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MpegMeT 3TON KHUTM — aKTyapHas mMatemMaTuka, MOMEHTOM 3apOXXAEeHUs KOTOpOil
NPUHATO CYMTaTb pPa3paboTKy M UCMONb30BaHME NEPBbIX Tabnuy cMepTHOCTMIN Hapsagy
C Teopueil BepoOSTHOCTEN, KOTOpas ABNAETCA OfHOW M3 OCHOB COBPEMEHHOI aKTyapHOU ©
(hMHAHCOBOIM MaTEMaTUKKU, CO CTAaTUCTMKOW M 3KOHOMETPUKOW, 3TO — 0JHa M3 coCcTaBnA-
IoWKMX npodeccun akTyapus, Kotopas npeanonaraeT TakXe 3HaHWe 3KOHOMUKM U cTpa-
XO0BOrO fena, ymeHme pabotatb ¢ MHDOPMALMOHHLIMW CUCTEMAMW W HaIMUYMEe U3BECTHOIO
NpaKTUYeCcKOro onbiTa.

AKTyapHas npodeccus, KoTopas BO MHOTMX CTpaHaX MMeeT YeTKOe Hpuanyeckoe u
opraHusaunoHHoe oopMneHne, HacunUTbiBaeT 6onee 150 neT. [Lonroe Bpems CyLLECTBOM
[eaTeNbHOCTM aKTyapusa cymTanacb 3KCNepTu3a PUCKOB M HeOMpeeneHHOCTel, npexae
BCEro —B CTPax0BaHWW XWN3HN2), HO BCeACTBME FNy6OKOro B3aMMONPOHNKHOBEHNS CTpa-
XOBaHMA M PUHAHCOBbLIX OMepaLnii oHa BCe Yalle MOHUMaeTcs 60/ee WMPOKO, a UMEHHO
KaK 3KcnepTu3a QMHAHCOBOI 6e30MacHOCTM B CTPaxoBaHWUM U COLMANBHOM 0BECMEYEeHNN.
Mcnonb3ysa MaTemMaTUyecKue MeTOAbl NS NOCTAHOBKWU, aHan3a v pelleHmns CNOXHbIX 3a-
[ay B 0bnacTu 6usHeca, MHAHCOB W COUMaNbHON ctepbl, aKTyapuii OLLEeHMBAET PUCKMN K
BblpabaTbiBaeT 060CHOBaHHbIE pacyeTaMu CTPaxoBble W MEHCMOHHbIE CXEMbI.

MepeBof KHUIM «AKTyapHas mMaTteMaTuKa», KoTopas sBisieTcs 6a30BbiM Y4e6HbIM
nocobmem O6uwectsa akTyapnes CLUA n B 1997 I. Bbigep)ana BTopoe, nepepaboTaHHOe,
n3faHune, oCyLLeCTBIEH B CBA3M CO BCe O0/bLUE MOTPEOHOCTLIO BO BHEAPEHUMN aKTYapHbIX
MeTOA0B AN CTabunusaunm POCCUIACKON CUCTEMbl CTPaxoBaHMs, PUHAHCOB W MEHCUOH-
HOro o6ecreyeHunsi. M3gaHue, ¢ KOTOPOro OblN cAenaH HacTOALWMIA NepeBoj, CYyLLECTBEHHO
0TNMYaeTCs OT NepBOro (CM. fasiee NPegnCcOBe aBTOPOB KO BTOPOMY M3AaHMNI0) M3LaHNS
1986 .

OpHa 3 3agay, KoTopas CTOWUT Nepef akTyapHOW maTemaTWMKOlM KakK MpuUKnagHou
ANCUMNNNHOM, — 3TO pa3paboTka mMaTeMaTUYecKUX mogeneld, COOTBETCTBYHOLWMNX HaLW-
OHaNbHbIM U MeXAYHapOoAHbIM HPUANYECKMM HOpMam W AOrFOBOPHOI npakTuke. 3TO
CBSI3aHO C pa3BWTMEM CMeunanbHON TePMMHOMNOTMYECKOn 6asbl. B pycckom s3bike OT-
CYTCTBYeT 3HauMTeNbHas 4acTb CheynanbHbIX TEPMUHOB, WUCMOMAb3YEMbIX B HACTOALLEN
KHUTE, UNK egnHoobpasune B ux ynotpebneHnn. NMostoMy HaMm NPUXOANTCS MHOTAa 6paTtb
Ha cebsi cMenocTb BBOAMTL B YNoTpebieHne TOT PYCCKMIA TEPMMUH, KOTOpPbIA, N0 HalleMy
MHEHWI0, Hauny4ywmmM 06pa3omM COOTBETCTBYeT CBOEMY aHIIMIACKOMY Npoobpasy.

CnepgyeT OTMETUTb, YTO Mbl MUCXOAMM U3 TOFO, YTO OCHOBHAA Lie/lb KHUTY — U3N0Xe-
HMe aKTyapHbIX MOAeNel U MeTOAO0B MX aHanu3a, a He peanbHOW CTPaxoBOW MPaKTUKM,
BapuaLMn KOTOPOW B 3aBMCMMOCTU OT HaLMOHaNbHbIX TPagnLin, 0CO6EHHOCTEN 3aKOHOAa-
TenbCTBa N GYXranTepckoro yyeTa 3HauuTebHbl. [103TOMY HEKOTOPbIE M3 UCMOMNb3YEMbIX
HamMW TEPMMUHOB MOTYT NOKasaTbC 3KOHOMMCTY-NPAKTUKY He BMOSIHE TOYHO OTpaXkaro-
WNUMN OTAeNbHble HKAHCbl IEKCMKOHA CTPaxoBLIMKOB, ByxranTepoB, aHAeppanTepoB K
(hMHAHCOBbIX aHANMTUKOB, XOTA Mbl HafeeMCs, YTO SIBHbIX MPOTUBOPEYNl 3a4ecb YAanochb
n36exartb. Mbl paccyMTbiBaeM, YTO NPeAMETHbI yKazaTeb, NPUBEAEHHbIV B KOHLE KHU-
rM, MOMOXET CHSTb TEPMWHONOrMYECKMe Npob6iemMbl, eCNN TaKOBble Y YMTaTeNs BCe Xe
BO3HUKHYT.

‘AQamMyHAoM lanneem B 1693 T.

2) «AKTyapuii — nuuo, npodeccnoHanbHo 0byyeHHOe MaTeMaTWyecKMM acrekTam CTpaxoBaHus, Ta-
KUM, Kak pacyeT npemuii, 06a3aTenbCcTB MO AOrOBOPY CTpaxoBaHWA W Apyrux BennuuH» (Bnaug A.
CTpaxoBaHue: NpUHLMNbLI W NpakTuka. —M.: ®uHaHcbl 1 cTaTucTuka, 1998, c. 369.)



fABnAsacb y4yebHbIM nocobuem AN TeX, KTO XefaeT chaTb YCTaHOBMAEHHble O6Lie-
cTBOM akTyapueB CLUA kBanuduKaLWOHHbIe 3K3aMeHbl, aMepUKaHCKOe W3faHue 3TOW
KHUTW MMeeT SICHO OYepYeHHbI Kpyr umTaTeneil. Ha Kakoro pycckosi3blYHOFO 4mTaTe-
Na paccyuTaH ee nepesof? BepoATHO, HEKOTOPbIE 3KOHOMMWCTbI 06HapyXaT, YTO B KHUTe
MCMONb3YEeTCA CANLIKOM CMOXHbIA NS HUX MaTemMaTuyeckuin annapat. HekoTopble MaTe-
MaTMKKN 3aMeTAT, YTO UCMOMb3yeMble B KHUTe MOLENN MOTYT OblTb YCNOXHEHbI, @ CTENEHb
00OLLHOCTM NPUBOAMMBIX B HE MaTeMaTUYeCKUX YTBEPXAEeHWI noBbiweHa. OgHako no-
CKONbKY KHUTa afjpecoBaHa UMEHHO aKTyapusiM Wau TeM, KTo, umesi 6a30BOe 3KOHOMUYeE-
CKOe UM MaTemMaTU4yeckoe 06pa3oBaHue, XOUET MONYUYNUTb MPOYHbIA PYHAAMEHT 3HAHUNA,
NPU3HAHHbLIX OCHOBOW aKTyapHOl npogeccun, 3TO HUCKONbKO HE YMasnfeT ee LeHHOCTU.
AKTyapum MOTyT ¥ LO/DKHbI B CBOeW npodeccnoHanbHOM NOArOTOBKe U3beratb Kak orpyo6-
NeHUs, Tak U U3NLWHeR feTanusayuym UCMNofib3yemMoro MaTeMaTuyeckoro yHaamMmeHTa u
HacTpamBaTb Ha 3TO CUMCTeMy MPOGecCroHanbHOro 06pasoBaHus.

HeCcoOMHeHHO, KHMUra NpuHeceT NOAb3y AULaM, Yray6/eHHO U3yyaloL MM Teoputo Bepo-
ATHOCTEN, NOCKO/bKY, OCBOMB €e, OHW MOofiyyaT onopy B NpuknagHoi obnactu. OHa 6ygeT
noJiesHa CTPaxoBLMKaM-NpaKTuKam, NOCKOJIbKY, NCXOASA U3 CBOMX 3anpOoCOB M OMUCAHHbIX
B KHUFe 06bEKTUBHbLIX 3aKOHOMEPHOCTEN, ieXxalynx B OCHOBE aKTyapHbIX pacyeToB, OHU
CMOTYT YTOUHATb MOCTAaHOBKM WUHTEPECYIOLLMX UX YyMpaBNeHYeCcKMX 3ajau.

ABTOpbl KHUTYM NPOABMAMN 60NbLLIOE BHUMaHWE K NepeBody, NpefocTaBMB CMUCOK MUC-
npaBfeHniA K OPUTUHANBHOMY M3[aHUI0 U CHabAMB PYCCKWiA NMepeBOj cneuunanbHO Hanu-
CaHHbIM npegucnosremM. Mpodeccop XMKMaH f1l06E3HO COrnacuiaca OTBeTUTb Ha MHoOrue
BOMPOCbI, BO3HMKaBLIME B Xofe paboTbl. H MNonb3ylocb cliyyaem nobnarofaputb KX 3a
3T0, a TakXe 3a BbICOKYIO OLEHKY PYCCKO BEPOATHOCTHON LWKOAbl, KOTOPYK OHWU Aanw
B CBOEM NpeAuC/OBMM K PYCCKOMY M3AaHUI. A Take 6narogapeH o6uiecTBy akTyapues
CLUA 3a TO, UTO OHO N1l06E3HO paspeLlnno n3fatb KHATY Ha PYCCKOM A3bIKe.

Poccuiicke CTPaxoBLLMKU-MPAKTUKK, KaK U Befylime cneumanucTbl B 061acTu 3Ko-
HOMMWYECKOro o6pa3oBaHuns, AaBHO MPU3HaNM HEO6XOAMMOCTb NepeBoda KHUrM «AKTyap-
Has MaTemMaTuKa» Ha PYyCCKUI f3blK. MHe 0COB6EHHO MPUATHO OTMETUTbL BeAyLLYI POb
dunHaHcoBOl akagemuu npu MNpaBuTenbctee PP, B yyebHOM npouecce KOTOPOM 4yactu
aMepUKaHCKOro U3jaHmns KHUMN y)XKe UCMOb3YHTCA, a HacToAW N nepeBoj nnaHuMpyeTcs
Mcnonb30BaThb B AanbHenlem, n ee pektopa A. I. ['pA3HOBOIA, 6e3 aKTUBHOI NOAAEPXKN
KOTOPOIi HacToAlee n3faHue He yBuaeno 6bl CBET. Mi3faHne HacTOALLEro nepesoja Takxe
66110 6bl HEBO3MOXHO 6€3 (hMHAHCOBO M MOpanbHOM NOAAEPXKKM CO CTOPOHbLI Clegyto-
WMX pocCUiicKuX cTpaxosbiX KomnaHuii: OCAO «WHrocctpax», CI «Merapycc», 3A0
«["opoackas cTpaxosas KomnaHua» n OO0 Cd «Cornacue».

HakoHel, KaK pyKoBoAuTe/nb MpoeKTa Mo NOoAroTOBKe MepeBofa, A MOMb3yHOCb CNy-
YyaeM MoauYepKHYTb 3HauMTenbHbIM BKMag Bb. A. AmocoBa u I M. LlykepmaH, caMooT-
Bep>KeHHas paboTa KOTOPbIX CMOCO6GCTBOBANA YCMNELWHOMY 3aBEPLUEHWNIO 3TOr0 MPOEKTA.
1 NOMb3ylOCb CMy4YaeM OT CBOEr0 UMeHU WCKPeHHe nobnarofaputb BCeX TeX POCCUMCKUX
N 3apy6exHbIX Konner, 6ecedbl C KOTOPbIMU y6eAUnn MeHs B L,enecoobpasHOCTM ocylle-
CTBNEHUA 3TOr0 M3faHus, u ocobeHHo B. H. backakoBa, [. b. MHegeHko, K. [Leliku-
Ha, A. JI. Nlenbuyka, P. Hopb6epra, I C. MaHoBy, KO. B. MNpoxopoBa, K. E. Typ6uHy,
O. B. ®efoceeBy. A Takxe 6narogapeH O. H. CeMeHOBOI, 03HAKOMUBLUEACA C PyKOMNU-
Cbl0 nepeBofa ¥ MPEeANOXUBLLENA P WCMPaBNEHUA, a TakXXe BCEM TeM, KTO B TOW uau
MHOWN Mepe OKa3biBan NOMOLLb M COAe/CTBME NPU NOAFOTOBKE 3TOr0 MU3AaHUs.

B. K. ManuHoBcKkui



AKTyapHas Hayka — 3T0 cobpaHue MOHATUIA U MAel U3 pasnnyHbiX o0bnacteil 3Ha-
HUA, 06bEMHEHHbIX TEM, YTO OHM 0Ka3blBAKTCA NONE3HbIMU B pa3paboTKe CTPaxoBbIX
cucTemM U ynpaefeHUM umu. OJHMM M3 TaKMX OCHOBOMOMAralLMX MOHATUIA ABNseTCS
BEPOATHOCTbL. NMpUHUMasA BO BHUMAaHWE POb PYCCKUX MATEMATMKOB B Pa3BUTUM TeOpuun
BEPOATHOCTEW, Mbl CUMTAEM €CTECTBEHHbIM W XenaTefbHbIM MOAB/EHWE MepeBofa KHUMM
«AKTyapHas matemaTuka» Ha PyCCKOM A3blKe. 3HAUYMTeNIbHble JOCTUMXKEHUS B TEOPUN Be-
POSTHOCTeW Ha paHHMX 3Tamax ee pasBUTUS NpuHagnexart YebbIWEBY U ero yYeHUKaMm
MapkoBy u JlanyHoBy. Bcneg 3a Hummu C. BepHwWwTeiH, A. XnHUYMH n A. Konmoropos
NPOAOC/IXUAN 3Ty CNaBHYK Tpaguuuto. KHura «AKTyapHas maTeMaTuka» OCHOBaHa Ha
BEPOSATHOCTHbIX MAEsAX, U aBTOPbl C 61aro4apHOCTbI0 MPU3HAKOT 6ONLLUOW BKNAA PYCCKONA
LUKOMbI B 3Ty 06nacThb.

OfHako, aTa KHMra nocBeslleHa He pa3BUTUIO TeOPUU BeposiTHOCTen. OHa ncnonbsyet
3Ty Teopuio, a TakXe Apyrve OCHOBOMofarawline naen A0S nocTpoeHUs mogeneii cTpa-
XO0BbIX cMcTeM. KpuTeprem, COrnacHoO KOTOPOMY Te WN WHble NMOHATUA UKW UAEUN BKIIO-
Yyanucb B 3TY KHUTY, CNYXWJIO TO, HACKO/IbKO OHU CNOCO6CTBYIOT NOHMMaHUIO YCTPOCTBA
CTPaxoBoli CUCTeMbl. ITO MOHUMaHMNE MOXET 0Ka3aTbCsi 0COBEHHO MOE3HbIM POCCUACKUM
CTy[eHTaM, NMOCKO/IbKY OHM 6YyLyT c03[aBaTb CUCTEMbI, NOMOratoLMe OTAe/IbHbIM NnLaM
M opraHn3aumsM KOHTPOAMpoBaTb QMHAHCOBbLIE PUCKKW, U YNPaBAATb 3TUMU CUCTEMAMU.
Mbl NPUBETCTBYEM UX B MeXAYHapoAHOM CO0OLLeCTBe aKTyapues.

Mbl XOTUM Bblpa3uTb Hally UCKPeHHIO 6narogapHocTb B. ManvHOBCKOMY, KOTOPbIi
opraHu3oBan nepesoj U crnocobCTBOBaN €ro U3LaHUIo.

HboToH J1. Bayapc
XaHc Y. Tepbep
OoHanba A. [>KOHC
Cecun O>k. HecoutT
O>keimc Y. XukmaH






Mpegucnosue Ob6WecTBa akTyapueB

MepBoe n3faHne KHUIMM «AKTyapHas maTeMaTmka», ony6imkoBaHHoe B 1986 r., oka-
3a70Ch BeCbMa Mosie3HbIM AN NpeAcTaBUTeNeid Halleldh Npogeccum, NOCKObKY B Heil Obl-
N U3/10XKEHbI COBPEMEHHbIE MAaTEMATMYeCKMe OCHOBbI aKTyapHOW HayKu U pa3BUBAIUCH
MOLLHbIE CPefCTBa, KOTOPbIMU CMOTYT M0J/Ib30BATLCA NOC/NefYIOL e MOKOJIEHNS aKTyapu-
€B. B 3TO KHUTe He TONMbKO OblN BBEAEH CTOXACTUYECKWI NMOAXO0A, AOMOMHAOWMNI n3na-
raBlUMiiCa B MPeALLIECTBYHOLUX MOHOTpapumax 4eTepPMUHUCTUYECKNIA NOAX04, HO Teopus
CTpPax0oBaHUS XMU3HU, TeOpUa pUcka v gemorpaduyeckas Teopus 66111 06bEANHEHBI B HEM
B efMHOe Lenoe. B pesynbTaTe akTyapuu noayvymam metofbl U BO3MOXHOCTU YUC/IEHHO
aHanM3MpoBaTb KakK MaTeMaTMyecKue 0XuaHus, Tak U Aucnepcun cayyaiiHbiX COObITUIA.

C MOMeHTa BbIX0fa B CBET MepBOro U3faHud KHUTM METOAbl aHann3a, UMeloLmecs B
pacnopsXeHnn akTyapues, 3Ha4YUTENbHO YCOBEPLUEHCTBOBANNCH, U B UX NMPUMEHEHNN Ha-
6ntofaeTcs 3aMeTHbIN nporpecc. YTo6bl 0TPasuTb 3TU NepeMeHbl, TpOe M3 NATU aBTOPOB
KHUTW peLnnn LOMOMHATL U NMepecMOTPETb TEKCT NEPBOro U3faHus.

OcyuiecTBieHWe 3TOro NpoekTa KOHTponuposan O6pa3oBaTeNbHbIA M 3K3aMeHalu-
OHHbIi KomnTeT O6uwecTtBa. Puyapg C. MaTTUCOH OKasblBas MOMOLLb B OpraHu3aLnoH-
HbIX BONPOCax M B MOAYYEHUN HEOO6XOAMMOro PUHAHCUPOBaHUA. 3HAYUTENbHbIA BKNaj
B peanmsauuio 3Toro npoekta BHecnun Pobept K. Kemnbenn, YoppeH JlakHep, Pobept
A. KoHoBep un CaHppa Jl. PoseH.

Puyapg JlambepT opraHn3oBan peLeH3npoBaHne U NPOCMOTP KHUTU CheLaincTamu.
Emy nomoranu boHHu ABepbak, Oxeddpu beknu, Poit FTonagmaH, Oxedd poysc, HaH-
cv [asuc, OxaHuc Koyn, AHapas J1’3ScnepaHc, Mpaxem JSlopa, Sctep MopTHOoy, A3suj
Mpomucnos, Mak-KeHsn Cmut, Oxyan CtpauveH, KypTuc XaHTUHITOH, KeliT YaH u
Anunac Lny.

O6pasoBaTe/ibHbIi U 3K3aMeHaLWOHHbIA KOMUTET, rpynna peLeH3nMpoBaHUA U BCe,
KTO MpUHUMan yvactue B nepepaboTke 3TOW MOHOrpadumu, UCKpPeHHe 6narofapHbl Mpo-
(heccopam bayapcy, [J)KOHCY M XMKMaHY 3a WX YCUIWs, HanpaBneHHble Ha 06yuyeHue
aKTyapmes.

