ciolla HOBOE 3HaueHHe W, j. DTO B CBOIO OYepelb NPHBOAHT K H3Me-
HEeHHIO HEeBSA30K r BO BCEX COCEJHHX TOYKAaxX, H Mpollecc MOBTOPSETCH.

Meroa CaycBesnsia He NPHMeHSIETCS HAa COBPEMEHHBIX 3JIEKTPOH-
HHIX BBIYHCJIHTEJbHBIX MallMHAX, TaK KaK BpeMs, HyxKHOe AJs Ha-
XOXJeHHs HauGoJbIuel BeNHUHHBI |r; ;| U A4S HepecueTa HEBSI30K
r B COCEJHHX TOYKaX, HE OTJHYAeTcsl CYNIecTBEHHO OT BpPEMEHH,
HeoO6XONHMOro 1151 HeNOCPECTBEHHOTO NPUMeHeHHs cxeMbl (3.375).
Takum o6pasom, Ha coBpeMeHHHX DBM nenecoobpa3Hee mo oue-
peAd yCTPaHATb HEBSA3KY B KaXKAO# TOUKe, MCNOJAb3Ys yXe HafeH-
Hble HOBBIe 3HaueHHd, T.€. NpHMeHaTb Merona JIu6mana. Hcropu-
yecku Meron CaycBesnsa HHTepeceH IHOTOMY, YTO €ro yCOBeplIeH-
CTBOBaHWE [PHBEJO K 3KCTPAaNOJSILHOHHOMY MeTody JIuOmaHa,
6oJlee H3BECTHOrO TIOJ Ha3BaHHEM MeToJa MoOCJeJ0BaTeNbHOM
BepXHefl pesakcalluH.

3.2.4. MeTtoa nocneaosaTenbHOH BEpXHEH penaHcauHH

ITpaktuka npumenenus (Pokc [1948]) meroma Caycsessa no-
KasaJja, YTO IJ8 JOCTHKeHHs HauGoJibuiedl CKOPOCTH CXOJHMOCTH
HYXHO YCTPaHATb He HauboAbwlylo HEBA3KY |ri ;|, a Ty HeBssky
ri, j, LJIs JIHKBHIALHH KOTOpo# Tpebyercss HanboJjbliee «CMelleHHe»
|1pk+‘ ’fj| Takoit mpuem, OUEBHAHO, MOMXKET OBLITb NPUMEHEH

TOJLKO JOCTATOYHO KBAJH(MHUHPOBAHHBIM BLIYHCJHTEJNEM, KOTOPBIH
MoeT OBICTPO NMPHOJHKEHHO BBUHCJIHTL MaKCHMaJLHOe CMelleHHe
IpH BH3yasnbHOM nepefope HeBA30K. 3ateM Obin pasBUT APYrof
nonxoA. Bulio o6HapyXeHO, YTO ONTHMAJbHAA CKOPOCTh CXOLHMO-
CTH JOCTHraeTcs He NPHPaBHHBAHHEM HEBSI30K HYJIO, & HCIOJb30-
BAHHEM «BepXHeH» WM «HUKHEH» pejlaKcallih B 3aBHCUMOCTH QT
TOrO, KaKue 3HAKH HMEIOT HeBS3KH B COCEJHHX TOUKaX: OJHHAKOBEHIE
ui nporuBonosnoxuee (©okc [1948]). (Obuiee mousiTHe BepxHEH
pesakcauuu Ob110 npensoxeno Puuapaconom eme B 1910 r.) Ta-
Kasl ujes C ycnexoMm Oria HCmoJb3oBaHa B Merone CaycBeasa, HO
Tenepb AJA PeasJH3aliH 3TOr0 MeToAa MOTpeboBajcs BEIUHCJIHTED,
obsanatonui eme 66JBIINMH MacTepcTBOM H HHTyHuueld. (1o Tpe-
6osaHHe (aKTHYeCKH OblIO Haxe BurofHeM (Pokc [1948]) mnpu
pacuerax BPYYHYIO, TaK KaK BBIYHCJAHTENb, BEPOSITHO, MEHee YTOM-
JsJCs 0T OfHOO6pa3Hoil paboThl!)

®panken [1950] u HesaBucuMo ot Hero SInr [1954] paspaGo-
TaJn cnocol NPHMEHEHHs CXeMbl BepXHel pejakcallud s Meroja
JIlubMaHa, ymoOHBIH 14 3JeKTPOHHBIX BBIUHCJIHTENbHHX MallHH,
DpaHKes Ha3BaJ €ro «3KCTPaNOJHPOBAHHLIM MeToJoM JluGmana»
(cm. 3agzauy 3.21), a SIHr — «METOAOM IIOCJIeAOBATEJbHOH BerHeH
peJlaKcalHu».
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Cooxus ypasuenue (3.377) u toxpectso 0 =1}  — ¥ , a 3a-
TeM neperpynnnpOBaB YJIeHbI, TOJYIUM
Vi =t sarey 1-H32 (Wi, 002 HBE ,, +

B, — AR —2(1+ B9 ] (3.380)

Tenepb npu NPHOMMMKEHHH K pelleHHIO P*+!—>P* nasg Bcex (i,])
yjleH B KBaJpPaTHBIX CKOOKAaX CTaHOBHTCA PaBHBIM HYJIO B CHAY
ypaBuenus (3.365), a ypaBrenue (3.380) mepexoauT B OTBevalo-
1ee CXOXMMOCTH paBeHCTBO Yi¥!==1{f . Ecau nonoXuts, uto usien
B KBaJpaTHbIX CKOOKax paBeH Hymo H 4TO B Touke ({,])
11)"“—- f], TO moayuurcs Meron JlubmaHa. B Meronme mocienoBa-
TEeJbHOH BEpXHefl pesiakCcallHH 4jieH B KBaJpaTHbIX CKOOKax B ypas-
wenun (3.380) yMHOXKaeTcs Ha peslaKCallMOHHLIA MHOXHUTENb (ma-
paMmeTp pesakcaluH) ®, rie o == 1; TakuM o6pasoMm, B obuleM
ciyuae HeBf3Ka ry ;5= 0, HO riy;— 0 npu P!> % Metox mo-
cleIoBATEJNbHOA BepxHell pesaKcallid NPHBOAHT K YpaBHEHHAM

P =0k + gy [V, 0L B
+ 52/4)?,—‘-11_1 - Ax2€i, ] —2 (1 + 52) 'qjli?- i]' (3381)

Ias cxopumoctu Tpebyercs, urobnl 1 <C o << 2. ®panken u Hur
ONpEe/IeHAN «ONTHMAaJbHOE» 3HAUEHHE MapaMeTpa @y, NMpPHYEM HX
KpPHTEepHUH ONTHMAJIbHOCTH OCHOBBIBAJICS Ha aCHMITOTHYECKOM
yMeHblIeHHH Haubosee cTofKoi omunOkH. OnTHMagbHOe 3HauelHe
®g 3aBHCHT OT CETKH, KOHQurypauuu o6JacTH H THNA TPAHUUHBIX
ycaosufi. Mcnonbdys noaxon ®paukesa [1950] s peurenus 3a-
nayu Jupuxie B npsMoyrosbHOH obaactH pasmepoM (I — 1)Ax X
X (J —1)Ay c nocrosabiMu Ax U Ay, MOXHO IOKa3aTb, YTO

0y =2 %_—_E (3.382a)
rje 2
- [Los (n/(I — 1))1-:_%;05 (wt/(] — 1))] (3.3826)

[Tpy ® = wo YHCJIO HTepalUUH k, HeoOXOAMMOE 1JIl yMEHbIIECHHs
HEBSI3KH J0 HEKOTOPOro 3aJaHHOr0 YDOBHA, NPAMO MPONOPIHO-
HaJIbHO MOJIHOMY 4YHCJIY HTepHPYeMBbIX ypaBHeHu#ds N = (/—2)X
X{J—2), rorna kak pas Meroma Jlu6bmana k ~ N2 [lostomy
MeTOJ [MOCJelOBaTeJbHOH BEpXHEH peJjiakcalUH C ONTHMAaJbHbIM
nmapaMeTpoM peJlaKCalluH o (HHOrJa Ha3bIBaeMBIfl ONTHMAaJbHBIM
METONOM BepXHeH pejakcaluu) Jydille A8 GoJbLUINX 3ajad,
AnasnnTHYecKasl OlleHKa BeJUYHHBl (g HMEETCH TOJbKO AJfA JA0-
BOJILHO y3KOTo KJjacca 3anau (Sur [1954], Muruensn [1969], Yop-
auk u Slur [1970]). Muskona [1962] noxasan, yto ecnum Ha Bcex
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Puc. 3.16a. TloBenenue uTepauuili B MeTOje NOCAe[OBATENHHON BepxHell penakca-

IMH B 3aBHCHMOCTH OT BEJHYHHB MNapaMerpa pejakcalHH . Pa3smep certku

[ =17]=2]1, Ax=Ay, ontuMa/lbhoe 3HayeHHe ® B 3TOM ciyyae p= 1.7295.
ITo ocH OpAMHAT OT/MOMEHa BeNMYMHA Max e;; Ha NATHAECATOR HMTEpAlHH.

rpaHdnax crassaTcsa ycaosus HefiMana, To wo yBeanuuBaercs. B tex
caydasix, KOrja Ha HEKOTOpbIX TpaHHIAaxX CTaBATCs ycaoBus Jlu-
puxJje, a Ha ocrtaapHbiXx ycaoua Hefimana, korma Ax uian Ay
nepeMeHHB H Korja paccMmartpuBaetcsl L-o6pasnas obJyacTb (H MHO-
rue JApyrue HempsaMoyroabHble 06JacCTH), MapaMeTp ®, aHaJHUTHUE-
CKd He onpejeneH. B TakHx caydasix @y MOXKHO HAaHTH 3KCIEPHMEH-
TaJbHO, NOCJAE0BATebHO pellas ypaBHeHHs Jlanjaca ¢ HyJeBHIMH
rPaHUYHBIMH YCJOBHAMY NPU PA3JAHUHBIX 3HAYCHHAX o (1 << 0 <T 2)
W 1poBepsis CXOAHMOCTb K peweHnio Pf =0 npu Goabwux k.
(BennunHa ®o He 3aBHCHT OT HAaJH4Ydsl HCTOYHHKOBOrO uJeHa (.)
Ilpn sTomM Becbma BaXkHO, 4TOOB B HayaJbHOE YCJOBHE BXOJHJH
BCe KOMIIOHEHTH OMIUOKK (HaHHOMY TpeGOBaHUIO JIETKO YAOBJIETBO-
PHTb, MOJOXHB BO BCEX BHYTPEHHHX TOYKAX ¢?,,= 1).
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Puc. 3.166. [losenenne HTepanuii B MerToje mocjedoBaTeNbHON BepxHell pesakca-
[HH B 3aBHCHMOCTH OT BeJHUHHBI NapaMeTpa DeNaKCAlHH O NPH TeX Xe JaHHbIX,
yro Ha pHe. 3.16a. [lo ocn opaMHAT OTI0XKEHO OTHOCHTENbHOE UYHCAO HTepauui,

HeOOXOAHMBIX J/151 BLINOJIHEHHS YCJAOBHA wfn:xl - wfnax =¢e.

ITpouecc sKCUEPUMEHTAJNLHOIO HAXOXKAEHHS 9 3aTPyAHHTEJEH,
TaK Kak OOBIYHO CKOPOCTb CXOAMUMOCTH DE3KO MEHsieTCs IpH H3Me-
HEHHH MapaMeTpa o B OKPECTHOCTH €ro ONTHMAaJIbHOI'O 3HAYEHHS g.
CooTBeTCTBYWOILHH TpHMep npeacraBied Ha puc. 3.16a u 3.166.
H3meHeHHe KPHBH3HH MPUBEAEHHbIX HA HHX IpadHUKOB B OKPECTHO-
CTH ¢ MOKa3biBaeT, 4TO OOBIYHO Jydlle GpaTh wg ¢ HeGOMBIUIHM
H36LITKOM, YyeM ¢ HeJOCTAaTKOM. BHJIHO TakxKe, 4TO BbIGOP OJH3KOro
K ellHHHLEe 3HaueHHsd @, HanpuMep o = l.l, IpUBOAUT K He3Ha4u-
TEAbHOMY YJYULIENHIO CXOAMMOCTH [0 CpPAaBHEHHIO CO CJyuyaeMm
o =l.
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Ilockoabky ypaBHenue IlyaccoRa Hago pewlaTh Ha Kaxkao
HTepallii yPaBHEHHS NE€PeHOCa BHXPS, BCerjga HMeeT CMBICH 3KCIe-
PHMEHTaJ/JbHO OLIEHHTb BEJHUHMHY @ kel [1967] npemnoxua
npyrofi yao6HBIE B HEKOTOPBIX CJaydasx cnocol OLEHKH @y U3 UHC-
JeHHBIX pacueroB. Caenys Kappe [1961], Crpobpuax u Xymep
[1968], a Tak:xke Xomep u Bencrpyn [1970] npu pewennu sagau
C OCeBOH CHMMETPHEH TOXKe ONEHHBAJNH ®p [0 NPOLUECTBHH He-
CKOJIbKHX IllepBbiX HTepalnii. OLeHKOH napaMeTpa o 3aHHMAJHCh
u Apyrue ucciegosareau (Slur u dincon [1970], )Kutko [1970]).

OnucaHublfl 37ech MeTOH TOCJAeAOBaTeNbHON BepxHell pesa-
KCallHH SIBJSIETCS HCXOAHBIM METOJOM <«IOTOUeUHOH>» mochaenoBa-
TeJqbHOH BepxHeH penakcauuun Ppankena u §lura. B Hem Oepyrcsa
3Hayenusa ¢ (k- 1)-# urepauuu B ABYX coceiHux ¢ (i,]) Toukax
({—1,j) u ({,j—1). MOXHO HecKOJIbKO YBEJHUHTb CKOPOCTb CXO-
JHMOCTH TIpH NOMOINH <IIOJHUHEHHOH» I[ocJenoBaTeJbHOH BepXHeH
peJaKcalliH, KOTAa HCHOJb3YIOTCA  <IPOJBHHYTHIE» 3HAUEHHS
¢ (k4 1)-it urepauuu B Tpex cocegHux Toukax. [lycrs obxom pac-
YeTHBIX. TOUEK BeJeTCA B HANpaBJeHWH Bo3pacraHHsa j. Korpa pac-
CUHTBHIBaeTcsl CTPOKa jl, 3HaueHWs B NpeNUIeCTBYIONEH CTPOKe
j1 — 1 yxe nainens Ha (k4 1)-# urepauuu. 3HaueHus B cTpoke jl
HaxXOAATCH N0 3THM 3HAUEHUAM H3 CTpoKu jl—1 (k4 1)-i# ure-
palHd TpH INOMOIIM HEABHOrO peUIeHHs [Js Y3JOBHIX TOUEK
CTPOKH jl ¢ pa3sHBLIMH 3HAUEHHAMH [, UTO TpeOyeT NPHMEHEHHS Me-
TOJA NPOrOHKH (CM. MpuJIOKeHHe A).

dime [1969, c. 147] ykazaa, uto npu Ax = Ay -0 uucio ure-
pauufi, HeoOXOAHUMOE HJs CXOZHUMOCTH pelleHus TNpPH pacuyeTax
N0 MeTOAY MOJHHeHHOH MocJenoBaTeNbHOH BepxHeH penakcaluy,

B 4/2 pas MeHbllle, YeM NPH HCNOMb3OBAHHH METOAA NOTOYCUHOH
nocsenoBateabHON BepxHe#l pesnakcauuu. OZHAKO 3[eCh Ha BHINOJ-
HeHHe Kaxaol HTepanuu Tpebyercs 6Gosblile BpeMeHH, TaK Kak 1/
pEelIeHHs] MCNONb3YeTCsl HESBHBIA MeTon (mporonka). B uucieHHBIX
9KCIepHMeHTaX, BolnmosHeHHbix Dao u Horeptu [1969], 61 go-
CTHTHYT HeGOJIbLIOH BHIUTPHIII B CKOPOCTH BBIUHCJICHHH IO METO.LY
moJMMHeHHOH MocjenoBaTe/bHOA BepxHell pesaKcallHd, He OKymNaB-
KA [OTONHUTENbHHIX TPYLHOCTeH, CBSI3aHHBIX € METOAOM Ipo-
rouku. Jopp [1969] mosyuun oueHKH AAS BEJHYHHBI ®p B Cayuae
NpUMEHEHHs] MeToJa MOJHHEeHHOH mNocJaenoBaTeNbHOA BepxHeH pe-
JAKCaluu JJs1 pelleHHs] ypaBHeHusi [lyaccona ¢ rpaHHUHBIMH ycJ0-
susamMu Helimana.

Hs-3a cBoell nmpocrorsl H 3¢b(HEKTHBHOCTH METOA NOTOUEUHOH
nmocJef0BaTeJbHON BepxHeH pesnaKcaluu siBjisiercs HauboJsee momy-
JASIPHBIM H3 BCeX HTePallMOHHBIX METOAOB AJisl pellleHHsl YpaBHeHUS
[Tyaccona B 3ajlauax BEIYHCJHTEJBLHOH THAPOAMHAMHKH. B mocnen-
HHE TOAB IIHPOKO MPUMEHSIIOTCA H HECKOJBKO (oJiee CJIOXKHBlE He-
sIBHble CXEMBl METOJa yepeAVIOMHXCS HampaB/eHHuil, KoTopbie OyayT
pPaccMOTpeHbl HHIKeE.
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Onuoft U3 NpOCTeHIIUX Jerko NporpaMMHPYEMBIX MOAH(pHKAIMI
MeTO[a MOCJeNOBaTeNbHON BepxHell pesaKCalUH SABJISETCS HCMOJb-
30BAHHE Ha MepBOH HTepanuu Merona JlubmaHa Npu o =1, a 3a-
reM pacuer npH o = 0o (Ilenmmon [1959], Kappe [1961], Sur
u Kuukeiin [1969]). IIpennoxenne Uy [1970] uepenoBath Hampas-
JeHue 06Xofa pacUeTHHIX TOUEK 0Ka3aJsoCh MOJIE3HBIM NPH peLIeHHH
Gosiee oOIIMX 3a1ad, YeM pelieHHe mpoctoro ypasHeHHus Ilyaccona,

3.2.6. TaxTHHa M cTpaTerua

®opcaiit [1956] yxasaJs, uTo 3HaueHHe MapaMerTpa peJlaKCaluH
wo, TIOJyuyaeMoe H3 ypaBHeHHs (3.382), onTHMaJ/bHO B «CTpaTeru-
YeCKOM» CMBICJIe, T. €. NPH AJHTeJNbHOM HTepupoBaHuH. Ilpu stom

cyMMapHasi omHOKa Ze?l—>0 acCHMNTOTHYECKH (MpH k& —> o0)
L/ "

GuicTpee Bcero NpH o = wp. Ho npu KoHeuHOM R oNTHMaJsbHOE
3HAYEeHHEe MOXeT OKa3aThCs HECKOJBKO MEHBIIe ®y B 3aBHCHMOCTH
OT Haya/JbLHOrO pacmnpeneseHus OWHOKH. JlefCTBHTENLHO, €CJH
OrpaHHUHTbLCA OAHOH uTepaunueint (k= 1), To BHIOOp napaMerpa
o =1 (meron JIimbMana) npmBoauT K HanbosblIEMY YMEHBUIEHHIO
cyMMapHO# omHOKH 3a OAMH OOXOX pacueTHLIX TOYeK; TAKHM 00-
pasom, Meton JInOMaHa ONTHMAaJIeH B «TAKTHUECKOM» CMBICJE, T. €.
IIpH KpaTKoBpeMeHHOM urepupoBanuu (Popcafitr [1956]). (Meron
Jlu6Mana W MeTON NOCJAeNIOBATeJNbHOH BepXHel peJlaKCaluH Ccomo-
crasasa u Kennep [1958].)

Kaxk Bcerma, BHI60OpP KPHTEPHSl ONTHMAJBHOCTH OKa3bIBAeT BJHA-
HHe Ha OnpejeseHHe BeJHYHHB ONTHMAaJbHOTO MapaMeTpa, a Tou-
Has MaTeMaTHUeCKas TEOPHs He MOMKET BHECTH SICHOCTb B MpPOH3-
BOJILHO ycTaHoBJeHHbie craugaprte!), fur u Kunkefin [1969]
YCTAHOBHJIH, UTO Pe3yJbTAThl CPABHEHHS PA3JHUHBIX HTCPALHOHHHIX
METOJIOB B 3HAYHTEJbHOH CTEMEHH 3aBUCAT OT Pa3JHYHOIO BHEOpa
KpHTEpHEB ONTHMAJILHOCTH Jaxe IpH &k — oo,

UucseHHble pacdeThl, BLINOJHEHHBlE ABTOPOM HACTOAMIEH KHHUIH
Ha ceTKe ¢ pasmepom 21X 21, nokaszajH, 4YTO MPEHUMYLIECTBO
(B cmuicse cymMMmapHoH owmubku) Buifopa BeJHYHHH o = 1| Hajg
BHIGOPOM ONTHMAJBHOTO IAapaMeTpa ® == ®; MOXKET COXPaHATbCA
J0 uHcsa HrepalHit £ = 6 uan k= 8. KpoMe Toro, no cpaBHEHHIO
co caydaeM o == | BHOOD ® = o NPHBOAUT K GoJblioMy pasbpocy
OlINOKH; eCJH Ke HanpabJeHHe 06X04a pacyeTHHIX TOYEK MeHSeTCsl
Ha KaxIOH urepaluu (ckaxem, ¢ i, j4 ua i}, j| HIH Ipyrum

') Taxkofi NpoM3BOJ CYIECTBYET fAa)e JJsi CPABHHTEJIbHO XOPOINO IIOCTaB-
JeHHOH 3aJauH CXOAHMOCTH pelIeHHs JHCKPeTH3HpOBAHHOTO ypaBHeHHs Ilyac-
coHa. A 4To mMoApa3yMeBalOT NOJA «ONTHMAJbHHIM» pelleHHeM BOeHHble, pa3spaba-
TbIBalO;.lIHe O0GOPOHHTE/IbHBlE [JIAHB, SKOHOMHCTH, COLHOJIOTH, TPafOCTPOKTENH
U T, A
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o6pa3oM), TO 3TO He OKAa3bIBAaeT BJHAHHUS HA CXOIHUMOCTb B Cpef-
HeM, HO pa3bpoc omwubKu yMeHblIaeTCR. (YCAOXKHEHUe NPOrpaMMu-
POBaHHS H JAONOJHHUTeJNbHAs 3aTpaTa MAIHHHOIO BPEeMEHH [IpH
TakoM crocobe o6xona 3aBucAT ot THIa SBM.) Haubosee addek-
THBHbIE HTEPANHOHHbBIE METOABl He MPHBOAST K CTPOro CHMMETpHU-
HBHIM UHCJEHHBIM pe3yJbTaTaM Ja’ke NPH CHMMETPHUYHBIX paHHu-
HBIX YCJOBHAIX, UTO MOXKHO KJacCHQHIHPOBATH Kak ellle OIHY
«OoWHOKY», CBSA3aHHYIO CO CBOHCTBAMH CXEMbl. 3aMETHM, UTO OJHUM
H3 TpeuMyllecTB rpyboro meroga PuuapiacoHa siBJseTcs cTporas
CHMMETPHUHOCTDL [10JIyuaeMblX UHCJAEHHBIX Pe3yJbTaToB. Takas cHM-
METPHUHOCTb MOMET OKazaThCf KeJaTeJbHON, HanpHMep, NpH Npo-
BeJeHHH CBEPXYCTOHUHBLIX DACUETOB AJA HCCAENOBAHHA THIAPOIH-
HaMHUECKH HEeyCTONUMBOTrO TEUEHUs. 3aMeTUM TakK»e, UTO B METOJe
nocJen0BaTe/bHONH BepxHell peJaKcallid OCLMJNAINSA, BbI3BAHHASA
ypeaMepHO GOJBIIHM I1ArOM [0 BPEMEHH, NMPH » == @y OKA3bIBALTCS
6oJblle, yeM NpH @ = | UM B MeTole PuuapiacoHa.

B 3akJioueHne 3aMeTHM, UTO B THAPOLHHAMHUKE MOJYYEHHOe 19
Y pelleHHe HCIOJb3yeTcs AJs OllpefieNleHHs COCTaBJSIOUIHX CKO-
POCTH u W U IPH HOMOILH YHcAeHHOro auddepenunpoBanus. Takum
o6pasom, omnbku B Beauundax O6¢/0x u O¢/8y noJKHB paccmar-
pHBaTbCA KakK HajlJekalllhe IoKas3aTeqH CXOIHMOCTH pelleHHs, HO,
HaCKOJbKO H3BECTHO aBTOPY, HH B OJHOM HCCJAEIOBAHHH OHH B Ta-
KOM KauecTBE He HCIOJb30BaJHUCh,

3.2.6. HesBHble cxeMbl MeTOga 4YepeayloWKWXCA HanpaBieHwi

[Tpomoakas aHaJOTHIO MeXAYy HTepallHOHHBIM pelleHHeM ypaB-
uenus [lyaccoHa W acMMNOTOTHYECKHM YCTAHOBNEHHEM N[O BpeMeHH
pellieHHs] HeCTallHOHAPHOTro ypaBHeHHs nHDdY3uH, ecTeCcTBEHHO Dac-
CMOTpeTh HEeSBHBIE CXeMbl MeTOAa UYepedyIoLIMXcs HampaBJeHHI,
omucaHusle B pasn. 3.1.16. e#ictButennno, Ilucmen u Pakdopa
B cBoell crathe [1955] obcyxmanu obe 3t 3amadu. [To ananorun
¢ ypaBHeHHeM {3.308) mpu B = Ax/Ay umeem

P gt ST L AR (3.383a)

1|3k+l =¢k+1/2+ 2czAAxt2 [61¢k+1/2+ 626:;“)/:4-1 + Ax2§], (3.3836)

rie Sb=1b, ;=24 b, n b=, ., — 20, b, .
[lepBoe ypaBHeHHe HEABHO NO X, UMes TPeXAHAroHaJbHYIO GopMy
(cM. mpuaoxkenHe A), BTopoe HeaBHO mo y. CXOAUMOCTHL obecreun-
BaeTcsl TeM, 4TO Ha o0ouX mojywarax GepeTcs OJHA H Ta Ke BeJH-
ygHa A¢ (cM. cchliKH B pasf. 3.1.16).
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[Tocne ymHoxeHus Ha p==2Ax%* (o Af) ypaBrenus (3.383)
MOXCHO 3aIHCaTb B BHje

PEFIR — (24 p) $EH2 4 wf_ﬂ”i =
= —P[V¢ ,, — Q2= ¥t +E,_ ]—Ax%, , (3.384a)
PR, — @ ) wff,.l_l =
= — —[w?:;ﬂ, (2 — o) WEHIZ + PEEIRT — Ay, o (3.3846)

Moxer nOKasaTbcs, 4TO BHOOP oOueHb OoJbluux Af (MaJbix o)
6yaeT YCKODPATb ACHMITOTHUECKYIO II0 BPEMEHH CKOPOCTh CXOJH-
MOCTH, HO B JefCTBUTEJBHOCTH CYLIECTBYIOT HEKOTOpBIE ONTHMAJb-
Hble 3HaueHHuss Af uau p. [Ipn ONTUMAABHOM p CXOZHUMOCTL JOCTH-
raercs 3a HECKOJbKO MeHbllee UHCJAO HTepalui, 4eM IIpH HC-.
MoJIb30BAHUK MeTO/la I0CJel0BaTeNbHOH BepxHefl pesaKcalliH ¢
ONTHMAaJbHbIM mapaMerpoM. Takaa Oogee OwicTpas CXOOHMOCTb
Ipe/CcTaBJasieTcss MpaBaoNogo6HOH, H6O HEABHOCTb CXEMBI TIPHBOJHT
K TOMYy, UTO BJHSHHE 3JJHNTHYECKHX TPAHHUYHBIX YCJAOBHH CKa3hl-
BaeTca B TeyeHHe Bcero BpeMeHH. OMHAKO BHIMOJHEHHe ONHOH HTe-
paluH B HesSBHOW CXeMe MeToJa YePeAYIOIIMXCH HANpaBJeHHH
3aHuMaer 0OoJibllle BPeMeHH, H TOITOMY MeTOJ MOCJEe0BATEeNbHOH
BepxHell penakcalmHM ¢ ONTHMAJbHBIM IapameTpoM (aKTHUECKH
TpeGyer MeHbllle MAIIHHHOTO BPEMEHH, UeM TaKas «OoAHONapaMer-
pHuUecKasi» HesiBHas CXeMa MeTola YepeayIol[HXcs HaNpaBJeHHI
(Bupxrod ¢ coasropamu [1962], ¥Yacraefix [1968]).

HesiBuass cxemMa MeTona uepeAVIOLIUXCA HANpaBJdeHHH CTaHO-
BHUTCS No-HacrosueMmy 3QQekTHBHON B cayuae Bbibopa nocaedosa-
TEAbHOCTY WTEPAIHOHHBIX TIAPAMETPOB P, KOTOPas 3aMeHSIET OJQHH
nmapaMmerp p B ypaBHenuu (3.384). Hafith Takyio onTumasdbHYiO
MOCTeJ0BATENLHOCT, OYEBHAHO, TPYAHEEe, UeM HaHTH OJAHH ONTH-
MaabHbIH mapaMerp. 3aech HaKJaABBAIOTCSH AONOJHATENbHBIE OTpa-
HHYEHHs, TaKHe, KaK KeJjaTeJbHOe OTHOCHUTeJbHOe YMeHblIeHHe
HauaJbHOH OWHOGKH HaM KejaTeJbHOe 4dHCI0 Hrepauwil. Omnpene-
JIeHHe IO0CJeJ0BATENbHOCTH pr NO TNpaBy ObIIO H OCTAaeTcs Mpef-
METOM HCCJe0OBAHUN TPHKAanHOl MaTteMaTWKu. B KauecrBe mnpu-
Mepa Mbl INpHBeleM [OCTelOBaTeJbHOCTh pp, TNPHUMEHSBINYIOCS
B pabore [Tncmena u Pakdbopna [1955].

B sroit pabore pewagach mjocKas CHMMETPHUHAs 3ajaua Tell-
JIOHNPOBOJAHOCTH ‘B KBaApaTHofl o61acTu ¢ waramMu ceTku Ax = Ay;
torga B ypaBHenudu (3.384) { =0, B = 1. ['pannunsvie ycjaoBus
(B cua1y CHMMETpPHH paccMaTpuBaJjach ueTBepTb 06JacTH) OblLIn
TAKOBBHI:

o= Ty l,=0 (3.385a)

b ’ Ak w
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B cayuae yeTHIpHAJLATH HHTEPBAJOB CETKH Ha KaxJAOH rpaHHIeC
(Ax = Ay == /14) 3afaua BKJIO4aJsa 14X 14 HEeH3BECTHBIX B Y3JIOBBIX
TOYKax ¢ HHmekcamu i, j=1, 2, ..., 4=1—1=J—1. Uc-
M0JIb30Bajach MOCAENOBATENBHOCTb P CJENYIOIIETO BHIA:

. 2k 41
0p=14 SIHQ['(ZTI_L_——)I‘)IL]’

(3.386)
oTkyjaa po = 0.012576, p;s = 3.9874. Torpa coorsercrByomas y6nl-
Baolas TOCJAel0BaTeJbHOCTE Af OylneT HayuHATbCA YJeHAMH
Aty == 0.40571, Af; = 0.04546 u KoHuaTbcst udeHoM Atz = 0.00128.

«OnruMaJjbHasg» MOCJAEN0BATENBHOCTh Op B OOILEM cJyuae He-
poctHxuMa. CHOCOOBI TOJYYEHHS «XOPOHIHX» IOCJAeNOBATEIBHO-
credl 6btu mpeasoxensl Jyrmacom [1962] u Baxmpeccom [1966].
ItH cnocobn omucaHbnl B KHUrax iimca [1969] u Muruesana
[1969]; of6a mocienHHX aBTOpa YTBEPXKAAWT, UTO IapaMeTphl,
npefsoxeHHsle Baxmpeccom, mpeAnouTHTeNbHee, HO He TPHBOJAT
JOCTATOUHO yGeNHTEeNbHBIX N0BOJAOB. B o6oux cmocobax tpebyercs
OLIEHHTb HauGoJbllee W HaHMeHbllee COGCTBEHHBIE 3HAUEHHS MaT-
PHIBL, 4TO caMmo Mo cebe HeTpHUBHAJNbHO, Pas3BHUTHE TEOpHH NMpHMe-
HAMBI TOJBKO JJISl 3ajay ¢ TIPaHUYHBIMH VCJOBHSMH JlHpHXJe
B KBaApaTHOH 06JAacTH NpH OAMHAKOBHIX Marax ceTkH Ax = Ay,
xora bBpuau [1970] ¢ ycnexoM wucnmosb3oBan napaMerpn Bax-
mpecca B OJHOM LIMKJe U3 UeThIPeX Ha HEKBaJADaTHOH CeTKe.