[asung M. XonnaHg, AnaH [i. ®opg,

npesnaeHT npeacegatens KomuTeta no pykosBoj-
CTBY M KoopAuHauum obpa3oBaTefibHOW
M 3K3aMEeHaLMOHHOW NONUTUKK



Buorpagunn aBTOpoB

HBKOTOH J1. BAY3JPCI" nonyyun cteneHb 6akanaBpa (Bachelor of Science) B
VlenbckoM yHMBepcuUTeTe M CTeneHb A0KTopa hunocoduu B YHusepcuteTe wrata MuH-
HecoTa. lMocne 3aHATUIA B acnupaHType OH paboTan B YHuBepcuTeTe wtata MuunraH u
no3xe —B YHuBepcuteTe [palika. [0 BbIX04a Ha NEHCUIO OH 3aHMMan nocT npodgeccopa
aKTyapHbIX Hayk, yupexfeHHbln hoHfomM dannc u Hennu J1eBuTT.

XAHC Y. TEPBEP2) nonyumn cteneHs goktopa ¢unocopuun B LLBeiiapckom de-
[lepanbHOM TeXHUYeCKOM MHCTUTYTe. OH npenofasan B YHuBepcuteTe wrata MuunraH
n Yuusepcutete PouyecTtepa. C 1981 r. oH paboTtan B LLIkone 6usHeca YHusepcuteta Jlo-
3aHHbI, r4e B HacToAlee BpeMs BO3rnaBnseT VIHCTUTYT akTyapHbIX HayK3).

OOHANBA A. OXXOHC4) nonyuun cteneHb 6akanaspa (Bachelor of Science) B
FocyaapCTBEHHOM yHMBepcuTeTe AWMOBBI U CTEMEHW MarucTpa M JokTopa dunocopun
B YHuBepcuteTe AlioBbl. OH paboTan Ha aky/nbTeTe aKTyapHbIX HayK YHuBepcuTeTa
wrata MuynuraH n ABAANCA COTPYLHUKOM-MApTHEPOM KOMMaHuM OHH Apb6op ISK4opu3
(Ann Arbor Actuaries) go 1990 r., Korga OH 3aHfin MOCT [MpekTopa NporpaMmbl Mo
aKTyapHbIM Haykam [0CyfapCTBEHHOro yHuBepcuTeTa Witata OperoH.

CECWU Ox. HECBUTT5) nonyumn matematnyeckoe obpasoBaHue B YHuUBepcuTeTe
TOPOHTO M B VIHCTUTYTeE BbICLUMX MUCCNefoBaHM MpUHCTOHCKOro yHuBepcuteTa. C 1938 r.
no 1980 r. oH npenofasan akTyapHyl MaTtemaTuKy B YHuUBepcuTeTe wrtata Mwuuuran.
C 1985 r. no 1987 r. OH ABNANCA BULe-NPE3ULEHTOM MO Hay4YHO-UCCNeA0BaTeNIbCKOMN fesn-
TenbHOCTM O6LiecTBa aKkTyapues3).

OXEMMC 4. XUKMAHS6) nonyunn cTeneHb 6akanaspa (Bachelor of Arts) 8 Cumn-
COH-KONNemXXe N CTeneHb fOKTopa dunocopum B YHuBepcutete AioBbl. OH paboTan B
YHuBepcuteTe AROBbl U B YHMBEPCMTETe WTata BMCKOHCUMH, M3gncoH, A0 BbiX0Aa Ha
neHcuto B 1993 . B TeyeHne NATK NeT OH ABAANCA gekaHOM LLIKonbl 6usHeca B YHuUBep-
cuTeTe WTaTa BUCKOHCKMH.

"NEWTON L. BOWERS, JR., Ph.D., Fellow of the Society of Actuaries, Member of American
Actuarial Association.

2)HANS U. GERBER, Ph.D., Associate of the Society of Actuaries.

Mpodeccopa Mepbep 1 HecbUTT yyacTBOBanM B Ka4eCTBe KOHCYNbTaHTOB B MpoLiecce nepepaboTkm

1 oTbopa maTepuana fNs BTOPOro M3faHus.

4)DONALD A. JONES, Ph.D., Fellow of the Society of Actuaries, Enrolled Actuary, Member of
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MpeancnoBme K nepBoMy nsgaHuiol)

Mpepnaraemas KHUra ABASETCA NePBbIM LLIAroM B 03HAKOMJ/IEHWM YuTaTenei ¢ Toi pe-
BOJIOLMEN B NpodeccMm akTyapusi, KoTopas Npou3oLUia B HalleM Beke ObICTpoAelicTBYO0-
WUX KOMMbIOTEPOB. 3a KOPOTKWIA OTPE30K BPEMEHU C MOMEHTa M306peTeHUs MUKPONpPO-
Lleccopa akTyapum, 3aHuMaroLimecs pa3paboTKoi 1 ynpasieHMEM CTPaxoBbIMU CUCTeMa-
MW, U36aBMAUCH OT 3HAYUTENLHOr0 psija OrpaHWYeHWid, CBA3AHHbIX C UCMO/b30BAHWEM
NPUMUTUBHBIX CYETHbIX YCTPOWCTB. Tenepb OHW MOTYT COCPEAOTOUUTHLCA Ha TBOPUYECKUX
peLueHmnsx BONpPOCOB PMHAHCOBOI 6e30NacHOCTW, KOTOpble CTaBUT Mepej HUMK 06LLECTBO.

Heob6xoanmo nprBecTu 06pa3oBaTeNbHbI YpOBEHb B COOTBETCTBME C STUMU U3Me-
HeHUAMU. TO3TOMY OCHOBHbIE LieIM HacTosLLeil paboTbl — MHTErpupoBaTh CTpaxoBaHue
XXW3HU B 06LLYH0 TEOPUIO pPMUCKa M MPOAEMOHCTPUPOBATL LUMPOKWIA CNEKTP KOHCTPYKLMIA,
KOTOpble MOXHO MOC/ie 3TOr0 OCYLLEeCTBUTb, UCXOAA U3 6a3MCHbLIX MOeNen, nexauiux B
OCHOBaHWUM aKTyapHOI Hayku. AKTyapHas Hayka MNOCTOSHHO pa3BUBaeTCs, U BaxHelillee
MeCTO B Hell 3aHWMalT MeToAbl MOCTPOEHUS MOZeNeil, OTHOCALLMXCA K Teopuu pucka.
MosTomy npexpae 4eM nepeiiTm K 6onee NOAPOGHOMY OBCYXAEHUH TEeKCTa KHWUIU, Mbl
paccmMoTpMM NpUpPoay Mogenei.

AGCTpaKTHbIE M (PU3MYeCKMe MOAenu CTpoATca Anbo Ans TOro, utobbl co3fatb Ha
6a3e HabnoaeHNA CoAepXaTeNbHY U NOTMYECKM NOC/eA0BaTeNLHYI0 Teoputo, nmbo ans
TOro, 4to6bl MOMYYUTH BO3MOXHOCTb B MOSIHOM 06beMe MMWUTUPOBaTL B nabopaTopuu
AN Ha KOMMblOTEPe peanbHble npolecchl U 06beKTbl. Mogenn abCcontoTHO HEOBXOANMBI
B HayKe, B MHXXEHEPHOM fene u B fene ynpasneHna 601bWUMM opraHm3aumaMmu. OgHako
BCerga HeobxoAMMO NOMHUTbL O CYLLECTBEHHbLIX Pa3MUuMAX MeXAYy pPeanbHOCTbH M MO-
LensMKn, KOTopble 3Ty peasibHOCTb OTpaXatT. Y LOBMeTBOPUTeNbHAA MOAENb COAEepPXUT
CTO/MbKO MH(OPMaL UK O PeanbHOCTH, CKOMbKO HYXHO, YTOBbI aTb BO3MOXHOCTb NOHATH,
4TO He06X04MMO LN15 YCMEWHOro GyHKLUOHMPOBAHUS CUCTEMbI, KOTOPYHO 3Ta MOJeNb OT-
paxaer.

Mogenu cTpaxoBaHUs, NPeSN0XKEHHbIe B HACTOALWEl KHUre, fOKa3ann CBOK LEHHOCTb
M yrnyémunu Hawe nNOHMMaHWe CyliecTBa Takux cucteM. OAHaKo Mbl BCerga AOSKHbI
NMOMHWTbL, YTO peanbHble CTPaxoBble CUCTEMbI (DYHKLMOHUPYIOT B cpefe, KoTopas 6onee
CNOXHa U AUHAMMWYHA, YeM Te MOJeNU, KoTopble 34ecb uccneaytoTcs. MoCcKonbKy Mogenm
ABNAIOTCA NUWb NPUGAMKEHMEM K peanbHOCTU, paboTa MO UX MOCTPOEHWUIO GECKOHEeY-
Ha; NPUBAMIKEHNA MOXHO YyNydyllaTb, peasbHOCTb MOXET MeHATbcA. Kaxjgas HayyHas
AVcuMNAMHA HEMNpPepbIBHO nepecMaTpuBaeT U MOAepHU3NPYET cBOM 6a30Bble MOaenun. Ak-
TyapHas HayKa He SIBASIeTCS WUCK/OYEHUEM.

AKTyapHas Hayka pa3BuBasacb B TO BpeMsi, Korja paspabaTbiBaiucb maTemaTuue-
cKue cpeacTBa (0CO6EHHO MaTemMaTW4YeCKUin aHannm3 U Teopus BEPOATHOCTENR), Hakanau-
Ba/ICb HEOOXOAUMblE faHHble (OCOBEHHO faHHble O CMEPTHOCTU B popMe TabnuL, cmepT-
HOCTM), & TakXXe 0CO3HABa/INChb COLMabHbIE HYXAbl (3aUTUTL CEMbU U KOMMEpPYECKMe
npeanpuATUA 0T (MHAHCOBBLIX MOCNEACTBUIA 6e3BpeMeHHO cmepTun). Mogenu, npegno-
XKEHHbIE B CaMbll/i MOMEHT 3apOXXAeHNA aKTyapHOI HayKu, NO-NpeXHeMy OCTalTCA nones-
HbiMU. O4HaKo cpejaa, B KOTOPOU CYLLECTBYET akTyapHas Hayka, Npofo/KaeT U3MEHATb-
CSl, 1 MepuoSMYEeCcKN B OTBET Ha 3TU U3MEHeHUs Heo6XOAMMO MepecMaTpuBaTb 6a3oBble
MOJIOXEHUS 3TON HayKu.

MpounntocTpupyem 3T coobpaxKeHns Tpems npuMepamu:

U[na cornacoBaHus CO BTOPbIM M3faHWeM Hymepauus rnaB v 0630p UX B TeKCTe NPeavcioBuUs
M3MeHeH. 3TN U3MEHEHUs OTMEeueHbl KypCUBOM.



1. Tpe6oBaHWs, KOTOpPble COBPEMEHHOE 06LLEeCTBO MPeAbsBAsSeT K CTPaxoBoil cucre-
Me, MEHSIIOTCS, U B OTBET Ha 9TO pa3pabaTbiBalOTCS HOBbIE CUCTEMbI BbIMAAT pa-
GOTHUKAM 1 HOBble CUCTEMbI COLMaNbHOTO CTpaxoBaHWs. s OMMCaHUS TaKuUX
CUCTEM TPebyOTCS HOBble MOZE/NN, N 3TV HOBble MOAENMN CTPOATCS.

2. MaTemaTuKa TaKXXe Pa3BMBAeTCs, U HEKOTOPbIE MOHSATUS, KOTOPbIX He CYLLEeCTBO-
Ba/0 B MOMEHT, KOrfa 3aKnaAblBaiNCb OCHOBbI aKTyapHOM HayKu, BXOASAT Tenepb
B oblemaTemMaTuyeckoe o6pasoBaHue. ECM akTyapHas HayKa XoueT ocTaTbCsl B
OCHOBHOM pyc/ie NpUKNagHbIX HayK, He06X0AMMO nepecTpanBaTh 6a3oBble MOAENN,
MCNONb3Ys I3bIK COBPEMEHHON MaTeMaTUKU.

3. HakoHel, KaK y>e 0TMeyaNnoCb Bbille, C Pa3BUTUEM GbICTPOAEHCTBYIOLUX KOM-
MbIOTEPOB BLIPOCAM BO3MOXHOCTM A5 pa6oTbl CO CMOXHbIMU MOZensMu. 370
MPUBOAWT K Aaneko WAYWMM MOCNeACTBUSM B OTHOLUEHWM YPOBHS LOMYCTUMOIA
B aKTyapHbIX MOAENSX CAOXHOCTU.

B HacToswen paboTe yaenseTcs 0cob0e BHUMaHe TeM MOAENSM, KOTOpble ABASTCS
6a3MCHbIMY B COBPEMEHHONM MpaKTWKe aKTyapHOl Hayku. OHUM U3y4valoTCs CpefcTBamu,
pa3paboTaHHbIMWU B MaTeMaTUYeCKUX UCCNefoBaHNAX, 0CO6EHHO B 061acTh MaTtemMaTuye-
CKOro aHanu3a u Teopuu BeposTHOCTe. Mpu 3HakKoMcTBe ¢ rn. 1-14 yuTaTenb JOMKEH
UMeTb B BMAY, YTO CylLecTBYeT Habop rnaBHbIX MOAenen, nexawux B OCHOBe aKTyap-
HOI HayKW, KOTOpbI/i HEOOXO0AMMO OCBOUTL KaXOMY, KTO CTPEMUTCA K paboTe B /060
M3 MHOTOUYUCNIEHHBIX Creumann3aunii akTyapHoin npogeccun. Mpy NOCTPOEHUN 3TUX MO-
feneii UCNonb3yeTcsl MNWb OrpaHNYEHHbIA Habop coobpaKeHnin. Mbl 06HapPYXXUM MHO-
FrOYNCNEHHbIE CBA3WM MEXAY 3TUM MOAENAMU, KOTOpble 4EMOHCTPUPYIOT eANHY0 OCHOBY
aKTyapHoil Hayku. Bcnep 3a sTumu mogensimu B ra. 15-21 usnaratoTcsi HekoTopble 60-
Nee CNoXHble MOZEeNK, Ny4lle OTBeYalLiMe peannmsm CTpaxoBaHUs XU3HW U NEHCUOHHbIX
CXeM.
XO0Ts HacTofLaa KHUra 3ajyMaHa Kak BCeCTOPOHHEE UCCejoBaHWe, 3TO He O3Havaer,
4YTO OHO JOMKHO 6bITb McuyepnbiBalOWMM. UT06bI n3bexaTb HefopasyMeHWIA, o4epTUM
rpaHunLbl U3/1I0XKEHHOrO:
e Mbl He UCMOMb3yeM Te CBefleHNs U3 MaTeMaTUKU, KOTOpPble He BXOAAT B TUMUYHbIE
KYpCbl AN CTYAEHTOB, faXe eCiM OHWM MOrfn 6bl YHU(ULMPOBATb, @ B HEKOTO-
pbIX Clyyasx M YyNpoCTUTb MpefcTaBfieHHble 34ecb coobpaxeHus. Hanpumep, B
N3N0XEHUN MaTepuana, OTHOCALLErocsa K BEPOATHOCTHbIM pacnpefeneHusm, Mbl
nosb3yemMcs NpousBoasweli (yHKUMEA MOMEHTOB, HO He MCMO/b3yeM XapaKTe-
pUCTMYECKYI0 (PYHKUMIO. M3 Tex XKe CO0OpaxeHWid Mbl He MPUMEHSEM WHTerpan
CTunTbeca, KOTOPbIA MOXHO 6bl/10 6bl B HEKOTOPbLIX CAy4YasX MCMOAb30BaTb ANA
YHUPUKALUN N3N0XKEHUA B AUCKPETHOM U B HEMPEPLIBHOM ClyyasX.

* B rnaBax, NOCBALLEHHbIX CTPax0BaHUIO XMWU3HU, NOAYEPKUBAETCA Cny4yalHbllii Xa-
pakTep MOMEHTa BpeMeHMW, Korja TpebyeTca MpoOU3BOAUTbL CTPaxoBble BbINAATHI.
B Tex e caMmbIX rnaBax NPOLEHTHble CTaBKW, UCMOJMb3yeMble AN pacyeTa Ha-
CTOSLLEeA CTOMMOCTU ByAyLIMX MnaTexen, nonaratoTca AeTEPMUHUPOBAHHBLIMU K
00ObIYHO CUYMUTAIOTCA MOCTOAHHLIMW. [MOCKONMBKY MPOLEHTHbIE CTaBKM MOTYT Me-
HATbLCA 3HAYUTENbHO, eCTECTBEHHO CNPOCUTb, MOYEMY Mbl He paccMaTpuBaeMm Ans
HUX BEPOATHOCTHbIE Mofenn. Mbl 0TBeYaeM: MOTOMY, YTO MaTemaTMKa CTpaxoBsa-
HWSA XXN3HW Ha BEPOATHOCTHOM OCHOBE (3a UCKMOYEHUEM MPOLEHTHbIX CTaBOK) He
TpebyeT HMKAKUX AOMONHUTENbHbIX 3HAHWIA, KpOMe Tex, KOTopble COoAepXaTcs B
CTaHAapTHOM YHVWBEPCUTETCKOM Kypce. C ApYyroil CTOpPOHbI, A/1S MOAEeNUpPOBaHUS
MPOLEHTHbIX CTaBOK He06X0AMMO NPUBNEKATb CBEAEHUSA W3 3KOHOMUKMW K CTaTu-
CTUKW, KOTOPblE BbIXOAAT 3a paMKW TOro Habopa npefBapuTeNbHbIX MaTemaTu-
YecKUX CBEAEHWUI, 0 KOTOPOM rOBOPUAOCH Bbie. Kpome TOro, npu nOCTPOEHMM



mMogenei, B KOTOPbIX KaK MPOLEHTHble CTaBKW, TaK M MOMEHTbl BO3HWKHOBEHMS
CTPaxoBbIX C/ly4yaeB, CAyYaliHbl, BOSHUKAKT ONpefeneHHble TeEXHUYECKNe TPYAHO-
CTU, COCTaBNfAOLWME NPpeaMeT COBPEMEHHbLIX UCCNeA0BaHNIA.

e Mbl He n3naraem mMeToAOB OLEHMBAHUSA MapaMeTPOB OCHOBHbIX aKTyapHbIX Moje-
neii, NCXOAS M3 UMeHLMXCa HabnoaeHnin. HanpumMep, Mbl He 06CyXXAaeM MOCTPoO-
eHue Tabnuy, CMepTHOCTH.

e HacTodAwasa KHWra He sIBASeTCA PYKOBOACTBOM MO BblYMCAEeHMAM. 34ecb He 06-
CY>XAalTCA BOMPOCHI, CBA3aHHbIE C ONTUMM3aUNeil CTPYKTYPbl BXOAHbIX AaHHbIX,
N BbIYNCNNTENbHbIE aCMeKTbl aKTyapHbIX Mofeneidl. ITo — BbICTPO U3MeHsoLa-
dca cepa, U 34eCb, KaK Ham MpeacTaBnsieTcs, Nydylle NPefoCTaBUTb YUTaTENAM
CamMoCTOATeNbHO pelaTb, Kakue MeToAbl OHW M30epyT C y4YeTOM crneuntnknm ux
COBCTBEHHbIX PeCypCOB.

» 34ecb He 06CYXAAlOTCA MHOTME BaXHble aKTyapHble 3ajayn, BO3HUKLIME 3a 40N-
rme rofbl NPakTUYeCcKO AeATeNbHOCTM U CTPaxoBOro perynupoBaHuns. 310 3ame-
YyaHMe OTHOCUTCS K pasfenam, B KOTOPbIX paccCMaTpMBalOTCA TaKue BOMPOCHI, KakK
BeMUYMHa PaKTUUYECKUX MPEMUI B OFOBOpaxX CTPaxoBaHUMN XXN3HMN, CTOMMOCTElN B
MEHCUOHHBIX CXemMax, OrpaHNYeHU, HaknaAbiBaemMblX Ha pe3epBbl BbiNnaT, a Tak-
e coCTaBfieHWe OTYETHOCTM B TOW (PopMe, Kak 3TOro TpebyloT perynupyrouyue
opraHsl.

e Mbl usberanu coobpaxeHWn, KOTopble NPUBOAAT K MHTEPECHbIM NpPo6aemMam, HO
He MOSBAAKTCA B 6a30BbIX aKTyapHbIX Mogensx. o 3Toi NpuynHe B KHUre OT-
CYTCTBYeT 3ajaya O CpefjHEM BO3pacTe B MOMEHT CMepTV ANS CTalMOHapHOM no-
nynauumn.

HacTosuas KHAra MMeeT MHOXECTBO 0COGEHHOCTEN, KOTOpbIe BbIAENSIOT ee U3 paga
3aMeyvaTefibHbIX KHWUT MO CTPax0BaHMIO XXMW3HW, HanMUCaHHbLIX HaWWMW NpeALlecTBEHHU-
Kamu. MHoOrve n3 3TUX OCOGEHHOCTeil OTpaXkatoT MPUHATOE aBTOpPaMU pelleHue O TOM,
KaKoii maTepuan cneayet BKAOYaTb B M3N0XeHWE. Mbl 06CyanM UX aanee, cHabauB 3a-
ronoBKaMu, yKasblBaloWUMK 06CYyXKAaeMyo Temy.

BeposATHOCTHbIN MoAxof

Kak yKa3blBanoCb paHee, HaMbo/bLIee pa3inume Mexay noaxofoM, NPUHATLIM B Ha-
CTOSLLEA KHWUFe, U MOAXOAaMMW, MPUHATLIMWU B 60/bLUMHCTBE MPEALECTBYIOLUX aHI/0-
f3bIUHBIX MOHOFpagMii Mo akTyapHO MaTemaTWKe, COCTOMT B CYLECTBEHHO GO/blUEM
MCMONb30BaHUM BEPOSTHOCTHOFO MOAXOAA MPU M3NOXEHUW MaTemMaTWUecKUX acrnekToB
CTPaxoBaHMUA XMU3HU. AKTyapun 06bIYHO MUCANM U FTOBOPUANU O NPUMEHEHUN TEOPUMN Be-
POSTHOCTE B CBOMX MOfAENsX, HO MX pe3ynbTaTbl MOFANU 6bl GblTb MOAYYEHBI M 4YaACcTO
OeACTBUTENIBHO 6bIIN MOMYYEHbl AeTEPMUHUCTUYECKUMU MeTodaMn. B 3Toll KHUre pac-
CMOTpPEHME 3aja4y CTPaxOBaHUS XM3HW OCHOBAHO Ha MPEAMONOXEHUMU, YTO MPOAOIIKU-
TeNIbHOCTb MPeACTOsLLEeNA XN3HU ABNAETCS CAydYaliHOW BeNMYMHOI C HempepbiBHLIM pac-
npegeneHmeM. JTO MO3BOMSET NMPUBAEKATb MHOXECTBO MOHATWI W3 TeopUU CRy4yaiiHbIX
BE/IMUMH, TaKMX, KaK (YHKLMA pacnpefeneHuns, GyHKUUS NAOTHOCTW, MaTeMaTU4eckoe
OXWAaHuWe, [UCMEpCUs N NPoM3BoAALLas PYHKL WS MOMEHTOB. ATOT NOAXOJ COOTBETCTBY-
eT lyXy BPEMeHM, ero MpUMeHeHWe OCHOBAaHO Ha HalMuyun GbICTPOAEHCTBYHOLMX KOM-
MbIOTEPOB U OTBeYaeT MMeroLMMcs 3anpocam. OH OCHOBaH Ha HaGAeHUW, YTO 3KO-
HOMMWYecKasl ponb CTPaxOBaHMS XWU3HU U MEHCUOHHOIO CTPaxoBaHWUs HaUAy4lWUM o6pa-
30M MpocMaTpuBaeTcs, Korfja noguyepkuBaeTtca cnydaiiHas npupoaa NpoaoXuTebHOCTU
npeacTosL el Xun3H. MoOMUMO 3TOr0 BEPOSTHOCTHbIE UAEN SBAAIOTCSA B HAcTosLee Bpe-
M 4acTblo o6LiemMaTeMaTUUecKoro o6pasoBaHus, U ux 6Gonee rny6okas peanusauus B



CTPax0BaHUM XWU3HU CBA3bIBAET MOCMefHee C APYTUMMW pasfenamu NpuKnagHoi Teopuu
BEPOATHOCTEN, Hanpumep, ¢ Teopueil HafleXKHOCTN B MHXXEHEPHOM fene.

B gononHeHue AN NOMAHOTbI U3NI0XKEHUS Mbl OMUCHIBAEM AETEPMUHUCTUUECKUI MOA-
X0f, KOTOPbIi MPUMEHSETCS B HEKOTOPbLIX cyvasax. OfHAKO pe3ynbTaTbl, MOJyUYeHHble C
NpUMeHeHNEeM AeTEPMUHUCTUUECKUX MOfAeneld, 06bIYHO MOXHO MOMYYNUTb, paccMaTpuBas
MaTeMaTUYecKne OXMUAaHUSA B BEPOSTHOCTHbIX MOAENsX.

CBsi3b C TeOpUEN pucka

Teopus pucka onpeaensieTcs Kak UccrefoBaHne OTKNOHEHUI (haKTUUecKUX QUHAHCO-
BblX pe3ynbTaToOB OT OXMAAEMbIX U NpeAcTaBnseT co60ii COBOKYNHOCTb MeTOA0B MPesoT-
BpalLeHUs HeGNaronpmsaTHbIX NOCNEACTBUIA 3TUX OTKNOHEHWIA. BeposTHOCTHbIN Nnoaxon K
CTPaxOBaHWIO XWU3HWU MO3BONSET BCTPaMBaTh 4ONTOCPOYHbIE CTPAXOBble 4OrOBOPLI B MO-
[eNnn Teopuyu pucka M no CyTW npeBpallaeT TEOPUt0 CTPAXOBaHWUN XWU3HW B COCTaBHYHO
yaCTb (HO OYeHb BaXKHYK COCTaBHYH 4acTb) TEOPUU pUCKa. Teopus pasopeHus, Apy-
roii BakHbIl pa3gen Teopun pucka, BKIOYAETCS B Hee KaK CpeAcTBO aHann3a 04HOro U3
MCTOUYHWUKOB HEGNaronpusTHbIX JONTOCPOUHBLIX PUHAHCOBbLIX OTKMNOHEHUI — CTPaxoBbIX
cnyyaeB. ITOT WUCTOYHWK SIBASETCS FMaBHeWUM acnekTOM Mogeneli CTPaxoBbiX npef-
NPpUATKIA.

Teopna nonesHocTu

3Ta KHWUra COAepXMUT MaTepuan, OTHOCAWMICS K 9KOHOMUKe cTpaxoBaHus. Ero uenb
— NPeAnoXnuTb YynTaTesto 060CHOBaHME HEOBXOAMMOCTM M3YUYeHUS aKTyapHbIX Moaenei,
0CHOBaHHOe Ha HOPMaTWBHOI TEOpPUM UHAUBMAYANLHOTO NOBEAEHUS Nepes NULOM Heomnpe-
[ENeHHOCTN. XO0Ts MCMONb30BaHHbIE 3[eCb MOAENM 3HAYMTENbHO YMPOLEeHbl, OHU faloT
npefcTaBneHne 06 3KOHOMUYECKON PonM CTPaxoBaHWUsA U O HEKOTOPbIX U3 Npo6rem, BO3-
HUKAaLWMX NPU NPUHATAM pelleHunii B BONpocax CTPaxoBaHus.

CTaH,ﬂ'apTH ble MpPeanos1oXeHNA

[ONS BbIUNCNEHUS aKTYapHbIX QYHKLMWIA A8 HeleNbiX BO3PACTOB Mbl MOCTOSIHHO MO/b-
3yemcs NpPeAnooXeHNeM 0 paBHOMEPHOCTW pacnpefeseHns Cny4yaeB CMepTV B KaXKAoM
roAWYHOM BO3PAcCTHOM WMHTepBase. ITO YCTPaHSET HEKOTOPble aHOManuu, KoTopblie 0TMe-
yanuchb NPU NPUHATAM HEOBOCHOBAHHbLIX MPEANONOXKEHUNUI B CyUae BbICOKUX MPOLEHT-
HbIX CTaBOK.

HboToH J1. Bayapc
XaHc Y. epbep
OoHanbp A. [I>KO0OHC
Cecun lok. HeconTT
O>xkeitmc Y. XukmaH

MpegncnoBue Ko BTOPOMY U3LaHUIO

AKTyapHas Hayka He CTOMT Ha MecTe. 3a Bpems, Mnpollejliee ¢ MOMeHTa ony6/u-
KOBaHWs MepBOro M3faHMs KHUTU «AKTyapHas mMaTemMaTuka», oHa Bo6pana B cebs psg
HOBbIX WAl N3 3IKOHOMUKM U MaTeMaTUKK. B TO e BpeMs BbIYMCNEHUS U CPeACTBA KOM-
MYHWKaLWM CTanu JeweBne M GbICTPee, YTO NOMOI/IO0 CAeNaTbh AOCTYMHee 60siee CNOXHbIe
aKTyapHble Mofenu. 3a npollellee BPpeMs U3MEHWINCh TakXe Te (UHAHCOBbIE PUCKMU,



8. HoBble nccnefoBaHNs B COEANHEHNMN C HOBbIMU BbIYUCUTENIbHBIMI BO3MOXHOCTS-
MW MOBBLICUAN WHTEHCMBHOCTb WCMOJ/Ib30BAHMNSA PEKYPPEHTHbLIX (DOPMYN ANA Bbl-
YyncneHns pacnpefeneHnin CymmapHbIX MOTePb, MOMYYeHHbIX B paMKax MoAenein
Teopun pucka. STO MOBAUANO HA WU3NIOXKEHUE B TN, 12.

9. Martepuan, oTHOCALWMIACA K pacyeTy TapuoB 4N 4OrOBOPOB CTPAX0BaHUA XU3HN
C BbIM/laTaMu Ha cnyyaldi cMepTu 1 AOCPOUYHOT0 NpeKpaLLeHus AeicTBra LOroBopa,
a TaKXXe K OyxranTepckomy yyeTy B onepauusx CTpaxoBaHWUA XU3HU, Obln peopra-
HU30BaH. TO, YTO OTHOCMTCA K BeAeHWO GU3Heca U K perynupoBaHuio, cobpaHo B
O[lHOWA rnaBe, a TO, UTO OTHOCUTCS K OCHOBaM OYXranTepcKoro yyeTta u K pesepBam
Ha BeAeHue fen —B ApPYroi, npeabligyuiein rnaBe. O6CyXAeHNe CTPaxoBOro pery-
NNPOBaHUA OFpaHNYNBaAETCA OOLMMN MONOXKEHUAMMN U TEM, YTO K HUM OTHOCMKTCS.
Mbl He Aenanu MONbITOK U3M0XWUTb MOMIOXEHUS CTPAXOBOro perynaMpoBaHus ans
KaKoro-mbo KOHKPETHOro rocyfapcTea, NPOBUHLMM WX WITaTa.

10. Bbin onyLleHbl MOAENW, OTHOCALMECA K Py CTPax0BbIX MPOAYKTOB, NOTepsB-
WMX 3HaYEHMe Ha PbIHKE, U BBEAEHbI MOAENN AN HOBLIX MPOAYKTOB, TaKMX, Kak
YCKOPEHHbIE BbINAaThl B Cyyae KPpUTUYeCKUX 3aboneBaHWii nanm Heo6X0AMMOCTU
B A/INTE/IbHOM YyXOje.

11. 3aknwuuTenbHas rnaBa CoOAEpPXUT KPpaTKOe BBeAEHMe B NPOCTble MOAENU, B KOTO-
pbIX NPOLEHTHas CTaBKa fBASETCSA Cny4valiHoW BenmunHoil. Kpome Toro, o6cyxaa-
l0TCA CO06pPaXKEHMs NO NOBOAY YNpaB/eHUs PUCKOM, CBSI3aHHbIM C MPOLEHTHOW
CTaBKOW. Mbl Hageemcs, UTO 3Ta rnaBa NOCAY>XWUT MOCTOM K MOCMEAHUM AOCTMXe-
HUAM B 061aCTV COEMHEHUS aKTyapHO/ MaTeMaTuKW U PUHAHCOBOI 3KOHOMUKMN.

3aBeplas paboTy Haf BTOPbIM, NepepaboTaHHbIM, U3JaHNEM, Mbl YXXe SICHO BUAWM,

yTO TpsAfYT 3HAUMTENbHbIE HOBbIE MPOABMXKEHUS. YCUAUA B 3TOM HanpaBfieHWW COCpe-
[LOTOYEHbl Ha CO34aHUKM 06WMX Mofeneli ANs ynpaBaeHUs pUcKamu OTAENbHbIX NAL W
opraHusaunii, cB3aHHbIMI C HEONPEAENeHHOCTbIO BYAYLLMX (HMHAHCOBLIX NOTOKOB BCef-
CTBME Pa3MUHbIX NPUUUH. CoefjMHEHME aKTyapHO-CTaTUCTMYECKOro NoAxoAa K nocTpoe-
HUIO Mogeneii cnctem PMHAHCOBOI 6€30MacHOCTU C MOAXOAOM, MPUHATLIM B (DMHAHCOBOWA
3KOHOMUKe, SiIBNSieTCH AOCTOMHONW 3ajaveid ana 6yayuliero NnoKoseHUs uccnegoBatenei
aKkTyapumes.

HboToH J1. bayapc
OoHanba A. [I>K0HC
O>keiimc Y. XukmaH

nyTeBOAVITeI'Ib no KHUre

UutaTeNb MOXET CUMTaTb, YTO HACTOAWAs KHUTa u3naraeT fBa HanpaBfeHUs Teo-
pun pucka. Teopus MHAMBUAYaNbHbIX PUCKOB pacCMaTpUBaeT KaX/blii CTPaxoBoii fOro-
BOP KakK OT[eNlbHY0 eAuHuLY, W NOCTPOEHNE MOMENN AN TPYNMbl CTPAX0BbIX Or0BOPOB
COCTOMT B CYMMMPOBAaHWM (DMHAHCOBbIX Pe3y/sbTaTOB MO OTAeNbHbIM AOrOBOPaM W3 3TOl
rpynnbl. Teopus KONNEKTUBHbLIX PUCKOB MCMOMb3yeT BEPOSTHOCTHYIO MOAENb A1Si CyM-
MapHbIX CTPaxoBbIX BbIMAAT; MPW 3TOM LUar, COCTOAWMIA B CYMMUPOBAHUW Pe3y/bTaToB
Mo OTAeNbHbLIM [JOroBopam, yCTpaHseTcs. ATO pasnnMune WHOTAA CMOXHO NpocneauTb B
npakTUyecknx 3afadvax. OfHaAKO rnaBbl HACTOSLWEN KHUFU MOXHO B CBS3W C 3TUM pas-
[eNNTb Ha fiBe TPYnnbl, Kak NOKa3aHO HuXEe.



Knaccugpumkaumsa rnae no fiByM HamnpaB/ieHUsIM B TEOPUM pUCKa
Teopus UHAMBUAYANbHbLIX PUCKOB Teopus KONNEKTUBHbIX PUCKOB
1,2,3,4,56,78,9,10,11,15,16,17,18,21 12,13,14,19, 20

MOXHO TaKXe pa3feNnTb CTPaxoBble MOAENN Ha Te, KOTOPbIe MPUIOAHbI AN CTPaxo-
BaHWS Ha KOPOTKOM BPeMEHHOM WHTepBane, KOorfja MHBECTULMOHHbIA AOXO0[ He ABNsSETCA
CYLLECTBEHHbIM (HaKTOPOM, M Ha Te, KOTOPble OTHOCATCA K AOATOCPOYHOMY CTpaxoBa-
HWIO, KOrfa y4yeT Aoxoda OT MHBECTUPOBaHUSA Heobxoanm. Ha npuBefeHHON HUMXe CXeme
JaHa Knaccugukauma rnae no 3TOMy NPUHUMNY C AONONHUTENbHbLIM pa3bueHnemM Moge-
nei JONroCPOYHOro CTPaxoBaHMA Ha MOAENN CTPaX0BaHMWA XU3HU U MOAENMN NEHCUOHHOIO
obecnevyeHus.

Knaccudukaumns rnae no AANTENbHOCTU BPEMEHHOrNO nepuoja
M no obnactn NpuUMeHeHWUn

[0NrocpoYHoe cTpaxoBaHue

KpaTkocpouHoe cTpaxoBaHue CTpaxoBaHMe XMU3HU MeHcuu
1,2,12,13,14 3,4,56,7,8,9,10,11,15,16,17,18, 21 9,10,11,19, 20, 21

Bbibop TeM 1 ux opraHu3aums He cnefytoT TpaguLUOHHbIM cxeMaM. Kak oTmeyanocb
paHee, HOBas CTPYKTypa cBs3aHa C 3ajayeli M3N0XWUTb CHayana martepuan, KOTOpbIi
cuuTaeTcqd 6a30BbIM ANA CTyfAeHTOB-akTyapues (rn. 1-14), a noTom nepeiTu K 6onee
yrny6neHHOMY U3N0XEHWUI0 N36paHHbIX pas3fenos ANA CTYAEHTOB, Cheunanm3npytowmxcs
Ha CTPaxoBaHWMN XMW3HWU W Ha NEHCUOHHOM obecneyeHumn (rn. 15-21).

B rn. 1 obcyxpaloTcs cnefytoline gBa CO0BpaxXeHUs: cnydvaiiHble COBbITUS MOryT
HapywuTb MaHbl Nuua, NPUHUMAIOLWEro pelweHuns, a CTPaxoBble CUCTeMbl CO3datoTcs,
4YTO6bl YMEHbLWUTL HeBNaronpuaTHble (hMHAHCOBbLIE MOCNEACTBMA 3TUX CO6LITUIA. Ana un-
NoCcTpaLnm nocneaHero coobpaxeHns paccMaTpuBalTCa OTAeNbHbIE JOr0BOPbI CTPAXo-
BaHWS M UCNONb3YOTCA YA0OHbIE, XOTS He BCerfa peaNncTuYHble, pacnpefenieHns cnydai-
HbIX BENMYUH ylepba. B nocnegytowmx rnasax 4158 CTpaxoBbiX CUCTEM CTPOATCH 6onee
noapo6HO pa3paboTaHHbIE MOAENN.

B rn. 2 BBOAUTCS MOAENb MHAUBUAYANbHBIX PUCKOB, CHavyana a4ng oTAeNbHbIX 40r0BO-
poB, a 3aTeM 415 NOpPTdens CTpaxoBbiX 4OFOBOPOB. B aToli Mogenu cnydyaiHas BenmynHa
S, CyMMapHas Befin4MHa CTPaxoBblX BbINNAT 3a OTAENbHbIA Mepuoj onpefenserTca Kak
CyMMa hMKCMPOBAHHOMO YMC/la HE3aBUCUMbIX Cy4YaliHbIX BEIWYUH, KaX fas M3 KOTOPbIX
CBfi3aHa C OTAe/IbHbIM JOroBopoM. Kaxkjoe cnaraemoe CyMMbl S MOXeT MPUHUMATbL ABa
3HAYeHMUS: o U CNyyallHOe 3HAaYeHue, paBHOE Be/IMYMHE BbIMaTbl 3a pacCMaTpuBaeMblii
nepuoga.

C TOYKM 3peHUs Teopun pucka uaeu, pasBuBaemble B . € 3 MO 11, MOXHO pac-
cmaTpuBaTh KaK pasBUTUe coobpaxeHwit rn. 2. Bmecto Toro, 4tobbl paccmaTpuBaTb
noTeHUManbHble BbiNAaTbl 3a KOPOTKUA BPEMEHHOW Mepnod Mo KaXAOoMy OTAeNbHOMY
CTPaxoBOMY I0r0BOPY, Mbl pacCMaTpMBaeM CnyyaiHble BeIMUNHbI NOTEPb, KOTOPbIe NpU-
HUMAlOT B pacyeT ()MHAHCOBble pe3ynbTaTbl 3a HECKONbKO NepuoaoB. MOCKONbKY Takue
cnydvaiiHble BENMYUHbLI 60Mee He OrpaHUYeHbl KOPOTKUM BPEMEHHbIM WMHTEPBasioOM, OHU
OTpaxatT CTOMMOCTb AeHer B pacCMaTpuMBaeMblii MOMEHT BpeMeHW. NS rpynn Auy, Mbl
MOXXEM AelicTBOBaTb, KaK B /. 2, @ UMEHHO, UCMNOJIb30BaTb NPUBAMKEHNSA, HANPUMED HOp-
ManbHoe NpubamxeHne, 4Tobbl CPOPMYNNPOBATL BEPOATHOCTHbLIE YTBEPXKAEHUS O CyMMe
CNyYalHbIX BENNYNH, CBA3AHHbIX C OTAENbHbIMU YNeHaMy 3TOW rpynnbl.

B rn. 3 npofomKNTEeNbHOCTL NPEACTOSLLEN XXU3HI paccCMaTpMBaeTCa KakK Henpepbis-
Has cnydaiHas BenM4YMHa, U Mocne onpeaeneHns yHKLWW NAOTHOCTU BBOAMTCHA M WUC-
cnefyeTcs psA4 CBOMCTB pacnpedeneHuii BeposTHocTeli. B ra. 4 n 5 paccmatpuBaroTcs



[OroBOpbl CTPAxXx0BaHUA XWU3HU N aHHYWUTETbI, N HACTOALLME CTOMMOCTU CTPaxOoBbIX Bbl-
nnaT BblpaXkardTCcA KakK PYHKLMN NPOAOMKMTENbHOCTM NPeACcTOsLLEN XN3HN. NccnegyeT-
Csl pAL XapaKTepuCcTUK pacnpefefieHnin HacTosWen CToMMOCTM ByayLMxX CTPaxoBbiX Bbl-
nnat. B rn. ¢ BBOAUTCA NPUHLMM 3KBMBANEHTHOCTU, KOTOPbI/ MCMNONb3yeTCa AN onpege-
NEHNA U BbIYUCIEHUSA BEINYNHBI MEPUOANYECKN BbiNAa4yMBaeMbIX HETTO-Npemuin. B rn. 7
N s nccrneayeTcs MepcrnekTUBHblE OyayliMe NoTepy NO YyXXe AeACTBYHOLW MM AOroBopam.
PaccmaTpuBaeTcsa pacnpefeneHve 6yayuwmnx notepb, U onpeaenseTcs HeTTO-pe3epB Kak
MaTeMaTnyeckoe 0XupaHuwe aTux notepb. B rn. 9 nccnepgytoTca aHHYUTEThI U AOTOBOPbI
cTpaxoBaHua ana asyx nuy. (O6cyxaeHne 60nee pa3BUTOW TEOPMM CTPaxOBaHUS XU3-
HW ONA HECKOMbKUX Nnu, oTnoxeHo go rn. 18) B rn. 10 n 11 paccmaTpuBaetcsa 6onee
peanncTmyeckas MoOAenb, B KOTOPO BO3MOXXHbI HECKO/IbKO NMPUYMH BblObITUS. TnaBa 10
noceALeHa o6LLeli TeOpUK, a B IN. 11 3Ta TEOPUA NPUMEHSAETCA K BbIYMCAEHUIO aKTyapHbIX
HacTOAWMX CTOMMOCTEN Pa3NNUHbIX CTPAXOBbIX W MEHCUOHHbIX BbIMNNaT.