Xamxugumoc [1969] obcyxkpaaer BrOOP MOCAELOBATEJILHOCTH
Or W YKa3biBaeT HAa HEKOTOPble HEBEPHble HHTEPIPETAllHH TEOPHH
B npounioM. Yacrie#k [1968] ormeuaer, uto B o06ueM ciaydae
Jy4llle 3aBbICHTb YHCJO LUKJOB, YeM 3aHH3UTb ero. B cayuae ne-
npAMOYTOJbHOH ob6saactu cnocoba BbiGopa NMOCHEROBATESbHOCTH pp
He HMeeTCs, XOTS M3BECTHO, UTO METOJ CXOAUTCH MJIsA Beex p. (Or-
MeTHM, 49TO Ha 00OHX HoJyularax JOMKHO GpaThCsl OJHO H TO XKe
px.) Mypapmorny [1968], Kpaymep n Hanabron [19716] mnposesn
HEeKOTOpble MpeIBaDHTENbHBIE HCCAENOBAHHS CBOHCTB CXOAHMOCTH
HeABHON CXeMbl MeTOJa UYePelYIOLIHXCS HaNpaBJeHHH B cayuae He-
IPSIMOYTOJBHOH CETKH.

B meronax MoCJaeOBATENbHON BepXHed pesakCcallHd UHUCJIO uTe-
pauuii, Heo6XxogHUMOe IJA CXOAHMOCTH, YBEJHUHBACTCS ¢ pocToMm N.
a5 HeABHHIX CXeM MeTojla UYepeiyHLIHXCs HamnpaBJeHHH, npuMme-
HsIeMbIX B 00J1aCTX KBanpaTHOH (OPMBI, Rmax NOUTH HE 3aBHCHT
or N, TaK uTo 1Jf NOCTaTOUHO OOJBIIHX N HesBHble CXeMBI MeToja
yepeNyIOIIHXCA HaNpaBJeHHA INpeANouTHTeNbHee. B  4yHcaeHHBIX
pacuerax Bupkroda c coaropamu [1962] na cetre 40X 40 Hess-
Hble CXeMbl METOA2 YepelYIOLIHXCH HaIlpaBJjeHdfl ¢ mapamerpami
Baxnpecca oka3alHCbh HOYTH B 4eThipe pasa ObicTpee, 4eM MeTOJ
MoCJe0BATeNbHON BepxHefl pesaKcalud C ONTHMAJbHBIM Mapa-
MeTpoM pesakcaluuu. OpHako HesicHO, OYAYT JU HesIBHble CXeMbl
MeTOla YepeRyIOIUXCA HanpaBJeHHHA OnicTpee B Ciayuae HempsMo-
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yroJbHBIX obOnacref, Tem OoJee uto i obnaacredl CaOXHOH
(opMBl METOJBl NOCJeJoBaTebHON BepXHeH pejiakCallid 3aBeJoMO
npoule ¢ TOYKH 3DEHHs MPOrpaMMHpPOBAHHS.

JIunu u Paiic [1968] paccmoTpesyn BJHsSHHe TIJIajJKOCTH Ha-
yaJbHEIX OMIHGOK Ha ONTHMAaJbHYI IOCHEN0BATENbHOCTD Pk
H BJHSHHE OWIHGOK NPH BBIYHCJHEHHH COOCTBEHHBIX 3HAUGHHH MaT-
DHLIbI, DEKOMEH0BA/JIH HCMOJb30BATh [J51 NPAKTHUECKHX DPacueToB
napamerpel Baxmpecca H ykasaju, 4TO TOCJeAyIOLIHE LHKJB Qg
MeHee 3¢ (eKTHBHBI, YeM NepBHil LUK [locjenoBaTesbHOCTb Mapa-
METPOB pr paccMaTpHBajach Takke B cratbax [afiepa u Toana
[1967) u Baxmpecca [1968].

HesiBHble cXeMBl MeTOAa uepeAyIOHIMXCsS HamlpaBjeHH# W aHa-
JOTHUHbie UM cxeMbl H3yuaiu Hur [1954], Camapckufi [1962]
u Deiipesep [1969]. delipBesep ¢ coasropamu [1967), Xanxunu-
moc [1969]), Bypcbe m Ppancya [1969] ucnosnb3oBasin HesBHblE
CXeMbl METOLA 4YepelyIOLIHXCS HanpaBJ/eHHH AJs pelieHHs Ourap-
MOHHUecKHX ypaBHeHu#i. Kacmap [1968] paccmoTpen HesiBHBIE
cXeMbl METOJa YepeAyIOLUXCH HampaBJeHuil s ciabo HenuHeli-
HBHIX ypaBHEHHH sJaunTHuecKoro tuma. Bupayum [1967] cooluina
00 H3BECTHBIX YCIEXax IIPH pelleHHH HEeKOTOPhIX 3aJa4 ¢ MOMOLIbIO
NOAX0AA, MPH KOTOPOM PACCUHTHLIBAETCS HECTALIHOHADHOEe aCHMITO-
THYeCcKOe pellleHHe ypaBHeHUd OoJsiee obulero BHAa:

¢(x, )5 =V — 3, (3.387)

rje AJ5 YCKOPeHHS CXOAHMOCTH BhIOHpaeTcs MOJIOKHTEeAbHBIH Koad-
buuueHT ¢(x,y).

[ TOHHMaHHS COBpPeMEHHBIX HCCJIeJOBAaHHH HeSIBHLIX CXeM
MeTOoZa UepeiylolLluXcs HanpaBieHH# TpeOyercs 3HAKOMCTBO
¢ 0003HAUCHHAMH H CEMAHTHKOH JIMHeHHOH aJre0phl. 31eChb MOXKHO
peKoMeHJ0BAaTh KpaTKOe H3JIOXeHHe 3ITOro Borpoca B MepBOH
rjaBe KHHTH Mutuenna [1969]1).

8.2.7. Jlpyrue utepalLHOHHbIEe MEeTOAbI

s pemenuss ypaBHenusi [lyaccona paspa6oTaHo MHOro Ba-
PHAHTOB HTePallHOHHBLIX MeTofoB. OAHH H3 mepBHIX 0030pOB TAKUX
MertogoB Obii nan TIeiipunrep [1959]. Hecmorps Ha TO uto must
HEKOTOPBIX 3aJay MHOTHe H3 3THX MeTOJOB 00JafaioT OnpejesieH-
HBIMM ITIPDEHMYILeCTBAMH HJIH OTpaHHYEHHSMH, K pe3yJbTaTaM HX

1) CoBeTckoMy uHTaTeNMi0 MOXHO pPEKOMeHAOBaThb (oJee AOCTYIHbIE KHHIH
no auHefinoft anrebpe: Teabpang M. M. Jlekuun no auHeiiHo#t asreGpe. —
4-¢ usn., aon.— M.. Hayka, 1971; Mambues A. HU. OcHoBnl aHHefiHOH aJre6-
pbl. — 4-e u3n., crepeotun. — M.: Hayka, 1975; ®aanees M. K., ®asaeesa B, H.
BblunciuTeNbHEIE METOAH! JIHHEHHON anareGpul. — 2-e H3x., gon. — M.. QH3MaTrHa
1963. — Hpum. ped.
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CpaBHEHHS CJEAyeT OTHOCHTbCA C H3BECTHOH OCTOPOMKHOCTBIO. Kak
6blI0 yKa3aHo Bhiie B pasa. 3.2.5 (# B pabore Slura n Kunkeifina
[1969]), pe3ysnbraThl CpaBHEHHH METOLOB 4acCTO 3aBHCAT OT HCPMHI
owu6KH, QopMbl 06JaCTH W TPaHMUHBLIX YCJIOBHH 3ajauH.

[Ipn oieHke Kakoro-nubo HOBOTO MeTOAAa HEOOXOAUMO YUHTHI-
BATb €r0 CJO0XKHOCTb, THOKOCTb, INPHCHOCOOJNAEMOCTb (HaNpHMep,
MOXKHO JIH €r0 HCMOJb30BaTh 1Jis pellleHHsl 3aja4H C TPaHHUHBIMH
ycaoBuamMu HefiMana uau Ha ceTke, OTJIHYHOH OT KBajpaTHOM)
H OXKHJaeMBblH BBIMIPBILI TPH pelleHHH MOJHOH 3aia4y T'HApOJxHa-
MHKH. Hakonel, npu Bel6ope MeTOAa HEMAaJOBAXKHYIO POJb HIDaioT
JHYHOE 3I1aKOMCTBO C METOJOM H fICHOCTb €ro ONMHCAHHS aBTODOM.

KpoMe npejcraBieHHbIX Bblllle METOLOB, YacTieik [1968] oue-
HHJ MeTOJ CONpSXKEHHbIX TrpajueHToB (cM. TakXke CHMeOHOB
[1967]), rpaiHeHTHbie MeTOAbl, KOTOpble CXOASITCS ObICTpee, UeM
Metosx JlubMaHa, HO TpeGylOT upe3MepHOro 00beMa MAaLIMHHOH Ma-
MATH, MeTon Hblorona — Padcona, Takxke TpeOGyOLUINHA CJHIIKOM
OOJIBIIOTO YHC/Ia HTepalluil U CIMIWKOM 6oablIoro o6vema MaMsiTH,
CTalHOHADHble JHHeliHble uTepaund u Metoinl Monre-Kapao. Hs-
BeCTHO, 4TO Metoabl Mounre-Kapso 3(¢eKTHBHE INIpH peLIeHHH
YpaBHeHHs AJA 1, KOIJla Ha CeTKe HMeeTCs BCEro OJHa HJH He-
CKOJIbKO y3JIOBBIX TOYEK, H HMEHHO IMO3TOMY OHH He NpPeACTaBJsT
LEeHHOCTH O/ pelleHHs THAPOJHHAMHUECKHX 3ajxad').

YacTaeliK Takxke omnpoboBaJ MeToj ABYXJHHeHHOH GJ0UHOH MO-
clefoBaTeJqbHONH BepXHEH pesaKCcalluH C LHKJIHUYECKHM 4YeObllUeB-
CKHM YCKOpeHHeM. DTOT MeTOZA NMPeBOCXOAHT HESABHYIO CXeMY MeTOna
4epeNyIOUIUXCS HampaBJeHHI AJ5 KBaJpaTHOH CeTKH C paaMepoM
uiara 0oJibLle HEKOTOPOTrO 3aBHCAINErO OT 3aJayH 3HAUYeHHs, HO AJd
3ajlau C MeJKOH ceTKOH HesiBHAs CXeMa MeT0Ja 4YepeyIolIHXcs
HaripaBJIeHUH fgaer Jyullie pedyabratbl. Maptun u Tu [1961] mpo-
BeJH CpPaBHEHHE HTEPAIHOHHBIX METOJOB, BKJIIOYasf IpajgHeHTHHIE
Metonabl. Ilupcon u Kamaan [1970] wuccienoBasin pasjiuuHble CIIO-
coObl 00X0/1a pacueTHBIX TOUEK CETKH JJIS MeTOfa MOCJeLOBaTeJb-
HOli BepXHeH pesakcalMu. OHH OOHApYKHJH, 4TO MOXKHO JOCTHUbL
CXOAUMOCTH 32 MeHbllee UYHCJO HTepalHd, HO H3-33 JONOJHHTEJb-
HOrO YCJOXHEHHS TNPOrpaMMbl IIPH 3TOM MOJKeT YBEJHYHTHCH MA-
LIHHHOE BpeMS.

Sdur u Kunkefiz [1969] cpaBuuau npeicraBieHHble BhILE Me-
TOJAbl C HEKOTOPBIMH APYyTHMH MeTofaMH. OHH OXBaTHJIH MeETOJ
NOCJIeI0BATeNLHON BepXHeH pesakcailud ¢ MepeMEeHHbIM INapaMer-
pPOM peslaKCallMH ®, KaK H B HesIBHOH cxeMe MeTOjAa uepeayIOMHXCs
Hanpasaenufi  Jlyraaca — Pakdopaa (cM. Takxe Mak-Iloyaan
[1967]), ewme oxH MOAMGUUHPOBAHHBI METOA MOCJEI0BaTEIbHOI
BepxHeil pesakcauuu, mapaMerpnl [llengona ans Merona BepXHeH

!} Tomancamu u Arrappana [1970] paccmarpuann MetoAbl Monre-Kapio
Ans GMTrapMOHHYECKHX YPaBHEHHH.
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peslaKcallid U HX MOJAM(HKAUHUIO, LHKJIHYeCKHH 4eOblleBCKHH MoJy-
HTEPANHOHHBIA MeTol H ero BapHaHT (cM. Takxke XOIKKHHC
[1966] u Puraep [1969]), moayurtepaunoHHn#i Mmeron Ilespona
u ero mMoxudukaumio. Mimenno snech Sur u Kunkeiin [1969] peko-
MeHIOBaJIH [POBOJIHTE NepBH OGXOJ pacueTHHX TOYEK B METOLe
OCJeI0BATENLHOH BEPXHEH peJaKCallUd ¢ NapaMeTPOM pesaKcalul
o =1, a Takxke OOCYAMJH HEKOTOpble JeTaJH TOTO, KaK HOpMa
oHOKKH MOMKeET BJHMATHL Ha pe3yJbTaThl CPaBHEHHS Pa3JHYHBLIX
METOJOB.

Aneanst [1969], a Takxke Con u Xauparttu [1969] ucroabzopanu
BADHAHT MeTOJa MOCJel0BaTeNbHOW BepXHell pesaKcanuH, mpemJo-
KeHHB Paccenstom [1962]. OgHO M3 caMBIX MPOCTBHIX VCOBEpPILEH-
CTBOBAaHHH 1751 TPOrpaMMHPOBAHHSI MeETOAA I[0CJEN0BaATEIbHON
BepxHel pesakcauuu BBea [Hempon [1962]; cMm. Tarxke pabory
Menccena u Crpene [1968]). lllennon pacuiennser mpouecc obxona
pacueTHBIX TOUYEK B MeTOJe IIOCJefOBAaTe]bHOH BepXHeH pesakca-
LMK Ha JBe YacTH ¢ O0XOJOM Y3JOBBIX TOYEK B LIAXMATHOM IO-
psALKe — cHayaJsia o0XoAATCS TOUKH C HeUeTHOH cyMMo#l { -+ j, a 3a-
TeM ¢ ueTHOH cymMolt i -+ j. Ha mepsofi yactn takoro o6xoja HoBaf
uadopMaLus He HCIOAb3yeTcsl (B clyuae paccMaTpHBaeMOTo 37eCh
OGBIYHOTO TISITHTOYEYHOTO aHaJjora JjamjacHada). Ha Bropo#l gacru
o6xofa BO BceX UYETHIPEX COCEIHHX TOUKAX YUHTBLIBAlOTCS HOBLIE
agayenus (cM. pasn. 3.1.18 o MeToJe «KIACCHKHY).

Croyu [1968], Befincreéin ¢ coaBropamu [1968] u lomnoH ¢ co-
apTopamu [1968] paccMoTpenn MeTOAB AJiA pelileHHS ypaBHeHHS
nnddyanu (npurojHble 3/1ech B CHAY AHAAOTHU MeXIy lLaramy Io
BpEMEHH H HTEpalUsiMHU), HesiBHbIe B Oojiblllell Mepe, 4eM HesBHad
CXeMa MeToja UepeAyIOUIHXCS HampaBJeHHH, HO BCe-TAaKH He I0J-
HOCTBIO  HEeSIBHBIE. DTH METOIb{ OCHOBAHHE Ha TPOBEJCHHH Ipeisa-
pHUTeNbHOH MaTpHYHOR (aKTOpH3aUMH (KaK 3TO JeJlaeTcsli BO MHO-
THX TPAMBIX METOJAX) H pellleHHH BO3HHKAIOUIeH NIpH 3TOM 3ajaud
C pa3pe;kKeHHO# MaTpuledl MpU TOMOIUH MPAMOro MeToja HCKAIoYe-
nusi Faycca. '

Pawron u Jlefinr [1968] ucmosb3oBasd MeTON «AMHAMHUYECKOH
peJakcaluM» [J5 peLieHHs TpeXMepHOro ypasHeHus Jlamjaca
(cM. takxke Bynm [1971]).

Bunorpan [1969] paccMoTpes Kjaacc MeETOAOB «XaOTHUECKORH
pesaKcauuu», KOTOpble, nofo0HO MeToay PHuappcona, ygo6HBE AMs
IPOrpaMMHUPOBAHHST HAa BHIYHCJIUTENBHBIX MALIHHAX C TapaJJedb-
HBIMH TIpolleccopaMu. 3/ech HOBble 3HAYEHHS PACCUHTHIBAIOTCS O[-
HOBPEMEHHO B MHOTHX Y3JIOBLIX TOUKaX. ABTOpY yAajoch TMOJYYHUTDb
cxXoJsilyecsl pe3yJbTaThl, BooOuUle He 3ajaBas 3apaHee HHM MOPAAKA
Buibopa Kaxkpuoft o6pabaTsiBaeMoil TOUKH (7, f), HH UHcJa HTepauHil
IpH pellieHHH ypaBHeHHA. DTOT pe3ysabTar BuHorpaja HaBOIUT Ha
MBICAb O HEOOXOJIHMOCTH JccJieoBaTh BHIOOpD TMapaMeTpoB peJak-
calHH AAs HesBHOH CXeMbl METOfa YepeAYIOLIMXCS HanpaBJeHHH
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npu nomoliu Meroga Monrte-Kapso, 4To MOXeT NPeiCTaBaAThH IO
MeHbme#dl Mepe TeopeTHueckuil nurepec. JIuk u Taucronn [1968],
a takxe Axamen [1970] paccmMaTpHBaJd HTEPAaUHOHHbIE METOJbI
IJs pelleHusi ypaBHeHMs Buaa V*p = [(¢P). Meroan pemenus
ypapuenus Ilyaccosa obGcyxpaiorcs Takxke B paborax Auexcuize
i Ilepras [1969] u Bornxa [1970].

B cuny cBoefl mpoCTOTH M MpHEMJEMOR CKOPOCTH CXOAHMOCTH
OCHOBHOM MeTOJ MNOCJelOoBaTeJbHON BepxHef pesakcauuu (c mapa-
MeTpoM ® = | Ha nepBoH HTepalnu), NO-BUANMOMY, OCTaeTCsl HaH-
GoJliee MOMYJASPHBIM HTepallHOHHBIM MeTOJOM B caydae objacred
HEeNpPAMOYTOJbHOH (OPMEI, TOT/IA KAk HesBHAs CXeMa MeToja depe-
Ayloluxcs HanpasjeHu#t yraaca u Pakdopaa (d, BOSMOXHO, Me-
TOA TNOCJEN0BaTeJbHOH BepXHeH pejakcalMH) HaHIET, BEPOSATHO,
6osee LIMPOKOe TIpHMeHeHHe JJs1 obaactelli NpPAMOYTONbLHOH

dhopMmL

3.2.8. MeTop pacueta pacnpocTpaHeHHA
BeHTOpa owHbKu (meTtog EVP)

CpaBHHTEJLHO NPOCTO# U rUOKHUE ApaAmorl METOA DelleHHs ypaB-
HeHusi IlyaccoHa OBl mpensioxeH aBTOPOM HAcCTosillell MOHOrpa-
odun (Poyu [1971a, 19716]). DTOT MeTOR OTHOCHTCS K KJaccy Mero-
IOB C ABOHHBHIM OOXOJIOM pacyeTHHIX TOYeK HJIH METOLOB C pacue-
TOM K03 duuHeHTOB Bausiuusi (cM., Hanpumep, Mcnasaku [1957],
Jliocu u Xaycen [1964], Xupora ¢ coasropamu [1970]). B Hem
HCTOJb3YIOTCSl TOJILKO HauboJjiee sJeMeHTAapHEIE NpaBHaa JHHEHHOH
anare6pbl, 0OJHAKO OH 00JajfaeT CyleCTBEHHBHIM HeJOCTAaTKOM: H3-3a
OIIHBGOK OKPYIJIEHHS] €ro MOMXHO MPHMeHsATb JHIIb AJs 3anad
C OrpaHHUYEHHBIM pas3MepoMm 006.acTH.

Onuinem 3TOT MeTOX /151 OJHOMepHOH 3ajaun (OH NpHMeHsieTCs
U NpH pPAacCMOTPEHHH YCJOBHA Ha BHIXOJHOH TIpaHHIE MOTOKA
B pasn. 3.3.7). PaccmoTpuM cHauaja OJHOMEpPHYIO MO y 3ajzady
C TPaHHYHBIMH YCJAOBHAMH JIHpHXJe, HCAOIb3YS JJS NPeJCTaBJeHHSs
BTOPOil NMPOH3BOAHON 8%P/8y? 0OLIUHYI0 KOHEUHO-pa3HOCTHYIO (op-
MyJy BTOPOTO IOpSiiKa TOYHOCTH:

Bpar— 20, + by
N (3.388)
Pr=a, P,=b. (3.389)

BoabMeM HekOTOpOe MpOH3BOJIbHOE 3HaueHue VP, (Tge WTPHX O3HA-
yaeT NpeABapuUTeNbHOE 3HAUEHHE), CKaKeM 113;=1p1=a. 310 3Ha-
yeHHe P, OTJHUAETCS OT HMCTHHHOTO 3HaueHHs Y, HA elHHHUHYIO

oWHOKY e, T. €.
=1, +e. (3.390)
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Bce ocTa/bHble TpeiBapHTebHble 3HAaYeHHS ¢’ BIJIOTH 10 TOuKH J
ONpeneJslIoTCSl MpH NOMOIA NMpeoOpa3oBaHHOrO ypaBHeHus (3.388)
npH nepBoM o0xoJe pacueTHHX TOUeK, HauyuHas ¢ j= 3,

V) = Ay, + 20 — . (3.391)

ATH npesBapUTe/bHBlE 3HAUEHHS P, OTJHUYAIOTCA OT HCTHHHLIX Ha
BEJHUUHY OWIHOKH e}, T. €.

b=V +e,. (3.392)

[ToncraBasis Belpaxkenune (3.392) B ypaBHenuwe (3.388) u mHcnoab-
2ya ypaBHenHe (3.391), monyuaeM peKyppeHTHOE COOTHOlIEHHe 15
pacuera paclipoOCTPaHeHHS OUIHOKH

iy = 23] — éi_1y (3.393)

KOTOpOe He 3aBHCHT OT HeOJHOpPoAHoro 4ieHa ;. Ilpu ycnaoBuu
(3.389) ma JeBol rpaHule, oueBHIHO, uMeeM e = 0, a 1o ompege-
JIEHII0 e == ¢; N0 HHAYKLUHH MOXKHO [10Kas3aTh, UYTO TOrjAa ypaBHe-
Hie (3.393) npuHHMaer BUR

eg=(j—1)e. (3.394)

EnunnuHas omwn6Ka e BHIUHCJASIETCA B KOHILe NepBoro obxoma mo
M3BECTHOMY T'DaHHYHOMY YCJAOBHIO {; = b; TakuM oGpasom,
4
b— 1,

—— (3.395)

e =

C yyeToM IIOJlyUYeHHOH Be/JHYHHB e NpH BTOPDOM 06xome HcmpaB-
JSIOTCSA TpelBapHTeNbHble 3HAYeHHS M OKOHYATeJbHble 3HAUEHHS
ONpeNeNsIOTCS NPH IIOMOILH yPaBHEHHS

Y, =P+ —De. (3.396)

STH OKOHUATe/bHbIE 3HAYEHHS MOXKHO HafTH H HHauye — NMPH I10-
voluu ypasHeHusa (3.391) W NpaBHAbHBLIX 3HAUeHHH

Y=a, Y,=v,+e (3.397)

Takoit moaxox OyIeT HCIOJMB30BAH B JBYMepHOH 3anauve.
Ecan Ha BTOpOfi rpaHnle npH j = J 3agzaHo ycjaoBHe He#imana
B KaKoM-1100 13 IBYX BHIOB

‘l’l—‘l’J—le WAH Yo %

% =, (3.398)

TO, KaK JIETKO IIPOBEpHTh, ypaBHeHHe (3.395) nas omnpepeleHus e
3aMeHsIeTCA OJHHM M3 CJAeAYIOLX YDaBHEHUH:

e=Uby—(v;— ¥, ) nim e=Uly— s (w’,H — w;_l). (3.399)
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Ecnu npu j==1 ycnoBue HeliMana sapaHo B Buae

v —b
=, (3.400)

TO BMecTo ¢; = (0 1 e, = e 6yneM uMeThb
er=e,=¢e, (3.401)
a ypaBHeHue (3.394), omHceIBalolUlee pacnpocTpaHeHHe OIUHOKH,
8aMEHHTCA CJEAYIOUHM:
e;=e+ (j—2)CAy. (3.402)

ITockoabky ypaBuenus (3.394) wmam (3.402), omnuceiBatoune
pacnpocrpaHeHHe OWHOKH, JHHEHHH NO j, TPaKTHUYECKH MOMKHO He

p G,9) —— )
T S g g g g e R g T
[y
{ J
B3 B4
Az (&Y
Em———7_>,__._._.___-__.__..__....._____-\
N o oI o1
1) Ipanuya B1 (z,1)
| 2 ~

Puc. 3.17. PacueTnas 06/acTh STaNOHHON ABYMepHOR 8aiagu AJs MeTOLa pacuera
pacnpocTpanesHsi OWHCKH; Em ~— BeKTOp HauansbHOA OWHOKH, F, — BexTOp KO-

HeuHOH OLIMOKH,

omnacaThCsl MOJYUHTh IPe3MepPHO GOMbLIMe BEJHMUYMHBI Y, H TeM ca-

WMBM HapyWHTb TOYHOCTb H3-38 MALUMHHBIX OIIHOOK OKPYrJeHwusl.
JIBymepHas 3apada He cBoOoAHA OT 3TOro HejpocTaTKa.

Pacuetnas o6sacTb 2TasJOHHOH [ABYyMepHOH 3ajauH MpeacTaR-
JeHa Ha puc. 3.17. Ilycrs cHavana Ha Beex TpaHHIAX 3aJaHbl
yeiaoBus Hupuxsae. Ilo aHajsorHn ¢ OZHOMEDHBIM CJydYaeM, Korja
MB BbIGHpaJH OAHO-eJHHCTBEHHOE INpelBapHTENbHOE 3HAUEHHe
113;, Tenepb BbibepeM 8eKTOp mpelBapHTeJbHHX 3HaUeHHH 113;,2, rae
i npoberaer Bce LeJIOUHCJEHHBIE 3HAUeHHA OT (=2 10 {=]—1,

TOT BEKTOp 1V, ,, ONPEJeNEeHHHH Ha TOUKAaX, PAcCNOJOKEHHBIX He-

nocpeicTBeHHO Haj rpaHuue#i B 1 nHa puc. 3.17, oramwaercs or
UCTHHHOrO 3HaUeHHA ;o Ha BEKTOp eJUHUUYHOH OMMOKH ¢; o, T. €.

V=Wt e (3.403)
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TIpu BbHIGpaHHOM TaKHM 06pasoM 1 , OCTajbHble NPelBapHTeJb-
gple 3HAUEHHs BO BHYTPEHHHX TOUKAX JO j == J BKJIOUHTEJbHO BHI-
qHCJAI0TCH NPH mepBoM 06Xxoje NpH moMoluud upeobpaszoBaHHOrO
ypaBHenus (3.365). Takum o6pasoM, npu B = Ax/Ay noayuaem

B =8 2B — B[V ] W e
(3.404)

B cayuae HeoGxomumoctH B ypaBHeHun (3.404) wncmnosbaylorcs
TOUHBIE TpaHHUHLIe 3HaueHHs Py, ; HA rpaHune B3 u vy, ; Ha rpa-
uue B 4. VYpaBHeHue, oNHchlBalollee pacnpocTpaleHne OLIHOKH
M COOTBeTCTBYIoOilee ypaBHeHAIo (3.393), mmeeT BHI

e, 1=201+pe; [~ Be, ., ,—PBe,_, ,—e 4. (3.405)
npudeM Ha rpanunax B1, B3 u B4 3rauenus omwrnbok paBHb
e 1=ey,j=e;;=0. (3.406)

[Tocse mepBoro o6xoma, yduThiBas TOUHLIE TPaHHUHBIE 3HAUEHHS
i, ;, BBIUHC/AIOT BEKTOD KOHeuHOH owxOKH HA rpaHuue B 2:

e, ;=% ;— v (3.407)

3areM onpenesiOT BEKTOP HayaJbHOH oWIHOKH e; o Yepes gi ; MpH
I[TOMOIIH NpeNBAPHTENLHO YCTAHOBJIEHHOTO JHHEHHOrO COOTHOIUIEHHUS
(cM. unxe). IIpaBHJIBHEIe 3HAYEHHS ;2 HAXOAATCS H3 YpaBHEHHS
(3.403); sarem mpH BTOpOM 06XOde pacueTHLIX TOYEK H3 Maplile-
Boro ypasueHus (3.404), samMenus B HeM )’ Ha 1, HaAXOLST OKOH-
yaTesnbHOe pelleHHe.

Teneps mns Toro, utobbl YCTAHOBHTL JHHEHHOE COOTHOILIEHHE
MEXIY €;9 U e s, yIOOHO BBECTH JOMOJHHTEJbHBIE 00O3HAYEHHS
IJIS 5THX JIByX BEKTODOB, KaK [OKaszaHo Ha pHuc. 3.17. Bexkrtop ko-
HeuHOH omubku 0603HauuM yepe3d F, = ¢; ;; 3xech [ = i— 1 mpo-
Geraer Bce IesOYHC/IEHHHe 3HadeHHs1 oT =1 no [ =/—2. Bek-
TOp HauyaJbHOH OWIHOKH 0003HA4HM depe3 En = e;2; 3/lecb m =
=i — | takkKe npo6eraer 3HaueHus or m =1 go m =1—2. 3a-
TeM NPH NOMOLIH COOTHOLIEHHS

Fi=CiEpn (3.408)

BBOIHTCS «MaTpuua kod3dhduinentoB BAusiHUA> C = {Cim}.

B orsnuHe oT onHOMepHoro cayuas nias HaxomnaeHHs Ci, He
CYIUeCTBYeT yHA0OHOrO ypaBHeHHS. JTa MaTpHlla NoJAyyaercs Ao
pellleHHs] KOHKPETHO! 3a4a4H ¢ MOMOHIBIO CJAeAYIOmero aaropHTMa,
Bei6upaercs: HEKOTOpOe YacTHOe 3HAUeHHEe /M, BEJHYHHB /M, 10Ja-
raercss Em =em+12=1, a IJsg BceX OCTAJbHHX M NPUHAMAETCS
En = 0. 3atem mpu nomouin ypaBHeHun#t (3.405) u (3.406) pac-
CYUTHIBAETCS PACHPOCTpPaHeHHe BekTopa ownbku E. B pesysbprate
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MoJyuaercst BeKTOp KOHeuHOH omnbxu F, = e; 45, rae | = { — 1 npo-
Geraer 3Hauvenus or 1 go [—2. Takum o6pasom ompenensercs
cronben m; marpuib C:

Cim, = F;. (3.409)

Tlonaras E., =1, a Bce ocranaphble E, = 0 mooyepefHO A5 BCEX
my, MeHswmuxea oT 1 10 / —2, 3anoJHUM BCIO MaTpuUy KoadodHu-
1eHToB BausAHEg C. YTOOGB BHIPASHTL €;, 5 Uepe3 e;;, pa3peurHM
IpH MOMOIIH MeTOAa HcKaoueHus I'aycca ypaBHeHue (3.408) oTHo-
cutenbuo E,, nmonyuuMm

En=CriF, (3.410)
H, HAKOHeN, OHpeILeJIHM

Em+1, 9 =Chnly em+1, I+ (3.411)

Tako#i MeToL B NPHJOKEHUSX, OUEBUAHO, 3 DeKTHBHee NPSIMOro
MeTola HcKJAwouenus I'aycca. 3Jech HCXoQHAsl 3ajaya pelleHHs
cucreMbl u3 ([ —2)X(/—2) ypaBHeHU#t c O6JOYHO-TPEXAHATO-
HaJAbHOH MaTpHHeil CBOAHTCA K peweHHio [ — 2 ypaBuenuit ') nnsd
onpenenennss o6paTHOi Martpuus C—! ¥ NpH 3TOM IOTNOJHHTENHHO
npojenbiBaercs paboTa, 3KBUBaJeHTHAf / MHTepPaAUHsIM NO METONY
Puuapacona: aBa 06X0fa pacCueTHHLIX TOUEK JJIS OUpefeseHus )’
u P 43 ypaBHenus (3.404) u /— 2 obxoma /s onpelencHus e U3
ypaBHeHus1 (3.405). ITockonbky ypasHenue (3.405), omuchiBaloiiee
pacrnpocTpaneHue OINHOKH, He 3aBHCHT OT HEOJHOPOJHOTO dJeHa
¢: ; H NOCKOJBbKY rpaHHukble ycaoBus (3.406) anast aToro ypaBHEeHHS
He 3aBUCST OT I'PAHHUYHBIX 3HAuYeHHH P, & TOJLKO OT THNA TrpPaHHU-
HBIX YCJOBHH, ABJAIOLWIHXCA B JAaHHOM cayuae ycaoBusamu [lu-
pHXJe, pacyeT e mpH Nomoluu ypasHenu#t (3.405) u (3.406) u obpa-
uwexne Matpuubnl C HeoO6XOAMMO NPOBOAUTH TOJLKO OJHH pa3 LJsi
nesoro ceMeficTBa pelIeHMH, onpenesnsieMblX Ha OJHOH u TOH Ke
CeTKe H IIPH OJHOM M TOM JX€ THIle IPaHUYHBIX YCJOBHH, HO C pas-
JIHYHBIMH TPaHHYHBIMH 3HaYeHUAMH ¢ H pasauuHbiMH §. MmeHHo
Tak OOCTONT LeJo B THADONMHAMMYECKHX 3ajauax.

Jlerko no6uTbCA TOro, 9TOOH PACCMOTPEHHBIH MeTOJ CXOJHJICH
npuMepHo B 10+ 100 pa3 (B 3aBHCHMOCTH OT BHIOPAHHOTO Iara
CeTKH M BLIODaHHOTO KDHTEpHSI CXONHMOCTH) OLICTDee APYruX HTe-
pauHoHHHX MeronoB. Ho 3ToT Meronx o6Gaajaer TeM HeIOCTATKOM,
yTO TpebyeT cyllecTBEHHO 60/bIIero oGbeMa MaMsaTH H MO0 NPOCTOTeE
He MOXeT KOHKYPHpPOBAaTh C METOAOM NOCJeNOoBaTeJbHO# BepXHel
peaakcauuu. Eie BakHee TO 00CTOSATENbCTBO, YTO W3-3a CBOHCTB
pacnpoCTpaHeRHst OIIHMOKH METOA IPHMEHHM TOJbKO B 00J1acTax
OrpaHUYCHHHIX pa3MepoB.

1) B nauteM onmcauus mertona ¢urypupyer obpaThHag marpuua C-1, HO H3-
BECTHO, YTO Ha MpakTHKe ynobHee He BHIUHCAATL C~!, a HENMOCPEACTBEHHO pelIaTh
CHCTeMY YpaBHeHHHl, OCTaBAfA TPeyroMbHLIN BHA CHCTeMH H TPHMEHHS METO
aegmouennsn Tayceca,
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[lpu nocrarouno 6Gosabminx J wMarpuna C, OYeBHAHO, MOXKeT
cTaTh MI0X0 0OYCJOBJIEHHOH, a 3TO, KAK MHTYHTHBHO $SICHO, HPHBO-
AWT K TOMY, YTO TPYAHO OTJMUHTHL OWIMOKY B Touke (i,2) OT OumH-
60Kk B TOuKax (i-=1,2), u MOXKeT NOCJYXHTb HCTOUHHKOM JI0O0H
oumn6kun npu j=J. Ho, kak mnpasujo, NpHMeHeHHe MeTOAa Ha
NpakTHKe OFPAHH4YNBAETCH He 3THM, a cJeayomum obcToaTeds-
cTBOM. B oTJHYHe OT JHHEeHHOTO N0 j PeKYPPEHTHOrO COOTHOLIEHHS
(3.393) nas pacnpocTpaHeHHsi OIIHOKH B OJHOMEPHOM cCJyuae
B IBYMepHOM cayuae ypaBHeHue (3.405) naeT Bennuuny Fi. (ic o3na-
yaeT CpeJHIO0 No [ TOUKY CeTKH), KOTOpas C POCTOM | YBEJHUYH-
BaeTcs SKCIOHeHNHaJ bHO. [Iag Gosabuiux 3HaueHui J 3TO 03Havaer,
UYTO NPUMEHHMOCTb MeTOJa /ISl HaXoxaeHHs OoWHOKH npu j = J Oy-
JIeT orpaHHueHa MAIIHHHBIMH OIIMOKaMHi OKPYTJIeHHS.

Takoe noBegeHHe HakJajpiBaeT afcoJIIOTHOe OrpaHHueHHe Ha
paspellamiy crocoOHOCTh MeToAa JAaxe TNPH YCJIOBHH, 4TO ofpa-
nienve Marpuin C MoxeT OblThb BBIIOJHEHO € HeaJbHOH TOY-
HOCThIO. OMHAKO TPAKTHUECKH WCHOJAB3YIOTCS CTaHAApTHLIE MpPO-
rpaMMBl A5 MeTOAAa HCKJAo4YeHHs T'aycca, NpH NMOMOIUH KOTOPHIX
MOXHO NPOBOAHTL PACUETHl ¢ YABOSHHON TOUHOCTBIO, YMEHDbIIAS 3TY
oHOKY 10 NpeHeOpeKHMO MaJjol BelHUHHLL. KpoMe TOro, peranu
KOHKDeTHOH 3ajgaud (T. e. 3HaueHHs P H () Takke He OKA3LIBAIOT
CYLIeCTBEHHOTO BJIMSINHA HAa pacnpocrpanenHe OWHOKH MPH yCao-
BHM, UTO TPAHHYHBIE 3HAYEHHS AJA P IpeACTaBJeHH B DPa3yMHOM
macmitabe '). [IpakTnuecku OleHHTb OrpaHHYEHHs [Jis METONA pac-
yera pacrnpocTpaHeHHs BEeKTOpa OLIHOKH MOMKHO IyTeM YHCJIEHHOTO
pemenusi ypaBHeHHH (3.400) n (3.406) ¢ eIMHHYHBIMH OHIHOKaMHU
npu j = J.

Pacnpocrpanenue ou6KH B 1aHHOM MeTOJE HMeeT TaKxke H He-
KOTOpble [OJOXHTeJAbHble acnekTh, Haunboapmas (u 103TOMY
HakJajbpiBalouwias Haunbosblilee OrpaHHyeHHe) OMIHOKA BO3HHKAET
nocepelHHe CETKH, MO3TOMY HeoBXONHMO paccMaTpuBaTb TOJLKO
Fi.. KpoMe Toro, BAHsIHHe pas3iHYHBIX TPAHHUHBIX YCHOBHMH BROJD
rpanfl i =1 W { =/, napansenpHBHIX HaNpaBJeHHIO pacuera, Ha
3HaueHHe B Cepe]yHe CeTKH npeHeGpexKUMO MaJjo Jaxe NpPH CTOJb
manplx /, kKak [ = 7, nostoMy pasMepoM no / MOXHO npeHeGpeus,
a rpaHuuHbIe ycaoBus Ha B3 u B 4 paccmaTpHBaTh Kak napaMerpbl
175 pacnpocTpaHeHHsa owmwuOkH. HakKonen, cylllecTBeHHOE BJHSIHHE
OKa3blBaeT OTHOLICHHE IIaroB CeTkKH P == Ax/Ay, 4To MOXeT nath
onpejeneHHoe NpeuMyuiecTBo. Masble § 0Kas3HBAIOT Ha pacmpocT-
paHeHHe OIHOKH HeBJsaronpusTHOe BJHsHHE, a Oosbline P, Hampo-
THB, NoJoxHTeabHOe. (B mpepesne npu Goasliux f pacmpocTpaHe-
HHe OIIMOKHM MpuOJHXKaeTcss K COOTBETCTBYIOLIEMY paclpocTpaHe-

1) OwxO6KH OT 3THX HCTOUHHKOB MOXHO YMEHbUIHTb, MPOBOAA AOMOJHH-
TeAbHOe TOJHOe HTepHPOBaHHUEe AJA METOA3 B HEJOM, HO JOCTHraeMoe MPH 3TOM
yJayuiieHHe oGBUHO MEHble TOro, KOTOPOEe MoJydaeTcsi 3a CUET yMeHbileHHs J
Ha egMHHLy. KpoMe Toro, takasi mpoueiypa pacxoJuTCs Mocje BTOPOH HTepanHH.
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HHIO OMHOKH B OJHOMEPHOM cJayude, KOTODOE NMPOCTO JIHHEHHO HO
J. OgHako B 3TOM cJydae TOYHOCTb OrpaHHuYeHa H3-3a MJIOXOH
o6ycaosaenHocTd MaTpuis C. Beiio o6HapyKeHo, 4TO 3Ta olubKa
UrpaeT OCHOBHYIO posb B 3ajaue ¢ cetkod 101 X 101 opu f = 10.)

Bespa3sMepHLIM paccTOsiHHEM, NPeACTaBAAOLIHM NPAKTHYeCKHHA
MHTepec NpH ONpejfeseHHH NPUMEHHMOCTH MeTOAa, ABJsIeTCH OTHO-

40 T I

W}
2 |
0 |

7 !

g =10

2
T (DP) CDC 6600
2/3 (op) cDC 3600 S
1/2

(HDP) UN 1108
{DP) 1BM 360+ |
(DP) IBM 7090,(DP) UN 1107/8=3
(SP) CDC 6600

(SP) CDC 3600 o

(SP) IBM 7090, (SP) UN 1107/8
(SP) 1BM 360 =

| I | 1

0 10 20 30 40
Y/Ax
Puc. 3.18. XapaKTepHCTHKH pacnpocTpaHeHHs omMOKH B MeTOJE pacuera pacmpo-

CTpaHeHHR BeKTOpa OMMOKH, NpUMeHeHHOM [ ypabHesus Ilyaccona B gexap-
ToBolt cucreMe kKoopauHar (x, y). 3mecs P=lg Fi, p=Ax/Ay.

mende Y/Ax (T. e. yuca0 maroB Ax, KOTOpoe NPOXOAHTCH B Ha-
npasJjenuu y). Ha puc. 3.18 npexacraBneH rpauk BeJqHYHHB P =
= lg F;; ans equHuyHoll omubku E;. = 1, rae f CaAyXHT mapamer-
poM. Ha 3TOM Xe pHCYHKe TpHBejeHbl ITaHHEE O pa3pelIaloleH
CnocOOHOCTH BBLIYHCJEHHH, XapaKTepU3yeMOH HYHCAOM 3Haualiux
nudp S B HEKOTOPHX HCNOJAb3yeMbIX B HacTosiuiee Bpemsi B CIIA
BHIUHCAHTeNbHBIX MamuuHax. (Cokpauwenus SP, DP u HDP coor-
BETCTBEHHO 03HAUAIOT OJHHAPHYIO TOYHOCTb BLIUHCJEHHH, yABOEH-
HYI0O TOYHOCTb BBIYHC/JIEHHH H YABOEHHYIO TOYHOCTb, O0ecrneuuHBae-
MVIO CMENMHAJbHBIM YCTPOfICTBOM.)

B kayectBe npuMepa K puc. 3.18 paccMOTpPHM BBbIYHCJAUTENBHYIO
mamuay CDC 6600 ¢ omvHapHOH TOYHOCTBIO BLIYHCJEHHH, KOria

= 14.45. Tlpu B=1 u Y/Ax =20 umeem S = P. Ilpu sTOM
yenoBuu (/= 21) MOKHO OXHAaTbh, YTO paspeliaembie OWIHOGKH
B BeJHIHHAX V;, ; OYAYT NOPsiIKA eJHHHIBI, &8 3TO HenpueMmaemo. Ho
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Puc. 3.19. MeToa pacuera pacnpocTpaHeHHA BeKTOpa OINHOKH s o6iaacteil He-
peryaapHoil dopMel. Ep; — cocTap/isioulHe BEKTOPA HAayaJlbHOR OWHGKH, Fl—co-

CTaBJSIIOLLHE BEKTOP2 KOHewHoH omn6xu. CTpestkol yka3aHO HampaBjeHHe Ipo-
JABHXKEHHS DpacueTa.

npu p=2 u Y/Ax = 10 (mpu srom no-npexuemy J = 21) umeeMm

~ 7.5. B sroM cayuae pasnocte S— P = 145—75=7, u 1o-
9TOMY MOMKHO OXHRATh, YTO paspeliaeMbie OwHOKH B BeJHUYHHAX
Vi, ; Oyayr uMeTrb nopsifok 107, a 3To 0OLIMHO YXKe TPHEMJIEMO.

Paspeuraembie oIH6KH B MeTOJe pacyera pacnpoCTpPaHeHHUS
BeKTOpa OUIHOKH OTJHYAIOTC OT MepLl CXOLHMOCTH HJIH HEeBS3KH
B HTepallOHHBIX MeToJax. Hanbosbmue paspeiraemble OUIHOKH
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B MeTOJe pacueTa pacnpoCTPpaHeHHS] BEKTOPA OMIHOKH BO3HHKAIOT
Ha rpaHuile B KOHIle 06X0fa pacueTHHIX TOUEK, B TO BPeMsl KakK BO
BHYTPeHHHX TOUKaX OWmMKOKH CYyIIeCTBeHHO MeHblie. HeBs3ku
B HTEPAIMOHHBLIX METOAAaX HMEIOT HaHOOJBINYI0 BEJNHUHHY BO BHYT-
peHHHX ToukKax obJjacTH, B TO BpeMfl KaK 3aJlaHHbBle TPaHHYHBIE
3HAUeHHS OCTAlOTCS HeH3MeHHBIMH. Takum o6pasoM, paspelraeMyio
ournbKy nopsiaka 10—° B BennunHe Y Ha mocJefHell rpaHule B pac-
CMaTPHBAEMOM METOle HeJb3sl HEMOCPEJACTBEHHO CONOCTABMATh
¢ HeBs3Koll nopsigka 10-% mns ¢ B HeABHOH cxeMe MeToma uepe-
OYIOUIMXCS HanpaBJeHHH H B MeTOAe IOCJNEeJ0BaTeNbHON BepXxHeh
peJsaKcaluy. ’

O/nHHUM U3 NMPeHMYIIeCTB METO/JA pacueTa PacnpOCTpaHeHHs Bek-
TOpa OMUOGKU N0 CPaBHEHUIO C APYTHMH OPSAMBIMH METOIAMH SIB-
JsieTcsl MpOCTOTAa ero MNpHcNocoOMeHHss K caydasaMm obJaactedt co
CJIOXKHOW IpaHHuell U cjaydasM pa3/JHUHBIX KOMOUHHDOBAHHBIX Tpa-
HHYHBIX YycJOBHH. EfuHCTBeuHBIT MOMeHT, Tpebyouiuili pasmbsicHe-
HHSI B cJyuae TPHMeHeHHs1 MeToda AJst obaacrell cjaoxHOH HopMBbl,
3aKJI0YaeTcsl B ONpelesleHHW BeKTOPOB HAYaJbHOH U KOHeUHOH
omwn6ku E u F. JIBa COOTBETCTBYIOLIUX NpUMepa NpPUBEIEHH Ha
puc. 3.19. Ucnonbsyemas amech ungekcauuss £ u F He sBJsiercd
€/TUHCTBEHHOH.

Jlng kaXjaoro OTAeJNbHOTO NpPHMEHEeHHSI MeToJa pacueTa pac-
NpoCTpaHeHUs BeKTopa OWHOKM HALO COOTBETCTBEHHO OHPEIENsTh
ero xapaktepucTuku. OHAKO, MOCKOJNBKY HaJHYHe TpPaHUL, HaXo-
ISTHIMXCSL Ha paccTosiHumM 0oJiee YyeM UeTbipe HUJH NAThL slYeeK OT
Kakoro-au6o BHYTpeHHero NMyTH MpPOJABHIKEHHS] pacuera, OKasblBaet
CpaBHHTEeJIbHO cJiaboe 6JaronpusiTHOe BO3AeHCTBHE Ha pacueT Be-
JHUHHBL ¢, MOXXHO OXHJaTbh, UYTO AaHHBII MeTon OyaeT uallle BCEro
orpaHuuer BeJauuwHo# P Ha puc. 3.18, BHUHcaeHHON 1O HauGOJb-
IleMy MYTH NPOJABHXKEHHS pacueTa B paccMaTpuUBaeMol 3ajade.

3ameruM Takxe, uto ypamHenus (3.404) u (3.405) MoxHO
UCNIOJb30BATh AJSl PACCMOTPEHHs] HEMOJHBIX sSUeeK OKOJO Hepery-
JAPHBIX rpaHull (cM. pasa. 6.1, a takxke kuury CagasBajgopu u ba-
pona [1961]).

I'pannunoe ycnosue tuna HefiMmana npuBoguT K yCJAOBHIO HyJe-
BOTO I'pajueHTa 1Js e.

Ynpaxcuenue. TlokasaTs, uto moGoe rpanuunoe ycnosue tuna Hefimana ana
byHRUHK P, T.€. OP/dn = ¢, rae ¢ He 006A3aTeNbIIO PABHO HYJIO, B PacCMOTPEH-

HOM MeTOode pacueTra pacnpoCTpaHeHHdA BEKTOpa OIHGKH NPUBOAHT K YCJAOBHIO
defon = 0.

Hanpumep, ecau yciaosue Bpoib rpaHnisl B 1 uMeer BHE

Py 90— %4
L S LI B . 2
Ay c, (3.412)
TO IOCJ€ TOTO, KaK BHIOPAHB MNpeiBapHTEJbHBIE 3HAUEHHUS 1]3; 99
U3 HEro HAXOAATCA BEJHUHHBL 113; 1 AH=aJsoruuno, pacyeT BEKTOpa
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omuOKH mo ypaBHeHHIO (3.405) nJas KakAoro m; HAUHHAIOT, MpH-

uuMasi Em, =em41,2=1, HO BMeCT0 eém+1,1=0 Tenepp OepyT
em+1,1==1. Yciobue tuna Hefimana Bposp rpanuis B3

By j— Wy,

——Ax——d (3.413)

BKJIOYAETCs B pacueT BeJHYHH ¢’ U \, IPOBOJHMBLIH MO ypaBHEHHIO
(3.404), a rpannunoe ycaobHe (3.406) nasi omMGKH Ha IpaHHUIE
B 3 3amensiercst ycaoBHeM

€y, j =89, j. (3.414)

Ananoruuno, niwo6oe ycaobue tuna Hefimana Ha rpanuue B4 npu-
BOJHUT K YCJOBHIO €;, j = €,_y, j.

Ecan ycaoBue tuma Hefimana craBurcs Ha rpanuunax B3 uau
B4, To 0HO OKasbBaeT HeCcyLIeCTBeHHOE BJHMSHHE Ha XapaKTepHC-
THKH OLIMGKH, ec/H JKe 3TO YCJOBHe CTaBHTCH Ha rpasuue Bl, to
OHO OKa3blBaeT He3HauHTesbHOe OJaronpHsiTHOE BJIHsHHE, a OYAYUYH
MOCTABJIEHHEIM Ha rpanule B 2, oHo MpuBOAUT K cepbe3HblM HebJa-
rONpHUATHLIM 3ddekTaM. B caydae HeperyJsipHOH CeTKH YHCJEeHHAs
peanusanus ycaoBuii Po66uHa Toxe mpoBOoAHMTCA npocto. Takxke
JIETKO MOXHO pellaTb Tpex- M A-MepHble 3afauH, HO obpalieHHe
maTpuibl C MOXeT OKa3aTbCs 3aTPYAHHUTEJbHBIM. XOTS IEePexoj OT
OJIHOTO H3MEpeHHs K JBYM CHJbHO YyXYyJAIIaeT XapaKTePHCTHKH
omuOKH, MOcJejyiollee yBeJHYeHHe Da3sMEPHOCTH 3ajadyH IPHBO-
IUT K GLICTPO yMeHbIIamoweMycss HeGJIaronpasTHOMY BJHSHHIO.

B Merone pacuera paclpoCTpaHeHHs BeKTOpa OWIHGKH AJs KO-
HEYHO-Pa3HOCTHON aNllpoKCHMaluu JamsacuaHa {(cM. pasn. 3.3.10)
MOKHO HCIIOJIb30BATh NSITHTOUEUHBIH IIAGJOH ¢ QUAaroHaJbHO pac-
NOJIOMKEHHLIMH Y3J0BHMH TOMYKAMH U JeBSITHTOUEUHHE WIAGJOHHL
[Ipn sTOoM HesBHas cxeMa YyXyJIlaeT XapaKTePHCTHKH OWIHOKH,
B TO BpeMsi KakK HCIOJb30BAHHE $IBHOH CXeMBl C JHaroHajbHBIM
HampaBJeHHeM IIPOJBIXKEHHS pacuera (peireHHe IJs iy, j+1)
yayymaer ux 0pu MaJom [. Jipyras 3acay:KuBarolias BHHUMaHHS
MOJIH(bHKAIMA 3aKJIUaeTcsd B HCIOJb30BAHUH NATHTOUEUHONO aHa-
Jora UeTBEpTOro INOpsSJAKa TOYHOCTH AJs 0%)p/Jx% B HanpaBJeHHH,
MepreHAHKYJ/ISPHOM HallpaBJIeHHIO [IPOABHIKEHHS pacueTa. ITo IpH-
BOAHT K yBeaHueHHIO P Ha 129 npu B = 1, uro mosBojsieT Takxke
6patb O6sblliHe [ NPH COOTBETCTBYIOILEM yBeJHueHHH P.- Meron
pacyera pacnpOCTpPaHEeHHS BeKTOpa OIIMGOK IPHMEHHM TaKXe
H JJsl APYTHX JIMHEHHBIX SJJIHITHYECKHX YypaBHeHHH T'HAPOJHMHA-
MHKH; KDOME TOro, €ro MOXHO HCIIOJIb30BAaTh HDH HTEPALHOHHOM
MOAXOMe NJsl pellleHHs HenuHeHHblx ypaBuenuit I[lyaccona c mepe-
MEeHHBIMH K03 (dHIHeHTaMH (IOAPOGHOCTH MOXKHO HaHTH B paboTe
Poyua [1971a}). IIpu nomoimu 3TOro MeTofa BO3MOXKHO HpAMoOe
pellleHHe ypaBHeHH V2 == f(P) (KoTopoe nosyyaercss B HeSIBHOM
3{epOBOM METOAe pacueTa ABHXKEHHS CIJIOUWIHOH cpeibl (MeTone



204 3.2. Merodor pewenus ypasuenuid 08 ¢pyHKyuu TOKa

ICE) cMm. pasn. 5.1) M HEKOTODBIX 3JE€KTPOJHHAMHUYECKHUX 3ajay
C BHYTPEHHHMH YCJAOBHAMH COIJIaCOBAHHOCTH HA KOHTAKTHBIX MO-
- BEPXHOCTSX.

3.2.9. MeTtoabl, ucnonbsywiHe paabl Dypbe

Meroabl, ncnoanaylomue paas Gypbe, oCHOBaHBl Ha TOM dakre,
UTO TOYHOE DELIEHHE KOHEeYHO-PA3HOCTHO20 ypaBHeHHs (3.365) Mmo-
KeT ObITb IPEACTABJACHO B BHJE pa3JjoXKEeHHS MO COOCTBEHHBIM
GYHKUHAM, COAepIKAILEro KOHeUHOe YHCI0 wieHoB. Hanpumep, ags
npsAMoyronbHol obnactu pasmepom X XY ¢ KOJHUYECTBOM BHYT-
peHHux ToueKk M XN (N=[/—2,M =J—2) 1npu HOCTOSHHBLIX
Ax n Ay u npu P = 0 Ha Bcex rpaHuuax TOUHOe pellleHHe ypaBHe-
Hug (3.365) MoxkHO 3amucath B caenywoiiem Buge (Hopp [1970]):

N
2 prx
,_—,\/_—_N+l E:H,, y sin —~, (3.415)

p=1

roe x;=(i— 1)Ax, a Hp ; (npu 1 << p<N) cyTb pellleHHs Tpex-
IMaroHaJbHON CHCTEMBl PA3HOCTHBIX yPaBHEHHI

1
A_y‘z'(Hpvl—l_QHp:l‘{"Hpvl+l)+7‘pHp.l=Vp.l’ (3.416)

npHueM
Hp=H, ;=0 (3.417)
H
2 a Ax
. I
l= v———N + 1 Z ;q+1‘ I+1 sin ’—‘q ‘IAJX k) (3.418)
q=1
2 A
Ay = oz ((cos ZEPE — 1) (3.419)

Xokuu [1965, 1971] nokasan BosMoxkHOCTb 3¢ deKTHBHOrO He-
N0Jb30BAaHHA 3TOTO PElIeHHs AJsi PacueTOB B NPEAINOJIOXKEHHH, UTO
N = 2% unu N = 3-2%, rue k— HekoTopoe ueyoe unca0. B Mertome
XOKHH HCIIOJb3YeTCs TaK¥kKe HEUETHO-ueTHoe HCKJlouenue (Jopp
[1970], Basbu c coaBTopamu [1970]), ¥ ero CKOpoCTb 3aBHCHT OT
npuMeHeHHs OwicTporo npeo6pasoBanusi ®ypoe (Kyam u Towoku
[1965], [Ma#inc u Xosarecan [1969], ¥366 [1970]), xoropoe
uMeercs- B OHOIHOTEKe CTaHAAapTHHX NPOrpaMM MHOIHX BBIYHCJ/IH-
TeJbHBIX HeHTpOB. MeHee C/I0XKHLIH U MeHee OrpaHHUHTENbHBHIH Me-
TOA OB HCHOJB30BaH YuabsMcoM [1969], koTophifi paccMorpesn
TaKxkKe NEpHOJHUYECKHE YCJIOBHS. AHaJOrHYHble METOJbl Pa3BUBAJU
Byneman [1969] u Orypa [1969]. IIns Toro uYTo6bi MOJHOCTBIO
BOATH B Kypc JeJa, YHTATe/l0 DPEKOMEHAYeTCs O3HAKOMHTHCS
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¢ atumu paboramu (cM. Takxke pa6ory Kosouu u Peiinosabpca
[1970]), nockonbKy yNOMSIHyTHIE 3[eCb METOJbl BBIXOISIT 32 PaMKH
LAHHOY KHHTH.

3aMeTuM, OJHAKO, YTO, XOTs 3TH METOABl B CBOeH OCHOBHOH
¢opMe 1OBOJIbHO OTPAHUYCHH 110 THIY TPaHHYHBIX YCJOBHH 3aMauH,
NpH H3BECTHOH MOJHQPHKALHM KX MOXKHO NPHMEHSATb U K GoJee
obuum 3anmavaM. PaccMoTpuM cHauana caydail NpsIMOYTOJbHON
o6JlacTH ¢ TpaHHYHBIM ycaoBHeMm [lupuxae ¢ = f(x,y), e Bcloay
f = 0. BBesem BcroMoraTeabHylo (yHKHHIO 1!, KoTopas omnpene-
JsieTCsl KaK TOYHOe pelleHHe ypaBHeHHs V2! = { ¢ rpaHHYHBIMII
ycaoBusim P! = 0 Ha Bcell rpaHulle. 3aTeM BBeIeM BTOPYIO BCIO-
Morare bHylo @yHKuuoo P!'!, Kotopas onpenessercs KakK TOUHOe
pellleHHe KOHEUHO-PAa3HOCTHOro YypaBHeHHs Jlammaca V!l =0
¢ rpaHHUYHBIM ycaoBueM P! = f(x,y). Tounoe pellieHHe moaydaercs
MpH IOMOILM MeTO#a pasjleleHHsl NepeMeHHbIX, pa3paboTaHHOro
117 auddepeHHANbHBIX  YpaBHEHHH B UaCTHBIX IPOH3BOJHLIX
(cM., nanpuMep, Beiin6Geprep [1965]) # npHMeHsIeMOro K KOHE4HO-
pasHocrhomy ypasHeHuo. (HeobGxomnMble passoxeHus no co6-
CTBEHHBIM (YHKLIHSIM Y2Ke H3BECTHHI H3 Da3JI0XKEHHS, KOTOpOe Tpe-
Gyercs npu pewenuu ypasueHus [lyaccona.) Torma B cuny nuneit-
HOCTH 3a/laUH OKOHUATeJNbHOE pellleHHe NOJNYUYaeTcsl Cylneprosuirnet.
[Mockoabkry VAl =1{ u V2P!! = 0, umeem VZ(Pp! 4 ¢p'') = u, no-
CKOJIbKY Ha rpanuuax $'=0 u ¢'' == f(x,y), numMeem ¢' + Pp!! =
= f(x,y). [Tosromy ¢ynkuus ¢ = ¢' 4 $!! ynossnersopsier ypas-
HeHUI0 V2§ == § ¥ rpaHuyHoMy yciaoBuio P == f(x, y).

Ecou craBsitcsi rpannuHble ycioBusi Tuna HefiMaHa ¢ HyJieBHIM
TPajiieHTOM, TO pasJioXKeHHe INPOBOJAMTCA B psiJl N0 KOCHHYCAM.
Ecin ke rpajHeHT IO HOPMaJd K TpaHHLe OTJHUEH OT HYyJd,
Oy /0n = g(x,y), TO 3ajnaya peliaercs CJAeAYIOUIHM 00pa3oM
(Yunoame [1969]). Tenepp BcmoMorateabnast (yHKuus ¢! BBoO-
JUTCs caenyromuM obpasoM: ! = 0 Bo BceX BHYTPEHHHX TOUKaX,
P! = +4-g(x, j)An Ha rpaHuUax i=Iluj=7J]np' =—g(xy)An
Ha rpaHuuax i =1 u j=1. Ora byukuus P' ABjagercs pelIeHHEM
BCIIOMOT'aTeJbHOTO JHCKpeTH3HpoBaHHOro ypaBHeHus [lyaccona
V2! = ¢! ¢ rpanHuHbBIM yciaoBueM 6%!/6n= g(x,y) u ¢ =20
BCIOJY, 32 HCKJIOUEHHeM TOUeK, CMEXKHLIX ¢ FpaHuuamu, rie §! =
= V2! %= 0. (B y3ane, orcrodmeM Ha JBe WO3HIHH BHYTPb OT
rpanuusbl, V2! = 0, nockoasky P! = 0 Bo BceX cocefHHX TOUKAX.)
Ecau BBectn Pl =19 —¢' u ' =¢—C!, 10 HCXomHas 3agaua
CBEeTCsl K HAXOX/IEHHIO pelleHHs] KOHEYHO-Pa3HOCTHOTO YypaBHe-
uusa V2! = ¢! ¢ rpaHuyHbBIM ycioBueM 8¢'Y/8n = 0, 4TO MOXKHO
CMENAThL ¢ NOMOIIbIO pasJjoxeHHd No KocuuycaMm. Hckomoe pele-
Hue uMeer BHR ¢ = P! - P!k,

AnanorvYHLIM TIPHEMOM MOXHO pemiaTh 3ajady B HenpsMmo-
yroJabHoH 06J1aCTH, HCTOJb3ysl TNPSMOYrOJbHYIO CETKY, MepeKpbl-
BAWLIYI0 paccMaTpHBaeMyio obgactb. PaccMOTpHM H306parKeHHYIO
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Ha puc. 3.20,a obnactb, 06pa30BAHHYIO OTCeueHHEM HEeGOJBLIONO
YIJIOBOI'O yyacCTKa OT INpAMOYroJibHOH o6jacTd. I'paHHyHas ToOYKa
(2,2) He JeXHUT Ha rpaHHIE NepeKphIBalOUIEro NPSIMOYTOJbHHKA.
IIycts P = 0 Ha Bcex rpaHuuax obJgacti. IlepBasi Bcmomoraresb-
Hag ¢yHkuua P! onpejessercs peuieHHeM YpaBHeHus VP! =
Ha IepeKkphiBalolled ceTKe TpH
a2, 2 = 0. Bropas BcmoMorarenbHnas
Gysruua P! HaXOAUTCHA pelleHHeM
ypaBuenus V!l =7 rpe ¢!
onpefensieTcs Tak, 4YTO L 9= 1,
a B oCTaJIbHHX Toykax i ;=01).
! 3areMm HaxoxuTcs P, o KaK JIH-

:“I HeliHasi KoMOHHanuA 113%,2 " 1])%}2,
L Takas, 4YTOo 1 =0, mOpHYeM
(1,1 3HayeHHe { BO BHYTPEHHHX TOU-
@ Kax He MeHsieTCsl. 3HAUHUT,
Y, ,=0=1-9} ,+a-¥l, (3.420)
OTKyJa
a=—1p§,2/1b2‘,.‘2 (3.421)
|
b (3HaMeHaTeNb Bcerja OTJAHYEH OT
1_ -|+ Hyasi.) OEKoHuaTeJbHOe pellleHHe
L | HoJyuaeTcss Cyneplno3HiHel.
F—t—4—
I p=2p'Fap'.  (3.422)
L1 ‘
™1, Hecmorpss Ha TO 4uTO BeduuuHa {
¢ JJs TAaKOTO «CYMMApHOrO» pelle-

Puc. 3.20. I1puMenenHe meTona pas- HH B TOUKE (2’2) paBsHa aX

nokenns B pagn Dypve mas me- X (MCTHHHOE)Lj 2, OHa He OKas3Hl-

npAMOYTrOJbHBIX obaacref. BaeT BJIMAHHA Ha peELICHHE, TI0-

CKOJIBKY TOYKa (2,2) saBasercs

rPaHHYHOH TOUKOH cyMMapHOH 3ajaud M MO3TOMY (g o He GHrypH-
pyeT B pelleHHH 3TOH 3aJauH.