B rn. 12, B KOHTEKCTe KOPOTKOro BPEMEHHOr0 MHTepBana, pa3BuBaeTcs Mofesnb Kon-
NEeKTUBHbLIX PUCKOB A1 CTpaxoBoro noptdensd. PacnpegeneHne BeNMYUHbI CyMMapHbIX
CTPaxoBbIX BbINAAT 3a 3TOT MEPMOA aHaIM3MPYeTCa Ha OCHOBE MPeAMnoIOXKEHNA 0 NopT-
(hene Kak eqMHOM LENOM, a He KaK 0 CyMMe MHAMBMAYanbHbIX AOroBopoB. B rn. 13 atu
Naen pacnpocTpaHAKTCA Ha MOJeNb C HEMPEPbIBHbIM BPeMEHeM, KOTOPYHO MOXXHO Mpume-
HATb NPW UCCNef0BaHMM TPeOOBaHMWIN K N1aTeXecnoCOOHOCTM Ha ANNTEIbHOM BPEMEHHOM
nepmoge. O630p NPUMEHEHWIA TEOPUN PUCKA K CTPaxOBbIM MOAensam gaetcsa B ra. 14.

Pa3BuTune MHAMBUAYaNbLHON MoAenn, NO3BOMAOLEe BBOAUTL B pacCMOTpeHMe onepa-
LUMOHHbIE OrpaHMYeHuns, Takume, KakK pacxofbl Ha 3aK/Il0UeHMe HOBbIX AOroBOPOB CTpaxo-
BaHUA M afAMWHUCTPaTUBHbIE pacxodbl, Tpe60BaHUA OYXranTePCKOro y4yeTa M BAWUSIHWE
[OCPOYHOro npekpalieHus AelicTBus gorosopa, paccmarpueaetcsa B rn. 15 un 16. B rn. 17
MOZenn VHAMBUAYANbHbIX PUCKOB MCMOMb3YHOTCA AN HAXOXKAEHUA aKTyapHbIX HACTO-
AUMNX CTOMMOCTER HeTTO- M BpyTTO-Npemuil, a TakXe HEeTTO-pe3epBOB ANS BblOpPaHHbIX
crieyuanibHbIX CXeM, BKIHOYaA CTPaxoBble aHHYUTETbI C rapaHTUPOBAHHbLIM MEPUOLOM Bbl-
nnat, KOTOpblii 3aBUCUT OT GPYTTO-MPEMUI, NEPEMEHHbIE U TMOKME MPOAYKTbl U YCKOPEH-
Hble BbiNNathbl. B rn. 18 aneMeHTapHble MOAENU CTpaxoBaHMA ANa ABYX vl ob6obuiatoTcs
Ha cnyyai 60MblWeEro yncna nuy n 6onee CNOXHbIX CUCTEM BbIMaT.

B rn. 19 BBOAATCA NOHATUS MaTeMaTUYECKOW fgemorpaduun. T NOHATUSA 3aTEM MpK-
MEHATCA ANA OTCNEXMUBAHUA AUHAMWKWN BbINAAT MO CTPaxoBbiM AOr0oBOpPaM Ha rpynmno-
BOW, UNuM NONynsyMoHHOM, ocHoBe. B rn. 20 cpeactea gemorpagun npumeHstoTcs Ans
N3y4YeHNs LUHAMUKWN MEHCMOHHBLIX BbINAAT 418 HEKOTOPOW rpynnbl AUL.

naBa 21 npepcTaBnseT coboil war B 6yayuiee. B Heli npegnonaraeTcs, 4YTo npo-
LeHTHble CTaBKWU ABNAKOTCA CayyaliHbIMW BennvmHamu. BBOAUTCS psif CTOXacTUYECKUX
Mogeneil, KoTopble 3aTeM UHTErpPUPYOTCA B MOAenu ANs 6a30BbiX CTPax0oBbiX AOrOBOPOB
N aHHYUTETOB.

Cnepylowas guarpaMmma nokasbiBaeT CTPYKTYpY CBA3eli Mexay rnasamu. CTpenka-
MW NoKasaHbl Lenoyku, onpegendarolime Nopsajok M3yyvyeHUs matepuana. [naBbl KHUTHK,
KOTOpPble HaXoAAaTCA B LleMOYKe Bbille, COAepXaT Heob6XoAnMble NpeaBapuTenbHble CBeAe-
HUA. Hanpumep, AN YTeHUs 1. s HEO6XOAUMMO O03HaKOMUTbCA ¢ M. 1, 2, 3, 4 u b.

[annm HeCcKoNbKO yKasaHWii untatensam, ocO6eHHO TeM, 418 KOTOPbIX Matepuan KHu-
rM ABNAETCA HOBbIM. Y NpaXHEHUA COCTaBNAT BaXXHYH 4acTb TEKCTa U BKAOYAKOT Ma-
Tepuan, KOTOPbIA OTCYTCTBYET B OCHOBHOM M3/10)KEHUN. B HeKOTOpbIX cay4vasax Ans o6-
NEryeHns MX pelleHns Mbl faem yKasaHus. [nsa BCeX YNPaXHEHWA NpuBoaATCcS OTBETHI,
3a WCKNOYEHUEM Tex, KOTOpble cofepXXaT OTBeThbl B caMoii opmynmpoBke 3agad. OT-
NINYHBIM CNOCOGOM NOBbIWATL CTEMEHb MOHMMaHWUS MaTepuana ABASETCA COCTaB/ieHUe



B3anmo03aBMCUMMOCTL rfaB

nporpaMMm AN KOMMbIOTEpPA W UCMOMb30BaHWe 3NEKTPOHHbIX Tabnuy nam matemartuye-
CKMUX NakeTOB /1A MPOBepPKa OCHOBHbIX (MOPMYN. MpuBefeHHbIE B KHUTE YNpaXHeHUs ¢
MCMONb30BaHNEM KOMMbIOTEPA AO/MKHbLI 3TOMY CMOCO6CTBOBATD.

Mbl 3aBepLIMM 3TOT BBOAHbIV pa3fen psaoM pasHONNaHOBbLIX 3ameyvaHuii 06 ycTpoii-
CTBE KHWUrW. Bo-nepBbiX, Ka)kAas rnasa 3akaH4MBaeTCsA pas3fieNoM «3ameyaHus u nu-
TepaTypa», KOTOPbIA MOCAYXWUT PYKOBOACTBOM [ANS TeX, KTO XoTen 6bl yrnybutbecs B
TEMaTUKy HacTosflieil rnasbl. B aTux pasfenax npusefeHbl TakXXe KOMMeHTapuu, KoTo-
pble CBA3bIBAIOT WAEN, UCMOMb3YeMble B CTPAX0BbIX MOAENAX, C aHANOMMYHbIMU UAesMU,
MPUMEHAOLWMUMUCA B NPOUYNX 0BnacTax.

Bo-BTopbix, rn. 1, 12, 13, 14 n 18 cogep>aT HEKOTOPbLIE TEOPEMbI, J0Ka3aTenbCTBa
KOTOPbIX BbIHECEHbI B NPUNOXEHUA. ITU 0Ka3aTeNbCTBA NPUBEAEHbI 41 MONHOTbI N3/10-
XEHUA, HO He OYEeHb CYLLECTBEHHbI 418 MOHMMAHUA MaTepuana. Mpu xXenaHuy yutatens
MOXEeT ONyCTUTb 3TU A0Ka3aTeNbCTBA. Y NPaXHEHUA, OTHOCALLMECA K NMPUNOXKEHUAM, TaK-
Xe crefyeT paccmatpuBaTb KakK Heobs3aTenbHble.

B-TpeTbuX, Nocfie 0CHOBHOI0O TeKCTa KHUTM NPUBOAATCS 06Lme npunoxeHuns. OHK co-
JepxaT yncnosble Tabanubl, NPUMEHAOWNECH ANA BbIYUCIEHWNA B YNPaXKXHEHNAX W Npu-
Mepax, yKa3aTenb 0003HauyeHWil, 06CYyXAeHMe 06LWMX NPaBUN COCTaB/EHUA aKTyapHbIX
CMMBONOB, CMUCOK LUTUPYEMON NUTepaTypbl, OTBETbI K YNPaXKHEHUAM, NpeaMeTHbIN YKa-
3aTenb, a TakXXe HeobXxofuMble MaTeMaTnyeckue (hopmMynbl, KOTOPble He BXOAAT B Habop
npefBapuTeNibHbIX CBEAEHUA NO MaTemaTUKe, 3HaHWE KOTOPbIX YMTaTeNeM M3HayanbHO
npegnonaraeTcs.

B-ueTBepTbIX, OTMETUM fABa cornaweHns o6 o603HayeHnsAxX. Ana paccMaTpuBaemblx
B TEKCTE C/MyyYaiHbIX BeNMYUH 3ape3epBUPOBaHbl 3arnaBHble OyKBbl, CKaxem, X . Tako-
ro corfaweHns He NpuAep>Xusanucb B NpefecTBYOWMX KHUrax no Teopun BeposTHO-
cTeli. Mbl ByfieM TakXe MCMo/ab30BaTb CHMBOM COOTBETCTBYIOLLEN CNyYaiHOW BENUYUHBI
B MHAeKcax (YHKLMIA 1 onepaTopoB, 3aBUCALLUX OT 3TON CAyYaikHON BENNYMNHbBI, YTOObI
yKasaTb Ha WX cBA3b. Mbl OyfieM MCno/b30BaTh CTaHAapTHOE COoKpalieHune In gnsa Haty-
panbHbIX (C OCHOBAHWEM e€) NorapumoB U B NPOBOLUMbIX BbIYMCIEHUAX MOMb30BATLHCA
HaTypa/ibHbIM fl0rapumMom, 04HaKO pasHuLa Mexay HaTypanbHbIM n0rapugMmom un no-
rapumMom no ApyromMy OCHOBAHWIO B YNPaXKHEHUAX U 3afavyaxX HeCyLlecTBEHHa.



B-NATbIX, NPOBOAMMbIE BbIYWCAEHUS HE YUMTbIBAKOT HaLWOHaNbHOW cneyntpuku, u
B YMpaXHeHUsX U npumepax He UrpaeT ponu, Kakas MMeHHO MMeEeTCcs B BuUAY BantoTa,
aonnap, QyHT, nMpa Unm nexa.

HakoHeL,, NOCKO/IbKY Mbl YXXe 06CyXAanu npeasapuTesbHble TpeboBaHus, Heo6xoau-
Mble N5 MOHUMAaHWS MaTepuana HacTosL el KHUTW, Mbl GYfileM UCMO0Mb30BaTb B OCHOBHOM
U3NOXEHUN U B YNPaXHEHNAX HEKOTOPbIe 06LLMe TEOPeMbl U3 CTaHAAPTHLIX KYPCOB aHa-
Nn3a U TeopUM BEPOSTHOCTEN, He NPUBOAS UX (HOPMYSTIMPOBKN.



1

QKOHOMWKA CTPAXOBAHWHA

1.1. BBefeHune

Y KaX[oro M3 Hac ecTb NaHbl Ha Byfyuiee M HEKOTOPble MPEAMNON0XKEHUSA O TOM,
yTO ero unu ee B bygyuiem oxupgaet. OAHAKO OMbIT YYMT, YTO NaHbl He BCErfja ocylle-
CTBAAKOTCA, @ 0XXUAAHUA Noj4Yac He OMpaBAbiBalOTCS. VIHOrga nnaHbl HapywawTca 13-3a
TOro, 4To 6bIM OCHOBaHbl Ha HepeanuCTUYECKUX MPeAnoNoXeHUsx. B apyrux cnyda-
AX BMellMBaKTCA cnyyaliHble 06cToATeNnbCcTBAa. CTpaxoBaHue npefHa3Ha4eHO ANa TOro,
4yTOo6bl 3alMuaTb OT CEPbe3HbIX (PUHAHCOBbLIX U3MEHEHWI, BO3HUKAKOLWMNX B pe3ynbraTte
CNyyYaiHbIX CO6bITWIA, BMELUMBAIOLMXCA B NaHbl OTAENbHbIX JIULL.

Ham cnepyeT oco3HaTb onpefesieHHble OCHOBOMO/ararwlMe orpaHUYeHns CTPaxoBoit
3aWmnTbl. Bo-MepBbiX, OHa OrpaHU4eHa TeM, YTO YMeHblUaeT MOCMeACTBMA TOMbKO TeX
NPosiBNEHUNA cnydaliHbIX COBbITUIA, KOTOPblIE MOTYT U3MEPATLCA B LEHEXHbIX efuHULax.
Opyrue Bugbl yuiep6a mMoryT 6biTb OYeHb BaXKHbIMW, O4HAKO WX HeNb3S YMEHbLWUTbL C
MOMOLLbI0 CTPaxoBaHUS.

Hanpumep, cobbiTue, Mpupoja KOTOPOro cayyaiiHa, MOXeT NPUYMHUTL 60/b M CTpa-
faHuns. O4HaKo CTpaxoBOe MOKPbITME 3a 60/b U CTpajaHWa CNOXHO ONpeAeNnTb, TakK Kak
Takue NoTepn HeNerko BblpasuTb B AEHEXHbIX eauHuLax. C Apyroil CTOPOHbI, MPUYUHON
3KOHOMUYECKUX NOTEPb MOXET 0Ka3aTbCs TaKoe COObITUE, KaK MOAXOr COBCTBEHHOCTU ee
X03MHOM. XOTSl BE/IMYMHY HAHECEHHOro yliepba B JEHEXHOM BblpaXXeHWUM BbIYUCIUTH
HECNOXHO, TaKme CcoObITUS He CTPaxykTcs, MOCKOAbKY HecayyaliHa Npupoja BO3HUKHO-
BEHUA yuiepba.

BTOpbIM OCHOBHbIM OFpaHUYeHWEM SIBiISETCS TO, YTO HEMOCPEACTBEHHO CTpaxoBaHWe
He BfieYeT 3a CO60i yMeHbLUEHNA BepoATHOCTU NoTepb. CylLlecTBOBaHWE CTpaxoBaHMA OT
Oypb HMKaK He M3MEHWUT BEPOSTHOCTb pa3pyLluTenbHOW 6ypu. OfHAKO XOpOLIO OpraHu-
30BaHHas cTpaxoBas CUCTeMa 4acTO CMocO6CTBYeT NPOBELEHUIO MEPONPUATUIA, KOTOPbIE
npefoTepauwialoT notepu. CyllecTBOBaHMWE CTPaxoBOr0 MPOAYKTa, KOTOPbIA CTUMYNMPO-
Ban 6Gbl YHUUTOXEHUEe COOCTBEHHOCTU UM YBO/bHEHME TPYLOCMOCO6HbLIX UL, MOBAUANO
6bl Ha BEPOATHOCTb 3TUX BPEAHbIX C TOUKW 3peHUSA 3KOHOMUKU COObITUIA. Takoe CTpaxo-
BaHMWe He NPUHECNO 6bl MONb3bl 06LLECTBY.

BOT HeckonbKo NpPUMEPOB CUTYaL Ui, KOrAa CayyailHble COObITUS MOTYT MPUUUHATH
(hHaHCOBbIE NOTEpU:

e YHUUYTOXeHWe COGCTBEHHOCTU OFHeM WM 6ypeit 06bIYHO paccmaTpuBaeTcs Kak
cnyyvaiiHoe co6bITUE, NPU KOTOPOM YLep6 MOXET GbiTb U3MEPEH B AeHEXHbIX efu-
HULaxX.

e Yuep6, NpUUMHEHHbIA B pe3yNnbTaTe HEOCTOPOXXHOCTU, YTO MPU3HAHO pPeLleHneM
CyAa, 4acTo paccMaTpuBaeTCs Kak cnyyaliHoe co6biTUE C COOTBETCTBYIOLUMU fie-
HEXHbIMU MOTEPSMU.



* HeoXnpgaHHO HayaBllascad NPOLOMXKUTENbHAA 60/1€3Hb MOXET nPpuUBECTN K (hVI-
HaHCOBbLIM MOTEPAM. ITU MOTEPU COCTOAT KaK M3 AOMNOSHUTE/bHbIX PacxofoB Ha
NIe4eHne, Tak U N3 CokKpaueHna 3apa60TKa.

* CMepTb MOJIOA0ro COBEpPLUEHHONETHErO YeN0BEKa MOXET HaCcTynuTbL Toraa, Korga
€ro A0NrocpoYvHbIe AenoBbie U cemeliHble 0643aTeNbCTBA ele He BblIMOSIHEHbI. Vnn
XXe cpeacTtea HEKOTOpPOro nuua, AOXUBLWIEro A0 NPEK/IOHHOro Bo3pacTta, MOryT
OKa3aTbCa HeAoCTaTOYHbIMWN ONA obecneyeHus EMY MPOXWUTOYHOI0 MUHUMYMa.

3TW NpuMMepbl NpM3BaHbl NPOUNOCTPUPOBATL Chefyloliee onpefeneHue.

MHCTUTYT cTpaxoBaHWsa (cucTeMa CTpaxoBaHMsl) — 3TO MeXaHU3M COKpalleHus
HebnaronpusATHOro hMHAHCOBOIO BAMAHUSA CMyYaiiHbIX COBbITUIA, KOTOPbIE NPENATCTBYHOT
MCMOMHEHUIO Pa3yMHbIX OXWUAAHWNA.

Mone3Ho pasnnyaTb UHCTUTYT CTPaxoBaHWs U 6/IM3KUE K HEMY CUCTEMbI. BaHKOBCKMe
yupexnaeHunsa 6blau co3faHbl N8 NOAYYEHUS,, UHBECTUMPOBaHWA U pacnpedeneHns cbepe-
XXEeHU OTAEeNbHBIX (PU3NYECKUX U HOPUANYECKUX NNL,. BXoasiuime n ncxogsiine AeHeXHble
NMOTOKM cbeperatenbHOro yupexxjeHus He ABNAKOTCA AeTePMUHUPOBaHHbIMU. OfHako B
OT/INYME OT CUCTEM CTpaxoBaHWUs cHeperaTesibHble YUPeXAeHWs He MpPOU3BOAAT nnare-
Xel, OCHOBAHHbIX Ha BeMYMHe (PMHAHCOBbIX MOTEPb, KOTOPbIE MPOUCXOANAT BCeACTBUE
COObITUA, Ha KOTOPOE He MOTYT BAMATbL Te, KTO CTPaAaeT OT ero nocneficTBUIA.

Lpyroii cucteMoii, KoTopas NPON3BOAMT BbiNaTbl, OCHOBAHHbIE HA HACTYM/IEHUN CNY-
YailHOro coObLITUSA, ABNAeTCA asapTHasa mrpa. OfHaKO asapTHble UTPbl UAKW Napu OTAMU-
YalTCA OT CTpaxoBaHUA TeM, YTO CMUCTeMa CTpaxOoBaHWUS MpefHasHavyeHa A5 3aWLUThI
OT HeraTMBHOI0 3KOHOMWYECKOr0 BAUSHUS PUCKOB, KOTOPble CYLLECTBYIOT HE3aBUCUMO
0T 3aCTPax0BaHHOI0 M KOHTPONMPOBaTb KOTOPble OH, KaK MpaBW/0, He MOXeT. Tunuu-
Hasi cxema a3apTHOI WUrpbl OMpeaenseTca NpaBuiamMu BbiNnaT B CBA3M C peanusauuei
npeAHaMepeHHO BbI3bIBAEMOTO COObITUSA, M UTPOKM AOBGPOBOMILHO MAYT Ha puUck. Kak u
B CTpaxoBaHWW, Npu asapTHOW urpe obbIYHO NepepacrnpefensioTcs AeHeXHble CPeacTBa,
HO Ha 3TOM CXOACTBO W 3aKaH4YMBaeTCS.