Ecaun Ha rpaHMue NepeKphiBaloliero NPAMOYrOJNbHHKA He JeXaT
HECKOJIbKO TPAHHYHBIX TOYEK, TO IJ8 KaxKJIOH TakKoil TOUKH Heob-
XOJHMO pellaTb JAONOJHHTeJbHOe ypaBHeHHe Ilyaccoma. Ha
puc. 3.20,6 BcmoMoraTtesbHbie pewenus P!l, ¢l Pl gpasiorces
COOTBETCTBEHHO pelIeHHSMH INPH YCJOBHHM, 4To {==1 B TouKax
(2,4), (3,3) u (4,2). Ananornyno ypasreruio (3.420) B nocnen-

) B 3/1eKTpOIHHAMHYECKHX NpPHJOXeHHsX, rae P mnpeacrasiasger colofi mo-
TeHIHaJ, a §— 3apsj, 3TOT NpPHUEM U3BECTCH [0/ Ha3BaHHeM MeTOAA eIHHHUYHOTO
sapsana. 3a obcykAeHHwe aToro mpHeMa aprop Gnarogapen O. DyHnemany w
x. Bopucy,
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HeM cjyuae AJA oNpejeseHUs a, b M ¢ Jo/KHA GWIThH peleHa JH-
HeHHas cucTeMa

Py ,=0= %, ot mlJé}“ + b%,‘& + “Ijzl),l!tl’
¥y 3= 0="1p3 ; + apj's + by + ey, (3.423)
by, = 0=1p} ,+av}, + bw}t,lg + mp}t.”zlv

Jamollas MaTpuly Ko3(hGHIHEHTOB BAHSHHSA IJS HYJeBbIX I'PadHu-
HBIX 3HaueHHH, HeOOXOLHUMYIO AJS CJeIYIOLEr0 pelIeHHs ¢ HO-
BbiM §. JIJIS @ rpaHUYHBIX TOUEK AOJXKHO OBITh PENIEHO W BCIIOMO-
rateabHbIX ypaBHeHu#l Ilyaccona, a auHefiHasi cucrema mopsiaka
w, aHajoruyHas cucreme (3.423), pelmiaercs MeTOJNOM HCKJIUYEHHA
[Caycca; oAHAKO NMpU pelIeHHH CeMefCTBa 3ajJau C PasJHYHBIMH {
Ha OZHOH W TOH JKe ceTKe 3TO HYKHO CHeJaThb TOJbKO AJS 1EepPBOTO
penleHus.,

Taxum e o6pa3oM MOXKHO pellaTh 3ajaud ¢ KOMOHHALHAMU
HEHyJIeBbIX IFpaHHuHbIX ycaoBuit Jupuxnae n Hefimana B obnacrax,
OTJIHUHBIX OT NMPSAMOYrOJbHBIX, HO, OUEBHJAHO, TaKoe pelleHne Gyner
OueHb TpoMO3AKHM. [IpuMepnl mpHMeHeHHS PaCCMOTPEHHBIX METO-
noB Aag obiaacTtefl HeperyaspHoH (OPMBLI MOXKHO HaiiTH B paforax
Basbu ¢ coaBropamu [1970] u Jlxopmxa [1970]. dns nessaTuro-
ueyHOro aHaJsora ypaBHeHHs Jlammaca (pasa. 3.2.10) nogoGubiMH
MeTojaMH moJab3oBanuch JleGeftap [1969], a rakxke DBépacouan
u dacc [1969]'). Bce 3TH MeTOAB CJI0XKHEe, UeM PaCCMOTPEHHBIH
B pasdi. 3.2.8 MeTol pacueTa paclpOCTpPaHEHHS BeKTOpa OIIMOKH,
OJIHAKO OHH He OrpaHHUEeHHl pasMepaMi 06GJACTH, JAlOT MOYTH TOY-
HOe KOHEUHO-DA3HOCTHOE pelleHHe H OJHHAKOBO MNPUTOAHBI AJs
TPEeXMEpPHBIX 3aJauy H AJd HNHJIHHIDHUECKOH CHCTeMbl KOOpAHHAT
(Yunoamc [1969]). B cuay BBICOKOI CKOPOCTH H TOUHOCTH 3TH
MeTOAbl HEeCOMHEHHO HaHAYyT TNpHMeHeHHe B Oyayluem aJs 3aaad
C TpOCTOH reoMmerpuei.

3.2.10. AnnpoHcHMaLMK BLICWIHX MOPAAHOB

Jlo cux MOp MBI pacCMaTPHBAJH TOJNBKO OOBLIUHBIH MATHTOUEUHBIH
anaJjor omepatopa Jlannaca ans ypasHenus [lyaccoma, HO cyule-
CTBYIOT H JApYrHe aHaJoru. TpH M3 HHX NPHMEHHMBl TOJBKO /s
KBaJpaTHOH CeTKH ¢ pasMmepamu 1waroB Ax = Ay = A. B Tepmu-
HOJIOTHH, CXeMaTHYECKOM MpPEeACTaBJEHHH H OCBeLleHHH HCTOPHH BO-
mpoca Mbl cieayem pabGore Toma u AmeapTua [1961]. PaccMoTper-
HLIH 37ech MNATHTOYEUHHIH aHAJOr BHepBble OBLT HCNOJNb30BAH
Pyure B 1908 r. 1 HHOrja Ha3bIBaeTCs OMePaTOPOM, IMOCTPOEHHBIM

Y}y Ong rtoro uTo6H MONYYHTH HaHOOMCe MOJHOe NPEACTABJIEHHE O MpHMeHe-
HHH MeTONOB, HCHoJb3ylouux psags Pypbe, HYKHO O3HAKOMHTLCA CO CTaTbeli
JNe6edan [1972].
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Ha mnaTrdToueyHoM mabiaoHe «KpecT». JlAa caydas KBajapaTHoOR
CETKH €ro MOXHO CXeMaTHUeCKn MpeACTaBHTh Kak Ha puc. 3.21, q,
UTO COOTBETCTBYET YpPaBHEHHIO

Sl - 41‘?,', ! = AZEI', i (3.424)

KOTOpO€ HMEET BTOpOﬁ IOpALOK TOYHOCTH OTHOCHTEJbLHO A H B KO-

TOPOM
S = Yigr, i+ Wiz, f+ $p a1+ i1 (3.425)

Tak kak omeparop Jlamsaca HHBapHaHTEH OTHOCHTEJNbHO IIOBO-
poTa CHCTeMBbl KOOPJAHHAT, €0 MOXKHO 3allHCaThb B CHCTeMe KOOPHH-
HAT, NOBEpPHYTOH Ha 45° 1O OTHOIIEHMIO K JIHHHSIM CETKH, TaK YTO

- ! ] T 1]
1 —4 1 = -
L 1 2L1 1

a 6

- 1 2 1 - 1 4 1

—12 —12 2 €L4 —20 4
1 2 1 1 4 1

8 e

—
—_

Puc. 3.21. CxemarnuHoe npEACTaBJIEHHE KOHEUHO-Pa3HOCTHOrO axaJjora Jannaa-

CHAHAa Ha CeTKe ¢ KBAaJApaTHOH siuefikod. a — NATHTOUeYHHIA WIAaGJOH <KpecT»;

6 — NATHTOYEYHHH AHATOHAJbHBLIH madjoH, 8 — AeBATHTOUCHHBIH WAGI0H ¢ KO3(-
¢unnentom 12, 2 — nepaTHTOUeuHbH MWabaoH ¢ Koadduunentom 20.

paccTosiHHe Me1y Y3JOBLIMH TOUKaMu Gyier paBHo 4/2A. IToay-
YeHHBIH B pe3y/bTaTe oneparop, NMOCTPOEHHBIl Ha MATHTOYCUHOM
auaroHanbHoM 1mabJoHe M CcXeMaTHYeCKM [peACTaBJeHHBIH Ha
puc. 3.21, 6, COOTBETCTBYET ypaBHEHHIO

82 - 4'lpi_ 1= 2A2€[' I (3426)

KOTOpOe HMeeT BTOPONl MOPSAOK TOYHOCTH OTHOCHTEJBbHO 4/2A w
B KOTOPOM

So= P41, g1 T Piar1, j=1 + Yot 41+ Vi, jo1. ‘ (3.427)

W3 neBsiTHTOUEUHLIX Ia6/10HOB HanbGoJiee H3BECTHBIMH SABJSIOTCSH
«mabjon ¢ Koapoduuuentom 12» Toma (puc. 3.21,8) u «mabiaon
¢ kostd¢unuenrom 20» Burau (puc. 3.21, ). IlepBulil U3 HUX COOT-
BETCTBYET YPaBHEHHIO

281 + Sz - 12'4’[. 1= 4A2§l. I (3.428)

a BTOPOH — YPaBHEHHIO
481 + 82 _— 201p1' , — 6A2€i, I' (3429)
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®opmyaa Toma uMeeT yeTBepTHIH MOPSAOK TOUHOCTH TOJBKO TOrja,
xorga 1/1(V* + 04/0x%0y?)p ue mupesnimaer O(A?), a dopmyJa
Dukau Tonbko mpu !/1,Vip = O(A?%). B ruapoansaMuyeckux saja-
yaX Takue yCIOBHS OOBIUHO He BHIMOJHSOTCS. Mckiaiouenuem sB-
JasieTcsl crannoHapHoe Teuenne CTokca (Re = 0), Korga ypaBHeHHe
mepeHoca BHXPsS CBOAHTCS K ypaBHeHHIO Jlanmaca V2 == 0, uro
cooTBeTCTBYeT ypaBHeHHIO V4 = 0. B obmem cayuae 3TH AeBATH-
TOYeUHblE DPA3HOCTHBIE (OPMYJBl OKa3blBAIOTCHA [JaX€ MeHee TOu-
HBIMH, YeM pasHocTHas ¢opMmyJaa, NMOCTPOECHHAss HA NATHTOYEYHOM
wabaoHe «kpect» (cM. Caifipyc u @aarton [1967], Wenccen
u Crpege [1968]).

JIoKaybHOH TouHOCTH 6OJlee BLICOKOTO MOPSJAKA PEeaNbHO MOXHO
HOOHUTBCA NpPH TNOMOUIM Pa3HOCTHBIX (OPMYJ, B KOTOPHIX HCMOJb-
3YIOTCSl 3HaueHHs 1 HE TOJBKO B CMEXHBIX, HO U B OoJiee yaaJeH-
HBIX Y3JOBHIX TOYKaX, HamlpuUMep 3HaueHHs 1Piyp ;. PIeHcceH
u Crpene [1968] paccmMaTpuBaloT HEKOTOPHIE M3 HHX, TaKHe, Kak

5 1
3111)7 t,j=W[—'¢i+2.l + 16%;41,p — 300, +
4+ 16%;_1, j — Pz, 4] + O (Ax?), (3.430)

K COOTBeTCTBYIOLIYIO GopMmyay aas &%p/8y? (cm. Takxke pabory
QeftepBesepa [1969]). Ilepefipa [1969] B cBoeM MeToae <«HTEpH-
POBaHHBIX OTCPOYEHHBLIX MOIPAaBOK» pacCMOTpPeJ pas3HOCTHble ¢Gop-
MYyJB aCHMITOTHYECKH BBICOKOTO NMOPSAKA TOYHOCTH.

3/ecb BaXXHO NOHMMAaTh, YTO (KaK H B cJydyae ypaBHeHHd mepe-
Hoca BUXpsl B pasd. 3.1.23) sokxaabHO ueTBepThIH NMOPSALOK TOYHO-
CTH He O3HayaeT eaob6aavHol touHocTH. [locaegHsiT MoXeT cylie-
CTBEHHO 3aBHCETb OT TOYHOCTH 3ajaHMs CPAHHUHBIX YCJIOBHE, KO-
Topas, Kak NpaBHJoO, JaJjeKa OT YeTBEpTOro nopsaka (cM. pasm. 3.3).
Kpome Toro, cxemsl, nopoGubsle pasHoctHoH dopmyne (3.430), ue-
BO3MOXKHO HCIOJb30BaTh B TOYKAX, CMEXHBIX C I'DAHHYHBIMH, TakK
Kak Ipu 3ToM TpebGyercsl HH(QOpPManHs H3 TOYEK BHE Pas3HOCTHOM
ceTku. [Ipu pacuere TOUEK, CMEXKHBIX C TPAHHUHBIMH, HCCEA0BATENH
o6bIYHO of6palnaloTcss K GopMyaaM BTOpPOTO NOpsIAKA TOYHOCTH !).
BoJsiee panuoHaNbHO B NPHIPAHHYHBIX TOYKaX JOKAJbHO HCIIOJb30-
BaTh CXeMbl 0oJiee HH3KOI'0 MOPHJKA TOYHOCTH HA MeEJKOH CeTKe,
a BAAJH OT I'PaHHNLI NMPHUMEHATb CXeMbl 0oJiee BLICOKHX HOPSAKOB
Ha rpyboii cetke. Takue Meroan 6blsu paccMoTpeHn DBaxBaJioBhIM
[1959]. B nio6om caydyae TOUHOCTb pelleHHs YpaBHeHHS VX =

1) MHorue HcciegoBaTeNH HCNOJB3YIOT BOJU3H TPAHHLL CXEMBl UYeTBEPTOr0
nopsjAKa TOUYHOCTH, BBOAS BHe pacCuHTBIBaeMoH ofaacTH (UKTHBHBIE TOYKH CETKH,
3HaYeHHsi B KOTOPBIX CTABATCS B COOTBETCTBHE TPaHHUHBLIM YCJOBHAM. Jlaxe B
3TOM CJyYae MPOHCXOAUT MOTEPS UYETBEPTOrO0 MOPSIAKA TOYHOCTH, 3a HCKJIOUE-
HHeM CJyYaes, KOTJa TPaHHUA NpeacTaniseT coboil ocb (MAOCKOCTb) CHMMETPHH.
HM3pecTHH u HeueHTpasbhule (OPMYJE BLICOKOTO MOPSIKA TOUHOCTH (HalpHMeEp,
Caycsena [1946]), Ho OHH MeHee yCTOMUMBH H PeAKO HCMOJB3YIOTCS.
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6yleT, KOHEUHO, OrPaHHYeHA TOYHOCTBIO DellleHHs YPaBHEHHs Mepe-
HOC4 BHXPSl U TOUHOCTBIO I'PAHUYHBIX YCJIOBHH IJ5 HEro, mo3Tomy
PEKOMEHAYEeTCsl MOAyYaTh pellleHHe PaBHOMEPHO BBICOKOTO MOpsiiKa
TOYHOCTH JJIsl BCeH 3a]aYu B IeJ0M.

HrepanuoHHble MeTOAb, ONHCAHHLIE paHee, NPHMEHHMBI H B
cJydae pacCMOTPeHHBIX pasHOCTHMX (opMyn [Js Janjacuana,
XOTsl CKOPOCTb CXOLHMOCTH MOXKeT MNpPH 3TOM H3MEHHTbCs. 37ech
MOXKHO MpHCIOCOBUTb H HeKoTOopble MpsiMblie MertoAbl {JleGeilnb
[1969]), Poyu [1971a, 19716]), HO B 3TOM OTHOIIEHHH OHH OGBIYHO
OKa3bIBAaIOTCs MeHee THOKHMH, 4YeM HTepallHOHHble MEeTOJIbL.

Haxkonen, ocTaHOBHMCS Ha BONPOCE COrJACOBAHHOH anmpoKCH-
Malliu mpu AHCKpeTH3anuu ypaBHenus [lyaccona W npu ompenene-
HHH cKopoctel. Peurenune ypastenus IlyaccoHa ans  HcClonb3yercs
TOJBKO [AJisl OMpejiesieHUst CKopocrell KOHBEKIHH, BXOAAIHUX B YpaB-
HeHHe nepeHoca BuXpA. YpaBHeHue [lyacconma V) = mnpencras-
aser cofoli HE 4TO HHOE, KaK onpeleseHHe BUXPA H B JHCKPETH3H-
poBaHHOH QopMe OymeT 3anHCHIBATLCH TaK:

ou dv

§=6—y—-6;. (3.431)
rae 4 = 8Pp/8y u v = —8/8y. Pewenne ypapHenus V2 = § cue-
IyeT paccMaTpHBaTb He KaK pelleHHe AJ5 VP, a KaK pelleHHe 171
SP/8x u 8\/8y. TonbKo mATUTOUEUHAs cXeMa AJs oneparopa Jlam-
Jaca, o KOTOpoi#l 3anucaHo yparHenue (3.365), cooTBeTCTByeT pas-
HOCTHBIM MpPeJCTaBJEHHAM JJA 4 U U CO BTOPbLIM MOPSIIKOM TOU-

HOCTH 1)
up, ;= (0;, 1 — Vi, 1-)/(2 Ay), (3.432a)
0, 1= — (P41, 1 — Vi1, /(2 Ax). (3.4326)

Ecau namsacuad mpeacTaBfsercss MO cxemaMm 0oJiee BBICOKOrO
NopsiJiKa, TO MOXKET O0Ka3aThCsl, UYTO TOYHOCTb PpeIIeHHs MOJHOH
3afa4d (paKTHYECKH CHH3HTCS, €Cad 4 H U He alNPOKCHMHPYIOTCH
COTJIaCOBAHHO C TEM XK€ MOPAAKOM TOUHOCTH, YTO M JaNJaacHaH.

Anajoruunble 3aMev4aHHsl OTHOCATCS H K METOXaM HAHMEHBIIHX
KBaJpPaTOB AJs PelICHHs] YpaBHeHH[l 3JNHNTHYECKOro THHA (HAMpH-
mep, sBuc n PabunoBuu [1960]). B 3tux MeTomax BeJUUHHBI
aNNpPOKCHMHPYIOTCS MOJMHOMAMH BBICOKOTO MOPSAKA HJH HEKOTO-

Yy TouHee, msiTHTOYe4Hasi cXeMa [ JAaMJacHaHA COOTBETCTBYeT oImpefeJe-
HUIO CKOpOCTell Ha 2paHuyax Adeldku wmexay ysiamu (cm. pasa. 3.1.2), xak

B ypaBHeHHAX
uy, prp= (Vi j41 = 1, ;)/AY, (3.433a)
Uy 1= (b, ;= ¥y, j-1)/AY (3.4336)
Hp}{‘{EM 3HAQYeHHS B Y3JIOBBIX TOUKAX -HAXOQATCA CJIe;Iy}OlIIPIM 06paa,0M:
wy p= e (g, it 0 1) ‘ (3.4338)
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pPBIMH JADYTHMH m-NlapaMeTpHuecKUMH (YHKLHOHAJbBHBIMU dop-
mMamu, DyHKuHOHAJbHBlEe (OpMbl OOLIUHO BHIOHPANOTCA TaKUM 00-
pa3oM, 4To6H yAOBJETBOPHTHL AH(QepeHIIHaNbHEM YPaBHEHHSIM BO
BHYTPeHHHX TOYKax (4UTO He TpPYyAHO MJs ypaBHeHHs Jlangaca),
a m napaMerpoB (U1H Ko3DQHUIIHEHTOB IMOJHHOMOB) HAXOASTCA
NpH NMOMOLIH MHHHMH3alUHUH OMIHOOK HA TPaHHIlAX METOJOM HaH-
MeHbIIHX KBajapaToB'). Kak npaBuio, or 3THX MeTOAOB He CJeayeT
OJKHJATh ycrnexa, ocoOeHHO Korja 1\ MeHseTcss He MOHOTOHHO, H HX
He DEKOMEeHAYEeTCs HCIOJMb30BATb B BBIUHCJUTEJBHON THAPOAHHA-
muke. Ho ecsu 3Tu Meronpl MpHMEHSIOTCS, TO ONpele/eHHe 4 H 0
[OMKHO OBITH COTJIACOBAHO C BHIGPAHHOH annpOKCHMHpYIOMieH
dbyHKIHOHANBLHOA (PopMOI.

8.2.11. O6 oueHHe pPacCMOTPEHHbIX METOLO0B

3aMeuaHus, cleJaHHbHe B pasd. 3.1.23 OTHOCHTENbHO OLEHKU
METOJOB pellleHHS yDaBHEHHs NepeHoca BHXPS, NPUMEHHMBI TaKikKe
K OlleHKe MEeTOJOB HaxXOXJeHHS pelleHHS U KOHEUHO-Pa3HOCTHHIM
npeacrasaedusM ypaBHeHus llyaccona. Caeayer TakikKe yuecTb 3a-
MeuaHus, cllefaHEble B NPEABIAYIIEM Pa3jiesie OTHOCHTENBHO COTAa-
coBaHHOCTH ypaBHeHHS IlyaccoHa assi ¢yMKUHH TOKAa H ypaBHeHHS
nepeHoca BHXPA KakK B OTHOUIEHHH MOPsAJAKA OWHOKH allpoKcHMa-
I[HH, TAK H B OTHOLIEHHH BBIYHCJEHHS CKOPOCTEH.

Hakouen, npu ounenke GbICTPOTH NPOBEeAEHHS CEpPUHHBIX pacye-
TOB B 3aBHCHMOCTH OT CJOXKHOCTH METOJa H BpeMeHH pa3paboTku
nporpaMMH HeoOXOJHMO paccMaTpuBaTh ofa 3TH ypaBHEHHS 8Me-
cre. Ecnu npu peineHuu ypaBHeHHsi IlyaccoHa pns QYHKUHH TOKa
V2 = { HCIOJAB3YIOTCA HUTEpAlHOHHBIE METOAbl, 4 B yPaBHEHHH Ile-
peHoca BHXps ais 0L/0t OGepercs npocteiilnasi ORHOIIArOBas SIBHAS
cxeMa, TO IIpH HeCTallHOHApPHOM moaxode obbiuHo okojgo 909 wMa-
INHHHOTO BpeMeHH 3aTpauyHBaeTcs Ha pellleHHe ypaBHeHHs V2 = {,
IToaTomy, ecau npH npeacrasiedud 0f/0f mepedTH K ABYXIIAroBoH
ABHOfl cxeMe (HampuMep, K cxeme Asgena — Uena us pasp. 3.1.15),
T0 MalllHHHOE BpeM# NpH PEIIeHHH Bceill CHCTEMBI YpaBHEHHH 1Js |
i { He YABOUTCS, a TOJbKO YBeJWUUTCH npubausuresnbHo ua 10%.
Torna orHolIeHHe cKOpocTell pacueTa MO CXeMe ¢ Pa3HOCTSMH NpO-
THB TNoOTOKa M Mo cxeMe PobGeprca — Beiica uerBepToro mnopsjaxa
trounoctH (pasn. 3.1.19), paBuoe 45, npH pelleHHH Bcell CHCTEMB
ypaBHeHHH AJif | H { HAMHOTO YMEHBIIHTCA (XOTSl H OCTAaHETCH BCe
ellle 3HAYHTEJNLHBIM) H CTAHET PaBHBIM NpHMepHO 6.

1) JIn6o dyHKuHOHaMbHEIe (GOPMBI BHIGHDAIOTCH TakMM 06pa3oM, 4TO rpa-
HUYHBIE YCJOBHSA TOUHO Y/MOBJETBOPSIIOTCA, a HeBfi3ka AutdepeHIHaNbHOrO ypap-
HEHHS B UAaCTHBIX NPOHM3BOAHHIX MHHHMM3HpYyeTcs. BO3MOXKHO Takke, 4YTO He
YIOBAETBOPSIOTCS HH FDPaHHUHLIe YCJIOBHS, HH AuddepeHIHANbHbIE ypaBHEHHS,
a MHUHHMMH3HpYyeTCs KOMOMHAUMSI OWINGOK Ha TFpPaHHUAX W HEeBA3KH YpaBHEHHH
(nuuHOe coobuienue A, Pycco).
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AHaJIOrHUHO, YHCJIO HTepalHuf, HeOOXONHMEIX IJSI CXOLHMOCTH
pelieHHsi ypaBHeHHSt V2 = [, OTUAaCTH 3aBHCHT OT HAYaJbLHOTO
npubanKeHus 1 ¢, ;. B KauecTBe HauaJbHOrO NPUOJIHKEHHS IJS
Y™+l npu pelneHHH ypaBHeHnHs VZprtl = [rt! ecrecTBenHo Oparth
panee ToJyueHHOe pellleHHe ypaBHeHHs V2" = [ Ilpu Gosbiinx
Af BesMunHa {*F! CYLIECTBEHHO OTJHYAETCA OT L% H TOraa " Gymer
yKe HeAOCTAaTOUYHO XOPOIIHM HadyaJbHBIM NPHOJHKEeHHeM Aas ¢+l
B npenene npu At — 0 Buxps *t! =%, a HauasabHoe NpHOJIHKeHHE
P —> P+l (DT1o nabarofaercs H NMpH NpHOJHIKEHHH K CTalHOHap-
HOMY cocTosiHuI0.) TakuM 06pa3oM, BBIMIDHIII B MAaIlHHHOM Bpe-
MEHH 3a CYeT YBeJHYeHHs AONYCTHMBIX IIAaroB Af IIpH HCMOJb30-
BaHHH HeSIBHBLIX cXeM IJas Of/0f mo MeHbllefi Mepe YacTHUHO Te-
psieTcs M3-3a yBeJHUeHHs BpeMeHH, TpeOyeMOro /s KaxKIOro mara
HTEPALHOHHOrO pellleHHs ypaBHeHus V2p =1 a TakXe H3-3a 10-
MOJIHUTENLHOTO BPeMeHH BLIUMCJAEHHH 3a cueT HesIBHOCTH caMof
cxembl. Mamwoctpupysa sto, @pomm [1964] npuBesn psa nmpHMepoB
pacueToB, B KOTOPHIX B ONpelesleHHBIX Ipefenax MallRHHOe BpeMs
MpaKTHUeCKH He 3aBHCeJo oT Afl

[Ipy wucnonb30BaHHH MNPSAMBIX METOLOB peIUeHHs ypaBHeHUS
V2 = { BO3HHKaeT IPOTHBOMOJOKHas curyauus. [Ipsmolt meron
pacuera BeKTOpa paclpocTpaHeHHs owWHOKH (pasd. 3.2.8) mnpuso-
IUT K YMeHbIIEHHI0O MAaIIHHHOTO BpeMeHH, HeoGXOAHMOro AJas pe-
neHust ypaBHenus V2 = ¢, npubausureabuo B 100 paz; ato sHa-
YHT, YTO Ha peleHHe 3TOr0 YpaBHeHHs Temnepb noTpebyeTcs TOJBKO
109 w™almHHHOTO BpeMeHH, a Ha pacuerT OL/0f MO OAHOLIATOBOH
aBHOM cxeMe — okoso 909%. Ecau ke mas pacuera 9%/0f ucmodnb-
30BaTh ABYXIIAroBylio cxemy Uena — AazeHa, To 1M0JHOe MalIHHHOE
BpeMsl TOUYTH YyABOHTCH, a cxeMa PobGeprca— Befica uerBeprtoro
Mopsilka TOUHOCTH OKaercs mpubauzutenbHo B 40 pas mennennee
CXeMbl ¢ PasHOCTAMH NpoTHB noToka. C Apyro#l cTOpPoHLI, YBeJaHYe-
HHe NOTMYCTHMOM BeJqHUUHH 1ara Af (ecJqiH He YUHTHIBaATh AOTOJHH-
TEJBHOTO YCJIOXKHEHHS caMoro ypapHeHHs jas 0C/0f) Hemocpen-
CTBEHHO INIPHBOAHT K COKPaLleHHIO MAaLIMHHOTO BDEMEHH, TaK Kak
BpeMsl pellleHHsi ypaBHeHHs] V) = [ mpH NOMOLIM NPAMOro MeToja
He 33aBUCHT OT BbI6Opa HAauaJLHOTO MPUOJMIKEHHUR AAS Y.

Bribop MeXAy HTepAallHOHHLIMH M NMPSIMBIMH METOJAMH Ompeje-
JsieTcst TAKXKe BHAOM TpaHHUHBLIX yciaoBHH. Ecau Ha Bcex rpanumax
craBATcA ycaoBHsa Tuna HefiMaHa, Kak, Hampumep, NpPH peIleHHH
ypaBHeHHs1 Ans JAaBjenus (pasf. 3.5), To uTepalMOHHLIA INpolecc
CXOMUTCS OueHb MeAJeHHo. Ecau Ke ypaBHeHHe AJA NaBJCHUA Ke-
JaTeJbHO pelllaTb Ha KaiJAOM liare 1o BPEMEHH, TO NPSAMble Me-
TOAbl OKa3bBaloTesl 6osiee 3(p(eKTUBHBIMH.

PaccMorpeHnHble 3leCb METObl, KOHEUHO, IPHMEHHMBl HE TOJBKO
17151 ypaBHeHHH I/ QYHKLIHH TOKa H JaBJIeHHsS, HO H JJsl IPYTHX
r’HADOJHHAMHYECKHX 3aflay, ONHCHIBAEMHIX ypaBHeHHeMm [lyaccona.
Hanpuwmep, B pabore Posenbayma [1968] npuBemeH pacuer HeBs3-



3.8. I'panuunvie yciosus 213

KOI'O MOTE€HIHAJBbHOI'O TEUEHHA. I/ITepaLU/lOHHble MeTOJAbl IJISI HeJH-
HeﬁHbIX ypaBHeHm"{ JUIHIITHYECKOTO THIIAa paCCManI/IBa.HH aﬁMC
[1965, 1969] u Jluk [1969].

3.3. 'paHuuHbIE yCnOBHA
AR ypaBHEHHA NepeHoca BUXPSA
W ypaBHeHHA A/ (ByHHUHH TOHa

HerpynHo mpeacTaBHTh cefe HEKOTOpble THIBI MPaBAONOLOGHBIX
rPAHUYHBEIX YCJOBHH AJa ¢ H §, HO HONBITKH ONPEeNEJHTh peasbHble
TOUHLIE YCJOBHS, NPHBOASALIME K YCTOHUMBHIM pelieHHSM, MOTYT
0Ka3aTbCs BecbMa HeyJauHBIMH. Dblio o6Hapy:xeHO, UTO aJ€KBAT-
HOCTb JI0GOr0 rPaHUYHOrO YCJOBHSA, ONpEJeJeHHOro MpPH IIOMOLIU
YHCJIEHHBIX 3KCIEPUMEHTOB, MOXKET 3aBHCEThb OT YHcJaa PeliHoJkxca,
Pa3HOCTHHIX CXeM, HCIOJb3yeMblX BO BHYTPCHHHX TOYKaX, APYTHX
rpPaHUYHLIX YCJOBH{, a HHOrJa M OT HAYaJbHHIX YCJ0BHA. MHoro-
YHCAEHHOCTE 3THX (PAKTOPOB 3aTPYAHSET aHAJUTHUECKHe HCCIen0-
BaHHS M OrPDaHHYHBAeT HX NPHUMEHHMOCTb. TeM He MeHee B 3TOM
HalpaBJeHHH H3BecTeH LeJblH psijx pabor; cM., HampuMep, DAIH
[1949], Kuer u Murvean [1967], Kemnbean u Kucr [1968],
I1. Ix. Tetinop [1968, 1969, 1970] u Uen [1968, 1970].

s MHOrux 3azad OTCYTCTBYIOT MaTeMAaTHUECKH CTPOTHe pe-
meHusi, Hawn BeiBoAb B OCHOBHOM GYJYT OCHOBBIBATHCA HAa HHTYH-
L{Y, Ha IKCIIEPUMEHTAX B a’pOoJAMHAMHUECKHX Tpybax H Ha UHCJEH-
HBIX 3KCMepuMeHTaX. DOJABIMHHCTBO UHCJEHHBIX 3KCIEPHMEHTOB IO
HCCJIIOBAHUIO TPAHHUHBIX YCJOBHH OCYLIECTBJSANOCH MPH HOMOLIH
OPOCTBIX [ABYXCJOHHBIX SBHBIX CXeM [J5 YypaBHeHHHI Ilepesoca
BHUXpsSl. 3aMeTHM, UTO H3BEeCTHO HECKOJIbKO cJiyuaeB, KOrja Te e
rpPaHHYHBIE YCJOBHS, B3sIThle B HHBIX CXeMax, MPHBOAAT K HeycTo#-
qBoCcTH. (TepMHH «HEyCTOAUHMBOCTb» HCIIONB3YETCA 374eCh B CMBICJE
OTCYTCTBHS CXOAMMOCTH HTepauuil, a He 0053aTeJbHO B CMBICJE
3KCHOHEHIHAJbHOrO POCTAa OLIHOGKH.) DTH NPHMEPbl MOTYT CJYKHTb
mpefocTepeKeHHeM OT I[pPHMEHEHHS TaKHX CYLIECTBEHHO YaCTHBIX
MeTOJ0B. B naHHOH cBfI3W MBI IpeanaraeM Ha HayaJbHOM 3Tane
MOCTPOEHHST BHIYHCAHTE/BLHOTO aJrOPHTMa ISl OTJAAKH NPOrpaMMBbl
H BbISICHEHHSI YCTOHUHBOCTH CXeMBbl, NIPHMEHSIEMOH BO BHYTPEHHHX
TOUKaX, 6paTb TIPaHHUYHBIE YCJIOBUS, KOTOpPble HMEIOT HAWHHSLIHH
MOPSJOK H SIBJIAIOTCA HauOoJsiee OrPaHHUHTEJbHBIMH. 3aT€M MOMKHO
Gymer nompoGoBaTb TpaHHYHBlE YCJOBHS, HAaKJA[BIBAIOLlHE MCHb-
e OorpaHHyeHHs,

BonbluHCTBO 3a/aBaeMblX 'PAHHUHBIX YCJIOBHH SIBJISIOTCA HJH
ycJaoBUSIMH THna [IupHXJe (3a4aHo 3HadeHHe (DYHKUHH), HJH
ycaousimu tina HefiMana (3agau rpaguent GyHKOHA DO HOpMaJH
K rpaHune). Jlo HacToslero BpeMeHH T'HAPOJAMHAMHYECKHE 3a1ayH
C YCJOBHSIMH CMellaHHoro tuma (ycjosusi PoGOHHA), rae sajgaHa
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AuHefinas KoMOHHalusl 3HaueHWH (GYHKUHMH H HOPMAJbHOH IpOH3-
BoaHOH, He pemanuce. (IlomoGHBIE YCJAOBHS BO3HHMKAIOT B 3ajayax
Telvionepesaun co cBOOGOAHOH KOMBEKLHEH IIpH HCIIOJNb30BaHHH
HBbIOTOHOBCKOTO «3aKOHa» oxaaxjaeHus.) Kemunbenn u Kucr [1968]
NOKa3aJjHd, YTO YCJOBHS 3TOr0 THIA MOTYT NPHBECTH K HEYCTOHYH-
BOCTH B pacueTax ypaBHeHHs AHGOPY3HH H3-3a HAJTHUHA HeOTpaHU-
YeHHBIX peuleHHH y HcXoAHOro AHQGepeHnHaNbHOTO ypaBHEHHS
B 4aCTHBIX NPOH3BOJHLIX, a Kuct u Mutuenn [1967] oGuapyxumu,
YTO pelleHHs] YPaBHEHHH 3JAJHNTHYECKOrO THNA ¢ TaKHMH rpaHHU-
HEIMH YCJOBHSIMH He BCErJa MOKHO MOJYYHUTb NPH NOMOUIM HecTa-
uHoHapHoro mnoiaxoja. Kakue-nu0o HeJuHeHHble I'PaHHYHBIE YCJO-
BHSl, HAallpUMep 3ajJaHHe TpajHeHTa KBaxparta (YHKIHH, TOXKE HH-
KeM H HHKOTJa He HCIOJb30BaJHCh.