Hale onpeaeneHne MHCTUTYTa CTPaxoBaHMSA HamMepeHHO LWMPOKo. OHO BKOYaeT B
ceba CUCTEMbl, KOTOpPbIE MOKPbLIBAKOT KaK yuepb, CBA3aHHbIA C COGCTBEHHOCTbLIO, TaK U
yliep6, cBA3aHHbIA C 4enoBeYeCKol XMN3Hb0. Mbl HaMepeBaemMcsi paccMaTpuBaTb KakK cu-
CTEMbl CTPax0BaHWs, OCHOBaHHbIE HA MHAWBUAYaNbLHOM PeLleHNr y4acTBOBaTb B HUX, TaK
N CUCTEeMbI, FAe y4YacTue ABASETCS YC/0BMEM MOMYyYeHUs paboThbl MW MpaBa Ha XUTeNb-
CTBO. ITM TeMbl 06CcyxfatoTcs B pasg. 1.4.

JKOHOMMYeckoe 060CHOBaHME MHCTUTYTa CTpaxoBaHWsS COCTOMT B TOM, 4TO OH CMo-
cobcTByeT 06l emMy 61arocoCTOSHMIO, YBeMUYMBas YBEPEHHOCTb B TOM, YTO HaMeYeHHble
nnaHbl He GyAyT pas3pyLlleHbl CAy4YaiHbIMW COObITUAMU. Takue CUCTEMbl TakXe MOryT
NoBbIlWAaTb COBOKYMHOE MPOM3BOACTBO, MOCKO/IbKY CTUMYAUPYIOT OTAENbHbIX Nofein u
Kopropauuu 6patbcs 3a Takue NPegnpuaTuUs, B KOTOPbIX UMEETCA PUCK BOMbLLINX MOTEPD
M 3a KOTOPble OHW He B3SNMCb Obl MPW OTCYTCTBMM CTPAaXOBOW 3awuThl. Mpumep Takoro
TWNa AaeT pa3BUTME MOPCKOro CTpPaxoBaHMA, MOCKOMbKY OHO yMeHbluaeT ()MHaHCOBbIe
nocneacTBus rmbenn cyaos Ha Mope. MexayHapogHas TOproefas cnoco6cTByeT npouec-
cy chneumanusaumm 1 NOBbIWEHNIO 3PHEKTUBHOCTU NPOU3BOACTBA. HO B3aMMOBbLIrogHas
TOproens 6bina 6bl YpeBaTa CAUWKOM 6ONbLUIMM PUCKOM A1 HEKOTOPbLIX MOTEHUMab-
HbIX TOProBbIX NapTHEPOB, ecAn 6bl He CyLLecTBOBANO CUCTEMbl CTpaxoBaHUA, KoTopas
MOKPbIBAET BO3MOXHbIE YObITKM NPU MOPCKUX NepeBO3Kax.



1.2. Teopuda nonesHocTu

Ecnmn 6bl oA MOrAW NpeAckasaTh 3apaHee NOCnefCTBUS CBOMX PELLUEHUIA, UX XU3Hb
6bina 661 60nee NPOCTOl, HO MeHee WHTEPeCHOW. Mbl BCe MPUHUMaeM peLleHUs, OCHOBbI-
BasCb Ha MPeAnoYTEHUAX, KOTOpPble OTAAEM HEKOTOpbIM mocneacTBusam. OAHAKO Mbl He
o6nagaemM gapom abCcoMOTHOro npeasuaeHus. Mpyu camom NydylleM WCXOAE Mbl MOXEM
BbIGpaTh AeiicTBME, KOTOPOe NpUBEAET HAC K OAHOMY MHOXECTBY HeonpefeseHHoCTel, a
He K Apyromy. Mogpo6Ho paspaboTaHa Teopus, KOTopas NoOMoOraeT NPUHATL MpPaBUIbHOE
pelleHne nepepg NMLOM HeonpeaeneHHOCTU. JTa 06n1acTb 3HAHWI Ha3blBaeTCs Teopueit
nonesHocTu. B cuny 60nbLIOKA 3HAYMMOCTU 3TOM TEOPUM AN CTPaXOBbIX CUCTEM Mbl
JafVM 30eCb 0630p OCHOBHbLIX €€ MOMOXEHWIA.

OfMH 13 MOAXOAO0B K PELUEHUD 3ajauu MPUHATUS peLueHns MNepes NWNLOM Heorpe-
[eNeHHOCTU COCTOWUT B TOM, YTOObI ONpefennTb LLEHHOCTb 3KOHOMWYECKOr0o MpoeKTa co
cny4JaliHbIM WCXOAOM KakK ero cpefHee, 0Xuaaemoe, 3HayeHue. CornacHo aTomMy MpUH-
LMUny O>KMAAeMOro 3HauyeHus, pacrnpefeseHne BO3MOXHbIX WCXOAOB MOXHO 3aMEHUTb B
Lensax NPUHATUS pelleHns OfHUM efMHCTBEHHbIM YMC/IOM, OXWAAEMbIM 3HAYEHUEM CAy-
YaliHOTOo MCX0Aa, BbIPAXEHHbIM B feHeXHol opme. COrnacHo 3ToMy NPUHLMMY, ULy,
NPUHUMALOLLLEMY peLUeHNS, JO/MKHO ObiTh 6€3pa3nuyYHo, NPUHATL Ha cebsi cnyvaiHble no-
Tepn X waAu BbINNATUTb BenuumHy E[X] c Tem, 4To6bl 06e30nacuTb Ce6s 0T BO3MOXHbIX
noTepb. AHaNOTMYHO, NIMLO, NMPUHMMAIOLLEe PelleHns, AOMKHO OblTb COrnacHo BbiMa-
TUTb CYMMY, He MpeBbllAOWY BeiMUUHbI E[Y], ANS TOro 4tobbl NPUHATL yyacTue B
PYCKOBAaHHOM MpPeAnpuUATAKM CO CAyYaiHbIMW BbiNnaaTamu Y . B 3KOHOMUKE 0XUAAeMoe
3HauyeHWe cayyaliHbIX COObITUIA, KOTOPbIE COMPSXXEHbI C AEHEXHbIMU BbiMaaTaMu, 4acTo
Ha3blBaeTCs YeCTHOW WM aKTyapHOW CTOMMOCTbLIO 3TOr0 COObITUSA.

MHOrve M3 nul, NPUHUMAKLLNX PELUEHWS, He MPU3HAIOT MPUHLKN 0XMUAAEMOTO0 3Ha-
yeHusi. OHU CYMTAIOT, YTO Ha MPUHMMAEMOE UMW pelleHVe OKasblBalOT BAWUSHWE pasmep
MX Kanutana v Apyrue xapakTepucTUKWU pacrnpefeneHns UCXOA0B.

Hwxe npuBoAMTCS NpUMep, Lenb KOTOPOro — NPOAEMOHCTPUPOBATL HEaZeKBaTHOCTb
MPUHLMNA OXMAAEMOr0 3HAYEHWS C TOUKWU 3PEHUS NULA, NPUHUMAIOLLETO PELUEHUs B
CTPaxoBaHMMW OT HecYacTHbIX cilyyaeB. Bo Bcex cnyvasx npegnonaraetcs, YTo BepoOsT-
HOCTb HACTYM/IEHWS HECYaCTHOro C/nyYyas paBHa 0,01, a BEPOATHOCTb HeEHaCTYMN/eHWs
HecyacTHoro cnydyas paBHa 0,99. B 3aBMCMMOCTM OT BeMYUMHbI yuiepba B pesynbrate
HAcTYM/NEHNs HECYACTHOro Cay4as paccmMaTpuUBalOTCA TPW BapuaHTa; OXXuaaemblii yuiepo
ONA KaXAO0Tr0 M3 HUX NpUBefEeH B chefytolleid Tabnuue:

Cnyuaii  B03MOXHbIA yuwepb Oxupaemblii yuepb

1 0 1 0,01
2 0 1000 10,00
3 0 1000 000 10 000,00

B03MOXHO, yuiep6 pasmepa 1 Mano BOMHYeT YesoBeka, MPUHUMALOLWLErO peLleHuns, a
3HAYUT, OH MOXET He MoXenaTb MNAATUTb CYMMY, GOMbLUYHD, YEM BeNNYMHA OXMNAAEMOTO
yulepba, 3a npnobpeTeHne CTpaxoBoro nNokpbiTua. OgHako yuwep6 B pasmepe 1000 000,
KOTOPbIA MOXET MpeBbllaTh MMeKLMecs y Hero cpeAcTBa, okasancs 6bl KatacTpoguye-
CKMM. B 3TOM cnyvae 4yenoBek, MPUHMMAtOLLMIA peLleHunsi, Mor 6bl COrnacuTbCs 3annaTuTb
3a CTpaxoBaHuWe 60nblle, YeM CyMMa OXMAaeMbliX NOTepb, KOTOpas COCTaBASET 10 000.
ToT (hakT, 4TO CyMMa, KOTOPYH MNpUMHMMAalOLEe PeLeHns NULOo FoTOBO 3anniaTuTh 3a
CTPaxoBOE MOKPbITUE, MOXET OTANYATLCA OT OXWUAAEMOTO 3HAUEHWS, HAaBOAWUT Ha MbIC/b,
4yTO ANA MOAENN MOBEAEHUS NPUHLMUMN OXWUAAEMOr0 3HAYEHWA He MOAXOAMNT.



Lns Toro 4to6bl 06BACHUTL, NOYEMY NIMLO, NPUHUMAIOLLLEE PeLLEeHNs, MOXET corfa-
CUTbCA NNaTUTL BOMbLUE, YeM OXUAAEMOe 3HaYeHne, Mbl uccnegyem Apyroi nogxos. CHa-
Yyana Mbl NPOCTO NPEANON0XUM, YTO TO 3HaYEHME NOME3HOCTM, KOTOPOE paccMaTpuBaeMoe
NINLLO CBA3bIBAET C KarmuTasoM Be/IMUUHBI W, U3MEPEHHON B f0Nnapax, MOXeT 6biTb Bbl-
paXeHO B BMAe HEKOTOPON pyHKUMKM u(w), Ha3blBaeMOW (PyHKUMed nonesHocTM (Kanu-
Tana). Mbl npoBefeM MpoLesypy, KOTopas no3BOASET ONpeaenuTb psAg 3HaUYeHUn TakoW
YHKUMW. NS 3TOro mbl NPeAnonoXum, YTo NNLO, MPUHUMALOLLEE pellueHUs, UMeeT Ka-
nutan 20000. /lnHeliHoe npeobpa3oBaHue

u*(w) = au(w) +b, a>o,

onpegenser yHKLUUIO u*(w), KOTOpas No CyWecTBY 3KBMBaNEHTHA PYHKUUM u(w). To-
rga c noMolblo Bblbopa yncen a U b Mbl MOXeM MPOM3BOJSIbHBIM 06pa3oM onpeaenuTb
3HayeHMe (PYHKLMM MNOMEe3HOCTW, COOTBETCTBYIOLWLE/ MPeAnoYTEHMAM Auua, NPUHUMAID-

Lero peweHus, B Touke O u ewe B OAHON Touke. WTak, Mbl nonaraem un(0) = —1
n 1n(20000) = 0. 3TKM 3HaAYeHMA OTMeEYeHbl Ha CN/IOWHON NUHWUK, N306pPaKEHHON Ha
puc. 1.2.1.

PaccMoTpMM Tenepb BONPOC, BOMHYHOLWMIA L0, MPUHMMAalOLLEe peleHns, 0 KOTOPOM
Wna peyb Bbllle: NPeAnoNoXMM, OHO NOHeCeT NMOTepyu BENUYMHbLI 20 000 C BEPOSTHOCTHIO
0,5, ¢ 0HOV CTOPOHbI, N OCTAHETCS CO CBOMM MCXOAHbIM KanuTasom ¢ BeposTHOCThbIO 0,5,
C Apyroit cTopoHbl. KakoBa MakcManbHas cymma G~ KOTOPYIO 3TO JIMLO COFNacuioch
6bl 3aN1aTUTb 3a NOJSIHOE CTPAaX0BOE MOKPbITUE CAyYaiiHbIX NOTepb? Mbl MOXEM hopma-
NU30BaTh 3TOT BOMNPOC C/eAytolMM 06pa3oM: A1 Kakoro 3HadeHus G

u(20 000 - G) = 0,5u(20 000) + 0,5u(0) = (0,5)(0) + (0,5)(—1) = -0,5?

Pa3mep nNpemMuu B CTPaxoBoii NUTepaType MPUHATO 0603HAYaTL 3arnaBHO 6YKBOM, XOTSH 3TO He
cnyvaiiHas BenM4YuHa.



Ecnn BbinnaumBaeTca cymma G, KanuTan, 0e3yCNnoBHO, COKPaTUTCA A0 BENUYMHbI
20 000 —G. 3HaK paBeHCTBa 34eCb rOBOPUT O TOM, YTO NMLO, NPUHUMAIOLLLEE peLleHus,
OAWNHAKOBO OTHOCMTCA K TOMY, 4TO6bl 3aBe4OMO BbINAaTUTb Cymmy G, M K TOMYy, 4TO
OXMnpaemas MonesHoCTb KanuTana 6yfeT Takoli, Kak B MPaBoii YacTy BbIMMCAHHOIO Bbille
COOTHOLLUEHMS.

MpeanonoXum, 4To OTBET NKlUa, MPUHUMaloLero pewexHns, 6yget G = 12 000 Torga

1(20 000 —12000) = L{8000) = -0,5.

JTOT pe3ynbTaT M306pakeH Ha MYHKTUPHON NWMHMM Ha puc. 1.2.1. BO3MOXHO, Hanbo-
Nnee BaXHbIA acrmeKT Takoro oTBETa COCTOUT B TOM, YTO /IMLO, NPUHUMAIOLLEE PELIEHUS,
COrNacHo 3annaTuTb 3a CTpaxoBaHMe CyMMY, KOTopasi NpeBocXoanT

(0,5) (0) + (0,5)(20000) = 10000,

0XWAAEMYIO BE/IMUYUHY MOTEPb.

3Ty npouesypy MOXHO MCNOAb30BaTb A5 A06aBNEHMA CTOMbKMX Todyek (w,u(w))
npM o ~ W ™ 20000, CKOJIbKO HEO6XOAMMO ANA MOAYYEHUS YAOBNETBOPUTENIbHOTO Npu-
6nMXeHNA K (YHKLUUM NONe3HOCTU KanuTana. Ecnu ycTaHOBeHbl 3HaYeHUs (DYHKLMUK
None3HOCTM NS ABYX BENMUUH KanuTana w\ n w2, rge o sf w\ » w2 ™ 20000, TO MOXHO
onpegennTb AOMOMHUTENbHYIO TOYKY, 33a4aB MPUHMMAIOLLEMY peLeHus cregyroLluii Bo-
npoc: Kakyl MaKCUMaNbHYK CYMMYy OH FOTOB NJaTUTb 3a MO/IHOE CTPaxoBOe MOKPbITHE
pucKa, 4TO OH OCTAHEeTCH C KanuTanoM W2 C HEKOTOPOli BEPOATHOCTLIO P, UM C MEHbLUUM
KanuTasioM W1 C BEPOATHOCTbIO 1—p? Mbl MPOCUM NMPUHUMAIOLLEFO PELLUEHNS ONPeaennTh
Takoe 3HayeHue G, 4yTo

u(w2—G) = (1 - p)u(wi) +pu(w2). (1-2-1)

Ecnu ero yctpanBaeT 3HayeHuMe w2—G = ws, To Touka (>3, (1 —p)u{w\) +pu(wz2)) npu-
HUMaeTCA B KayecTBe elle OLHOW TOYKM rpatumka QPyHKLMM NOME3HOCTU. DTOT npouecc
ncnonb3yeTcs ANS HaxoXAeHusa yeTBepToil Toukn (12500,-0,25) Ha rpadguke, nsobpa-
XXEHHOM Ha puc. 1.2.1. Takoe BbIICHEHVE NpPeNOYTeHNI A 4aeT MHOXECTBO TOYEK Ha rpa-
(huKe YHKLMN MOME3HOCTM NuLa, NPUHUMAIOLWEro peleHns. Mo aTUM TOYKaM MOXHO
NOCTPOUTbL FNafKy PYHKUMIO, KOTOpas MMeeT BTOPYO NPOM3BOLHYIO, U NPUHATL ee B
KayecTBe (PYHKLMMN MOME3HOCTM B KaXA0M TOUKe.

MMocne TOro Kak NPUHUMAKOLWNIA pelleHns onpesennn CBOK (YHKLMIO MONE3HOCTH,
NPUMEHAS OMUCaHHbIM Bbllle METO, 3Ta PYHKLUUA MOXET NPUMEHATLCA ANS CPaBHeHUs
[ABYX CnyyaiHbIX 3KOHOMWYECKUX MCXOAO0B. DTWU UCXoAbl 6yAyT 0603HauvaTbCcs Chnydai-
HbiMM BenuymHamul® X un Y . Mbl ulem Takoe Npasuio NPUHATUA pelleHus, KoTopoe
6yfeT cornacoBaHo C NPeAnoYTEHUAMM, YXKE BbIBMEHHbIMU NPU OnpefeneHnn QyHKLUK
MONe3HOCTM KanuTana. Tak, eciv NpUHUMAlOLWMIA pelleHnsa nMeeT Kanutan W U1 A0SXKeH
CpaBHWTb cnyualiHble ucxodbl X U Y, TO OH BbibepeT X, ecnu

E[u(rn -I- X)] > E[u(ro -i- F)],
n emy 6yaet 6e3pasiMyHO, Kakol M3 UcxodoB X M Y OCYLecTBUTCS, eC/u

E[n(irm + X)] = E[n(w+I)].
XO0Td MeToA onpoca M UCNoMb30BaHWA (YHKLWM NONE3HOCTU MOXET MOoKas3aTbCA pasyM-
HbIM, ICHO, YTO HaluWM HedopManbHble MOCTPOEHUSA AOMKHbI ObITb NOAKpeneHbl 6onee

YacTto 4NA TepMUHA «ClydaiiHas BennuuHa» Mbl GyfieM MCMNONb30BaTh COKpalleHue c.B. — Mpum.

pen.



CTPOroi LenoyKon paccyXaeHuid, ecnm mMbl XOTUM, YTOObl TEOpPUA MOME3HOCTU COCTaBU-
na NorMyeckn nocnefoBaTeflbHYI0 M UCHEPMNbIBAIOLLYIO OCHOBY AN1S MPUHATUA peLleHuit
nepes NMLOM Heonpefe/fieHHOCTU. ECAn Mbl XOTUM NMOHATb 3KOHOMMWYECKYH POJib CTpa-
X0BaHUsA, Takasa OCHOBa Heobxoauma. Hue NpMBOAMTCA OnucaHue Takoi 60see CTpoOrow
Teopuu.

OTnpaBHOI TOYKOW Teopuu ABAAETCA NPeANoNioXKeHUe 0 TOM, YTO pas3yMHbIN 4eno-
BEK, CTa/KMBasCb C ABYMSA pacnpefefieHUAMMN WCXOAO0B, BAUAKOLWMNX Ha KanuTan, cyme-
€T BbIpasnTb IM60 NpeanoyYTeHWe MO OTHOLIEHUI K OLHOMY M3 3TUX pacrnpefeneHui,
nnM6o oAMHaKoBOe OTHOLUeHWe K obouM. [anee, NpesnouTeHUs LO/DKHbI YA0BAETBOPATb
HeKOTOpbIM TpeboBaHMAM COrnacoBaHHOCTU. HauBbICLLEH TOYKOW Teopuwm ABnNSeTcs Te-
opeMa, yTBepXjalwllias, YTo ecnvu NpefnoyTeHUs yA0BAeTBOPAOT TpeboBaHUAM corfa-
COBAHHOCTKW, TO cyllecTBYeT (PYHKLMA nonesHocTn u(w), Takas, YTO eCAn pacnpegene-
Hue X npegnoyTuTenbHee, Yem pacnpegenenue Y, 170 E[u(X)] > E[u(Y)], a ecnm npwu-
HUMaKLWNA pelleHns He OTAAeT MpefnoYTEHMe HU OLHOMY U3 3TWUX pacnpefeneHuid, To
E[n(X)] = E[u(Y)]. Takum 06pa3omM, KayeCTBEHHOE MPeANOYTEHNE UAN OTCYTCTBUE Ta-
KOBOI0 MOXHO 3aMeHWUTb CpaBHeHWem uyucen. B pasg. 1.6 faHbl CCbIIKU Ha nybnukaumm,
cofepxatime nogpobHOe M3N0XEeHUE 3TON Teopun.

Mepes TeM Kak NepexofuTb K MPUMOXEHWAM TeOPWUU MOME3HOCTU B CTPaxoBaHUM,
BbIMWLWEM PSS YTBEPXKAEHWI, KacaloLMXcs NONe3HOCTU.

YT1BepxgeHua. 1. Teopus nofie3HOCTM OCHOBAaHa Ha NPeAnosioXKeHNn O CYLL,ecTBO-
BaHWM U COrNacoBaHHOCTW MpPeAnOYTEeHU OTHOCUTENbHO pacnpefeneHunii BeposATHOCTeN
BO3MOXHbIX UCXOL0B. PYHKUMA MOME3HOCTM He LOJ/KHA OTPaKaTb HUKaAKMX HEOXWAaH-
HocTeli. OHa ABNSETCA YMC/EHHbIM ONMUCAHWEM MMEIOLWMXCA NpesnoYTeHMIA.