3.3.1. O nepBocTeneHHON BaMHOCTH YHCNEHHbLIX
rPaHHYHbIX YCNOBHiA

Oboiknosennoe auddepeHnHalbHOR ypaBHEeHHe IEPBOTO MOPsiiKa
‘dffdx = 0 onpegnensieT pelleHHe 3aJa4H C TOYHOCTBIO A0 aJIUTHB-
HOH MOCTOSIHHOH; IpaHHYHOE YCJOBHEe IO3BOJSIET ONpeAeJHTb 3ITY
nocroannyro. uddepennranbHoe ypaBHEeHHE 8 HQACTHOLX NpPOU3BO0-
Roix mepBoro nopsinzka Of(x,y)/0x =0 paer cpaBHHTeNbHO MaJo
HHbOPMALIUU O pellleHHH; TakoMy AuddepeHnnaibHOMY YpaBHEHHIO
B YaCTHBIX INPOH3BOJAHBIX YHAOBJeTBOpsieT Jiobasg GyHKuuA g(y),
H TpaHHYHBIE YCJIOBHS JOJIKHHL ONpeNeNHTb 3Ty PyrKkyuto. Iudde-
peHnHaapHOe ypaBHeHHe VX = { JeHCTBUTE/NbHO AaeT OYeHb MaJjio
nHdpopmauun o QyHKuuu . Bece MHOroo6pasne TeueHHH Kak rasos,
TaK H XKHJKOCTEH OMUCHIBAETCS pEIIEHUSAMH OJXHHX H TeX Ke Au(-
(epeHIHaNbHBIX YPaBHEeHHH B YaCTHBHIX IPOHM3BOJHLIX, YpaBHeHHH
Hasbe — Crokca. Pasznuunble TeueHnus (T. e, pelleHHs) OTJIHYAIOTCSA
TOJIbKO TPAHUYHBIMH H HauyaJbHBIMH YCJIOBHSIMH, a8 TaKxke napaMer-
paMu TeueHHs, TaKHMH, Kak uHciao PelfiHonbaca Re.

IToaTOMY He YAMBUTEJbHO, YTO 3ajJlaHHe UYHCJIEHHBIX I'PAHHYHBIX
YCJIOBHH OKa3BIBAET CYIIECTBEHHOE BJIHAHHUE He TOJbKO Ha yCToHuH-
BOCTb, HO H HA TOYHOCTb peHIeHHs KOHEeYHO-Pa3HOCTHOrO ypaBHe-
Husa. Crenyer yAHUBJSATBCS [IPYroMy: HMOYEMY BaxHOCTb 3THX VCJO-
BUll He OblJa IIMPOKO INpH3HAHA B TeYeHHe MHOTHX JeT (M, BO3-
MOKHO, HeJlOOLEHHBaeTCs Jaxe B Hacrosllee BpeMs). Puuapncon
‘[1910] BHmosHe oNpejesieHHO OXapaKTEPH30BajJ BaXHOCTb I'PaHHY-
HBIX YCJAOBHH, HO B NOCJeAYyOUIHEe rofn B HoJbIIHHCTBEe paboT BHH-
MaHHe YIeJsJOCh Pa3HOCTHBIM CXeMaM BO BHYTPEHHHX TOYKaXx.
Oxanofi u3 BO3MOMXKHBIX INpPUYUH 3TOr0 OBJIO TO, YTO OCHOBHOE
BHHMaHHE TOTJa YZAEJAJOCh 3aJauaM TelJONPOBOAHOCTH, B KOTO-
pHIX TpaHHYHBIE YCJOBHSl, KaK MpPABHJO, HPOCTH H OJHO3HAYHHL.
Hpyro#t npuuuHOR O6BINO OTCYTCTBHE pealbHON BO3MOXKHOCTH YHC-
JIEHHBIX SKCIEpHMEHTOB C pa3JIHYHLIMH TPaHHYHBIMH YCJIOBHSMH
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IO TeX NOp, MOKa B NOBCEJHEBHYIO NMpPAKTHKY HE BOLIJIH 3JEKTPOH-
Hble BBIUHCJIHTE/NbHBIE MALIHHBL '),

[TepBrie paGoThl MO H3YUeHHIO IPAHHYHBIX YCJOBHE (IO pacueros
Ha 2JIeKTPOHHBIX BbIUHCJHTENbHBIX MalIHHAX) ObLIM BHINOJHEHD!
CaycBeanom [1946], Aanenom u Cayceasom [1955], Tomom
u Aneasrom [1961]. IMocne mnosisnenus IBM opHoH W3 mepBbIX
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Puc. 3.22. T'pauuner pacuetHolt oSaacTu B 3ajgaue 06 o6TeKaHuH 06paTHOrO ycryna.

B | — oceas nunua (nuHHA cUMMeTpHH), B 2 — HaBeTpeHnas uacTb TBEpAOH NO-

BepXHOCTH, B 3 — BepxHss rpanuna, B 4 — BxoxgHaa rpanuna noroka, B 5 — ocHo-
BaHHe ycTyna, B 6 — BHIXOAHAd rpaHHuiia MOTOKA.

pa6oT MO H3YUeHHIO pa3JHUHLIX THIOB TPaHHYHBIX YCJIOBUI Ha
KOHEUHOH pacueTHOH ceTke Onsa pabGora Tomana u IleBunka
[1966]. Cratbu Uena [1968, 1970] u Mopertu [19686], xots
H 4acTO OTpa’kalollHe TMPOTHBOTIOJNOXKHBIE TOUKH 3DEHHs, elle pas
MOAYEPKHYJU BaXKHOCTb TPaHHYHBIX ycaoBHH. B uactHoctn, Uen
[1970], npoBoas uMCJEHHbIE 3IKCIEPUMEHTH ¢ ypaBHeHHeM Dbiop-
repca, mMokasaJ, YTO CXeMbl BBICUIMX MOPSIAKOB Aal0T MeHee TOUHble
pe3yJbTaThl, YeM CXeMbl [epBOrO MNOPSAKa INPH CeTOUHBIX 4HCJIaX
Peitnonbaca Re, > |, HMeHHO H3-3a TpaHHYNBIX YCJOBHH H 4YTO
OMIMOKH Ha TpaHHIAX MOrYT BABOE IMpeBbIIATb OMHOKH aNIpoK-

1y Kasarytu [1953] paccuntast Ha MeXaHHYecKOll HAaCTOIbHOM BbIYHC/HTE/b-
HOM MalllMHe OQHO-CAMHCTBeHHOE pellleHHe 3a1ayH 06 OGTEKaHHH KPYroBOro IIH-
auuapa npu Re = 40, paGoraa mo 20 uacoB B HeleMi0 B TeueHHe MOJIyTOpa Jer.
Bpax s moxuHO 6b0 6B OXHZATL, 4TOOL OH TOBTOPUA pPAaCUETH /A TOTO,
yTO6Ll ONPO6GOBATL TPH PA3MHYHBIX BHIA TPAHHYHBIX YCJOBHA B BLIXOIHOM Ceue-
HHM [0TOKa, TPaHHYHbIe YCJAOBHS NEPBOrO H BTOPOTO MOPAAKA [/ BHXpA HA
TOBEPXHOCTH Tena u T. 0,
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CHMalH¥ BO BHYTPEHHHX ToYkKax. B arofi ke pabore Gbljio oTMe-
YeHO, YTO CYIUIECTBEHHOE pas3jiHyMe Pe3YJbTATOB, NOJYUeHHBIX HleH-
cenoM [1959] u Tlamuaeunem c coaBropamu [1967] npu pemtennu
3agaun 00 oOTeKaHMHM UHJHHApPA BA3KUM [OTOKOM, OOYCJIOBJIEHO
HMeHHO omKHOKaMH Ha TPAHHIAX U YTO 3TH OMWUOKH COXpaHSIOTCH
naxe npu Ax—>0. Tagum ofpasoM, npeacrabjsercs, 4YTO IpaHHY-
Hble YCJOBHSI B HEKOTOPBHIX OTHOUIEHHSIX HIPAT TIJaBHYIO pOJb
B BHIUHCJIHTENLHOH THAPOAMHAMHUKE.

VIMEeHHO 3TH acnekTH, CBSI3aHHbIE C TOCTAHOBKOH TPaHHUHBIX
YCJIOBHH B BBLIUHCJAUTEJNLHOH THAPOAHHAMHKeE, TpebYIOT MOMJHHHOH
APTHCTHYHOCTH CIELHAJHCTOB, KOTOPLIX 3a Hee HHOrAa OGBHHSIOT
B NpHMEHEHHH 3HAXAPCKHX NPHEMOB.

O6cynuM rpaHHYHble YCJAOBHS Ha NpHMepe NJOCKOH 3agaud o6
06TeKaKHH NPSIMOYToJbLHOrO 06paTHOro yCTyna, u3obpakeHHOro Ha
puc. 3.22, rae npeAcTaB/eHbl BCe THIBl FPaHHL, NPHCYLIHe COCTaB-
JIEHHOH H3 NpSIMOYTOJBHHKOB obgacth. (KpuBoJHHeHHble TI'paHHIbI
H COOTBETCTBYIOUIHe ceTKH OyAyT paccMaTpuBaThess B 1. 6.)
K 3TOMy pHCyHKY Mbl OyleM NOCTOSHHO ofpaliaTbCsi B 3TOM pas-
Jene, a Takxe ¥ B IM. 6. Unrarteqio cTOHJO Obl 3arHyTb 37eCh
YTOJIOK CTPaHUIBl HJIH NOJOXHTDL 3aKJalKy.

3.3.2. CreHxa B pacuyeTHON CeTHe NMepBOro TUna

- Teepnas crenka, o603nayenHasi Ha pHuc. 3.22 uepe3a B2, coor-
BETCTBYET HaBeTPEHHOH 4acCTH TBEpAOH MOBEepXHOCTH, a B 5 — ocHo-
BawHio ycryna. Ha pacueTHo#i ceTKe mepBoro THna sHaueHHs (yHK-
nuf ¢ u T OYAYT onpeaesaThCs B Y3JaX, PACHOJOXKEHHBIX BAOJbL
3THX CTEHOK.

Tax kaxk aunus B2—B5— B 1 siBasercs aunueit Toka'!), Ha
Hell MOXKHO NpPHHATh JM000e NOCTOSHHOe 3HayeHHe P (OOBIUHO IO-
aarator P = 0).

OcobenHHO BaxkKHO OlLpeJe/HTb 3HAUEHHS BHXPS Ha CTeHKe. YpaB-
HeHHe (2.12) nepeHoca BHXpPS ONHCBHIBAET PaCHpOCTpPaHEeHHE BUXPH
3a cueT KOHBEKUHH H AH(PPY3uH, HO BUXph { 3apoxdaercs He BO
BHYTPEHHHX TOUYKaX, a Ha IpaHHlax, rje CTaBHTCS YCJIOBHE NPHJIH-
nanud. Mmenno auddysus u nocneayomas KOHBEKLUHS 3TOrO BO3-
HUKILIEro Ha CTeHKe BHXDPA (PaKTHUECKH ONpefenseT ColdepXKaHne 3a-
naud. Hekorophie paHee BhINOJHeHHBE reo(hH3HYeCKHe pacyeThl
OblH HEBEDHBIMH, TAK KaK B HMX 3HAUeHHUs { Ha CTEHKE Onpenesis-
JIHCH C TOMOLUBIO SKCTPANOJIALHH, UTO He HMENO HHUero obiero ¢
¢dusHKoft 3anaun ?).

1) Ecin Heo6XOAMMO MOJeHpOBAaTh HPOHHLAEMYIO CTeHKY, HalpuMep Ha
OCHOBAHHH YCTYNa, TO CKOPOCTb ¥ BJOJbL OCHOBAHHS MOXeT GbITh 3ajaHa B BHJe
u = [(y). Torna P MOKHO ONpenenTh HHTECPUPOBaHHEM ypaBHeHUs Oy/0y=Ff(y)
BAOJb OCHOBaHHS OT yrJoBo# Toukd C; cM. 3aMeualust B pasi. 3.3.6

2) C. A. Tluauek (JHyHOE coOOGlleHHe).
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3HayeHHe BHXpSA HA CTeHKe NOJAYYaeTcsl M3 YCJAOBHA TNpHAHNA-
Hus. B kauecTBe mpHMepa paccMmOoTpUM rpaHuny B2 u sanumem
pasJoxeHue P, ,-c+1 B DS Teﬁnopa B OKPECTHOCTH TOYKH (i, jc):

"~pt je+l — lP, Jc+ dy l 2 6y i,]CA!/Q_’_
1

+3 Z “’ LA o@y). (3434

Ho 0v/dy|ijc=uijc=0 B cuay YycioBHf NDUJHNAHHs, 4
0p/0y?| i, jc = O0u/dy|i, jc; Kpome Toro, § = du/0y— dv/dx. Tlo-
ckoabKy v = const (1. e. v =0) BAOJb CTeHKH, 0v/0X|; jc=0.
Takum oGpasom, du/dy|i, jc = Ti je. [lopcTaBasis 3TH BBIpaXKeHHS
B (3.434) u paspemasgs OTHOCHTENBHO i jc C YYETOM YCJOBUSA
Pi, je = 0, moayuaem &; jc = 2, je+1/Ay? + O (Ay). HesaBucumo or
OpHEHTALMH CTeHKH H OT 3HAYeHHs 1 HA [PaHUIE MOKHO 3alHCaATh

o= zw_wz_;rm + 0(An), (3.435a)

rie An-—paccrosHHe NO HOpPMAJH K CTeHKe OT Ouauxafrei
K CTeHKe y3/10BOH TOUKH @ + 1 10 ee MPOEKIMU @ HA CTEHKY.

Takoe ycsioBHe NepBOTO NMOpsiAKa OBIIO BHEPBbIE IIPENIONKEHO
B 1928 r. B paGore Toma [1928, 1933] u HPOKO HCHOJB3YyeTCS 10
HaCTOSIIEro BpeMeHH. DTO YCJOBHE OYeHb HaJeXKHO H 4acTo NpH-
BOJAUT K pe3y/bTaTaM, AOCTATOYHO XODOLIO COIJIACYIOLIUMCS C pe-
3yJbTaTAMH, NOJYYeHHbIMH NPH NOMOIIM (GOpPM BBICIIHX MOPSIKOB
IPaHHYHOTO YCJOBHA A5 BUXDS!); CM., HAampuMmep, KCHEpHMEHTH
diua, onucaHHble B pabore [Tupcona [1965a].

Kak Oblo yKasaHo B TN 2, aJbTepPHaTHBHOE OINpejesieHHe
BHXDA B Buje {' = —f = —du/dy + 0v/dx He meHser dopmy ypas-
HeHHs INepeHoca BUXps. Ho mpu 3TOM NpHHATHIH 3HAK <«BOHmET»
B pacyeT NepeHoca BHUXPS uepe3 I'DaHHUHBIE YCJIOBHS, H aHAJOrOM
cooTHomlenus {3.435a) 6yner

14 2 w w
g, =~ 2eti o ¥e) 4 ) (3.4356)
Coxpanss B pasjoxeHud (3.434) unens mopaika Ay®, Byac
[1954] npennoxua dbopmysay BTOPOro mopsfika TOYHOCTH [Jf rpa-
HHYHOTO YCJIOBHSI AJf BUXPS Ha TBepuofi crenke. [Juddepennupys
BHIpazKeHHe, onpenenmomee BHXPb, MOJNyYaeM
8y __ du % Fp d dv

By~ dyt dyox 0y ox dy " (3.436)

') B camom pene, anas npoduas DBaasuyca B morpaHHYHOM CJloe Ha CTeHKe
0%p/dy? = 0%u/dy? = 0; uHCJeHHBle pacyeTH I[OKA3LHBAIOT, YTO B 3TOM cJjydae
pasHocTHBIe GOPMYJb NEPBOrO NOPsSAKA NPHBOAAT K Gojlee TOYHBIM Pe3yJbTaTaMm,
4eM pasHoCTHble QOpPMyJbl BTOPOrO MOPSAKA.
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W3 ypaBHeHus HepaspwisHocTH (2.3) HMeeM 0v/0y = —Ou/0x.
YuursiBast 3T0 H 3anHcbiBag (3.436) Ha cTeHKe, HAXOAUM
L] % 0%u
Oy lw 9y°® |w 9x? |y (3.437)

Bropoit unen 0%u/0x?|y, paBen HYJNIO B CHJY YCJOBHS IPHJIHNAHHA
(4 = const = 0). Unen 0f/0y|, BwUHCAsSETCS 11O CXeMe ¢ pasHo-
CTAMH Has3aj, UMelollell nepBblfl MOPSALOK TOUHOCTH:

9%
y3

9L =M+O(Ay)= -

9y lw Ay

(3.438)

[ToxcraBuB 3To BbipameHHe Aas 0%/0y®|. B ypaBHenue (3.434)
H PaspellidB OTHOCUTENbHO Ly, MOJYUHM YcjoBHe Bynca AJs BUXDA
Ha CTeHKe: .
fo = et Vel _Cp i r 0@ (3.439)

YcnoBue Byaca ¢ ycmexom ucnoas3oBaa Pacceasn [1963];
cM. Takxke pabotnl Jlecrepa [1961] u Maiikaa [1966]. Xbin 1 Ma-
KaHO [1966]) HesaBucuMO BbIBesu yciaoBHe (3.439) u npuUMeHHJH
ero AJ4 pacuera TeueHHH npH ymepensnix uncaax Re (Re & 300);
aHAJOTHYHOE YCJ0BHe ObIJIO MOJYUeHO H aBTOpPOM 3TOR KHHrH. Teo-
petuueckne pacuern I1. k. Tedinopa [1968] ykasanu nHa BO3MOMK-
HYIO HeyCTOHUHBOCThH, CBA3AHHYIO C 3THM YCJOBHEM, IPH GOJBUIHX
ceTOUHBIX 4Hcaax Pefinodbaca. B xonme 4HC/IeHHOro 3KCIepHMEHTa
Panyen ¢ coasropamu [1969] cHOBa He3aBHCHMO NPHILIH K YCJO-
BUIO (3.439). -Mcnoab3ys HTepallHOHHBIe MeTOABl AJf pacdera cTa-
HUOHAPHBIX TeueHuil, onu (Pasuen ¢ coasropamu [1969]) o6Ha-
PY3KHJH, 4TO JaHHAs (opMa IpaHHYHOTO YCJOBHS BTOPOTO NOPSAKa,
BEPOSITHO, MPUBOAHMT K PACXOAUMOCTH, 0COOGeHHO npH Goabinux Re
M IpH nepeMenHbix Ay.

®opmyay BTOPOro Nnopsijaka Ajs {p B OCECHMMETPHUHOM CJydae
ouenuBaqu Jliorr 1 Pumon [1970], cpaBHHB ee ¢ TOUHBIM pelieHHEM
8ajaqn 06 oOTeKaHHH CINIIGCHYTOTO 3JJIHTICOMAA BpaIleHHs; K co-
JKaJIeHHIO, 3TO pellleHHe NpPUrofHo Tojbko npH Re == 0. Onu pac-
CMOTpeJIH BHIpaKeHHe, BKJOUAOLIee HeCTaUUOHAPHBIHA YaeH d(w/d!.
3amHcaHHOE 4epe3 JIOKaJbHHH pPajuyC KPHUBH3HBL fc, 3TO BHIpaMKe-
HHUe MMeeT cJeiyloluil BUA:

3Yw+1/Ay> — folw i1t /o4 Ay? Re 0%w/dt 2
= A . .
o t—ay/(2r,) +3 ag*/(8r2) + O (AyY). (3.440)

IIpu r.—> oo mnojayuaercd ycJ0BHe, COOTBETCTBYlollee OOTEKaHHIO
IJIOCKOH TIJIACTHHKH M OTBewalomlee yciaoBHio Byaca (3.439) c zo-
GaBJjeHneM HecTauuonapHoro usiena. Jaycon u Mapkyc [1970]
YCTAHOBHJIM, YTO HeCTALHOHADPHLIA 4ieH 0(,/0f B ycaoBuu (3.440)
«BeCbMa CHJbHO CHHXKAeT yCTOHYHBOCTb M HOJKeH OLITb Onylleli».
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Hau6onee uacto ucnonnsyeMas popMysaa BTOPOro Nopsika Tou-
HOCTH AJISl TPAHHUHOTO YCJOBHSI AJSl BHXPS Obljla BIEepBHE INpef-
goxena Mencenom [1959], a mnosmuee ITupconom [1965a]. Ira
¢dopMmysa mosydaercss annpokcuMauueii 3HadeHHH Y B OKPECTHOCTH
CTEHKH IOJHHOMOM TpPeTbero Mopsiaka C yCJOBHeM O0Y/0y|y =
= Uy == 0 u uMeer BuA (cM. Takxe Bpuau [1970])

gy = et Nen = leir 4 o (). (3.441)

Aty dopMmyny mosxe npuMmeHanun Yuakc u Yepuuan [1966] mas
peleHnsl 3ajaud o CBOGONHOA KOHBEeKUMH NpH MaJjoM uucae [pac-
rodpa, Ho korma Camioenc u Yepuuan [1967] mnponoskumu 3TH
pacueTsl, OHH OOGHApYyXHJH, UTO pellleHHe HEYCTOHUHBO, W BepHY-
JHUCh K YCJIOBHIO MEPBOTO NOPSAKA TOYHOCTH (3.435). BeposiTHo, npH
O66abmux uxcaax PefiHonbaca pacuersl Wencena [1959] rtakixe
O6plin 6b1 HeycroHumBbel. Pacuers: Toppanca [1968] wu pacuern
Bao u [orepru [1969], B KOTOpLIX HCIOJL30BAJNOCh YCJIOBHE
(3.441), ToKe OTPAHUUYHBAJHCL YMepeHHLIMH unciaaMu PeliHonbica;
cM. Takxke padors CaycBenna [1946], ITapuca n Yurekepa [1965].
B nanpHefilieM NpH CpaBHEHHH pelleHHs] OCECHMMETPHYHOH 3ajauu
0 BpallalwIleMcs UHJIHHAPE C TOUYHLIM pellleHHeM B OJHOMEpPHOM
cnyuae DBépmean  [1969] obmapyxua, uro ¢opmyna FHencena
(3.441) naxe B cayyae, KOrja OHa YCTOHUHBA, NPHBOAHT B [eil-
CTBHTEJbHOCTH K MeHee TOUHLIM Pe3yJabTaTaM, YeM yCJOBHe MEePBOTO
nopsankaly.

Jlo mocnefHero BpeMeHH OBLIO IIHPOKO PACIPOCTPAHEHO MHEHHe
(mpeapaccyok?), UTO HeyCTOHUHBOCTL yc/1oBHA (3.441) Kak-To CBs-
3aHa ¢ TeM (akKToOM, YTO B HEM HCIOJb3yeTcsd HHGbOpPMaUHs H3
TOYKH © - 2, a TAKHe CXeMbl CUHTAJHCL OOpeYeHHBIMH Ha Heyjpauy.
B paGore Bpuau [1970], BHeculeff B 3TOT BONpPOC SCHOCTb, OBLIO
J0Ka3aHo, UTO 3TO MHeHHe HeBepHO. Dpusn OTMeTHJ, 4TO IpeacTaB-
JeHHe Y B BHIe MHOro4JeHa IpPH BHBOAe ycaoBHA (3.441) He
corJiacyercsl ¢ onpejesiedieM 4 = 0¢/0y B TOUKe @ -+ 1, ecsn moJb-
30BaThCs IEHTPAJbHBIMH Pa3HOCTAMH; TpeOOBaHHE COIJIAacOBaHHO-
CTH 37leCh NPHBOJHUT K HeOGXOAMMOCTH HCIOJb30BAaTh AJs ONpeje-
JeHUsT 4 CJeAyIOUIYI CclenuatbHylo (GopMyay (TOJBKO B TOUKe

w+1):

Uyy1 =

S| =5%et4Pusi + Yuie 0
8y lws1 4Ay + 0. (3.442)

Ecau 3ty ¢opMysny npuMeHsTb BMecTe C ycaoBHeM (3.441), To
pacueThl, NpoBeJeHHble N0 HesIBHOH CXeMe MeTOJa YepelylollHXcs

1) Bépucau [1969] ycranoBuj, uro Haumyume® (opMyJsiod, COBMeCTHMO# c
rn06aNbHbIM COXpaHeHHeM (H3HUECKHX BEJHUHH B OCECHMMETPHYHOM cJaydae, siB-
asiercst Bupaxenue & == (27 — V)ps—1/[(/ — 1)Ar?], rae r = JAr — makcumaun-
Hujt paguyc. Ipn Gonbiuux J (r — co) 3TO ycJOBHe NEPEXOAUT B YCIOBHe (3.439).
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HanpaBJeHHH, OKa3blBAalOTCA YCTOHYMBLIMH Jake MpPH OGOJbIIHX
ypcnax Peftnonsaca. (KoHeuno, AeHCTBHTENIBHO pasyMHOM CBSI3H
MeXAy YCTOMYMBOCTBIO M <COIVIACOBAHHOCTBIO» HeT, TpHueM Halle
00BLACHeHHe HeYCTOHYHBOCTH MO-TIpeXKHeMy He 0Oojlee 4eM YIIOMH-
HaBLIHiics Bulmle Tpeapaccynok. [lo MHenuio Bpuau, mbl, BoO3-
MOKHO, TPOCTO 3aMeHsIeM HeCcOorJIaCOBAHHHIH MNpeApacCyloK cora-
coBaHHBIM.) DBpuau naxxe BbiBeJ GOpMyJy IJf CPAaHHYHOTO YCJO-
BHSl, OCHOBaHHYI0 Ha HHTEPIOJALHOHHOM MHoroujeHe Jlarpanxa
YeTBEPTOro NOpsaKa:

Ly = — 85y + 10811Jw-i1-é A—y;?74113w+2 + 4Pw+3 +O0(Ap). (3.443)

Inst cormacoBaHHOCTH 37ech Tpebyercs, 4ToOBl CKODOCTH B [BYX
TOYKaX BOJM3M CTEHKH BBIUHCJSIMCHL MO 0CcoBbIM dopMyaam

o= et e b bt Yoty L 0 (M), (3.444)
ligy= Pe = Blen L Cbute £ 0t 4 0 (A, (3.4446)

H, KpoMe Toro, uto6el unen 0%p/dy? B ypaBuenun Ilyaccona 6uu1
npeacTaBied B BHJE

82 29w — 54Py+1 + 27TPw+2 — 2Vw+3

__6;1; = @ i v 2, (3.445a)
o? 11 — 27Vw+2 + 169y
S | = et ks (3.4456)

Stu GopMyan Takxke ycTOHYHBH Npu Goabmwiux Re. 3Hauenue Cy,
noJyueHHoe mo ¢opmyde (3.443), oueHb Majo OTJAHYAETCS OT 3HA-
YyeHUd, MOJydYeHHOro no yeaoBuio MeHcena (3.441), Tak Kak nmoJHas
omrn6Ka amipokcHMaluu NpH 3ToM He MeHsetcss (Bpuau [1970]).
Ho B HesABHOH cxeMe MeTOAa uyepelyIOIIHXCS HalpaBJeHHH uTepa-
uud agas A+t (cM. pasa. 3.1.16) cxomsarcs GpicTpee, MOXKHO MPOBO-

JHTb PacueTH ¢ GOJbIIMMH BeJHYHHAMH LIATOB O BpeMeHH, a CyM-
MapHOe MalUlHHHOe BpeMs coKpalnaercs BaBoe. OfHaKo nporpamma
CTAHOBHTCS CJIOXKHee, TaK Kak ¢opmyasl (3.445) npu pewennu
ypaBHenus Ilyaccona c¢ noMombio HesIBHOH cXeMbl MeTona uepe-
LYIOLINXCA HanpaBJjeHH#l NPUBOAST K NOSIBJEHWMIO YJEHOB B y3Jax,
OTCTOAIINUX OT I'paHHIbl 6oJlee yeM Ha OJAHH LIAar; TaKUM 0o6pasoM,
paclielJieHHEe 10 BpeMeHH HesdBHBIE Pas3HOCTHHE YypaBHEHHA
BJIONL y B HeSIBHOH CXeMe MeTojla 4epedyloluxcs HanpaBjaenuil He
OyayT TpexXAmMaroHajbHbIMH. JIast TOro 4toOBl HCKJIOUHTH 3Ty
JOTIONIHUTEJNbHYIO HeABHOCTL B TouKax w41 u w-+2, Bpuan
[1970] mpuMeHsln mnpocTyio MOAMGMDUKAUMIO METOAA MCKJIOUYEHHS
laycca. Moxer okasaTbcsl, uro ycaosHs (3.445) mnpensitcTBYIOT
€XOLHMOCTH TpH pelleHuH ypaBHeHns Ilyaccoma mertogom mnocie-
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JOBaTeJbHOA BepXHell pesakcagHH H OrPAHHUHBAIOT BO3MOXKHOCTDH
HCIIOJIb30BAaHUS] MHOTHX MNpsIMBIX MeTOAcB. (MeTox pacuera pac-
NPOCTPaHEHHS BeKTOpa OWIHMOKH, pacCMOTPeHHBIH B pasf. 3.2.8,
MO HCIOJIb30BAThCS NPH 00X0Je Y3J0BBIX TOUEK B HANpaBJEHHH X.)

Puc. 3.23. OnpenencHre 3HAa4YeHHS BHXPs Ha CTEHKe, He NapajjenbHOll OCH X,
@ — DPOH3BOJILHBIA YroJ HaK/JOHA CTeHKH Oy, 6 — yros HaKJIOHA CTeHKH 04 = 45°,

Ina caydas HaKJOHHOH CTeHKH, HpoxojisimeH no auHaroHafu
yepe3 siuedKH CeTKH, KakK [0OKa3aHo Ha puc. 3.23, 3HaueHUe BHUXPA
Ha CTEHKe MOXHO Ha#TH IpH noMolld (HOPMYJbl IEPBOro MOpsAKa
TouHocTH (3.435) caenywoomum o6pa3oM. 3HaueHHs Ha CTEHKe
B TOUKaX Wa, Ws, W, HE SABJSIOMIHXCA Y3JaMH CETKH, HAaXOAATCS
TaK:

2 (wa - ‘lpw
Cw, = _Ta}, (3.4462)

Ax?

An?=(Ay cos 0, = Trpe

(3.4460)
rae P = Ax/Ay — OTHOLleHHe IDAroB CeTKH. AHAJIOTHYHO BHIYHC-
agores &y, U Ly, [lanee HHTEpMNOJSLHEH BAOJL CTEHKH OMpeje-
JAIOTCA 3HaueHHs { Ha CTeHKe B y3Jax @), Wp, Ws. IJTOT CIOCOO
ycrofuuB u, mo-BuAuMOMY, Touen (KemnOeasn u Mioanep [1968]).
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B yacTHOM Ciaydae, KOTJa yroJ HaK/JOHA CTEHKH paBeH 45° (B = 1),
118 ToukH (iw, jw), u3obpaxeHHoHd Ha puc. 3.23,6, monyyaercs

2 w— + — 2%,y
giw_ jw—_— (’qu 1, fw 'qJZZ, Jw+1 'qJ y]w) , (3.447)

rae A =Ax= Ay (OJlupn u Mrioaaep [1969])!). Takoit crnoco6
OKa3bIBAeTCs TOUHee, ueM pacuer 1o dopmyne

Piw—t, jo+1 — V1w, jo

Ciw. jw = A2 , (3.448)

TaKk Kak 3HayeHus 1, BXojsulve B Boipaxkexue (3.448), Gepyrcs
B y3Jlax, pacloJoXeHHbIX JaJblle OT CTEHKH, UYeM y3Jbl, B KOTOPbIX
GepyTcsl 3HaueHHs ¢, BXoasiue B (3.447).