2. ®yHKLWUA MONE3HOCTU He A0J/KHA, a Ha CamOM [efle He MOXET, onpefenaTbes
eAUHCTBEHHbIM 06pa3oM. Hanpumep, ecnu

u*(w) = au(w) + b, a> Q0
TO COOTHOLLEHUe
EHX)] > E[u(Y)]
3KBMBANIEHTHO COOTHOLLEHUIO
EKpr)]>EK(y)].

Takum 06pa3oM, NPeanoYvTEHNA COXPaHAITCS, ecim DYHKLMA NOME3HOCTM ABASETCHA K-
HeilHbIM Npeobpa3oBaHMEM MCXOAHOW C NONOXKUTENbHBIMU KO3(PhuumeHTaMn. ITOT akT
MCMob30BaNncsa B NpUMepe, KOTOPbIA UAAKOCTPUPOBANCS pUc. 1.2.1, rae ABe TOUYKU BblIOU-
panucb Npou3BO/LHLIM 06pa3oM.

3. MpeanonoXum, 4To GYHKUUS NONE3HOCTU NMHEWHA U ee Yron Hak/oHa MOMOXH-
TeNeH, T.e.

u(w) = aw + b, a>o.
Torga ecnn E[X] = fix n E[Y] = fiy, 10
Em(X)] = aux + b> E[u(Y)] = auy +b

B TOM U TONbKO TOM cnydvae, Korga /ix > Ry mTakum o6pa3om, Ans Bo3pacTaloLlei
NVHERHOW (YHKLUM MONMe3HOCTW MPeAnoYTEHUSA OTHOCUTENbHO pacnpefeneHnil NCXoL0B
ynopsagoyeHbl TaK e, Kak MaTeMaTuyeckue oXufgaHusa aTux pacnpegeneHuii. Cneposa-
TeNbHO, ecnn (YHKUUSA MOME3HOCTU ABMAAETCA /IMHENHOW M BO3pacTalolei, To NpuHLMN
0XWAaemMoro 3HayeHus And payuoHanbHOro 3KOHOMMWYECKOro MoBeAeHUs nepes SnULOM
HeonpeAeneHHOCT He NPOTUBOPEYUT NPaBUAY OXWUAAEMOIA NONE3HOCTU.



1.3. CTpaxoBaHue 1 NMNone3HoCTb

B pa3g. 1.2, yTobbl Ayylle NOHATb 3KOHOMUYECKYO PO/ib CTPaxoBaHUA, Mbl Onucanm
TEoputo NonesHocTu. HauyHeM aHanu3 3Tol ponu ¢ ogHoro npumepa. MpeanonoXxum, 4To
ANLO, NPUHMMaIOLLEe pelleHuns, BnageeT COOGCTBEHHOCTLIO, KOTOPas MOXeT 6biTb NOBPEX-
[eHa WM YHUUTOXEHA B TEYEHME CNefyloLero oT4eTHOro nepuoga. BennunHa yulep6ba,
KOTOpas MOXeT PaBHATLCA o, —3TO CNy4yaliHas Benu4nMHa, Kotopas 6ygeT 0603HauaTbCA
yepes X . Mbl 6yaem npegnonaratb, YTO ee pacrnpejesieHne M3BecTHO. Torfja BennymHa
E[X], oxxupgaemas BennuunHa yuepba B cnegytowmii 0TYeTHbIA Nepuoj, MOXeT paccmaTt-
puBaTbCA KaK [ONrOBPEMEHHbIE CpeAHUe NOTepPU, eciv IKCMEepUMEHT, COCTOSLLUIA B TOM,
4TO COGCTBEHHOCTb NMOJBEPraeTcs OMacHOCTM yuiep6a, MOXET MHOFOKPaTHO MPOBOAUTLCA
Npu HEM3MeHHbIX YCNOBMUAX. FCHO, YTO OAHO NULO, NPUHUMAIOLLEE PELUEHUS, HE MOXET
OCYLLLeCTBUTb TaKyl ANUTENbHYK MOCAef0BaTe/IbHOCTb 3KCMEPUMEHTOB.

MpeAnonoXuM, 4TO CO3JaeTcA CTpaxoBas opraHumsaums (CTpPaxoBLiMK), Lenb KO-
TOpPO/ — YMEHbLWUTb (PUHAHCOBbLIE MOCNEACTBUSA MOBPEXAEHUA UAN YHUUTOXEHUA COB-
CTBEHHOCTU. CTpPaxoBLUK BbINyCKaeT KOHTPaKTbl (4OroBOpbl), KOTOPble ABAAKTCSA 004-
3aTeNbCTBAMU BbINNATUTL BNafenbLy COBCTBEHHOCTU ONpeAeneHHY0 CyMMy (CTpaxosyto
CYMMY), PaBHYH WM MeHbLUYH, YeM MOHeCEHHble (PUHAHCOBLIE NMOTEPU, €CM COBCTBEH-
HOCTb MOBPEX/EHa UM YHUUTOXEHa B TeYeHWe nepuoga feiicTeus forosopa. Mnatexu,
00YyC/OBMEHHbIE 3TUMU O6CTOATENLCTBAMU U CBSI3aHHble C pasMepoM yuiep6a, Ha3biBa-
l0TCA CTPaxoBbIMU BbinlaTamu. B 06MeH Ha 0653aTeNbCTBA, 3aKpeneHHblie B JOrOBOPE,
Bnagene co6CTBEHHOCTM (CTpaxoBaTenb) BbiNnadymBaeT CTPaxoBLNMKY BO3HArpaXxaeHue
(npemuio).

BenuunHa npeMuanbHbiX BbINAaT ONpeAenseTcs NPUHLUMOM 3KOHOMUYECKMX pelle-
HWIA, KOTOpble NMPUHUMAaKOTCH KaK CTPaxOBLLMKOM, Tak U cTpaxoBaTenem. CyuiecTsyeT
BO3MOXHOCTb B3aMMOBbLITO4HOMO CTPAaXxOBOr0 A0roBopa, Korja BeanynHa npemun no Ao-
roBopy, onpefensemas CTPaxoBLWKOM, MeHbLUe, YeM MakKcuUMasibHas CyMMma, KOTOPYH
Bnafeney, CO6CTBEHHOCTM FOTOB MAaTUTh 3@ CTPaxoBaHue.

Mpu uenom psage QUHAHCOBLIX 06CTOATENLCTB ANS OTAENLHO B3ATOr0 AOroBopa cTpa-
XOBaHUS PYHKLMA MOME3HOCTM CTPaxOoBLMKA MOXET MpubAuXaTbCs NPAMOA NUHKENR.
B 3ToM cnydae npu onpejeneHuy pasmepa NpeMun CTPaxoBLLMK AOMKEH PYKOBOACTBO-
BaTbCA NPUHLMMNOM OXWAAEMOro 3HauyeHUs, KaK yKasaHO B YTBepXAeHuWu 3 pasg. 1.2.
LOpyrumu cnoBamu, CTpaxoBLLMK LOMKEH HasHauyuTb B KayecTse 6a30BOW npemun npu
MOMIHOM CTPaxOBOM MOKPLITUM BENWYMHY, PaBHYK OXujaemomy yuwepby, E[X] = u.
B 3TOM KOHTEKCTe L HasblBaeTCs HeTTO-NpeMueil ANn8 CTPaxoBoro [Oroeopa, 3ak/io-
YEHHOTro Ha OfMH CpoK. [ns TOoro 4ytobbl obecneunTb cebe cpeAcTBa Ha MOKPbITUE pac-
X0A0B W ynnaTy HanoroB, a TakXKe HeKOTOpYk npubbifb 1 YTOBbLI 40 HEKOTOPON CTeneHu
o6e3onacuTb cebs OT HeGMAaronpuUATHOW AUHAMUKW MOTepb, CTPaxoBas CUCTEMA AO/KHA
npu onpefeneHUn npemMuu no 4OroBopy YCTaHOBUTb HaAbaBKy, KoTopas npubaBnseTcs K
HeTTo-NpemMuu. Hanpumep, npemusa ¢ Hag6aBKoi, 0603Havyaemas yepes H , MoxeT 3aja-
BaTbCs PaBeHCTBOM

H=(1+a)y+c a>o,C>o0.
MOXHO cuMTaTb, YTO BeM4YMHa a/i B 3TOM COOTHOLUEHWW CBA3aHa C TEMU pacxojamu,
KOTOpPble U3MEHAIOTCSA C U3MEHEHWEM 0XMAaemoro yuiepba, U ¢ pUCKOM TOro, 4TO peanb-
Hble CTPaxoBble BbINAaThl 6YAYT OTINYATHCA OT OXMAaemMblX. KOHCTaHTa ¢ COOTBETCTBYET
0XMNAAaeMbIM pacxojam, KOTOpble He 3aBUCAT OT BeMYMHbBI yuwepba. Huxe Mbl paccmoT-
pUM Apyrvie 3KOHOMMUYECKMe NPUHLUMLI, feXxallne B OCHOBE ONpejefieHNs NpemMuii, KoTo-
pble MOTYT 6bITb NPUEMAEMbIMK ANA CTPaxXOBLLMKA.



MpYMeHUM Teoputo MONE3HOCTU K Npobneme NPUHATUA pPeLLUeHnid, C KOTOPOR CTanku-
BaeTCs NML0, COBCTBEHHOCTb KOTOPOro nofBepraeTca pucky. Takoi Bnafenew co6CTBeH-
HoCTM 06nagaeT PyHKUMeER NonesHocTM KanuTtana u(w), rae KanutTan W M3MeEpeH B ge-
HEXHbIX efuHULax. OH MOXeT MOHECTU MOTepu U3-3a HACTyN/eHUs crny4vaiiHbiX COO6bI-
TUIA, KOTOpble HaHecyT Bpef ero co6CcTBeHHOCTWU. PacnpefeneHue cnydvaiiHbix notepb X
npegnonaraetca u3BecTHbIM. Kak u B (1.2.1), Bnagenbly cO6CTBEHHOCTU 6e3pa3nnyHo,
nnaTuTb M cymmy G CTpaxoBLWKY, NepeknagbiBas Ha Hero ciydaidiHble (UHAHCOBbIE
noTepu, UM NPUHUMATbL PUCK Ha cebd. DTO NONOXKEHMe MOXeT ObiTb DOPManM30BaHO
COOTHOLLEHUEM

u{w-G) = E[u(w-X)]. (1.3.1)
MpaBas yacTb opmynsbl (1.3.1) npeacTtaBnseT co60 0XMAAEMYK MOME3HOCTb MPU OT-
Kase OT MOKYMKWU CTPaxoBOro JOroBopa, ecnu TeKyllas BeNMYMHA KanuTana Bfiafenbua
CO6CTBEHHOCTY paBHa W . JleBas 4yacTb MpeAcTaBasieT CO60M 0XUAAEMYH NONE3HOCTb Npu
Bbinnate cyMmbl G 3a NofiHoe (hMHaHCOBOE MOKPbLITHE.

Ecnn yHKUMA NOMe3HOCTU Bnafenblia sBASAETCA BO3pacTaloLleil U NNHENHON, T.e.
u(w) = bw + d, b> 0, To OH NpuMeT NPUHLMN OXMNAAEMOT0 3HaYeHus. B aTom cnyuvae
BNnajenew, COGCTBEHHOCTM UM He OTAAET NPeANOYTEHNE HU OLHOW U3 BO3SMOXHOCTEN, UK
O0TAaeT NpeAnoyvTeHNe CTPaxOBaHWUIO, ecun

u(w - G) —b(w - G) +d'Z E[it(iu - X)] = E[s(w - X) +d],
b(w- G) +d” b(w- /j.)+d,
G " .

Takum o6pas3om, ecnv (yHKUWS MOMe3HOCTW Bnafenbla COBCTBEHHOCTW BO3pacTaeT U
NVHelHa, BEAMYMHA NPEMUK, NPU KOTOPON OH He OTAAeT NpPeAnoYTeHUs HU OLHOW W3
BO3MOXHOCTE WMAM npefnoynMTaeT MPUOGPECTM MOMHOe CTPaxoBOe MOKPbITUE, He Mpe-
BOCXOAWT BE/IMYMHBI OXMNAAEMbIX MOTepb. Mpu oTCYTCTBUM LOTauuiA Npu LOATOCPOYHOM
NNaHUPOBAHUM CTPaxXOBLYMK JO/MKEH N03a6OTUTHCH O TOM, YTOGbI MOAYYEHHbIE MPEMUM
MPeBbICUAN ero OXupaemble notepu. M03TOMy B paccMaTpuMBaeMOM Ciy4yae 3ak/iouveHue
B3aUMOBbIFO4HOr0 CTPaxoBOro LOroBOpa ManoBeposATHO. Mpu 3ak/HUYEHUU CTPaxoBOro
L0roBopa CTPaxoBLMK, ANA TOF0 YTO6bl N36exaTb HeAOCTAaTOYHOCTM MOCTYMAEHWUIA, 40N-
KeH Ha3HauMTb MPeMUI0, pasmep KOTOPO MpeBbillaeT 0XMAAeMbI yuiepb u pacxogsl.
Takum 06pa3om, PYHKUUS NONE3HOCTM Bagenblia COBCTBEHHOCTU He MOXET 6biTb -
HENHOI.

B pa3g. 1.2 oTMevanocb, YTo ANS CYyLW,eCTBOBaHUS (PYHKLUM NONE3HOCTM Heobxoau-
MO, 4TOObI MpesnoYTeHUs NuuUa, NPUHUMalOLWEro peweHus, obnagann onpegeneHHbIMU
CBOCTBaMU COMN1acOBaHHOCTW. XOTA 3TU TpeboBaHMs U He OblN NepeyncrieHbl, 0TMETUM,
UTO OHW He COAepPXaT HUKAKUX MONOXKEHWHA, B CUY KOTOPbIX PYHKLMSA NOAE3HOCTU OKa-
3blBanacb 6bl NMHEWHOM, KBaApaTUYHOW, NOKa3aTeNbHOW, NOrapuMMUYecKoin nam nmena
KaKyl-1m6o gpyryto onpefeneHHyto opmy. Ha camom fiene Kaxasa us nepevyncneHHbIxX
Bbllle (PYHKUWUIA MOXET CAYXWUTb (PYHKLMEN MONe3HOCTW ANS HEeKOTOPOro nuua, npu-
HUMaloLLero pelweHus, a PyHKLKUS, COCTaBleHHasa M3 UX CErMeHTOB, MOXEeT OTpaxaTb
NpesnoyYTeHMUs elle KaKoro-To nuua.

Bce e KaxeTcsi eCTeCTBEHHbIM NpejnosiaraTtb, YTO U(w) SIBAseTCS BO3pacTatoLyeld
(yHKUMeRn, «bonblie — Ay4ywe». Kpome Toro, 66110 3aMeYeHO, YTO ANS MHOMUX finL,
NPYHUMAOLWNX peLleHns, NPy YBeNUYeHUN KanuTtana paBHbIMK LONSAMW NOME3HOCTb YBe-
NNYNBAETCS YMEHbLUALIMMUCS J0NAMU. DTO OTPAXaeTCs B M3BECTHOM 3KOHOMMWYECKOM
nonoXxeHun o6 yb6biBatoLLeil NpefenbHOR NONE3HOCTH.



MpnbnmxeHne PyHKLUMN NONE3HOCTU Ha puc. 1.2.1 COCTOMUT U3 CErMEHTOB MPAMbIX C
NONOXUTENbHbIMWU KO3h(PULMEHTAMWN HaKIOHa. ITO faeT cooTHoweHme A 2u(w) ~ 0. (Mo
MoOBOAY KOHEUHbIX pa3HOCTel cM. npuaoxeHue 5.) Ecniv 310 HabnogeHMe pacnpocTpaHuThb
Ha 6onee rnagkue yHKLUKM, TO Mbl MPUAEM K CNeAylUUM ABYM CBOWCTBaM: u'(w) > o
nu"(w) < 0. 13 BTOpPOro HepaBeHCTBa C/eayeT, 4To u(w) SIBNSETCS CTPOrO BbIMYK/OM
BBEPX (YHKLMEN.

B 06cyXAeHUN pewleHnii, NPUHMMAaEMbIX B CTPaXxOBaHWM Ha OCHOBE CTPOr0 BbIMYK-
NoW BBepX (PYHKLUW MOME3HOCTU, Mbl 6yemM Nonb30BaTbCA HepPaBEHCTBOM MeHceHa. 3T0
HepaBeHCTBO YTBEPXJAeT, UTo ANs €. B. X U QyHKUUMN u(w)

ecnn n" < 0, To E[u(X)] » n(E[XD]), (1.3.2)
ecnm n" > 0, To E[u(X)] * n(E[X]). (1.3.3)
HepaBeHCTBO VieHceHa npefgnonaraeT CyLecTBOBaHUE 060MX MaTeMaTUYECKMUX 0XUAaHWIA.

O[HO 13 f0Ka3aTeNbCTB 3TOr0 HepaBeHCTBa cocTaBnsAeT ynp. 1.3. lpyroe foka3aTeNbCTBO
HepaBeHcTBa (1.3.2) noyTU cpasy cnegyeT U3 aHann3a NpUBeLEHHOro HMxe puc. 1.3.1.

Puc. 1.3.1. lokasaTenbCTBO HepaBeHcTBa VMeHceHa B cnyyvae u'(ag) > 0 n n'(ro) < O

Ecnn E[X] = /i cywecTByeT, paccCMOTpUM KacaTenbHy K u(in) B Touke (p, n(p)),

y = n(u) +u'(fj,)(w - /i).
M3-3a CTPOroii BbINYKNOCTW BBEPX (YHKUMM U(W) ee rpaduk 6yaeT nexatb HUXe Kaca-
TeNbHOW. [ipyrumuy cnoBamu,

u(w) -1 (1.3.4)

L9 BCeX 3HaYeHWn w. Ecnn BMeCcTO W MOACTaBUTb CAyYaliHYI0 BEAUYUHY X U B3ATb Ma-
TeMaTU4ecKoe oXuaaHue oT 06enx yactei HepaBeHcTBa (1.3.4), TO Mbl nonyuum E[u(X)]
N on{l).

3TO OCHOBHOE HepaBeHCTBO MMeET psij NPUMEHEHU B aKTyapHOl maTematuke. Mpu-
MEeHUM HepaBeHCTBO MeHceHa (1.3.2) K 3afiaye NPUHATMA pelleHns 0 cTpaxoBaHum, cop-
MynupoBaHHoOl B Buge dopmynbl (1.3.1). Mbl 6yaeM npegnonaratb, 4TO NpPeAnoUYTeHUS
nvua, NpMHMMaloLLero peweHuns, Takosbl, 4To u'(iv) > 0 n n"{w) < 0. MNMpumeHas Hepa-
BEHCTBO MeHceHa K opmyne (1.3.1), Mbl MMeeM

u(w - G) = EJu(w - X)] * u(w —fi). (1.3.5)

Mockonbky K/(tu) > 0, u('w) asnsetca BospacTatoweil QyHKumeld. Mo3TOMY U3 HepaBeH-
ctBa (1.3.5) cnegyet, uto w —G ~ w —/i, uim G ~ u, npnyem G > U, ecnm TONbKO



C.B. X He ABNSETCS KOHCTAHTOW. B 3KOHOMNYECKMX TEPMUHAX, Mbl YCTAHOBWU/IN, YTO €C/u
u'(w) > o n u"(w) < o, TO NPpUHUMAIOWMIA pelleHUs 6yfeT NNaTuTb 3a CTpaxoBaHue
CYMMy, MPEBOCXOASLLYI OXWAaeMble notepu. Ecnm BennumHa G He MeHblUe NpemMuu,
Ha3HaYeHHOWN CTPaxO0BLLMKOM, TO BO3MOXEH B3aMMOBBLITOfHbIA CTPaxoBOi AOroBop.
dopmanbHO, 6yemM roBOpUTb, YTO ANULO, MPUHUMALOLLEE peLueHUsA Ha OCHOBe PYHK-
UMM NONE3HOCTU M(Mn), He CKNOHHO K PUCKY, TOrga v TONbKO Torga, korga u™(w) <o.
3arimemcs Tenepb 06Wel DYHKUMEN NONE3HOCTM ANa cTpaxoBuwuka. O603Ha4YMM Ye-
pe3 ui(w) (QYHKUWIO MOME3HOCTM CTPaxOBLLIMKA M Yepe3 Wi TeKyLW Uil KannuTan CTPaxoBs-
WMKa B AEHEXHbIX eAnHuUax. Torga MMHUManbHas gonyctuMas npemus H 3a B3ATbIN
Ha cebs pucK X € TOYKM 3pEHUSA CTPaxoBLLMKa MOXET ObiTb onpefeneHa U3 GopMysbl

ul{wl) = '"E[ul {wl + H -X)}. (1.3.6)

Ee neBas yacTb fiIBNSieTCA NONE3HOCTbIO, COOTBETCTBYHLLEN TEKYLLEMY MOOXEHUIO CTpa-
X0BLMKa. MpaBas yacTb ABASETCA OXWAAEMON MOME3HOCTHI0, COOTBETCTBYHOLLEHA MOMY-
yeHuto npemun H 1 BbiNnnate cnyvaiHbix notepb X . Apyrumu cnosamu, Ans CTpaxos-
WMKa HET pas3Mumsa MexXJAy ero TEeKyLIUM MO0XeHWEM U MpefoCTaB/IeHMEM CTPax0BOro
NOKpPbITUA OT pucka X Mpu ycnosuu noanyyeHus npemun H . Ecnm ¢yHKLMA NONE3HOCTH
CTpaxoBlLMKa TakoBa, 4To u'j(w) > o 1 u"(um) < o, TO, BOCNO/b30BABLUNCH HEPABEHCTBOM
MeHceHa (1.3.2) n cooTHoweHneM (1.3.6), Mbl MOXeM MOAYUYUTb

uj(wi) = E[ui(wj + H - X)] » Ui(wi + H - R).