[Ipn paccMoTpeHHH ypaBHeHHH JBHIKeHHs BSI3KOH XHIKOCTH
MOXKeT GBIThb NOJIE3HO TaKXKe MOAeJHPOBAHHE YCJOBHS CKOJbLXKEHUS
Ha CTeHKe. B 3ToM cayuyae mpexmoJaraercs, UTo TOJLIHHA MOrpa-
HHYHOTO CJIOSl MeHblle, ueM BeJHyHHA Ay. DTO yCJOBHE 3BPUCTH-
YeCKH MOXKHO MOJEJHPOBATh C MOMOLILIO YCJOBHSI CKOJbXEHHS Ha
CTEHKe, KakK 3T0 fejaercss W B pasf. 3.3.5. Ha creHke 3agmaercs
3HaueHHe P, 4 BUXPb NogyuaeTcs ¥3 ycaoBus Hefimana

lw= Cw+1- (3449)

CnpaBeIHBOCTb TAKOTO MOAXOAA He JHoKazaHa. B atom cayuae
HEJb3st MOJNYUHTb MaTeMaTHUECKH «COTVIaCOBAHHYIO» CHCTEMY ypaB-
HeHHH, MOCKOJbKY TOJIIHMHA TOTPaHUUHOTO CJOS HE MOXKET OcTa-
paThcs MeHblie Ay npu Ay — 0. OnHAKO NpeacTaB/seTcs, YTO TaKoe
ycaoBHe ofeclieynBaeT pasyMHOe (pH3HUecKoe NpHOJHKeHHe.

CuneyeT OTMETHTb, UTO NPH pacueTe TE4eHUA HEBA3KOU wudKO-
CTU HeJoCTAaTOYHO (OpMaNbHO MOJOXKHTh 1/Re =0 B ypaBHeHHH
nepeHoca BUXPSA; HeOOXOAMMO TaKXKe IPHMEHSITb 2PAHUYHOE [CAO-
8ue cxoavienus. B neHCTBHTENBHOCTH mnocjefnHee 6oJee BaxKHO,
yeM mpoctoe mnpexanosoxenue 1/Re = 0. HM3BecTHO, 4TO Teuenus
HEBSI3KOH JKHAKOCTH MOXKHO JOCTaTOYHO XOPOMIO MOJEJHPOBATDH
naxe TPH TaKHX MaJblX uHcaax Re, kak 300, ecau craruTcs rpa-
HuuHOe ycgaoBHe cKoabxenusi (Kenmep [1970a]). M3 ypaBHenus
(2.12) nerxo BHAETb, YTO AJs Te€UeHHs HEBA3KOH XHIKOCTH §, Kak
1., TMOCTOSHHO BAOJb J1060# CTAallUOHAPHOH JHHHU TOKa, BKAIOYAH
CTEHKY C YCJIOBHEM CKOJIbXXeHH$ Ha HeH, MOCKOJbKY B 3TOM TeueHHH
Dt/Dt = 0. TakuMm o6pasom, [Js TeUCHHSA HEBA3KOH KHIKOCTH
yCJOBHEe HA CTeHKe [y, = const siBisieTcs KOPPEKTHHIM TpaHHUIIbIM
ycloBHeM (KOHCTaHTa OIlpejessieTcsl H3 YCJIOBHA B Haberaouiem
IOTOKE).

'} AnanoruuHyo MpolUenypy, HCIOJBL3YIOUYO ONEepaTop, NOCTPOSHHHA Ha
MATHTOYCUHOM JHATOHAMBHOM maGaoHe (cM. pasa. 3.2.10), moxuo HafiTw B KHure
Toma u Anejora [1961, c. 126].
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Heo6xoauMo cpefiaTh 3aMeuaHue O BO3MOMKHOH IHepeornpejeseH-
HOCTH TPaHHYHBIX yCJOBHH. [/l HPOCTOTHI PACCMOTPHM HEKOTOpOe
TeyeHHe B 3aMKHYTOH IOJIOCTH, 8Ce CTEHKH KOTOPOH HelOJBHXKHDI.
Ecau cTeHKH, NapaJjjielbHble OCH X, HeIIPOHHL@eMbl H HA HHX YHOB-
JIETBOPSIETCSl YCJOBHE NPHJAHMNAHHA, TO HAa HHX u=0 n v=0.
3anucLiBasg 3TH YC/A0BHS depe3 (YHKLHIO TOKA P, NPHXOJHM K cJje-
JYIOUIUM COOTHOIUeHHAM: 0Y/0x = —u = 0, oTKyAa noJyiaeM, 4To
P = const (ckaxem 0) BRosb CTeHKH H 0¢/0y = u == 0 10 HOp-
MaJn K creHke. Ecan paccmartpuBath oduo ypashenue Ilyaccona
VX = ¢, TO Ka¥[0€e M3 3THX ABYX YCJIOBHH SIBUTCH AOCTATOUHBIM
TPAHHYHBIM YCJOBHEM [J8 HaXoxKjeHHs pewieHHsi. O4eBHAHO, LJs
ypaBuenus [lyaccona Hesb3s 6paTb oba yC/aOBHsS OJHOBPEMEHHO,
TaKk Kax 3TO JeJjaeT 3ajauy . nepeonpenesensoll. Ho ycaosus
P = 0 He M0CTAaTOYHO AJA TOro, YToObl ONpelesUTb 8uxpb [, Ha
CTeHKe; 31ech, KaK U mpu BbeiBoge Qopmyn (3.435a) nau (3.439),
HeOOXOAHNMO TaKXKe HCIOJIL30BATL yeaoBHe 01 /0y|» = 0. Tloatomy
3a HeHMMEHHEM HHOTO TPAaHHYHOTO YCJOBHS AJS BHXPSl { HCHOJb-
3yercs TpajHeHTHOoe YCJaoBHe O0P/Jy|o =0, a ycaoBHe Vp =10
Geperca Anas ypaBHenus Ilyaccona ans . DT0 eJuUHCTEEHHO Tipa-
BHJIbHOE pacnpefesneHne JaHHbIX ycaoBuf. (CM. Takxe 3agauy 3.27.)

Heckoabko cMyuiaer 1o o6CTOATENHLCTBO, UTO YHCJEHHOE pelile-
HHe Jas ¢ He ynoBJaerBopseT!) ycaoBHIO O¢/Sy = (Puwy; —
— Yw)/Ay = 0. DTOT napamokc BO3HHKAaeT H3-3a TOrO, 4TO JJISi
8¢/8y|» ucmonbayercsi dopmysa NEpPBOro MOpSiAKa TOYHOCTH, B TO
BpeM$l KaK pelleHHE MOJHOI'O YpaBHEHHS HUIETCS CO BTOPHIM IOpsiJ-
KOM TouHOCTH. EcsiH BMecTO cHCTeMBl ABYX YpaBHEHHH BTOpOrO
nopaaka (4J1s ¢ u §) paccMaTpHBaTh OLHO yYpaBHEHHE UYeTBEPTOrO
nopsaaka AJs ¢, TO IJs KOHEUHO-PA3HOCTHOTO ypaBHEHHs MNOTpe-
6yiorcst H OyAyT yAOBJAETBOPATLCS 062 yCJOBHA A1 Yo H OP/0Y|w.
Takum 06pasoM, MoOKeT MOKa3aTbCsd, UTO peLieHHe OAHOTO ypaBHe-
HHSi 4eTBepTOro nopsaka Oyier OoJiee TOUHBIM, MO KpafiHell Mepe
B OTHOLICHHH TPAaHHUHHIX YcJ0BHHA. OnHAKO [POH3BOJHbIE YeTBep-
TOrO MOPsiJIKa MO MPOCTPAHCTBEHHLIM MEPEeMEHHBIM 8 OKPEeCTHOCTU
CTeHKH HeOoOXOJHMO aNNpOKCHMHPOBATH HEIEHTPaJbHBIMH pasHo-
CTSIMH, ¥ TOTAa MOJIyUeHHblE pa3HOCTHBIE GOPMYJL He GYAYT COOT-
BETCTBOBATb BLIPAXKEHHIO 8¢/8y|w = (Vw1 — Vo) /Ay; 3HAUUT, AaXKe
NpH KOHEUHO-PA3HOCTHOM [IpeJCTaBJeHHH UeTBepTOro MOpsAKa
ONATb NOJYYALTCH Puwi1 F= Vuw-

Cnenyer chesarb 3aMeyaHHe H OTHOCHTEJbHO OMpeleseHus
TOYEK OTPbiBA H BTODHYHOIO I[IPHCOEJHHEHHs IOTOKA K CTEHKe.
Jlerko mokasaTb, 4to B AHQp(EpeHIHAaNbHBIX YpaBHEHHSAX Cp = 0
K4K B TOYKe OTPHIBA MOTOKA, TAaK H B TOYKE BTOPDHYHOrO MpPHCOEIH-

"y Uspasau [1972] onpenenser ;Z,“H UTePALHOHHDIM NMyTeM (mpH MOMOLLH

HHXKHeH peslakCalMH) Tak, 4To0Bl Ha KaKA0M BPeMeHHOM cJjoe BHINOJHSJIOCH
yemosue §y/6nle = 0,
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Henusi. EcC/M H3BeCTHB 3HaUeHHS] (yp, TO MOJOMKEHHE TOUEK, [ie
Lo = 0, MmoxxHo HaliTH uHTepnoasiueil. Ho rakue NpoHHTEPNONUDPO-
BaHHBle 3HA4YeHHs OyAyT He Jyullle, UeM pacCUMTAHHBle 3HAUEHHS
Ha CTEHKe, a, CJeJOBaTe/JbHO, NOJOKEeHHe TOYEK OTPbIBA U BTOPHU-
HOTO TNpPHCOEJHHEHHS] MOTOKAa HEeJb3si ONpeAesuTb ¢ GoJblliofl Tou-
HOCTbI0. Cnocol ONpeAeseHHs YKa3aHHBIX TOYEK MO MOJYYEHHOMY
pelleHHIO JOJIXKeH, KOHeYHO, paccMaTpuBaThcs B J1000fi paborte
(/IaBan c¢ coastopamu [1969], Poyu u Mioaznep [1970], Ilabe
1 Puuapac [1970]).

B saksiouenne OTMETHM, UTO pacCUHTAaHHble BeJHUYHHBI BUXPS
Ha CTeHKe MOXHO HCIOJBb30BaTh MJsl ONpeJeJeHHs TpaHHUYHOH
OWIHOKH, CBSA3aHHOH ¢ HEKOTOPBHIM HapylleHHEM CBOHCTBA KOHCepBa-
THBHOCTH DEIIEHHS, UTO MOKET CJYXKHTb JJIsl IPOBEPKH CXOAHMOCTH
annpokcuMauuu. (CM. samauy 3.32.)

Ynpancnenue. Bosectn!) dopmysabl DepBoro H BTOPOro MOpPsAKAa TOYHOCTH
[Jisi BHXPSl Ha TNapaJiesibHONl OCH X CTeHKe, ecld CTeHKa a) JABHKeTCs ¢ 3ajal-
HOl CKODPOCTbIO Uy = Uy, Up = 0; 6) siBAsieTCs NpOHHUAEMON, IpHUEM 3aJaHa
CKOpPOCTh BayBa (0Tcoca) Uy =Vyu H uy = 0.

B paGote Teitmopa [1970] ykaszaHo, uTo BAYB uepe3 CTEHKY
MOXEeT TPHBECTH K UHCJIEHHOH HeyCTOHUHBOCTH.

3.3.3. CreHHa B ApPYruX pacyYeTHbIX CETHax

B wmerone PobGeprca — Beifica (pasn. 3.1.19) npumensiercs cu-
¢cTeMa H3 JIBYX CETOK, PA3HECeHHLIX 80 GpemeHtt ¢ UIaXMaTHBIM
pacrnoJioXXKeHHeM y3J0B. AHAJOTHUHLIH BHA UMEIOT CETKH, PA3HECeH-
Hble 8 npocTpancree (eudpuduele ceTKW), TIe HEKOTOpble NepeMel-
Hbie ONpeAesIIOTCS Ha OfHOM Habope y3J0B, a ocTaJbHbIE IepeMeH-
HbIE — Ha CeTKe, CMelIeHHOH IO JAHaroHa/Ju OTHOCHTEJbHO MepBOM
(Xapioy u ®pomm [1954]; Dpomm [1963]; Yuapsamc [1969];
cM. Takxke pasi. 3.7.3). HMcmoamsyloTes TakXKe COBUHYTblE CETKH,
KOrja OJiHa ceTKa CABHHYTAa HA NOJOBUHY NPOCTPAHCTBEHHOrO LIAra
OTHOCHTEJNbHO ApYyrofl, NpHUYeM CIBHHYTAa BJOJb KOODAHHATHOH
JWHHY, a He BLOJb AHaroHaJu. [Ipu ceTkax Bcex 3THX TpeX BHJOB
BHXpb { onpejeJisieTcss B y3Je, OTCTOsALlEM Ha An/2 OT CTeHKH, Kak
NnoKasaHo Ha pHuc. 3.24, a.

Ilna pacuera BUXps § He peKoMeHAyeTcss GpaTb CeTKH BTOPOrO
tuna. IIpH nocranoBKe safaun 3Jecb TpebyeTcsi HeEKOTOpas OCTO-
POXHOCTb, HHAuye HECOTJIaCOBAaHHOE BhIUHCJEHHEe T NpHBerer
K TOMY, UTO creHka Oyzner sdderruBHo cmelieHa Ha An/2 (DPpomm
[1967]). Haxe ecan BeluMC/IEHHS] MPOBOASTCS HajJexampm obpa-

) 3ameTHM, UTO Ha/NHUHe ABHIKYIEHCHA CTeHKA MNPUBOAAT K MOSIBJEHHIO A0-
nosmHuTedbHOrO wiena 2U./An B dopmyne nepsoro nopsika AN Gu M AOMOTHH-
TesibHOro wieHa 3Uy/An B dopmyse BTOpOro mopsaka.
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30M, CeTKa BTOPOro THNA, Kak OyAeT MOKA3aHO HHXKe, NPHBOAHT
K CHHUXXEHHIO TOYHOCTH AJs C.

YcioBHe NPUIHNAHHA MOJIXKHO BHITOJHSTHCS HAa CTEHKE, a . He
B ee okpecrHoctd. Ha puc. 3.24 Buxpb B Touke (i, ja), cocennedt co
CTEHKOH, DacCUMTLIBAETCH [0 ypaBHEHHIO mepeHoca BuxpsA. [lpw

i, fa+2
+ # +
) o/, jarl ® )
L Ja+1
. VM
L o, ja e
— iy A el g
X xbdat
Q g
+ + + + + +
o] (o} o]
. . ([,J.'aﬂ) (l"f?, Ja+t)
* [ijas1] ¥
G @) o)
+—"t S —— + + +
[, Jja] [i,Jd
I} 2

Puc. 3.24. Pasnuunble CeTKHM [/l pacyeTa CTeHKH. @ — ceTKa mAJsi BHXpA {3

6 — ceTKa A/1a GYHKIUM TOKa 1p; 8 — CABHHYTHle CETKH: CBeTJIble KPYKKH — Y3JIbl

CeTKH i BUXPA §, KPeCTHKHM — y3Jbl CeTKH s QyHKIMM ToKa p; & — THOPHA-

Hafl CeTKa C UIaXMaTHHIM DAcMOJNOXKeHHeM y3/0B: TeMHble KPYKKH — y3/hl CeTKH
AJA BHXPSA §, KpeCTHKH — y3Jbl CeTKH AN GYHKUHH .

nomouiu Gopmyan (3.435), rne An samensercsa Ha An/2, B TOUKe w,
He fBJAsAOLEHACA y3J0BOH TOYKOH, HaXOAUTCH 3HayeHHE BHXPA Ha
CTeHKe Lo C NepBLIM INOPSAAKOM TOYHOCTH:
2 (i, 1o~ Vo)
R o An/2). .
T+ 0(Mnf2). (3.450)
(MoxHo TakXe 6paTb H GopMyJay BTOPOro Nopsjika TOYHOCTH.)
Has Toro uro6ul 10JYYHTh KOHEUHO-pA3HOCTHOE IIpeicTaBleHHe
NJiA TIPOM3BOJAHBIX B Touke (i,ja), cMeXHOH cO CTeHKOH, Heo0Xo-
IHMO B3ATb KaKy-l1HOO cXeMy C HeCHMMETDHYHBIMH DAa3HOCTIMH.
OTa HeoGXOAHMOCTb NPHUBOAMT K CHUKEHHIO TOUHOCTH. OAHUM U3

8 ta-12=C; o
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BO3MUMHbBIX ¢110CoD0B Ollpeilediellisl 3HaueHIl B POMEKYTOULON
Touke (i, ja -+ !/2) sABasiercs ClelYIOWHH:

i tatie™= /2 [Ci,fa+1 +8, ja]' (3.451a)
(D)}, jasr1e="12[(08); jori + (00); ,]. (3.4516)
3ateM 0GbluHBle NPOCTPAHCTBEHHBIE PA3HOCTH MO y B YpaBHEHHUU

MepeHoca BHXpS B TOuKe (i, ja) 3aMeHATCS PAa3sHOCTAMH 3HaueHHH
B 5THX MOJYLEJBIX TOUKAaX:

6 (vl) . (00);, jar1e— (00 o _ (08);, ja+1p2
dy ’f. fa Ay o Ay . (3.452)
0%¢ _ Eigerip— et e
557 i ga Byry (3.453)

Jlerko mokasath (3agaun 3.24, 3.25), uro oupenesieHHe 3Haue-
Hull (0) 4, jatise M G jati/e B TOAYLEJBIX TOUKAaX, KaK 3TO AeJaeTcs
B dopmyJsax (3.451), He corsacyercs ¢ HCIOJb30BAHHEM LEHTPaJb-
HBIX pasHOCTEH B LIeJBbIX y3/Jax MPOCTPAHCTBEHHOH CETKH; AJs Hep-
BbIX NPOM3BOAHBIX 3TO He BHOCHT OIHOKH, 110 BHpaxkeHHe (3.453)
CHHXKAeT NMOPALOK TOUHOCTH A0 fepBoro. JeACTBUTENBLHO, AJA HpO-
cToft OZHOMepHOH 3a7auH, KOTAAa B ypaBHEHHe BXOLHT TOJbKO UJjeH
CO BTOPOH NpOH3BOAHOM, Jerko nmokasaTh (3ajgaua 3.25), 4to ceTka
BTOPOr'O THIIA NPHBOAHT Ha CTeHKe K OlIHOKe, CBA3aHHON ¢ Hapy-
WeHUeM OZDAHUYEHHOCTU peulenus; B THAPOLMHAMHYECKHX 3ajauax
oTa owWHOKa, cBA3aHHAas CO CBOACTBAMH CXeMbl, MOrJa OBl NPHBECTH
K HeMpaBHJbLHOMY YKa3aHUIO HA OTPBIB NOTOKA.

Onpenensis GHKTHBHBIE 3HAUEHHA ¥ U { B y3JaX, 0603HaAUEHHBIX
Ha pHc. 3.24, @ KpecTHKaMH H pacCloJOXEeHHBIX 8HYTPU TBepao#
CTCHKH, MOXHO AO00HTbCS H3BECTHBIX YLOOCTB B CMBICJe TPOrpam-
MHPOBAHHSA M CO3/1aTh HJIJIIO3HIO BTOPOTO MOPsSiAKA TOUHOCTH. ITH
3HAYeHHs1 { B y3JaxX TaKxKe pasMelleHbl B OOIEM JBYXHHICKCHOM
MacCHBe, OTBeJeHHOM s { H o003HaueHHOM, CKaxem, depes
Z(I,]). HanpuMep, ecJHu CTeHKa paclojoxKela Ha HUXKHEM Kpae
CeTKH, TO 3JieMeHTHl Z(/, 1) COOTBeTCTBYIOT 3HaueHHAM { B yaJjax,
0603HAUEHHBIX KPECTHKAMH H HaXOASLIMXCS BHYTPH CTEHKH, a 3Jie-
MeHTol Z (I, 2)— snauenusam G; ;o. 3HAuUeHHsT B y3JaX CeTKH, 060-
3HAYEHHBIX KDPECTHKAaMH, AOJDKHBl ONpeAesNaThes IOCJe KaK/Ioro
BBHIYHCJHTEJBHOTO LUHKJAAa A5 { BO BHYTPEHHHX TOYKaXx Tak, 4TOGHI
yAOBJETBOPUTh HAJJeXKallleMy TIpaHITHOMY YCJIOBHIO B TOYKax
(i, w); mpu 3ToM B TOYKax (i, ja) Hcmoab3yloTcsl TaKHe e ypaBHe-
HHs, KaK H B OOBIYHBIX BHYTPEHHHX TOUKaX. IDTOT CRnocob pacuera
ynofHee, HO OTPaHHUEH NEPBBIM MNOPSAKOM TO4YHOCTH. [Joatomy
NPHMEHEHHe CETOK BTOPOro THOA JJis pacueTa BHUXPST HH B KOEM
c/ayuae He peKOMEHJYeTcs.
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Ecnn ceTky BTOpOro THIA BCe-TAKH HCIOJb30BAThH AJS pacuera
BHXPf, TO (DYHKUHIO TOKa ONpEJeJeHHO HEe CJeIyeT PacCYHTHLIBATH
Ha TakoH CeTKe. YCJOBHEe TNPHJHNAHUA Uy = (6¢/6y)w = 0 Moxer
OBLITb CBEJEHO K YCJOBHIO HYJIEBOTO TpaiHenTa Wi, ja—y == Yi, ja. 11pH
3TOM BO3HHKaeT HeOoGXOJHMOCTh pellaTh ypaBHenHe Ilyaccona
C TPAHHUHLIMH ycaoBUsiMH HefiMana, 9To CHHXKAeT CKOPOCTh CXOJHU-
MOCTH HTepallHOHHOro mpoliecca. Emle BaXihee TO 06CTOATENBCTBO,
YTO 3TOE INpHEeM He JaeT MNpPaBHJBHOIO 3HAUEHHS 1 HA CTEHKE.
Ecan Tagoll mpueM jaer 3HaueHHe Py == 0, TO 3TO O3HAUAET, UTO
Pi ja = 0 U B TOUKAX, pacCHOJOXKEHHLIX Ha pacCTOSHHH An/2 Han
cTeHkod. B pesyabrare Haja cTeHKOH KakK OyITO MOSABJISETCS HEMo-
ABMXKHBIE caofi wugkoceT# Toamunolt An/2. TakuM o6pasom, cTeHka
okaxercsi 9O(HEKTHBHO CMElLIeHHOH BBEPX Ha paccrosiHue An/2 mpH
pacuere 1, HO He NPH pelleHHH ypaBHeHHH aJd §, 9TO, OYEeBH]IHO,
OPUBOJAHT K HECOTJIaCOBAHHOCTH.

OcnoBHasg TPYAHOCTL 3aKJOUaeTcss B TOM, YTO TPH pellleHHH
ypaBHenus [lyaecora HeJsb3sl OJIHOBPEMEHHO HCNOJL30BATh 06a rpa-
HHYHBIX YCJOBHA Yo = 0 H Uyw = 0p/0y | = 0 Brosb 0HOH H TOU
e TpaHHLBl, NOCKOJBKY NPH 3TOM 3ajaua CTAHOBHTCA Mepeompe-
JefeHHofl, Tak KaK [/ ee pelIeHHs AOCTATOUHO JHGO YCIOBHSA
HNupuxJae, au6o ycnosus Hefimana. Jlns ypasaenus Ilyaccona cie-
nyer 6patb ycnosue p = 0. (Cum. Texxe pazxn. 3.3.2 u 3agauy 3.27.)

OyHKIHIO P HeOOXOOUMO paCcCUMTHBATL Ha CeTKe NEePBOTO THIA,
KoTopasi, Kak MokKaszaHo Ha puc. 3.24, casuuyta nHa Ag/2 oTHOCH-
TeJbHO ceTKM Jus . CRopocTh KOHBEKNHH BuXpA [ paceMarpu-
BaeTCss B Y3Jax [-CeTKH H COOTBETCTBEHHO HAXOAUTCA MO 3Hade-
HHSIM ) B y3/1aX {-CEeTKH CJAEAVIOIHM 06pasoM:

Pr e =P
u,,,=___*=___“+;y Li (3.454)

(oGo3HaueHust Te XKe, 4T0 Ha pHC. 3.24). MOXKHO CABUHYTH -CETKY
OTHOCHTEJIHO {-CeTKH H B HampaBieHuu x. OKasbiBaeTcs, 4To TakoH
IpHEM MOXKET JaiKe NPHBECTH K YMEHBIUCHHIO OLIMOKH aNupoKCH-
MallMy TMPH BBIUUCTEHUH CKOPOCTH, HO TPH STOM B pellleHHe YpaBHe-
Hua [lyaccona V2 = { BHOCHTCS JAONONHHTeNbHAS omubka. Ias
pelreHnsi ypaBHeHus Ilyaccona Ttpefyiorcs sHaueHns § B y3nax
P-CeTKH; 3TH 3Ha4yeHuss MH 000sHauuM dyepe3 L+, YuuTthiBag o6o-
sHauenus Ha puc. 3.24 (xoroprle MOryT OHITh BBIOpAaHB H HHaue),
syavenus {t MoxHO HAHTH ocpeaHeHuHeM 3HadeHu# § B ysniax
T-ceTKH; STH aHaueHHsi Mbl ofosHauuM wepes § . Torna

€;+:] = l/4 (g;, ] + gi.+1, i + g;_ i+1 -+ @;H, j+l)' (3455)

CocraBJ/s0lIHe BEKTOpA CKOPOCTH B yanax {-ceTKH, ofo3HaueHHbIe
yepes u” M v, HAXOAATCA 1O 3HAUYeHHAM Pt B ysnax P-CeTKH NpPH
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[IOMOLIH CJAEAYIOUIHX Pa3HOCTHBIX HOpMYJI:

1 [ O =05y iy, e — Y 1]

ui, = 2 Ay + Ay

. UL of =9 ‘I’?:f"‘l’itl,i]
o =—=| - 4P| (3.4566)

i, X

(3.456a)

VecnoBHS Ha BXONHOH W Ha BHIXOAHOH rpaHHNaX I[OTOKA TaK¥kKe
MOTYT HECKOJIbKO YCJIOXKHfTbcA. Hampumep, npH HCIoONb30BaHHH
CEeTKH ¢ LIAXMaTHbIM pacHoJio¥KeHHeM Y3J0B 3HaueHHs ¢ Ha BXoje
JOJXKHB OLITh 3aJaHbl HA MPSIMOH, oTcTOsIEeN Ha paccrosHue Ax/2
OT npsMofi, Ha KOTOPOH 3aJaHbl 3HAYeHMs § Ha BXOJe, YTO CHOBA
NPUBOJHUT K HECOrJaCOBAHHOCTH.

CeTka mnepBOro THMA, OYEBHAHO, Topas3io yAoOHee B npnMeHe-
HHH, @ TaKXe NPHUBOAUT K GoJbllled TOYHOCTH, H MO3TOMY OGBIUHO
peKoMeHIyeTcsl HCNONB30BaTh HMeHHO ee. Hcmosb3oBahue ceTkH
BTOPOTO THIa JAJs pacyeTa { H CeTKH MNepBOro Tuma (CABHHYTOH
HJH C LIaXMaTHBIM DacCloJioXKeHHeM y3J0B) AJf pacyeTa ¢ obja-
oAeT TeM IIPeHMYLIecTBOM, UTO 3Jech He TpelSyercsl CrenHaJbHOTOo
HceaeaoBaHus yaaoBo#l Touku C, pacno/ioKeHHOH B BEepIUIHHE BHI-
nykJaoro yraa (cM. pac. 3.22 B pasa. 3.3.2.a). Ho sto nmpeumymectso
MHHHMAJbHO, H IO3TOMY JUIS pacyeToB HAa CTeHKe DeKOMeHAyeTcs
OpaTh HCKJIOUHTENLHO CETKY NepBOro THIA.

3.8.4. Jlunuun cummeTpHH

Ecnu nentpasibuas rpanuna B 1 Ha puc. 3.22 sBasercs pasje-
ASIOILEH TBepAOH MJIACTHHOH, TO Ha Hell CTABATCA TakHe e Tpa-
HMYHBIE YCJIOBHSI, KAK U Ha TBepnoﬁ CTEHKE C YCJOBHEM IpPUJIMMA-
uHa. Ecau cuuTaTh, YTO Ha 5TOM pHCYHKe IIpeNCTaBJEHA TOJBKO
BEPXHSS MOJYIMJIOCKOCTh CHMMETPHUYHOIO TEYEHHS OKOJO INIOCKOro
yeryna, To Ha npsamoii B 1 mo-mpexkHemMy HeoOXONHMO INOCTaBHTh
ycaoBHe P == (0, HMeloLIee CMBICT TOJbKO AJA AOKPHTHUECKHX pellle-
uuit sagauu o caefe!). B srom cayuae npsimas B 1 urpaer poab
pasjensiiollell MJACTHHH C YCJOBHEM CKOJbXEHHs, a TpaHHYHOe
ycJIOBHe AJIS BUXPS MMeeT oueHb mpocrofl BHA. Ha Bcelf nmenrtpasn-
nofi auHun v = 0, u noatomy Jv/0x = (0. [lasee, MOCKOJbKY CKO-

') B cayyae 3aKPHTHUECKHX DPeXKHMOB, KOTJA BO3MOXKHO NOSBJEHHE OCIMJ-
JAUME M ACHMMETPHH B cJefie, HeoG6XOOHMO pacCMAaTPHBATh HOJHYI0 061aCTh,
BBOJAA KpPOMe BepXHell IDAHHUBI ellle H HHXKHIOW TpaHHLy (KOTOpas CHMMETpHYHA
rpatune B 3 ortHocurenpdo npsaMofi B I; cm. puc. 3.22). Ilpu 3ToM TOUKH CeTKH,
Jiexkallie Ha 1eHTpaJbHON JHHHM, GYAYT NpeACTaBIATb CoBOff peryJsipHble BHYyT-
peHHHE TOYKH.

Jnst HMcClef0BaBHS THADOAHHAMHYECKOR YCTOAYHBOCTH MOXKET MPEICTaBIATH
HHTEPEC pacuyeT 3aKPHTHUECKOTO DexXHMa; B 3TOM CJIydae YCJIOBHEe CHMMETpUH
HakaMafibiBaeTcs Aaxe NPH 3aKPHTHYECKHX 3HAYeHHAX Re.
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pPOCTb « CHMMeTPHYHA OTHOCHTEJNLHO LEHTPaJbHON JHHHH, 31ech
du/dy = 0. Takum o6paszoM,
Lo 2. =0. (3.457)

Hapsany ¢ ycaoBueM Y == 0 Heab3sl HCHOOJb30BATh YCJOBHSI CHM-
METPHH /5 IPOU3BOAHHIX OT VP, TAK KaK 3TO Mepeotpenesuao Gl
zajauy anas ypaBHeHus IlyaccoHa.

B ciayuae 0CeCHMMETPHYHOTO TEYEeHHS B UHJHHIPHUECKOH CH-
cTeMe KOOpAHHAT HMeeM { ==V X V u ycaosue (3.457) mo-mpex-
HeMy Beinosnsiercd. Ho ypaBtenus B 3ToM cayuae ynoGree sanucarth
nas §’=={/r, rne r —JIOKaJbHHIH PajuyC, TpHYEM Ha IEeHTPaabHOH
aunun r = 0. Topparnc [1968] ykasana, uyTo Ha leHTpaJdbHON JHHHH
BeJIMUHHA {’ XOTS H OrpaHHYEHa, HO He paBHA HYJIO.

Panuen u Boandmresin [1969], paccuutbiBasg crpylo, yaapsio-
Y0 O CTeHKYy MOJX NPSMbIM yrjaoM, 6paju ycJOBHE CHMMETPHH
¢ = 0 Buoab npamol, o6pasyromell yron 45° co cTeHKOH W ¢ IeHT-
paibHOl JsuHHe#t cTpyu!). Crporasg CHMMeTpH B 3TOM cJjyyae
HMeeT MeCTO TOJbKO JJs NOTEHLIHAJbHOTO TeueHHs, HO B 3ToH
paboTe oHa HpHHHMaJjacb B KauecTBe NPUOJNHIKEHHS 1Js1 TeUeHHS
npH OOJbINHX 3HadeHHAX Re.

3.3.5. BepxHana rpaHuua

Bepxusas rpanuna (rpanuna B3 Ha puc. 3.22) takke mpeacrap-
JasieT GoJbIIOH HHTEepeC IPH TNOCTAHOBKe 3ajaud. KoHeuHo, MOKHO
BbI6paTh TakHe (hH3HYECKHe 3a1a4H, B KOTOPLIX 'PAHHUHLIE YCAOBHS
Ha BepxHell TpaHHlle OUEBHAHBI, HANPHUMEpP, B 3aj4aue O TeUeHUHU
B HECHMMETDHYHOM pacIIUpAIOIEeMcs KanajJe rpaHuna B3 Oyner
TBepAOH CTeHKOH ¢ ycJoBHeM MNPHJAMNAHHA H Ha HeH 6yayT npH-
MeHUMBl GOpPMYJBl JJs pacuera BHXPSA, MOJyueHHBIE B pa3f. 3.3.2.
Benuuyuna ¢ Ha rpauune B3 mocrtosHHa U MoxeT ObIThb HafijeHa
IIpH NOMOIIH HHTETPHPOBAHHS NPOMUIS CKOPOCTH 4 BO BXOJIHOM
ceuennn B4 xanana (cm. pasn. 3.3.6). Droft 3ajnauell saHumancs
Kaparytu [1965]. Ecaun xe puc. 3.22 paccMaTpHBaTh KaK HUKHIOW
HOJYIJIOCKOCTb 3aJaud O TeYeHHWH B CHMMETPHYHOM paCHIHpSIO-
meMcs KaHaje, TO B CHAY YycaoBHiI cuMmeTpuu (Kak W B cjayuae
pasjensiollell NJacTHHBI ¢ YCJAOBHEM CKOJbXKEeHHS Ha LEHTPaJbHOH
JuHAM B pasa. 3.3.4) Ha rpanuue B3 Gynem nmers { = 0. Benu-
YHHA { B 3TOM CJyuae TaKie MOJydaeTcs MHTErPHPOBAHHEM IIpo-
¢duns ckopocru u Ha rpauuue B 4. Ecau ke yc/a0BHS CHMMeETpPHH
craBAtcsad 4 Ha B1, u Ha B3, To 310 GyZner cooTBeTcTBOBATH 3Je-
MEHTADHOH 9aCTH NOJs TeUeHHS NPH 06TeKaHHH GECKOHEYHOTO psifa

1} 3aMeruMm, uYTo BUXDPb { oONpenenseTcs BEKTOPHBHIM omepatopoM § =
= £ VX V 1 no31o0My HHBapuaHTeH NO OTHONIEHHIO K IOBOPOTY CHCTEMBI KOOP-
nuHaT. Takum oGpasoM, paseHcTBo { = 0 6yner cnpaBeisHBO BROMb Af060d JH-
HHH CHMMETPHH HE3ABMCHMO OT €€ ODHEHTAIHH,
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MPAMOYroJbHBIX TeJl (IpakTHYeCKH OHH MOTYT IHpeACTaBJsATh Co6OH,
HanpuMep, paa pebep TennooOGMeHHHKA).

Ecnn paccmaTpnBaercsi TedeHHe B HEOrpaHHYEHHOH 1o y obaa-
CTH, TO Ha B3 Haf0o NOCTaBHTH YCJOBHE OTCYTCTBUA TPAHHLBI KaK
IpH «cBOGOAHOM TMoOJeTes; B 3TOM Cjydae BHOOD FPaHHYHHIX yCJIO-
BHI yXKe He CTOJb OUeBHJEH.

[lepBoe, 4TO NPHUXOAHT Ha yM, 3TO MOAeaupoBath B3 creHKoh
aspoJHHaMH4YecKoH TPyOwl C ycsaoBueM npuaHnas€us. Vs askcmepu-
MEHTOB B a3pOAHHAMHUeCKOH Tpy6e H3BECTHO, 4TO C yBEJHUYECHHEM
paccToAHHA MeXAY CTeHKaMH TpyOnl yMeHblliaeTcs «OBJIOKHPOBKa»
TpyOHl, a TeueHHue BOJIU3N Tesa OyJET COOTBETCTBOBATH TEUEHHIO MPH
cBOGOAHOM moJieTe Tesa. OJHAKO OTPAHHUEHHOCTb BPEMEHH H Olle-
pPaTHBHOH NaMSITH BBIUHCJHTEJbHLIX MAIUHH MPHBOAHT K OTpaHHye-
HHIO 4HCJIa TOUYEK CeTKH, a8 TPeOOBaHHS TOYHOCTH OTPaHHYHBAIOT
pasMep miara Ay HpOCTPAHCTBEHHON CETKH, NOSTOMY CYIIECTBYET
orpaHuueHde Ha paszMep o6JacTH, aHaJOTHYHLIH pa3Mepy pabouefi
yacTd aspoanHaMudeckoil TpyOn. (CeTKH ¢ mepeMeHHBIM ILAroM MO
MPOCTPAHCTBEHHLIM NepeMeHHBIM U Npeo6pa3oBaHus KOOPAHHAT JJIs
3ajay Takoro tuma 6yayT paccMoTpeHsl B Ia. 6. Jlaxe mpu Henodb-
30BaHHH TaKHX NPHEMOB pacCyeT IPaHHUYHBLIX YCJIOBHE, ONHCAHHBIX
3/1eCh, OCTAETCSsl CIPaBEeNJHBLIM.)

MoXHO JM0GHTBCS CYILIECTBEHHOrO YJYULIeHHS, paccMaTpHBas
rpanuny B3 kak dsudscyuyyrocs cTeBKy TpyO®l; TaK AeJjaercsl B pa-
Gorax ®pomMa [1963] u Ppomma u Xapsaoy [1963]. B atux pabo-
TaXx Ha rpaHule craBuauch ycaoBusi v =0 u u= Uy rtae U,
MOXKHO HHTEPIPETHPOBATh KAaK CKOPOCTb HEBO3MYIIEHHOrO I10-
toka !). Torja rpannuHble YCJOBHS 1Js CHCTEMbI YpaBHeHHH, ompe-
gensiiomux Y 4§, 6yAyT YCJOBHSIMH JJs1 ABHXKYLIEHCS CTEHKH
¢ YCJOBHEM MNpUJAHNaHHs Ha Hefl, T.e. ¢ = const, a { (cM. mpeanl-
Ayllee ynpaxHelHe) HaXoAHTcA no ¢opMyaam

2 (¢ —, ,+U,Ay
=TT 00 oy (3459

HJn
3 (1 — ¥ FUAp) 1
Cl.]z ( i.J-1 Aylz,l 0 )—E‘Ci,J—l"I"O(AyQ)' (3459)

®opmyny (3.458) c ycmexom mnpuMensan KemnGean u Mioasep
[1968].

JApyrum yCOBEDIEHCTBOBAHWEM NPH MOJENMPOBAHUU (HIHUe-
CKOIl CTEHKH a3pOJHHAMHUYECKOH TPYOH sIBJIseTcs MPHMEHEHHE MOje-
JIH «CTeHKa 6e3 Tpenus». 3navenue 1p (B 3) B aTOM cayuae ocraercs

) Tlpogosxkast aHAJOTHIO C a3POJHHAMHYECKOH TPYGoH, 3aMeTHM, 4TO npak-
THYeCKH JIBUXKEHHE CTeHKH TPYOH ¢ TNOCTOAHHOA CKOPOCTBIO DeANH3YeTCss NpH
MOMOINY ABHXKYINeHCS TO POJHKAM JEHTH; NPH HCMBITAHHH aBTOMOGHJEH B aspo-
AHHaMHYecKolk TpyOe 5To HCmOMb3yeTcs AJ MOAEJHPOBAHHA BJIHAHHA GJH30CTH
JAOPOXKHOTO HOJIOTHA,
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IIOCTOSIHHLIM, 4 BHXPL OIpejensieTcd NPH  [OMOWH KOHUENIHH
«3epKaJIblOro OTPa)KeHWA», [PUMEHSEMOro MJs OlpeleJeHHs Io-
IpaBOK Ha 6JOKHDOBKY aspoJHHaMHUecKol TpyGul. B aTom cayuae
CHMMeTpHS NMPUBOAHT K ycaoBuio § (B 3)= 0. 3to rpanuuHoe ycJo-
BHe NpHHHMAaJoCch B pabore Plencena [1959] mns pemenus ocecum-
MEeTpHUYHOH 3ajaud O TeueHHH B KpyrJo# Tpy6e. Toman u IlleBuux
[1966] ncrnosnb3oBany nofoOHBIA NOAXO/, OKa3aBIIHACH, ONLHAKO, Me-
Hee OrPaHUUUTEJILHBIM, MOCKOJIBKY PacCMOTpPEHHE T'PaHHUHOrO YCJIO-
BHSl TPOBOJMJIOCh HA COceOHel TpPaHUYHOH JHHHH., 3]eCh CTaBHJHChH
YCJOBHS, Kak Ha OeckoHEUHO yjaJieHHOU TpaHHile, T. €. 3a7aBaJioch
{ =0 npu 0y /0y =u = Uy u d¢ /0x = —v = 0. Ycaosue Heil-
maHa BroJab B 3 ¢ yuetrom U, maer

Vi p =Y ;1 + UgAy. (3.460)

Ecau cunrtath, uTo rpaHuna B3 cosnadaer ¢ nuuueit j = J, 10
ycaoBHe (3.460) HMeeT TOJNBKO NMePBHIH MOPAAOK TouHOCTH, Ho mpu-
Humasd, uto B 3 mexur mexnay sauHuaMu j=J u j=J — 1, u obo-
3nauas ee uepes (i,J — /), Mbl obecneunBaem aus yciaosus (3.460)
BTOPOH MOPSALOK TOUHOCTH '). DTOT MOMEHT YaCTO MOHHMAlOT He-
MpaBH/IbHO, B MeACTBHTENILHOCTH BONPOC 3aKJIOUaeTcss He B TOM,
KakoBa Oymer owHOKa annpokcuMaudH B dopmyte (3.460), ecau
nonoXuTh u = Uy BRosb B 3, a B TOM, HACKOJBKO XOPOWIO YCJOBUE
u= U, Bpoap B3 annpokcumupyer ycjaoBHe «cBOGOAHOTO MO-
JeTas», KOTOpOe Mbl XOTHM CMOJeJHpOBaThb. YcaoBHe v = 0 BJOJb
B 3 o3nauaer dy/dx = 0 sroab B 3. Ecau rpannna B3 maxoaures

Ha sauHuH (i,J), TO
$(B3) =1, ;=15 (3.461)

ecnn ®e B3 maxonmutcs Ha aunud (i, J —'/3), 1O, yyutniBasi ¢dop-
myay (3.460), nmonyuaem

bi =1 1 + UgAy. (3.462)

B 3THX dopmyaax ¥y, ; H P, ;- CYTh 3HAUEHHS, COOTBETCTBYIOILHE
BepXHHM TOYKaM JeBoit 6xX00H0# rpaHulbl MoToKa B4 Ha puc. 3.22.
Ecan 3Hauennst § HOJHOCTBIO 3a]aHBl Ha BXOJIe IIOTOKA, TO Takas
TOCT2HOBKA 3KBHBaJIeHTHAa TOMY, 4YTO Ha rpanuie B3 crenku
TpyOH He o6safaloT TpeHHeM. Ecau Xe 3HaueHud 1 Ha BXOJe He
3ajJlaHBl, a ONpe/esIoTCs B IpoLecce BbIUHC/AEHHS, KAK 3TO CLEJNaHO
B pabore Tomana u Ulesunka {1966] (cm. pasa. 3.3.6), To Takas
MOCTaHOBKA Meflee orpaHHuuTensHa. [Ipn Hefl mMOTOK MaccH uepes
«pabouylo uacTb TpyOBI» He 3ajaeTcsd 3apaHee, U XOTd BepXHss
rpannla B3, «KpHIkar, INO-NpeXHeMy SsBJseTCs JHHHEH TOKa

1)y Jlpyrofi npueM 3akJiouyaeTcs B TOM, 4ToGbl NOMeCTHTh B3 Ha JHHHH
j=J—1, a na quHNN j = | BBeCTH «PHKTHBHHIE» TOUKH TakuM 00pa3oM, 4TOGH
Baoib B 3 monyunte Ug u3 pasencrsa ¢, ; == Y, s-2 + 2UpAy.
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¢ NMOCTOAHHLIMU 3HAaUEHHAMH 1, CAMO 5TO 3HaueHHe ¢ He 3ajaercH,
a onpejensercs B Ipolecce cuera.

Poyu u Mioanep [1970] mMozennpoBasu cTeHKY TPyOH!, (QHKCH-
pysa § Ha BXOJAHON rpaHHIe H cuHTas, uto B3 saBasgercs JauHHel
TOKa, HO MOJeNbHOe YCJIOBHE OTCYTCTBHA TpPEHHS Ha «KpLILIKe»
415§ NoJydasoch MeHee OIpPaHHUYHTENbHBIM crnocobom. Jema-
TeNbHO, YTOOBl «KpbILIKa» He obJajasna TpeHHeM, T. €. AONycKaJa
CKOJIb)KEHHE, XOTS B TO K€ BpeMs Ha caMoe XHAKOCTb BOJH3H
«KDBIIIKH» JOJKHO IeficTBOBaTh TpeHHe. 3aMeTHM, 4TO €CJH Ha
«Kpbllike» v =0, To Ha Hed Ov/0x =0 u [ =0u/dy. Tarkum
obpasom, ycaoBue § = 0 mpUBOAHUT K ycJOBHIO Ou/dy = 0.

Henas caenymoliufi war K yc/JA0BHAIM CBOOGOAHOIO ABHXKEGHHA Ha
BepXHell TpaHulle, NoJaraeM

Q(B 3)=§t,1=§1.1—1- (3-463)

Insa uHTepupeTalHy STOrO YCJAOBHS B TEPMHHAX CKOPOCTH 3aMETHM,
yto ¢dopmyaa (3.461) naer O0v/0x|, = 0. Ecau rpanuma B 3 pac-
MOJIOXKEHA J0CTAaTOYHO Oajeko OT cTeHKH B2, tak uto u(B3) wMme-
HseTCsl TMOYTH JHHeHHO mo x (T. e. ecan 02u/0x?|, = 0 O(Ay)),
TO MOXHO NoOKasaTb, uro 0v/0x|,-; =04 O(Ay?) u ycaosue
(3.463) npubIH3UTENbHO 3KBUBAJICHTHO JHHEHHOH SKCTPaNoOJIsiLHH
COCTaBASAOIIE CKOPOCTH # HA «KDBHIIKY»'). DKCTPanoJsiiH BHIC-
MIHX NOPAAKOB AN { NMPHBOAAT K GEICTPOMY PAa3BHTHIO HEYCTOHYH-
BOCTH HJH K CMeIleHHIO pelleHHs.

[Tocnennuit cnoco6 sydme MoaenHpyeT YCJOBHE «CBOGOLHOrO
noJeras, 4eM cnocol ¢ «ABUXKyllelicad cTeHKof TpyOBl» ((HOpMYJn
(3.458) u (3.459)), xoTs WpHBECTH AOCTATOYHBEIE OCHOBAHHSA B 00-
IeM cJydae n0BoJAbHO TpyaHO. Ho cmocob ¢ «aBuXyluekcs CTeH-
Kol» obsajzaer TeM AOCTOMHCTBOM, UTO NPaBHJbHO MOJEJHpYeT He-
KOTOpYIO @u3udeckyro 3anauy. ENnHCTBEHHBI ocTalOWHUACA OTKPH-
TEIM BOIPOC (IOMHMO Bompoca 06 omnOKax annpoKCHMAaLHH) 3a-
KJI0UaeTcsl B TOM, HACKOJbKO XOpOuIO 3Ta (H3MUecKas 3alaya
anNpoKCHMHPYET HHTEPeCyOLy0 Hac 3aaauy, T. €. caydail «cBobo-
Horo mouJsiera». [locseaHuil B3 paccMOTPEHHBEIX Ccnoco6oB, OLHAKO,
MeHee OTpaHHUHTEJIEH.

CylecTBYIOT U Apyrue crnocobnl MOAEJHPOBAHHA YCJOBHS «CBO-
6oaHoro moJeras, (akTHUECKHU. JONyCKAWUlHe INpPOTeKaHHe uepe3
BepxHiol0 rpanuny B 3. Jas Teuenus npu AocraTouHo Gosnpwinx Re
MOXKHO HCNOJIb30BaTh aHAaJHTHUECKOE peLIeHHe, COOTBETCTBYIOLIee
IIOTEHIHAJbHOMY TEUEHHI0, ¢ TeM uTo6n (QHKCHpPOBAaTL P BAOJb
rpanunsl B3, Tom [1933] ns1s nocTpoeHHst TPaHHYHBIX YCJOBHI

1) B pa6ore Tomana u Illepunka [1966] npu pemerun 3ajzaun o6 obTexa-
HUH KpYTOBOTO [HJIHMHApA GoJjee XecTkoe ycaoBHe [ = 0 O6blao HeoGXoAHMO
TOILKO B CIydde Bpamlanllerocs UHJAHHApa, Ecan e BpallleHHe OTCYTCTBOBAJO,
TO BHOJHE YOBJETBODUTEJbHBIE pe3yapTaThl HOJy4YaJHCh H NPH  YCJIOBHH
d%ufoy? = 0. (Jluunoe coobuientc.)
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Opan rpaduueckoe peuleHHe O TMOTEHUIMAJBLHOM OOGTEKAHWHM IH-
aunapa !). B reuenusax upu maJanx Re ans sagauus + u { BROMB
B 3 moxHO HCXOAHTh H3 pewteHus Crokca, a npu Gosabwiux Re pagas
THX Uejaell noaxoaut peuienue OseeHa. Ho npeanouTHTesbliee
O6paTh rpalUeHTHLIe YCJOBHS MO 3THM peLIEeHHSIM; TpagHeHTHbLIe
YCJIOBHSI HE CTOJb XKECTKH, a OWHOKH NPH STOM CKJOHHBI K 3aTy-
xanuo (Yen [1970]). DTt cnocobnl, MO-BHAHMOMY, He Mepcrek-
THBHB IPH MOJEJHPOBAaHHH 3a1ady, MOJOOHHIX 3anaue 06 ofiTeKalluu
ofpaTHOrO ycTyma, B KOTODHIX BJHAHHE O6JIACTH OTPLIBHOTO Teye-
Hus npeobaanaer Hajg 3G(EKTOM OTKJIOHEHHS MOTOKA OT MPSIMOJIH-
HeHHOrO M JJI KOTOPHIX HerT YHOOHLIX pellleHHH HH TNpH KaKHX
yucaaxXx PefiHoabpaca.

Bpuau [1970] pewna 3amauy o6 OTpbiBE MOPAaHHYHOTO CJIOS
Ha TWIOCKOH NJACTHHKeE, 3ajaBasl CKOPOCTb u Ha rpaumue B3 yciao-
BHeM JIHHEHHO 3aMe/lJIeHHOro TeyeHHs Xoyapra

u=U;(x)=a+ bx (3.464)

0 HEKOTOPOro x;, Takoro, uto x(orpwiBa)<< xy << —a/b, u BHIGH-
past pajee u = const npu x = x;. [loMHMO BHIOJHEHHS] YCJIOBHA
t = 0 na rpanuue B 3 Takoe 3ajaHne u NPUBOAUT K OTPHIBY MOTpa-
HuuHOro c¢jiosg Ha Bl u ero BropuyHomy mpucoeauuenuwo. Jlauubiit
cmocol nomycKaer NpoTeKaHHe yepe3d rpaHuuy B 3 u gaer ycroium-
BocTh mpu pacuerax. OH Takxe o6JajfaeT TeM AOCTOHHCTBOM, YTO
UMeercss HEaBTOMOJIENbHOE TOYHOE pelleHHe JJIs NOTPaHHYHOTO
cJIosl, ¢ KOTODHIM MOXKHO CpPaBHHBaThb BoipaxKeHue (3.464) BmjoTh
JI0 OTpbIBa TOTOKA.

Bao u orepru [1969] Gpaam Bposnb rpauunust B3 ycnosus
0t/0y = 0 n 0%p/dy? = 0. Kak Oyner nokaszaHo B pasi. 3.3.7, mo-
CTATOYHOCTL 3THX YCJOBHH 3aBHCHT OT BHJA BXOJHOH H BHIXOJHOH
rpaHHI NOTOKA.

B HEKOTOPHIX MeTEeOpOJOruuecKux 3ajauax BO3JelCTBHE BeTpa
Ha TOBEPXHOCTb MKHUAKOCTH TPEACTaBJISETCH TeM, UYTO Ha HEKOH
HepedbopMupyeMoll  1OBepXHOCTH CcTaBHTCH yciaosue $(B3)=
= const W 3amaercs mOCTOSIHHOe «BeTpOBOe HamNpskeHHe», T. €.
sanaerca §(B 3)= const (cm. Pecra [1970]).

3.3.8. YcaoBua Ha BXOAHOW rpaH#ue noToHa

[pannusnle ycjgoBHS Ha BXOJHOH rpaunune mnoroka B4
(puc. 3.22) Hesb3sl IPEACTAaBHTL €AHHCTBEHHLIM 00PAa30M, OCKOJIBKY
OHH GYNyT MEHAThCS B 3aBHCHMOCTH OT (DPH3HUECKHX YCJOBHI BBepX
MO MOTOKY OT paccMaTpHBaeMOH TpaHHLB H 3aBHCAT OT pelleHHs

1y Tpaduteckue HIH UHC/HEHWHE pelieHHst AJsE TAKOTO MOTEHIHAJLHOTO Teve-
HHS, TO-BHANMOMY, TPEANOUTHTeNbHEe, YeM NPOCTOE 2HAJHTHIECKOe pelleHHe A
06TeKaHusT UHIMHAPA, KOTOPOE MJOXO COINIACyeTCs ¢ KOHEUHO-Pa3HOCTHEIMH pellle-
HHSMH.
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B Hccaenyemoit obnacru, o nosasnenus paGorsl Tomana u [leB-
uuKa [1966] Bce aBTOpPBI MOJHOCTBIO 3a1aBaji I'PaHHUYHblE YCJOBHS
Ha BxoaHofi rpaunune mnoroka. Hanpumep, Kamaryru [1965] nns
TOro, 4uro0bl (PUKCHpPOBATh HA 3TOH rpaHMlle Kak P, Tak U { mpu
pellleHHH 3aJaud O TeUeHiH BO BHE3aNHO DacUIHPSAIOHIEMCS KaHaJe,
6paJ pelleHHe JJI51 NOJHOCTbIO PasBuTOro TeveHus [lyaseins. Tom
[1933] craBHs yC/AOBHSL MOTEHIHAJBHOTO MOTOKA [JIS1 PelleHHus
3agaud o TonepeyHoM oOTekaHHH nuauuapa. bpeunen [1968]
MpHMEHAJ PpeIleHHe O MOTEHUHAJbHOM TEeYeHWH AJs TOro, 4robnl
3aj1aTh Ha BXOJHOW TpanHlle TPaiHeHT {, a He camMoe (GYHKIIO .
ITOT MeHee OrpaHHUYUTENbLHBIH Cnoco6 sBJSeTCs NPeAnOUTUTENb-
HeiM. ®pomm [1963, 1967], Xapnoy u $pomm [1963] u Karcanuc
[1967] zapgaBanu Ha BXOAHOH TpaHule pPaBHOMEDHBIH NOTOK CO
ckopocthio u(1,j) u momaranu v(l,j)= 0. Bao u dorepru [1969]
3anaBaau § = 0 u 9y /dy = Uy, durcupys . I'puncrsn [19696]
¢uxcuposaa ¢ u nojaaran du/dx = 0, yto paer { = 0%y/dy?. Kak
Obl HH OBlJ1a OTPAHHUHTE bHA JJJHITHUECKAs NMPHPOAA YPaBHEHHH,
COBCEM He OYEBHIHO, UTO CJedyeT MOJHOCTHIO 3a1aBaTh I'PAHHUHbLIE
YCJIOBHST HA BXOJl€, HO B TO XK€ BPEMs 4T0-TO JOJIKHO OBITh 3a1al0.
HNaxe dou Hefiman (Hapuu ¢ coaBropamu [1950]) cMor mpuBecTu
JUIIL 3BPHCTHUECKHE apryMeHTHl B TM0JIb3Y TOTO, YTO HA BXOAHOH
rpaHuile NOCTAaTOYHO 3aJaBaThb TOJbKO BeJHUMHY C.

Toman u llleBunk [1966] cTaBuH MeHee MKECTKHE YCJOBUS Ha
BXONHOM rpaHuue nNepex uuiauHipom., OHH morpeboBanu, UTOGHI
v(1l,j)= 0, 4TO MPHUBOJUT K YCJIOBHIO

1])1, 1= 1‘)2‘ Iz (3465)

3To ycsioBHE faeT BO3MOXHOCTb HaxXoAuThb u(l,j) B mpoliecce Bhbl-
yucaenuli. B mocTaHoBKe 3THX aBTOPOB Ha BepXHe#l rpanume B3
sagaercs 4= Uy, @ {P(B 3) rakxe mosyuaercsl B pe3yJbTaTe pac-
yera. [IpH Hcrmosab3oBaHHWM YcaoBus (3.465) BJaHsiHHe BBepx IO
TTOTOKY CKa3blBaeTCs Jayke Ha BXOJHON TpaHHILE.

[Tpu wusyuenuu 3agmau, noJOOHLIX 3ajgade O TEUEHHH OKOJO
ob6patnoro yeryna (puc. 3.22), BiAHSHHE BSI3KOCTH BaXXKHO HAa BXOX-
HOH TpaHulle, HOITOMY XeJaTeJNbHO (PHKCHDOBATh Uy, ;, & Ui, ; RATh
BO3MOXHOCTb Pa3BHBATHCS cBo6OaHO. Poyu un Mzon.nep [1970]
3a1aBaju Pi,; NPH IOMOIIH peLIeHHs] YpaBHEHHN NOrpaHUuIHOrO
cnosi, QuKCHpPysa TakuM o6pasoM 0O¢/0y|, ;= u1 ;. DTO TakKe
03HayaeT, 4TO (QUKCHpOBaJach NpoH3BOAHAST  OX/0y?|y ;=
—au/ayll,, ABJSAIOMASCA NEepPBBIM UJEHOM B BBHIPA’KeHHH JJ8
BUXDPSI C1,; = O0u/dy|1,; — Ov/dx|1,;. BTopol wieH Takke MOXKHO
OBLI0 3a/aThb NPH NOMOIIYM PeIIEHHsT [Js NMOTPAaHHUHOrO CJIOf, HO
BMeCTO 3TOro aBTOphl Opasu MeHee xecTKoe ycaoBue. Oxasasocs,
YTO Jyyllle BCEro NOJYYaTh 3TY BeJUUHHY W3 YCJIOBUS

% (3—2)1 = 0, (3.466)
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OTKy /14
Odv| _0v| _ 9 (_9v) __ 9%
ox 1,7 0x g ox ( Jx )2‘[‘— o o,y (3.467)
HJAH OKOHYATeJbHO
% ¢\j+lba]~—2¢2]
ox by Ax (3.468)

Takum o0pasoM, Ha BXOJHOH rpaHulle MOTOKa (QUKCHPYIOTCA ¢
H du/dy, B TO BpeMs KaK BeJMuHHA { = dufdy — O0v/0x HaxoauTcs
MO 3HA4eHA Ou/dy Ha BXOJe W NpPH NoMouiu ypasBueHust (3.486),.

Jenanuch NMONBITKH HCIOML30BATL faxKe 0oJiee «MIATKHE» yCJIO-
BHS, @ UMEHHO MOJy4aTh BeJHIHHY Ov/0x|y,; JHHeHHOH SKcTpamo-
Asipell BBEPX IO TMOTOKY H3 BHYTPEHHHX TOYEK HJH 3KCTPanoJs-
uueir Apamca — Dswudopra. Taxko#t cnocof npn Goabiuux 3Hade-
HUAX Re okazaJcs npHeMJeMbiM, HO Hed(h(BeKTHBHBIM, TPH MaJbixX
Ke Re oH MPHBOAHJ K <«GJAYKIAHHIO» pelIeHHS.

Onuo#t u3 ynobubix ¢opm 3aganus u(y) Ha BXOAHOH rpaHHIle
AIBJISETCA HCHOJb30BaHue JAjs 3Tod BequuuHe {Poyu m Mioanep
[1970}) omHomapaMerpuyecKoro ceMeiictsa npoduaei Iosvraysena
(em. Inuxtunr [1968]). Takoit mpoduab, omuchiBaeMbifi MHOIO-
YJIeHOM UYEeTBEPTOro MOpPSAAKa, NOAYUYaeTcs B pe3yabTaTe WHTErpu-
pOBaHHA ypaBHEeHHH mnorpaHuyHoro cJaosi. Ilpm 3ToM mnapamerp
Ilonbraysena A npeacraBasier coboii Oe3pasmepHbIl T'pajfueHT
JABJIeHHSI, a KOOPAHHATA 1 onpelensercs KaK OTHOIIeHHe y/8, riae
§ — ronmuHa norpaHuuHoro cjos. Ilpoduas 4 umeer ciaeaymomui
BHJL:

u(B4)=2n—20°+n*+ A (n— 32+ 3n* —n). (3.469)

MoxHo TakXe 6parb npodunbp Baasuyca WM npoq»mu Qonkue-
pa — Ckan (IUauxtunr [1968]).

BoamoxHBl JBa cnocofa 3agaHUs AHCKPETH3HPOBAaHHHIX Trpa-
HHUHBIX YCJOBHH BO BXOLHOM CEUeHHH NOTOKa. B mepBoM cmocobe
GepyTcsi OUCKpeTHble 3HAauUeHHs v, KOTOpble COOTBETCTBYIOT pelle-
HHIO JAH(depeHIHaNbHBIX YpaBHEHHEI BO BXOLHOM CeUeHHH. JTH
3HAUEHHS TOJYyYaloTcs MPH NMOMOIMM ypaBHeHus (3.469) Burumcie-
HHeM HHTerpaJia, Hanpumep, no dhopmysae CHMICOHA:

by

$i, = S u (B 4) dy. (3.470)
0

OpHako ecqu 3aTeM HYHCJAEHHO NpoaHddepeHUHPOBATL Y1, ;, YTOOH
HalTH 4y, j, TO MOJyUeHHble NHCKPeTHbIe BeMH4HHBl 4 {l,j) He ByayT
COOTBETCTBOBaThL pemrenuo #(B4) nuddepeHuuanbHbX ypaBHeHHT
Ha rpaHuue B4. Bropo#t crnoco6 3akawouaercs B AUCKPETH3ALMH
pewenus u{B4) u nocnenymomeM onpejeneHHH 1V, ; TakuMm obpa-
30M, 4TOOLI 3TO OBIJIO COBMECTHMO C MPHHATHIM KOHEYHO-Pa3HOCT-
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HbIM OpejAcTaBJeHueM AJS ), j, HaNpHMep

N 2 A

U= TAy (3.471)
Torpa 6ynem numeTnb
Y1, e=0, (3.472a)
V1, jo41 = 2y, je11 Ay, (3.4726)
$i, p=2uy, ;o1 Ay + Py, ja. (3.472B)

[Tpu BropoM cmoco6e NOJydYarOTC NPABHJIbHBIE BeJIHYMHBI CKOPO-
cTel, HO B pe3yJbTaTe AHCKPETH3ALHH BHOCHTCA OWIMOKA B BEJH-
qHHL Py, ;. OueBHAHO, uTO 06a 3TH crnocoba cxoaarcsa npu Ay — 0.
ITockonpky HauboJsbliee BJUSAHHe HAa JAMHAMHKY TeUeHHS OKAa3bl-
BaeT u, a He P, BTOpol cnocol, 3akJjioyaloiuiicad B 3aJaHHH BO
BXOJHOM CeUeHHH noroka Npoduas AJA u NPH JONYyUIEeHHH OLIHGOK
B BeJIHYHHAX v, KaXKeTCs NpeANOUTHTENbHEE.

3aMerumM, uto omubka B P, 0OYCJTOBJEHHas AUCKpeTH3alHuel,
NPHUBOAHT K BO3HMKHOBEHHIO OINMOKH NpPH BBIUHCJAEHHH TOJLIHHLI
BeiTecHeHHs1 §* (Lsuxtunr [1968]), ecan moCJeAHIO OMpeefsiTb
1o gopmyJe

6= lim [y — L], (3.473)
go> oo u(y)
dra BeqauuuHa OOBLIYHO HCIOJAb3yeTCH JJsi TOro, 4robwl NpHOJIH-
eIIHO ONpejeNUTb MOJNOXKEHHE MPAaHHIB NOrPAHUYHOrO CJIOSl, OTMe-
yaeMOH HHAEKCOM e:
8y, — e, (3.474)
e
Uro6e NOJYUYHTH Pe3yJbTaThl, COrJACYIOUHECs ¢ JHCKPETHBIMH yC-
JIOBHSIMH Ha BXOJAHOH rpaHulle, Heo6XOAHMO HaXOAUThL &* myTeM yHc-
JICHHOT'O HHTEIPHPOBaHHUSl (HHTErpPHpPOBaHHE H3BECTHOHN DYHKIHH) MO
cdopmyae tpaneuui. [lockonbky ckopocTh u 6eapasmepHa, u=i/U,,
Beauuuna 8* OyJeT onpelensaTbCsl HHTErpaJsoM
Yo
o= (1 —way. (3.475)
0
I COOTBETCTBHS BCEro UYHCIEHHOTO pelleHHs pe3yJabraraM
SKCIepUMeHTa Heo0XOJHMO, UYTOOBI HMEJNO MeCTO COOTBETCTBHE
rpaHHUHBIX YCJIOBHH BO BXOJHOM CeYeHMM MOToKa (cMm. MioJep
v O'Jlupu [1970], ®enunur u Mioanep [1971], UlaBur u Jlasan
[1971]).