MpuMmeHsan Te Xe paccyXaeHusa, uyto u ans dopmynbl (1.3.5), Mbl BAUAMM, 4TO H * 1.
Ecnn BennunHa G, onpegensemas NULOM, NPUHUMAKOLWMM PELLEHNS, UCXO0AS U3 COOTHO-
weHmns (1.3.5), TakoBa, uTo G ~ H " /n, cTpaxoBoii 4OroBOP MOXET ObiTb 3aK/MHOYEH.
3T0 03HayaeT, YTO OXMAaemas NOME3HOCTb HU AN OLHOW M3 CTOPOH He yObiBaerT.

®yHKLMA N0NE3HOCTU OCHOBAHA Ha MPeAnoYTeHUAX NnLa, NPUHUMALOLLErO peLleHuns,
npu pasinyHbIX pacnpegeneHmax Ucxopos. CTpaxoBWUK —3TO He 0653aTeNIbHO OTAe/b-
Hoe (hM3MYeckoe NULO. ITO MOXET 6biTb TOBAPULLECTBO, aKLMOHEpPHOe O0OLLecTBO WK
rocyfapcTBeHHas opraHusauusa. B aTom cnyuvae onpegeneHue ui(w), QYHKUWW nones-
HOCTM CTpaxoBLiMKa, MOXeT OKa3aTbCA [OBO/IbLHO TSHKenoi 3ajaveil. Hanpumep, ecnu
CTPaxOoBLYMNK SBNSETCA aKLMOHEpPHbIM O6LLECTBOM, O4HON M3 0653aHHOCTEW MpaBneHus
ABNAeTCA BbipaboTKa IOrMYeckn NocnefoBaTelbHOro MHOXECTBa NPeANoYTEHNI A OTHOCHK-
TeNbHO pfifja PUCKOBaHHbIX NPeANPUATUA. 3TN NPeAnoYTeHUs MOTYT BKAOYaTh KOMMpPO-
MUCCbl MeX/Ay He COBnajaloLliuMMuM NO3ULUAMU MO OTHOWEHUIO K PUCKY pasHbIX rpynn
aKLUMOoHepoB.

Lnsa nnnoctpaynuy cBOWCTB YHKLMIA NONE3HOCTU UCMNONb3YETCA PAL 3eMeHTapHbIX
yHKLMIA. Mbl pacCMOTPUM celivac MoKasaTe/lbHYH, CTeMeHHYI0 C APOOHbIM MOKa3aTe/iem
N KBagpaTnuHy GyHkuumn. Mpumepsl 1.6,1.8, 1.9, 1.10(b) n 1.13 oTHOCATCA K norapud-
MUYECKON (YHKLMN NONE3HOCTH.

MokasaTenbHasa (MK, MHAYe, 3KCNOHEHLMaNbHasA) YHKLUUSA NONE3HOCTU UMEET BUA

u(w) = —e~al0  Ans BCeX W M ANS HEKOTOPOro (OMKCUPOBAHHOIO a > o
n obnafaet psAAOM MPUBAEKaTeNbHbIX CBOWCTB. BO-MepBbIX,
u'(w) = ae~aw > o.

Bo-BTOpbIX,
u"'{w) = —a2e~aw < o.



MoaToMy u(w) MOXET WCMONb30BaTbCs B KauecTBe PYHKLUMM MONE3HOCTW ANS NULa, He
CK/MIOHHOTO K pUCKY. B TpeTbuX, 3aMeTUB, UTO

E[-e~aX] = - E[e~aX] = -M x {-a),

Mbl, MO CYTW Aena, Halay NpPoM3BOAALLYI0 PYHKLUIO MOMEHTOB C.B. X . B npefbigyuiei
thopmyne
Mx (t) = E[etx]
0603HavaeT NPou3BOAALWLYO DYHKLUIO MOMEHTOB C.B. X. B uUeTBepTbiX, CTpaxoBble npe-
MUM He 3aBUCAT OT KanuTana nuua, NpUHUMaloLLlero peweHus. Onsg NpoBepKu 3TOro
YTBEPXAEHUsA cnefyeT MOACTaBUTb MOKasaTeNbHYH (PYHKLUIO NOME3HOCTM B opmyny
(1.3.1). Torga
_e-a(w-G) _ E[-e-“(w-x>] eaG = Mx (a), G = blMx”
a

n G He 3aBUCUT OT W.

MpoBepKa A4Ns CTPaxoBLMKa OCYLLECTBASETCA NOACTAHOBKOW NOKa3aTeNnbHOW (IYHK-
UMy nonesHoctu ¢ napameTrpom a/ B (1.3.6):
_e-a,w, = E[_e-M™ +H-X)i eaiw’ = -e _“'"+A)Mx (al), A = InM*(Q"

a]

Mpumep 1.3.1. ®yHKUMUA NONE3HOCTU NNLA, MPUHUMAIOLLETO PELLEHUA, UMeeT BUJ
u(w) ——e~5w. 1ng NpUHUMAIOLLErO peLleHns UMeeTCs ABe CydaiHble 3KOHOMUYecKue
BO3MOXHOCTKW. [NepBas u3 HMX, 0603Havaemas yepes X , UMeeT HOpManbHOe pacnpegene-
HWe co cpegHuMM 5 n gucnepcueid 2. Bnpefb, roBops 0 HOpMaabHOM pacrnpegefneHnn co
cpegHum /i nc gncnepcueid a2, Mbl 6yaem Nonb3oBaTbCA COKpaleHHoM 3anncbio N(fi, a2).
[pyras BO3MOXHOCTb, 0603Havaemas yepe3 Y, umeeT pacnpegenedune N (s, 2,5). Kakyto
BO3MOXHOCTb ClieflyeT MnpeanoyecTb?

PeweHune. Nmeem
E[«(X)] E[-e~bXx] = - MX{-b) = - e[-56)+(s2)(2)/2] = _1;

E[«(Y)] = E[-e-5Y] = —My(=5) = - eb s(s)K 5242552 = -e 1.25.

Takum ob6pasom,
E[n(X)] =-1 > EHI)] = -e 125,
N pacnpegeneHue c.B. X MNpeanoyTUTenbHee pacrnpegeseHus c.s. Y . T
B npumepe 1.3.1 c.B. X npeanoyTuTesbHee, 4eM Y, HECMOTPA Ha TO, 4YTO UX = 5<
By = 6.MM0OCKONbKY NPUHUMAIOLLNIA peLleHNs He CKOHEH K PUCKY, TOT PakT, 4To pacnpe-
feneHue c.B. Y 6onee «pa3masaHO», YeM pacnpejgeneHue c.B. X , CBUAETeNbCTBYET NPOTUB
pacnpegeneHns c.B. Y Mpu OLLeHKe ero XenateibHOCTU. Ecnun €.B. Y UMeeT pacnpegene-
Hve N (s, 2,4), To E[n(Y)] = —1 v gna npuHUmaroLlero peweHus 6yaert 6e3pasnnyHo,
BblOpaTh pacnpegeneHne X wunu pacnpegenexnve Y.
CeMelicTBO CTeneHHbIX C APO6GHbIM MokasaTenem (PyHKUMA NONE3HOCTU 3ajaeTcs
COOTHOLLEHUNEM
u(w) = w7, tv >0, 0<7 < 1.
JNeMeHT 3TOro CemMeicTBa MOXET NpeAcTaBNATb MPeAnoYTEHME NULA, HE CKNOHHOMo K
PUCKY, NOCKOJIbKY

n((rv) ='ywi-1 > o n u"(w) =77 —1)wl~2<o.



[nsa aToro cemeiictBa pasmep NpeMmn 3aBMCMT OT KanuTana nuua, NPUHUMAtOLLEro pe-
LeHUA, 4OCTAaTOMHO peaNUuCTUYHBIM BO MHOMMX CUMTyaumax o6pasom.

Mpumep 1.3.2. ®yHKUMA NOME3HOCTU NuMUa, NPUHUMAIOLLErO pelleHus, 3afaeTcs
BbipaXeHnem u(w) = gw. lpuHUMaKOWNA peweHns uMmeeT Kanutan w = 10 u mo-
XKEeT MOHEeCTW CnyyvaiHble noTepn X , KOTOPbIE pacnpefeneHbl PaBHOMEPHO Ha MHTepBane
(0,10). Kakyto MakCMManbHyt CyMMY OH FOTOB 3anfaTUTb 3a NONHOE CTPaxoBOe MOKPbI-
TUe MPOTUB YKa3aHHbIX CMy4YaiiHbIX NOTepb?

PeweHue. MoacTaBnaa ykasaHHOe BblpaxeHue AN QyHKLUM nonesHoctu B (1.3.1),
Mbl MONTy4YUM

y/TOAG = W y/WAX] = jf“*V1°~ Xdx= ~2(1a y3i2 =8§>/10, G = 5,5556.

MpUHUMAIOLWNIA pelweHns He CKNOHeH K pucky u tt'(w) > 0. CornacHo 06CyXAeHuio
topmynbl (1.3.5), cneayeT oxupaatb, 4to G > E[J\T], u B Hawem npumepe G = 5,5556 >
E[X] = 5. T

CeMelcTBO KBaApaTUUYHbIX PYHKLMA NONE3HOCTN 3aaeTCcsl COOTHOLLUEHMEM

u(w) =w —aw2, w < (2¢%-1,a > o.

DNeMeHT 3TOro cemelicTBa MOXET NpeAcTaBnsATb MPesnouvTeHWe nuua, He CKAOHHOrO K
pucKy, Mockonbky u"(w) = —2a. XO0Td KBajpaTuyHas (YHKLMA NONe3HOCTM yAobHa
TEM, YTO 3aBUCUT TONIbKO OT MepBbIX ABYX MOMEHTOB pacrnpefefieHuii paccmaTpmuBaeMblx
MCXO0A0B, pPAS NOCNEACTBUIA €e UCMONb30BAHUSA HEKOTOPbLIM NLAaM KaXeTcs HepasyMHbIM.
Mpumep 1.3.3 nanOCTpUPYeT OAHO U3 TaKMX MOCNEACTBUIA.

Mpumep 1.3.3. ®yHKUMA MOME3HOCTM NULA, NPUHUMAIOLLETO peLUeHuns, 3afaeTcs
BblpaXeHNeMm

u(w) = w —0,01w2, w < 50.

MpUHUMAKOLLNIA peleHns COXPaHUT KanuTan W C BePOATHOCTbIO P U 6YAeT HeCTU (hMHAH-
COBble NOTEPY BEeINYMHBI C C BEPOATHOCTbIO 1—p. [N 3HAYEeHUN w, CUp, YKasaHHbIX B
NpuBeLEHHOM HMXe Tabnuue, HalleM MakCUMaNnbHY CTPaxoBYIO MPeMuto, KOTOPYHO Mpu-
HUMaKoLW M peLleHns roToB 3annaTuTh 3a NOJHOe CTPaxoBoe MOKPbITME. MMpeanonoxum,
yTto c *.w < 50.

PeweHue. Ansa Haweii 3agaum popmyna (1.3.1) npuobpeTaeT BUA

u(w —G) =pu(w) + @ —p)u(w —c),
(w —G) —0,01(w —G)2 p(w —0,01w2) + (1 —p)[{w —c) —0,001(w —c)2].

[ ns 3afaHHbIX 3HAYEHUIA W, p U C 3Ta (hopMyna CTaHOBMTCSA KBAAPaTHbIM YpaBHEHMWEM.
Hue npueefeHbl fiBa €ro peLleHus.

Kanutan [lotepn BepoatHocTb CTpaxoBad npemus

w c )
10 10 0,5 5,28
20 10 0,5 5,37

B npumepe 1.3.3, KaK U 0XuAanocb, G NpPeBOCXOAUT BENMUUMHY OXWUAAEMbIX TMO-
Tepb, 5. OfHAaKO MakcUManbHas CTpaxoBas NpeMus 3a NOTepu C OAHUM M TeM Xe pacnpe-
JeneHneM pacTeT C POCTOM KanuTana nuua, NpUHUMAtOLLEro pelleHus. SToT pesynbTaTt
KaXKeTCs HeeCTeCTBEHHbIM TeM, KTO CUMTAeT, 4To 60/iee TUMUUHLIM TOoBeAeHUEM ObINO 6bl



YMEHbLUEHNE CYMMbl, KOTOPYI MPUHUMAKOWMIA pelleHns roTOB BbiNjaayuBaTb 3a CTpa-
XOBaHWe, MOCKOMbKY NpW YBENWYEHWUU KanuTana OH Mor 6bl NM03BOAUTL cebe 60OMbLUMIA
puck. K coxaneHuto, pocT MakCUManbHON CTPaxoBO NMpeMuu ¢ POCTOM KanuTana siBas-
eTCA XapaKTepucTUYecKoin 4epToil KBajpaTUYHOW (PYHKLMM nones3HOCTU. Mo3aTomy Tem
13 NPUHUMAIOLLNX PeLleHna NUL, KOTOpble MofaratoT, YTO UX CNOCOBGHOCTL 6paTh Ha cebs
cnyyvaiiHble NOTepu pacTeT C pOCTOM KanuTana, He cnefyeT Bbl6upatb Takue (QyHKLMUK
MONEe3HOCTH.

Ecnn mbl paccmoTpum npumep 1.3.3, ©CNOAb3ys NOKa3aTe/bHY QYHKLWUIO NONE3HO-
CTW, TO, KaK Mbl 3Haem, npemus G He 6GyfeT 3aBMCETb OT W, BEAMYMHbI KanuTana. Tak,
ecnn u(w) = TO MOXHO nokasaTb, 4To G = 5,12 kak npu w — 10, TaK 1 npu
w = 20.

Mpumep 1.3.4. BepoATHOCTb TOr0, 4TO COBCTBEHHOCTU He ByaeT HaHeceH yulepb 3a
cnegyoLwmnini nepnos BpeMeHu, pasHsaetcs 0,75. ®YHKLMA NAOTHOCTU BO3MOXHbIX MOSO-
XWUTeNbHbIX NOTEPb 3a4aeTCA COOTHOLLEHNEM

f{x) = 0,25(0,01e—0801c), X>0.
PyHKLMA NONE3HOCTU BNajenblia COGCTBEHHOCTU UMeeT BU/
uiw) = -e-°'005".
BbluncnmMm oXxungaemble NOTEPU U MaKCUMasbHbIA pasMep CTPaxoBON NpemMun, KOTOPYH

Brapeneuy COOGCTBEHHOCTM rOTOB 3aMaTUTh 3a MOJIHOE CTpaxoBOe MOoKpbITHE.

PeweHue. Oxugaemble noTepu 3agaroTcsa Gopmyoi
/=CO

E[X] = 0,75(0) + 0,25 / x"Ole"001*) dx = 25.
Jo

MpumMeHsem dopmyny (1.3.1) ona onpefeneHnss MakCUManbHON MpemMun, KOTOPYH Bna-
feney, cO6CTBEHHOCTM FOTOB 3aMfaTUTb 3a MOMHOE CTPaxoBOe MOKPbITME. ITa Npemus
6yaeT cornacosaHa c NpeanoyvTeHNsIMM Bnagesbla CO6CTBEHHOCTU, BbIPAXXEHHbIMY TaKoM
(hYHKLVMER NONe3HOCTH:

/=CO
uiw —G)= 0,75tt(iu) - I u{w —x)f{x) dx,
Jo
D
_ne—0,00S(NQ—G) = _0)75e-0,005n; _ / g-0.00S"-720Qig-0.01lz) ~
Jo

»0-005G = ( 754 (0,25)(2) = 1,25, G = 2001n 1,25 = 44,63.

Takum 06pa3om, B COOTBETCTBMMW C MPeANOYTEHUAMU Bnajenbla cO6CTBEHHOCTM ANS MO-
KYMKW CTPaxoBOro L0rosopa, MOKPbIBaKLWero BCce NOTEPU CeAyoLLero BPeMEHHOT0 nepu-
0fla, OH rOTOB BbINNATUTbL CYMMY, NpPeBbILAKOLWY0 0XKUaeMble NOTePU, caMoe BofbLuee,
Ha 44,63 - 25 = 19,63. v

B npumepe 1.3.5 Mbl BBOAUM MOHATME CTPaxXx0BaHUA, NMPU KOTOPOM CyMMa MOKPbLITUA
MeHbLUe, YeM BeMUYMHA NOMHbIX noTepb. Popmyny (1.3.1) MOXHO MOAMDULMPOBATH Tak,
4yTo6bl OHa rogunacb ANs cnydyas, Korga notepu 4enaTca MexXay AuLom, NpuHUMaloLWmm
peLleHuns, n CUCTEMON CTPaxoBaHUS.

Mpumep 1.3.5. Bnagenbly co6CTBEHHOCTM M3 npumepa 1.3.4 npegnaraetcs 4OroBop
CTpaxoBaHus, N0 KOTOPOMY ByaeT BbiNaaunBaThCs 1/2 OT 1H0ObIX NOTEPb, MOHECEHHbIX UM
B C/lefyloLemM BpeMeHHOM nepuoge. Oxugaemoe 3Ha4yeHUe YaCTUYHbIX BbiNiaT B CBA3U C



notepamu coctasnseT E[X/2] = 12,50. PaccunTaeM MaKCMManbHYK MNPEMUIO, KOTOPYHO
Bnajesnel, coO6CTBEHHOCTU BbINAATUT 3a TaKOW CTPaxoBOW AOroBop.

PeweHwne. Kak nokasbliBaeT q)yHKLI'I/IFI NoNe3HoCTn, npemnd, cornacoBaHHasa ¢ OTHO-
lieHnem Bnagenbua CO6CTBEHHOCTU K PUCKy, onpependeTcda U3 COOTHOLIEHWNA

-0

n\

JleBas yacTb 3TOro paBeHCTBa NPeACTaBAseT OXMAaeMy NONE3HOCTb C YaCTUYHbLIM CTpa-
XOBbIM NMOKpbITUeM. [MpaBas NpeLCcTaBNAET OXKUAAEMYIO MONE3HOCTb NPU MONHOM OTCYT-
CTBMM CTpaxoBaHuA. NS nokasaTe/libHOW (YHKLWU MOMAE3HOCTU U ANA (YHKLMKU NAoT-
HOCTW noTepb U3 npumMepa 1.3.4 MOXHO nokasatb, 4to G = 28,62. Npn YacTUYHOM CTpa-
XOBOM BO3MeLLeHuUW Bnajenew, CO6CTBEHHOCTU FOTOB 3aniaTWTb CYMMY, MPEBbILIAOLLLYIO
0XWUAaeMble YacTMUHbIe NOTepu, camoe 6ofbliee, Ha BeNMUYUMHY G —i = 28,62 —25,50 =
16,12. v

1.4. 9NnemMeHTbl cCTpaxoBaHnA

Kak oTAeNnbHbIM InLaM, Tak M OpraHu3aumsaM yrpoxarT QrHaHCOBbIE NOTEPU BCied-
CTBME CNyyvaiiHbIX CO6bITUIA. B pa3g. 1.3 Mbl BUgeNW, Kak CTpaxoBaHWe MOXET YBENUYNTb
0XWAaeMYH MONME3HOCTb AN NMLa, NPUHUMAIOLEro pelleHus, Korja cyuiecTByeT BO3-
MOXHOCTb TaKMX Cay4yaiiHblX NOTepb. YHUKaNbHOCTb CTPaxX0BbIX CUCTEM COCTOUT B TOM,
4TO CMArvyeHne PUHAHCOBBLIX MOTEPb, YNC/O, pa3sMep WAU BPeMS HACTYMNeHUs KOTOPbIX
ABNSKOTCA CNyYalHbIMU, —3TO BaXKHelllasa npuYnHa UxX cylecTsoBaHua. B aTom pasge-
Ne Mbl pAaCCMOTPUM HEKOTOpbIE U3 (DaKTOPOB, BAUAKOLLMX Ha OpraHu3auunio 1 ynpaBneHue
CTPaxoBOW CMCTEMOIA.