8.3.7. YcnoBua Ha BLIXOAHOW rpaHHue NOTOHA

Onpenesnenne 3HaueHHi Y K { Ha BHXOAHOH rpanuue B6
(puc. 3.22) aBaserca oxHo# M3 Haubojlee HHTEPECHLIX 3a7au O BHI-
YHCJHTENbHBIX TPaHHUHBIX ycaoBusax. Heo6xoaumo Kakum-to obpa-
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30M Npenebpeub JeTajsiMH TEUEHHA 1aJeKO BHH3 [0 MOTOKY H IpH
aToM 00ecleuuTh MOJyueHHe PeanNbHOro peuleHHs B obaacTu BBepX
Mo MOTOKY 'OT 3TOH rpanuubl. Ongars ke 06paTHMCH K IKCIIEPUMEHTY
B a3poJHHaMHu4ecKod Tpy6e; ecJi NpOTAXKEHHOCTb «pabodelt yacTHy
JOCTATOYHO BeJHKa, TO TeuyeHHe B 06JaCTH J4JEKO BHH3 IO NOTOKY
He CTOJIb BaxXHO. TeM He MeHee ONBIT NPOBEIAEHHA pAaCUETOB MOKa-
3bIBAaeT, UTO HEeYCTOMUHBOCTb, 3apOXKAaioniasicd Ha BBHIXOAHOH rpa-
HULE, MOXKET PaclpoCTPAaHATbCA BBEPX MO MOTOKY H HCKaxKaTb pe-
menne. Hallla Leap 3ak/i04aeTcs B NOCTAaHOBKE YCJOBHH, AaIOLIHX
MaKCHMaJbHO JONYCTHMYIO CBOGOAY MOTOKa Ha rpauuue B 6 u B TO-
Ke BpeMs 00eCMeyuBaloUNX DelleHHe 3aJauH.

Hanbosnee HameXHBIH ¢ TOYKH 3pEHHA YCTOHUMBOCTH CIOCOD
OCHOBAH Ha NOJIHOM 3aJaHHHU YCJIOBHHA Ha BHIXOAHOH rpaHuie. Tom
[1933], a rakxe Annen u Caycsenn [1955], Maika [1966], Cou
u Xanparru [1969], T'amunen u Paanab [1969] Gpanu ycaoBus u3
pellleHHs], COOTBETCTBYIOIEro NOTEHUHAJIbHOMY TeleHHlo. KarcaHuc
[1967) 3amaBan Ha BhIXOZe (a TakKe W Ha BXOJAe) PaBHOMepHbIH
notok ¢ u==const ¥ v=0. OueBHAHO, TaKue YCJIOBHS HeNDH-
FOJAHBl AJS OTPBLIBHBIX Te€YeHHH HaH AJs J100LIX TeueHHH C BSI3KHM
cnenoM. Jls TeueHHH NPH MaJblx Re MOXHO TaKsKe B3ATb pelleHHe
Croxca uan petiende O3eeHa [1Js JaJbHero cjefa, Kak 3To CAenaJ
Bapanaes [1968].

OO6mas wnjes NOCTAHOBKH TPAaHHYHLIX YCJOBHii, OTBeYaloMIHX
GeCKOHEYHOCTH Ha HauboJlee yJlaseHHOH rpaHHlLle Pa3HOCTHOH CeTKH,
6bl1a mpepJioxkeHa Puuapaconom [1910]. Kasarytu [1965], ®pun-
man [1970}, a rtakxe JIu u Ouin [1970] B BBIXOJHOM CeUYeHHH
Opanu, Hanmpumep, npoduap Ilyasefinga. 3aMeruM, 4TO AcCHMNTOTH-
yecKoe pellleHHe, HCIOJb3yeMOe B KaueCcTBe I'PAHHUYHOTO YCJOBHSA,
LOJXKHO PacCMaTPUBATLCA 8 nepemexHulx 3ada4qu; HaNpUMep, eCJH
KOHEeYHO-Pa3HOCTHbIE YDaBHEHHS 3aMMCAHHE B MEPeMEHHBIX ¢ U {, TO
u pewteHue Ilyazefinn nosxHo GuiTh s3anucano aag ¢ u L. Ecau u
3ajaerTcs IO MMEIoUEeMycs pelleHHI0 NH(pdeperlHasbHLIX ypaBHe-
HHH, a Y HAXOAWTCS IPH IIOMOIIM KBaApatTyp, TO TPH 3TOM BO3HH-
Kaer owubKa B pe3yabrataX, oOYCJOBJeHHAas AMCKpeTH3allHel
(anasory4yHas CUTyalHs BO3HHKAaeT U B CJydae IIOCTAHOBKH YCJIO-
BHI Ha BXOJHOH rpaHHuIle NMOTOKa; CM. NpeiablAymui pasgen). Ilas
TeueHH# GoJiee obmlero BHAA, HallpHMep TaKHX, KaK aCHMITOTHYE-
CKOe TeyeHHe B MOrPAHHYHOM cJjoe, pellleHHe AuQdepeHIHaNbHBIX
ypaBHeHH}I OyZeT OT/IHYaTbCs OT ACHMIITOTHYECKOTO KOHEeYHO-pas-
HOCTHOTO pelieHHsl MO BceM NepeMeHHbIM. Ha BHIXoAHON rpaHHIle
npeAloyTHTeNbHee OpaTbh KOHEYHO-PA3HOCTHOE pelleHHe aCHMIITO-
THYECKOTO 00blKHOBEHHO20 Ouddeperyuarvroeo ypasnenus (Kapa-
rytu [1965]).

BmecTo TOro uyroGnl CTaBUTH TPAHHYHOE YCJIOBME BHH3 10 MO-
TOKY, COOTBETCTBYIOHIee «BECKOHEYHOCTH», MOXKHO HCIOJb30BATD
acCUMITOTHYECKHE DEILeHHd, IPHMEHHMBbIE Ha JOCTATOYHO GOJDLIIHX,
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HO KOHEUHBIX pacCTOAHHAX OT HHTepecyloulell obGaacrd. Ilnorkun
[1968] u HocupzaBa [1970] 3a ¢yuxuun Ha rpaHHlie pacueTHOH
ceTKH Opasd pellleHMs ypaBHEHHil morpasuyHoro cjosi. Bapixkan-
ckasi [1969] BuaousMeHU A 3TO YCJAOBHE JJIsl YPABHEHHH MOTpaHHU-
HOTO €051 Ha OOJbIIOM pAacCTOSHHH OT HHTepecyolled obJacrtu
(obmacTb mepenHell KPOMKH IVIOCKOH MJACTHHKH) H IpeMJOXKHJa
«cKJeuBaTh» ypaBHeHus HaBbe — CTOKCa WM ypaBHeHHs NOrpaHHY-
HOTO CJIos, 3ajlaBas HeNpephIBHOCTL W, U = —O0) /0x u 0v/0x =
= —0%) /0x% 1O 103BOJSET HPOJBHTAThL pelileHHe ypaBHeHHH
MOTPAHHYHOrO CJIOSI BHH3 IO MOTOKY, HO He pellaer npobJeMy ycJo-
BHS Ha BHIXOJe AJs BHXPs B ypaBuenusx Hasne — Croxkca, paccMa-
TpHBAEMHX B 006JaCTH BBEPX MO MOTOKY.

®pomm [1963, 1964], a taxke [ositn u [Ipuruerr [1970] cra-
BHJIM MEPHOJHYEeCKHE YCJAOBHSA Ha BXOJe H HA BHIXOJAe, €IHHCTBEH-
HBIM JOCTOMHCTBOM KOTODPHIX OBla NMPOCTOTA MaTeMaTHUYeCKOH TOo-
CTAHOBKH. DTH YCJOBHSI He COOTBETCTBYIOT KaKoH-nu60 peanbHOH
pu3nueckol cHTyalHH (3a MCKJIIOUEHHEM 3ajJaul o CBOOOXHOIM
OHOPOAHOH TYpOYJeHTHOCTH) H OKa3aJHCL OJHHM H3 HUCTOYHHKOB
HEYCTOHYHBOCTH, ¢ KOTOPOH CcTOMKHYJcs ®PpoMM npH GOJbUIHX 3HA-
yeHUAX Re.

ITo-BuauMOMY, NepBoe [eACTBHTENBHO YCIEIIHOE ¢ BLIUNCJH-
TeJbHOH TOUKHM 3PEHHS «MSITKOe» TPAHHUHOE YCJOBHE B BHIXOJIHOM
ceuennn npeftoxuan Ilapuc u Yurekep [19656]. B 3anaue o Teue-
HHH B IJIOCKOM KaHaje OHHM [OCTaBMJI YCJIOBHSl U == —O{/0x = 0
1 0%/0x = 0 Ha BHIXOJAHON rpauuie ¥ OOHapPYXKH/IH, UTO 3TH YCJIO-
BHSl TPEANOYTHTENbHee 3ajaHus napaboaldeckoro mpoduns, tak
KaK OHH I[I03BOJIAIOT 3HAYMTESbHO COKDATHTbL PasMepsl pPasHOCTHOM
CeTKH TpH TOH Ke TOYHOCTH B HccaeayeMoit obgacru. OGosHauas
maxi{=1 ¥ onyckas HHJAEKC j, 5TH TPAHHUNbIE YCJHOBHS MONKHO
3amHCaTh B CJEYIOIEM BHIE:

Pr=1p;_1, (3.4762)
L= (3.4766)

BrocsienctBuu 3TH ycJoBHS NpHMeHHAH Dao u Joreptu [1969]
IpH pelieHHH 3aja4n 00 oOTeKaHHH IJOCKOH nuacTHHKH. Omubt
aBTopa HacTosimiefl MoHorpadHu 0O pelleHHI0 OJHOMEPHOTO MO-
JeJBHOTO YPaBHEeHHs IlepeHOca B HEBA3KOM CJyuae MpH MOMOLLH
TpPeXCAOHHOH MO BpeMEeHH CXeMbl «uexapia» (pasn. 3.1.6) moxasaus,
4TO ecyd NPUMEHATh B 3TOH cxeMe ycaoslie (3.4766), To oHO 6yaer
obJanaTh gecrabHausupyowum cpoificreoM. Pumon u Hen [1969],
paccMaTpHBas cxeMmy <«dexapia» u cxeMmy iwodopra — dpankesa
(pasn. 3.1.7) nJs BSI3KUX UJIEHOB, CTAaBHJIH B cJefle 3a TeJaoM GoJee
JKeCTKHEe YCJOBHS

Pr=1,_1, (3.477a)
£, —0. (3.4776)
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Onwuit pacueroB AJjena [1968] u YUena [1970] no pemenuio
ypaBHenus bDiloprepca NOATBEpIMJ MHTYHTHBHOE INpPEANOAONKEHHe
0 TOM, 4TO IpajHeHTHoe ycjoBHe (3.4766) pus T NPHBOJUT K MEHD-
WM OWHOKaM lia rpaHuile, yeM 3afaHde (QYHKIHU €, Kak B ycio-
Bun (3.4776)1).

Toman u HleBunux [1966] npenso:uJH emle MeHee XKeCTKHe rpa-
HHUHbIE YCJOBHS Ha BBIXOAHOH rpaHuile noroka. OHH annpoKCHMH-
poBaau ycaoBHA 0¢/0x = 0 u duv/dx = 0. IlockoabKy v == —0{/dx,
H3 BTOpPOTO YCJAOBHS CJeayeT paBeHCTBO 0%p/dx? = 0. Torpma au-
HelHAs 3KCTpAroONslus MpH MOCTOSIHHOM Miare Ax gaer

&r=2C-1 (3.478a)
V=29, 1 — ;0. (3.4786)

3TH yCJI0BIS HMEIOT BTOPOH MOPSAAOK TOYHOCTH, €CJIH 10JaraTth
0t/0x =0 mpu [--'3, a 0*/0x> =0 npu /— 1. DKCTpanoJadnus
J1S Yy, ; BBILOJHSICTCS 3/eChb TOCJAe Ka)KJoH HTepaluH MO METORY
JIu6mana npu pemenni ypasueuda Ilyaccona., B Gosee nosgned
paBore ®pomm [1967] craBua ycaosue (3.4786), uto mano ey
BO3MOMHOCTb CYLLECTBEHHO YBEJHUITL HHTEPBAJ HCCJAEAyeMblX 3Ha-
yeHH#i Re mo cpasHeHHIO ¢ npepmecTBylomell patortoli (Ppomm
[1963]), rme 3azaBannch NepHOAHYECKHE TpaHHYHLIE YCJIOBHA.
®poMM Takxke onpo6oBaj JHHEHHYIO 3KCTPAMOJALHIO AJs TOCTa-
HOBKHM { Ha BbIXOAHOH rpaHHLe 1 oOHAPYXKHJ, UTO TaKOe YCJIOBHE
06Ja1aeT AecTaOHIH3HPYIOLIM CBOHCTBOM B cJydae SIBHBIX CXeM
IJIS1 ypaBHeHHs NepeHoca BHXpS. ABTOp Hacrosillell MoHorpacdu,
NpHMeHsIs] ABHblE CXeMBbl, NIOJYUHJ aHaJOTHUHHIA pesynbTart.

B nanbHefilneM, NMpHMEHsIA METOJ INOCJAeLOBATEAbHONH BepxHell
pesakcaluu 4Js peweHuss ypaHenus lIlyaccona, KewmnGemnn
u Miossep [1968] un Poyu u Miwoanep [1970] ¢ ycmexom craBuiu
ycaosusl Tomana u lllesunka (3.478) B nesom psize 3aznau.

B paborax XwiHa u Maxkado (Xwiu u Makano [1966], Makano
u XoiH [1967]) 3apmaBaJjuch cleAylollHe YCJAOBHS Ha BHIXOAHOH

rpaHuLe:
by =Y;_4 — 20,3+ 2,4, (3.479a)
Lr=0Cr_1— 20,-3 + 2Cl—l- (3-4796)

Ouu nmoaywaioTcs pasjoxeHHeM B psanl Teiimopa (¢ warom 2Ax)
OKO0JI0 TOUKH [ — 2 [0 4YJEHOB BTOPOrO MOPSifiKA BKJIOUHTENbHO.
[Tpu Takux yC/JOBHAX Y/aj0Ch NOJNYUUTb pelleHue 3afaud o Teye-
HHH OKoJI0 ofpaTHoro ycryna npu Re = 333/2, BmluHcJeHHOM IO
BeicoTe ycryna. Cuenys Kasaryrn [1965], Xbim n Makano [1966]
BBLIMOJHUAN pacueTwl ¢ GoJiee MPOCTHIM 3ajaHueM napaboauuecKoro
npobuas ua pLxogiof rpannue notoka. OHII YyCTAHOBHJH, Y4TO 3TO

1} Cwm. raxxke crarbio Bapanacpa [1969].
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yCJIOBHe BIIOJIHE YJIOBJETBOPHTEJbHO, Xx0Td ycaoBusa (3.479), ko-
HeuHo, Jyuine, JIxakyuHTa u XbiH [1968] Gpanm ycaosua (3.479)
IPH HCCMEJOBAHHM TeYeHHS HEHbIOTOHOBCKOH XKHJAKOCTH (JKHAKOCTH
Petinepa — PusJnHa).

[Cpuucnsn [1969a] Ha BHIXOAHOM rpaHHLle NMOTOKA CTaBHJ CJle-
IVIOLHE YCJOBHA, npeanoxenHoie P. MeiftepoMm:

Op/ox =0, (3.480a)
3¢/0x — uRe (T +- 0u/dy) =0. (3.48006)

[Teproe ycaoBHe o3HauaeT, yTo v = (; ¢ yueTOM 3TOro paBeHCTBA
H TNpH OPEANOJIOKEHHH CTAllHOHADHOCTH TEYeHHS BTOPOE YCJIOBHE
o3nauaer, uto 0P/0y = 0, T. e. orBedaeT OOBLIYHOMY YCJOBHIO, IpH-
HATOMY B TpUOJAHKEHHH HOTPAHHYHOrO cJodl).
DKCTpanoJAnHoHHOe ycaoBue (3.4786) naa Y, MOXKeT oxa-
3atbcs omuOOUHBIM, Takasi SKCTPaNoJsNHs AOJXKHA TNPOBOJHTLCSH
Ha KaxmoM HTepaluH NpPH pelieHHH ypaBHeHHs Ilyaccona. Poyu
[1970] wuccnenoBas AOCTATOYHOCTb 3TOrO YCJOBHS JUIA HaXOxKje-
Husa pemeHns. [lycTs yciaoBus Ha BXOAHOH rpaHulle npu { = 1 duk-
cupoBaHnbl, s ojHOMEpHOl 3axaul, OonuCHIBAEMONH OOBLIKHOBEHHBIM
nudbepeHHaNbHLIM YpaBHEHHEM d2¢/dx2 f, 3KCTpamnoJsIHOH-
Hoe ycsoBHe d?y/dx? =10 ua BLIXOAHOH rpaHHie JH6O MPOTHBOpE-
YHT yKa3aHUOMY JubbepeHuHaNIbHOMY ypaBHEHHUIO, ecaH § == 0 Ha
BHMXOAHOH rpaHHue, Jau60 NpocTo coBmajgaer ¢ 3THM IHbbepeH-
HHaJbHBIM ypaBHeHHeM, ecan § = 0. 3HaYHT, B OJIHOMEPHOM CJy-
yae Takoe IPaHHYHOE YCJIOBHE CTaBHTh BoOOIle Hesb3si. B aByMmep-
HOM cJayuae ycjaoBHe 02/0x? = 0 CBOJAHT Ha TpaHHlle YpaBHEHHE
[Tyaccona kK oObiKHOBeHHOMY AH(depeHIHaNbHOMY ypaBHEHHIO

d*/dy? =¢. (3.481)

'} VpaBHeune aBuxeHHs (2.2) B HamnpaBieHnH y B Ge3pasMepHBIX MepeMeH-
HBIX HMeeT BHJ,
v Jv aP | ( 0% % )

a
R TR i o C e

B cnyuae CTaiHOHAPHOrO TeueHHst npH u(x,y) = 0 nast Bcex x, y ¥ npu OP/dy=0
5TO ypaBHeHHEe YNPOILaeTCs:

Ws onpegenenust § = dv/0x — du/0y nonyuaem 0dv/0x = {4 Ou/dy, 0%v/0x? =
= 0¢/0x + 0(0u/0x)[0y. B cuny ypaBHeHHS HepaspbiBHOCTH Ou/0x = —3Jv/dy,
nostomy 0(0u/dx}/0y = —0%/0y? = 0. Takum obpa3zom, Reu({+ du/dy) =
= 0r/0x. Koneuyno-pasHoctnas ¢opMa 3TOTO YC/I0BHSA TaKOBa:

du
§l=2”1—1 Re (C’l—l + 'a_y' -1

) Ax + ¢, o
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Ecau ycnosusi Ha rpaHunax Bl uw B3 (puc. 3.22) rtakoBH, uro
JAIT [OCTaTOYHble TpAHHYHBIE YCJIOBHA Aas ypaBHenus (3.481)
BIOJL B 6, TO 3KCTpamoJasiiHOHHAA MpPOUeAypa MoXKeT OBITb A0CTa-
touHo#l. B wacrnocrn, ecau ¢ == 0 Broab B 1 u ¢ niau op/dy duk-
cHpoBaHO BHOJAb B3 (Kak ObJIO0 pacCMOTpPeHO paHee), TO 3KCTpa-
NOJISILHH BAOJb TpaHuubl B 6 6yner nocTaTodyHO, HO €CJIH YCAOBHE
na B3 Takxe mnosyuaercd ¢ TOMOIIBIO 3KCTPANOJSHHH, TO 3KC-
TpanoasuHu BaoJab B6 Hedocrarouno. TlocTanoBra ke yC/I0BHSA
0%y/0y? = 0 na B3 aubo nporusopeuntr (3.481), ecan (B 3)s~=0,
nu6o npocto cosnagaer ¢ (3.481), ecan §(B3)= 0. Takum o6pa-
30M, JOCTATOYHOCTL YCa0BHA 0%p/0y? = 0 Ha rpaHuue, pacrnono-
JKEHHOM BHH3 110 NOTOKY, 3aBHCHT OT YCJIOBHY, 3aJaHHBIX HA CMeXK-
HBiX PpaHHIaxX, NpHYEM CYLIeCTBEHHYIO POJb HILPaeT paA3MepHOCTb
3a/aun.

OTMeTHM, uTO pellleHHe 3aZaYd METOJOM MNOCNeNOBaTeNbHON
BEpXHEll pesaKkcalHH ¢ JKCTPANOJSIHOHHBIMH YCJAOBHAMH Kak Ha
B3, Tak u Ha B 6 Morso 6bl «CXOAHUTbCS» B Npejesdax HEKOTOPOH
3aJJaHHOH TOYHOCTH; 3HAUHT, AHCKPETH3AIHs MOrsia Obl, BepOATHO,
MPHBECTH K €HHCTBEHHOMY PELIeHHIO, T. €. K PEIIEHHIO, He 3aBHCA-
neMy oT HadasabHoro npu6mamkenus. Ho nonydennoe takum o6pa-
30M €JHHCTBEHHOE pelleHHe 3aBHCHT OT Ax u Ay, u npu Ax—>0
H Ay -— 0 3aj7auya CTaHOBHTCH HeoIpeneJeHHOH.

IlpoBesennsle BbILE pAaCCYKAEHHS MNOACKa3HBaOT 3¢ deKTHs-
Hblfi crmoco6 ynoBrnersopenus ycnaoBHfl 8%p/6x2 =0 Ha rpaHuue,
pacnosioxennofi BHH3 no notoky (Poyu [1970], Bpuau [1970]).
BmecTo TOoro 4ro6el NPHMEHATb 3TO ycjaoBHe Npu { =/ —1 ¢ mo-
MOIIBIO JIHHEHHOH B3KCTPANOJSUHH, ero MOXKHO MOCTaBHTb HEHo-
cpenctBenHo npH =/, cBoaa ycaoBHe (3.481) K pazHOCTHOMY
anajsory OObIKHOBEHHOro nHdhepeHunansbHOr0 ypaBHEHHS

FPloy* =, (3.482)

JJIS KOTOPOTO HUMeeT MeCTO Kpaepas 3ajaua c yciaosHeM ¢(/,1)=
= 0 B Touke Ha Bl u ¢ ycaosuem dupuxse unan ¢ yciaosueM Hefi-
mana B Touke Ha B 3. Beauuwna {(/,j) na B6 moxer 6uith Hafi-
JeHa MpH TMOMOINH JIOOOT0 M3 yXKe pacCMOTPeHHBIX crnocoGoB. DTo
OJHOMepHOe Pa3HOCTHOE YypaBHEHHE MOMKHO OBICTPO PELIHTH MeTOo-
JIOM IPOTOHKH (CM. MpHJOXKeHHe A), ne mpuberasi K HTePanHOHHBIM
metoaam, Eciau Ha rpaHulle, pacrnoso)KeHHOH BHH3 IO HOTOKY, Be-
JUYHHA ) ompejaejeHa TakKHM o6paszoM, TO MOMKHO C YBEPeHHOCThIO
NPOBOJUTbL peIIeHHe pa3HOCTHOrO aHaJjora ypaBHeHus [lyaccona
¢ ycaosusiMmu JlupuxJge Ha B 6. CKopoCTh CXOAHMOCTH UPH 3TOM
TaKKe yBeJauunBaerca (HeonmyGJHKoBaHHas pabora aBropa). Takof
crnocob peasnusalnd ycaoBus 0% /0x?2 = 0, cBoasmuii Ha rpauuniue
ypaBHenne Ilyaccoma & oOBKHOBeHHOMY AH(depeHitadbHOMY
ypaBHeHuio, HeoOX0OAHM, Korjla AJsl pellenus ypaBHeHus Ilyaccora
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MPUMEHSIOTCS] HesIBHBlE CXeMbl MeToJa uYePeAYIOIHXCS HampaBsJe-
HHH, MOCKOJLKY paclienvieHHe B 3THX cXeMaX 3()GheKTHBHO CBOJHUT
HTepAIHOHHOE pellleHHe HA TMOJYIIare IO BDPEMEHH K pelIeHHIO
0GLIKHOBEHHOTO AH((epeHInaJbHOr0 ypaBHEHHS B HAIPABJIECHHH X
METOJ0M NPOTOHKH, a /I TAKOro YpaBHEHHS YCJ0BHe 0%y /0x? =0
He fBJsIeTCS JOCTATOUYHBIM.

O6bikHOBeHHOE AuddpepeHuHaabpioe ypasHeHHe (3.482) MoxHO
pematn 6oJiee NPOCTHIM  OJHOMEPHBIM  METOJOM, OMHCAHHBIM
B pasa. 3.2.8, BMecto Gosee o0uLero MeTOAA MPOTOHKH (MpHIOKe-
Hue A).

Kak yxe 6bii0 ykazano Boiie, @pomMm [1967] u aBrop nacros-
e MOHOTpa(HH, HCNOJb3ysl SBHbIE CXeMbl IJiF YpaBHEHHS Iepe-
HOCa BHXpS, ONpo6GOBa/JIH 3IKCTPANOJANHIO KakK IS (QYHKIHH 1,
TaKk M AJ8 § ¥ o0HApyXHUJH, 4TO TaKHe yCJOBHs obaajpaior aecra-
GuausupyowuM csofictBoM. Ilpumenss HesBHble cXeMbl MeTona
yepeayroluxest nanpasaenuit, Bpuan [1970] u @ennunr n Mwoanep
[1971] noayunau ycTOHUMBOe pelleHHe. BBoAsf TOAbKO Hpu pac-
yere { JAOTMOJHHTENbHYIO «(QUKTHBHYIO® V3JOBYIO TOUKY IMIpH | =
= ] 4~ 1, nocsae Kax/0ro BblUHCAeHUs 0L/0f BIIOTH 40 TOUKH [ == ]
Ha KaxKJIO0M cJoe no BpeMeHH bBpuan noJaarad

Cra1=25— /1. (3.483)

Yro6bl yAOBJIETBOPHTL yCIOBHIO 0°%/0x? = 0 B TOuKe | = [/, pema-
J0och OObIKHOBeHHOe aH(depennnanbHoe ypaBHeHHe d?§/dy? = {

Jaxe [pH CPaBHHUTEJLHO MATKHX ycaosusax (3.478), mpensno-
xeHublx ToMmanom u IleBunkom [1966], MoxHO nomyuuth Hepe-
aJblo pe3Koe H3MeHeHHe (YHKIHH { B OKPeCTHOCTH TpaHuIb B 6
A8 TeueHHH npu Maaelx Re == O(10). Jas TeueHu# 0pH Takux
Maabix Re na BboixofHOH rpanuune Poyu m Mroaaep [1970] Gpaau
«caMmble MATKHE» TPAHHUHBlE YCJAOBHA AJs1 {, KOTOpbie MOJY4aroTCsl
H3 ypaBHeHHS nepeHoca Buxpd. Ilpeamosaras, uto u;,; =0 (r. e
yto B 6 [eHACTBHTE/bHO fABJSETCS &b6lX00HOL TPaHHLEH IOTOKa),
KOHBEKTHBHBIH UJeH AJf 4 MOXHO alIpPOKCHMHPOBATH C MOMOLIBIO
pasHocTefl MPOTHB NOTOKa NpH [ = /, He npuberass K Aa/bHEHIIAM
anmnpokcuMaluusiM. KOHBEKTHBHBIA YJeH JJs U TaKKe MOXKHO alnpoK-
CHMHpOBATD NpPH NMOMOLLH PA3HOCTEH NPOTHB IIOTOKA (B 3aBHUCHMO-
CTH OT 3HaKa Uy ;) HJAH TIPH NOMOLIH KaKoH-AHOO Apyrofi cxeMmuol,
HCTMOJMb3yeMOH BO BHYTPEHHHX TOUKaX; AHAJOTHYHO, AJs AHPDY-
3HOHHOrO UJ/IeHa B HANpaBJCHHH y NpH [ = | He TpebyeTcs ammpok-
cuManuu. Uien, onucwBarowuil Aud@ysHio B HANPABJIEHHH X, MOT
6pl GbITb BhiUKCAeH npu i = [ — 1, Ho caMo mo cebe takoe BhIUHC-
JIEeHHE SIBASETCH CTAaTHYECKH HeyCTOHYHMBHIM (CM. pasn. 3.1.4) mpas
ynena (0%2¢/0x?)/Re, ocoGeHHO B Teuenusix npu Manasix Re. B sTom
Jerko yBeluTLCH, eCJIH BePHYTbCA K pHC. 3.6, KOppekTHpylollee
cMeluenHe, o0ycaoBaeHHOe uneHOM O0%/0x® aaa ToukH = 1—1,
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B JeHCTBUTEJILHOCTH HAKJa[LiBaeTcs B TOUKe [ == [, BBHI3bIBAsl TeM
CaMblM MOHOTOHHBIH pOCT OIIHGKH HJH CTATHYECKYIO HeycTofiuu-
BOCTb !).

HccaepoBanne ycTOHYHBOCTH IPH [OMOIIH MeTOJAa JAHCKPETHBHIX
BO3MYILIEHMH TNOKA3HIBAET TaKKe, KaK pas3peimntb 3Ty npobiemy.
VerofiunBocrsh useHa 020/0x? pocturaercss JIONOJHHTENbBHBIM CIBH-
roM 3TOr0 uJeHa HAa OJHH cAof mo BpeMeHH. B pesyJaerarte moay-
yaercs

n+1 n (ug)z i (u§)7_1, i 8 (vf)"
C '"—21,1+At[— Ax Y 1,/+
1 62 n 1 62€n-l

A —1./]' (3.484)

Hannume nONOJHHTEJNBHOrO BpeMeHHOro cjaosi #— 1 B ypaBHe-
HuH (3.484) oTHIOAb HE 03HAyYaeT, UTO HEOOXOAUMO XpaHHTb B na-
MSATH TNOJHYI0 MaTrpuuly AJs Q"—l [TockonbKy 3T0 ypaBHeHHE
HCIIONb3YeTCA JHUIL HA TIpaHule, HeoOXOAUMO IMOMHHTb TOJBKO
Bektop V (f) = 8% /dx? I"_li 3mech Npou3BOAHAS BBIYHCJAAETCA
B KOHIe KaXXAOro pacueTa HOBOI'O 3HAUeHHs BHXDSA Tlepel] MOJyue-
HHeM OKOHYAaTeJbHBIX 3HaUEHHH, a 3aTeM OCYLIECTBJSETCS Mepexol
K HOBOMY BpeMeHHOMY CJIOI0.

PaccuurpiBas BCe BHYTPEHHHE TOUKH MO CXeMe C Pa3HOCTSAMH
NPOTUB TTOTOKA, 3TOT cnocob ¢ yernexoM npuMenstan O'Jlupu 1 Mios-
aep [1969], a rtakxke Poyu u Mioanep [1970]. HesaBucumo ot
CXeMbl, NPHHATOH I/ pacuera BHYTPEHHHX TOUEK, HAa BBIXOAHOM
rpaHHLle TMOTOKAa DPEKOMEHIYETCH HCMOJb30BaTh PAa3HOCTH MPOTHB
NOoTOKa, XOTs 6Ll AJIfl NpeACTaBJeHHS KOHBEKTHBHOIO ujeHa AJs U,
B npenesne nmpu Re — oo 3T0 03Hauaer, uTO TI'paHHYHOE YCJIOBHE
oA { Ha BBIXOJHOH TrpaHHlle He SABJseTcs HEOOXOAWMBIM; 3TO
aHAJOrHYHO CJAYyYalo ogHoMepHOro AuddepeHIHaNbHOIO ypaBHEHHS
0t/0t = —0d(ut)/0x, rae ans TOJHOH ONpeAeJeHHOCTH 3aJaul
HeoOXOJHUMO TOJbKO YCJOBHE Ha BXOJHOH rpanule. Ecau, Haupu-
Mep, AJ8 KOHBCKTHBHBIX UJEHOB BHIOpaHa cXeMma <«uexapaa»
(pa3x. 3.1.6), a ans uJIeHOB, OMHCHIBAIOUHX AHPPY3HIO, Ccxema
C PasHOCTSIMH BIEpel IO BpPeMEeHH H LEHTPaJbHBIMH Pa3HOCTAMH
M0 NpPOCTPAaHCTBEHHBIM IlepeMeHHBIM, KaK B ypaBHeHuu (3.165), to

1) Cnemys MeTOLy RHCKpDeTHBIX BO3MymeHu#i (pasa. 3.1.5.a) u npene6peras
KOHBEKTHBHBIMH WJeHAMH H uJeHaMH, onucuBawomumu pHGdysHio B Hanpas-
JIeHHH OCH y, M0JyYyaem §"+l—§;"/+(At/Re) (C;’_Q L =2t ])/Ax
IIpennonoXkuB, 4Yro pelleHHe CTAUMOHAPHO, @ B §;; BBENEHO BO3MYIes
e O, MOJyYHM (Q;"*}l ——Q;" i)/6=At/(Re sz), npudeM 4Jel,  CTOSIILHA B npa-
BOil uacTH, mnoaoxurtesed. CaenoBatencHo, Af Hmeer TOT XKe 3HAK, 4TO H §,
T. e. BA3KHI 4JeH NMPHBOANT K CTaTHYECKOH HeyCTOHYHBOCTH,
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npHu i =1 MoxHO NPpHMEHATDL CJaenyrouiee ypaBHEHUE!

@bt — @iz 8 (ut)"
n+1 1 1% -1,
51,1':@7:_/ +2At[_ Ax Y 1,/+
1 62€n 1 62@}1—[ ]
Re o7 TR o Ll (3.485)

Artu cnocobul 6blM onNpo6oBaHBEl aBTOPOM HACTOsAlLeH MOHOrpa-
(UM, H IPH HX HOMOIIM YJAaJoch NOGHTbCS IJIABHOTO H3MeHe