CTpaxoBas cuctema MOXeT 6bITb MOCTPOEHA TOMLKO NOC/e TOro, Kak oyepyeHa rpyn-
na cMTyauuii, B KOTOPbIX MOTYT BO3HWKHYTb CAy4aiHble noTepu. CnoBo «caydvaiiHble»
03HayaeT, B YaCTHOCTU, YTO MpeanofaraeMblil CTpaxoBaTe/ib He MOXET KOHTPOAMpPOBaTh
4yacToTy, pasMep U BpeMs HacTyn/eHUs noTepb. ECAM e OH MOXeT UX KOHTPOMPOBaTh,
WU ecnu pasMep CTPaxoBbIX BbIM/AT NPEBbILIAET pa3Mep AeACTBUTENbHbIX (PUMHAHCOBbIX
noTepb, TO CyllecTBYeT NobyauTeNnbHas NpMyYMHa nojBepraTbh cebs pucky. B aTom cnydae
He cobntoaaloTCca MPeAnonoXeHUs, NpM KOTOPbIX Gbla MOCTPOEHAa CTpaxoBas CUCTEMA.
PeanbHble ycnoBUA, Npy KOTOPbLIX 6YAYT cO6MpaThCsA CTPaxoBble MPEMUN U MPOU3BOAUTL-
CA CTPaxoBble BbiMaThbl, OK&XYTCSA UHbIMU, YeM Te, KOTOpbIe ObIN 3aN0XEHbI NpU opra-
HM3auum cuctembl. CuctemMa He 6yaeT OTBeyaTb MOCTABAEHHON Mepes Hel Lenun, 4Toobl
0OXWgaemas MnonesHoCTb He y6biBana HU ANA CTPaxoBLYMKa, HU 4NA CTpaxoBaTens.

Kak ToNbKO Knacc cTpaxyemblX COObITUIA onpefeneH, MOXHO NOAYYNTb UHPOPMAL MO
06 oXXuaaembiX NOME3HOCTAX M O NpoLecce, NopoxaawLwem notepu. NccnegosaHne pblHKa
B CTPax0BaHWM MOXHO paccMaTpuBaTb KakK MOMbITKY BbIACHUTb KaK MOXHO 60/blue O
(PYHKLMSAX NONE3HOCTU, T.€. O PUCKOBLIX MPEANOUTEHNAX K/INEHTOB.

Mpouecchl, onpefenstoline pasmep M BPeMs HACTYM/EHUSA NOTepb, MOFyT 6biTb A0-
CTaTOYHO CTabUNbHbIMW BO BPEMEHM, TaK 4YTO NPU MAAHUPOBAHUN CUCTEMbl MOXHO UC-
Nonb30BaTh MHGOPMaUUI0 3a nNpefblaywuii nepuod. Mpu opraHn3aLum HOBOW CUCTEMbI
4yacTo He UMeeTCs CTaTUCTWUKM, OTHOCALLeiAca K Heil HemocpeACTBEHHO. OAHAKO MOXHO
NONYYUTb AOCTATOMHO MHOFO AOMOAHWUTENbHOW MH(OPMALUWN OTHOCMTENLHO aHanormy-
HbIX PUCKOBbIX CUTyaLUi, YTOObI ONpefenuTb PUCKM U faTb MPefBapUTENbHbIE OLEHKHU
BEPOATHOCTHbIX pacnpefeneHnin, He06XOANMbIX 418 YCTaHOBAEHUA MpeMuil. MOCKONbKY



60/MbLIMHCTBO CTPAX0BbIX CUCTEM paboTaldT B AMHAMUYECKUX YCNOBUAX, ANA TOr0 YTO-
6bl cucTeMa B flanbHeliweM ycnewHo afanTuposanacb, Heo6XoAUMO UMeTb nnaH cbopa
W aHanm3a TeKylei CTaTUCTUYecKolW MHpopmauun. AganTaums B 3TOM KOHTEKCTe MO-
XET 03HauaTb U3MEHeHWe NPeMuUin, BbiNnaTy AUBUAEHAOB UMW BO3BPAT NPEMUU, a TaKXe
“3MeHeHue ByayLINX LOrOBOPOB.

B KOHKYPEHTHO 3KOHOMUKE PbIHOYHbIE CUMbl BbIHYXalOT CTPaxoBLLMKOB Bblipaba-
TbiBaTb Takue Tapudbl ANA KPaTKOCPOUHbIX CTPax0BbiX KOHTPAKTOB, MPU KOTOPbIX OT-
KNOHEeHWNA 3HayeHui, HabnNoAaeMblX Ha MpakTUKe, OT CPeAHero 3HayeHus BedyT cebs
KakK He3aBUCUMble C/lyyaiiHble BeNMUMHBI. 3TN OTKIOHEHWUA He AO/KHbI CK1aAblBaTbCs B
CTPYKTYPY, KOTOPYIO CTPaxoBLLWK AN CTPaxoBaTenb MOT Obl MCMOMB30BaTb 41 MONyYe-
HUS ycTOonuMBOM NpubbINU. Hanuumne Takux YyCTOWUYMBBLIX OTKMOHEHW yKa3bliBano Obl Ha
Hea(h(heKTUBHOCTb CTPaxoBOr0 PbIHKa.

Bce 3T0 NMoka3biBaeT, YTO pacnpefeseHne pUckoB Mo OAHOPOAHBIM FpynnaM sBnseTcs
BaXHOW (PYHKLMEN PbIHOYHOW CTPaxoBOl cucTeMbl. Cay4vailHblili XapaKTep OTKNOHEHWUi
B OMbITHbIX AAHHbIX YKa3blBaeT Ha 3PHEKTUBHOCTb, NN CMPABESINBOCTb, Knaccugpuka-
UMM, Ha KOHKYPEHTHOM CTPaxoBOM PbIHKE NMOCTOSAHHblE B3aUMOLENCTBUA MHOTOUYMCNEH-
HbIX MOKynaTeneli u NPoAaBLOB NPUBOAAT K 3KCNEPUMEHTUPOBAHUIO C CUCTEMaMU KNac-
cuuKaLmmn, NoCKoNbKY YHaCTHUKW PbIHKA NbITAOTCA U3B/IeYb NMPEUMYLLECTBO U3 3HAHUA
CTPYKTYPbl 3TUX OTKNOHEHUA. TaK KakK CTpaxoBble NOTEPU MOTYT OblTb JOCTATOYHO pef-
KUMU cOb6bITUAMM, 6biBaeT A0BOMBHO TPYAHO BbISBUTb HecnyyaliHble CTPYKTYpbl. CTO-
MMOCTb MHGOPMaL MK, HeOOXOAUMONW ANA YTOUHEHWUS CUCTEMbl KnacCugukauuun, Takxe
OrpaHN4YMBaeT BO3MOXHOCTW 3KCMEPUMEHTUPOBAHNS.

B cTpaxoBbIx cucTemax, npefHasHayeHHbIX 458 06CNyXUBAHUA TPYMM, a He OTAefb-
HbIX /UL, BOMPOC O TOM, CAyYaiHbl M MUMEOLNEecs OTKIOHEHNS OT CTPaxoBON NPaKTUKK
0N KaXAoro nuua, He Tak akTyaseH. BMecTo Hero Ha rnepBoe MeCTO BbIXOAMT BOMPOC,
CnyyYaliHbl 1 OTKNOHEHUS OT rpynnoBoli MNPakTUKW. MOCTOSHHbIE PACXOXAEHUA MeXAY
OMbITHBIMU U 0XWUAEMbIMW pe3yabTaTaMmn yKasbiBanu 6bl Ha HE06X0AMMOCTb NepecMoTpa
CUCTEMBI.

pynnoBble CTPax0Bble PELLUEHNS OCHOBaHbI He HA CPaBHEHWAX UHAMBUAYANbHOW 0XM-
[laemMoli MONe3HOCTU; HaMpPOTUB, CXeMbl FPYMMOBOro CTPaXxOBaHWA OCHOBbLIBAKOTCA Ha KO-
NEKTUBHOM peLleHun BONpoca, yBeNMYNBAET /I CUCTEMA COBOKYMHbI KanuTan BCei rpyn-
Mbl. MPUMEPOM CAYXUT KONNEKTUBHOE CTpaxoBaHWe Ha cnydvail 60ne3Hun, npefycmaTpu-
BatoLL,ee BbINNATY NOCO6GUIA CMyXKalluM HEKOTOPO KOMMaHUW.

1.5. OnTumanbHoOe cTpaxoBaHue

CoobpaxeHus, onucaHHble B pasf. 1.2, 1.3 n 1.4, 66111 MCNONb30BaHblI B KayecTBe
OCHOBbI 418 NOCTPOEHMA TLLATeNbHO NMPOAYMaHHOW Teopuu, KOTopas npu3BaHa MOMOYb
nnuaMm, NPpUHMMaKLWKUM peLleHns B CTPaxoBOii cepe, AeCTBOBATbL B COOTBETCTBUU C UX
npeanoyTeHNaMU. B aTom pasgene Mbl NpPeCTaBUM OUH U3 OCHOBHbIX Pe3y/ibTaToB 3TOM
TEOPMM U eLle pa3 0CTaHOBMMCS Ha OMUCAHHbLIX Bbllle COOOpaXKeHMUsX.

Nlvuo, NnpuHMMaloLLlee peLleHunsa, pacnosiaraet KannutanoM BeNUYUHbI W, U eMy B Che-
[ylolleM BpPEMEHHOM WHTepBane rpo3aT notepu. [oTepn MNpeacTaBAsSOTCA CyvaiiHON
BeMUYMHOW X. TMpuHUMAKOWWIA pelleHns MOXeT KyNUTb CTPaxoBOW LOroBop, COrfacHo
KOTOpOMY eMmy 6yfaeT BbinnaveHa cymma I(x) npu notepsx X. Ana Toro ytobbl y Hero
He 6b110 NOBYAUTENbHOW NPUYMHBI CTPEMUTLCA K MOTEPSM, NPeAnofiodXUM, 4TO BCe [J0-
NycTUMble CTPaxoBble AOT0BOPbI Takosbl, 4To 0 § I(X) sj x. Mbl genaem ynpouaroliee



NpeanonoXeHne, YTO BCe AOMYCTUMble AOroBopbl, Ans kKotopbix E[7(X)] = B, moryt
ObITb MPMOGPETEHBI 32 OAHY U Ty Xe cymmy P.

NInuo, npuHUMatolLee peleHuns, onpeaennno yHKLUMKO MonesHocTn u(w), KoTopas
corfacoBaHa C ero npegnoyTeHUAMU AN pacnpegeneHnii ncxodos. Mbl NpeanonoXxum,
4YTO NPUHUMAKOLWNIA PELIEHNS He CKIOHEH K pucky, n"(n) < 0. [lanee, Mbl NPeANON0XUM,
YTO OH YXKe onpefennn cymmy, 0603Ha4MmM ee yepes P, KOTOPYIO OH COrfaceH 3annatuTb
3a cTpaxoBaHue. Bonpoc cocTonT B ceaytoLleM: Kakoin 13 JOroBopoB CTpaxoBaHus, npu-
Hagnexaumx Knaccy AonyCTMMbIX AOrOBOPOB C 0XMWAaeMbIMU CTPaxOBbIMW BbiNaaTamm
B v npemueli P cnegyet npnobpecTun, 4yTo6bl MaKCMMMU3NPOBATb 0XNAAEMYH MOMIE3HOCTb
ANA niua, NPUHUMAKOLWEro peLleHns?

OAMH 13 NOAKNACCOB Knacca AOMYCTUMbIX CTPax0OBbIX JOrOBOPOB ONpeaensieTca cne-
AyHOLWNUM 06pa3om:

X< d,
(1.5.1)
XA d.
3TOT K/acc LOroBOPOB XapaKTepU3yeTcsa Tem, YTO CTPaxOoBble BbiMaaTbl HE MPOU3BOAAT-
Cf, NOKa NOTEepPU He NPeBOCXOAAT 6e3ycnosHylo dpaHwusy d. Mo ycnosusm forosopa
ANa noTepb, MpeBbllWAOWMX 6e3yCNOBHY (paHLIn3y, BbliMAavyMBaeTCA pasHuLa MeX-
Ay noTepsiMu 1 6e3ycioBHON (paHLLIN30/. TaKoi TUM CTpaxoBaHWA MHOFAA Ha3biBAETCH
CTpaxoBaHWeM 3KcueAeHTa yobITKa, UAKN 3KcueAeHTa yObI TOYHOCTU, B 3aBUCUMOCTN OT
NPUNOXKEHWUIA.
B o6cyxjaBLuelica B 3TOM pa3jene 3ajave 0XujaeMble CTPaxoBble BbiNaaTbl 0603Ha-
yanuch yepes . B hopmynax (1.5.2) Huxe cumBon /(>k) 0603Ha4YaeT PYHKUUIO MAOTHO-
cTn, a F(X) — yHKLMIO pacnpefefneHns, COOTBETCTBYIOLME CAYYaiHbIM noTepam X :

00

(x —d)F{x) dx (1.5.2A)

nnn

(1.5.2B)

dopmyna (1.5.2B) nonydyeHa n3 (1.5.2A) nHTerpmposaHmemM no yactam. Korga senmymHa
B 3apgaHa, qopmynbl (1.5.2) fat0T SABHble YpaBHEHUA ANA COOTBETCTBYHOLLEA 6e3yCcnoB-
Holi paHLWmM3bl, 0603HavYaemoi yepe3 d*. B ynp. 1.17 nokasaHo, 4To d* CyLLECTBYeT K
€AUHCTBEHHA.

OCHOBHOW pe3ynbTaT HacToAWEro pasgena MOXHO copMynupoBaTb B BUAe Teope-
Mbl:

Teopema 1.5.1. Ecan nuuyo, npuHUMalowee peweHuns,

* UMeeT KanuTan w,

* He CKNOHHO K PUCKY, APYrMMMW cnoBamu, ero hyHKLMUA Nofe3HocTu u(w) Takosa,
yTo u"(w) <o,

* nojgepraeTca PUCKY CAyyailHbiXx noTepb X ,

e COMNacHoO BbLINNATWUTbL CyMMYy P 3a cTpaxoBoe MOKpbITUE,



M eCnu CTPaxoBOii PbIHOK NpefoCcTaBNseT BCe JONYCTUMbIE JOrOBOPbI CTPaxoBaHus CTO-
umocTun P wm Buga I(x), 0~ I(x) ™ X, rge E[/(X)] = B, To o>kugaemas nones-
HOCTb A1 nnua, NPUHUMAKLWEro pelleHns, MakcumusnpyeTcs npuobpeTeHnem aoro-
BOpa CTpaxoBaHus

roe d* fBnsSeTCA pelleHneM ypaBHeHus

/%00

B—1 (x—d)f(x)dx - o.

[oka3aTenbCTBO TEOPEMbl COAEPXUTCA B MPUIOXKEHUN K 3TOI rnase.

Teopema 1.5.1 aBndeTCA BaXXHbIM pe3ynbTaToM W UNNOCTPUPYET MHOrMe nuaeun, pas-
BUTble B 37O rnaBe. OfHAKO NOME3HO PacCMOTPETb pPsij OFpaHUYEHMUIA ee NPUMEHUMOCTM.
Bo-nepBbIX, OTHOLIEHWE MPEMUIA K 0XKMAAEMbIM CTPAX0BbIM BbIMaaTaM OAHO U TO Xe NS
BCEX MMEIOLLMXCA JOrOBOPOB. Ha camoMm fene pacnpefeneHus cnyyaiiHbix BenuumH |(X)
MOryT 6bITb BecbMa pa3fMYHbIMU, U pUCKOBas HafbaBKa, BKAKOYalLWasacsd B MPeMuto,
06bI4HO 3aBUCUT OT XapakTepucTuk pacnpegeneHus 1(X). Bo-BTopbix, B Teopeme 1.5.1
npegnonaraetcs, 4to npemmsa P 3auKcupoBaHa 610 KETHBIMU OrpaHUYeHUsMU, U Apy-
rve 3HayeHusa ANa BelWYMHbl P He paccmartpusatroTcsa. B ynp. 1.22 paccmaTpuBaetcs
ocnabneHune 6H0AKeTHbIX OrpaHUYeHnin. B-TpeTbMX, XOTA B TeOpeMe yKasaH Buj CTpaxo-
BaHWA, 3TO He Nomoraet onpefennTb cymmy P, KoTopykw Hago notpatuTtb. B Teopeme
BeNnMynHa P ¢ukcupoBaHa.

1.6. 3ame4daHua n nntepatypa

OnpeaeneHnsa v NPUHUNNLI aKTYapHOR HayKn MOXHO HaliTh B «Principles of Actuarial
Science» (Society of Actuaries Committee on Actuarial Principles, 1992).

Ponb pucka B 1e10BOI NpaKTUKe M3y4yanacb B gucceptaunm Yunnetrta [Willett 1951],
MPONIOXMBLUEA NYTb ANA faNbHELWMX nccneaoBaHuin. bopx ony6ankoBan ceputo cTatei
[Borch 1974], npumeHsa Teopnto NONE3HOCTM K BONpPOcam cTpaxoBaHus. [le [pooT B KHUTe
[De Groot 1970] san NofHOe U3N0XEHWE TeOPUM MONE3HOCTU, HauYMHas ¢ 6a30BbIX aKCHOM
COrnacoBaHHOCTM MPeANoYTEHNI AN pa3NMUHbIX pacnpegeneHuii ucxogos. U Ae Mpoor,
1 Bopx obcyXAann BaXHbIi C UCTOPUYECKOW TOUKM 3peHus lMeTepbyprckuii napagokc,
onucaHHblli B ynp. 1.2. Ctatba ®puamaHa n Casupgxa [Friedman, Savage 1948] BHecna
CYLLEeCTBEHHbIN BKaj B TEOPUIO NOME3HOCTM M NOBEAEHUS YenoBekKa.

MpatT [Pratt 1964] nsyvan gopmyny (1.3.1) n noAy4nn HeCKONbKO TEOPEM O Npemmn-
AX U PYHKLMUAX NONe3HOCTU. YnpaxHeHue 1.10, B KOTOPOM MCNOMb3YHOTCA ABa rpybbix
NpueAMXeHNsa, CBA3aHO C OAHMM M3 pe3ynbTaTtoB [NpaTTa.

Teopema 1.5.1 06 onTMManbHOM CcTpaxoBaHWW 6bifia gokasaHa Jppoy [Arrow 1963]
B KOHTEKCTe CTpaxoBaHWA Ha cnyyaii 6one3Hn. Teopema B ynp. 1.21, B KOTOPON LEeNbIO
CTpaxoBaHuA ABASETCS MUHUMMU3ALUA AUCNEPCUMN YAepXaHHbIX NoTepb, 6bina TeMol pa-
60T bopxa [Borch 1960] n XaHa [Kahn 1961]. icnonb3oBaHue gucnepcuu noTepb B Kade-
CTBE Mepbl cTabunbHOCTU 06CyXaanocb Bépaom, MeHTuKaliHeHOM 1 MecoHeHoM [Beard,
Pentikdinen, Pesonen 1984]. ¥ npaxHeHue 1.32 0OCHOBaHO Ha UX 0BCYXAEHUN.



MpunoxeHune

Nemma. Ecnn n”(w) < 0 gna Bcex w u3 [a,6], To gna w n z n3 [a, 6]

u(w) —u(z) » (w —2z)u (z2). (LA

[LokasaTenbCcTBO. JlIeMMy MOXHO AOKa3aTb C MOMOUblO0 rpatmka Ha puc. 1.3.1. Bocnonb-
30BaBLINCL BbIMYKNOCTbI, 3aMeTUM, 4TO nNpamas, kKacaTenbHasa K u(w) B Touke (z,u(z)), 3a-
faeTcs ypaBHeHneM y —u(z) = u (z)(w —z) n nNexwuT Bbile rpagmka pyHKUmMm u(w) Bclogy,
Kpome Toukn (z,u(z)). Takum obpasom.

u(w) —u(z) wu (z)(w —z2).
Ha puc. 1.3.1 nokasaH cay4aii u'(w) > 0. AHaNOrMYHble apryMeHTbl CMpaBeAiMBbl U B Ciy4vae
n'(w) <0. [ ]

B ynp. 1.20 TpebyeTcsa HaliTK Apyroe gokasaTesbCTBO 3TON NIEMMbI.

[LokasaTtenbcTBO TeopeMmbl 1.5.1. MycTb I(X) OTHOCUTCA K OrOBOPY CTpaxoBaHua, yao-
BNETBOPAOLLEMY YCNIOBUAM TeOpeMbl. Torga, cornacHo nemme,

u(w —X+ I(x) —P) —u(w —X+ Id.- (x) —P) ~ [I(x) —ld*(x)]nl(w —X + la*(x) —P). (1.A.2)
Kpome Toro, mMbl yTBepXaeMm, 4TO
[I(x) —ld*@)]un {w —X+ 1d”(x) —P) ~ [I{x) —1d.(x)]u(w —d’ —P). (1.A3)
[Onsa pokasatenoctBa HepaBeHcTBa (1.A.3) Mbl LOMKHbI PACCMOTPETb TPU cayyas:

Cnyuait I. 1d'(x) = 1(x).

B aTom cnyuae BbinonHsAeTcsA paBeHcTBO: B (1.A.3) paBHbl Hy/N0 Kak npasas, Tak v nesas
yacTu.

Cnyuait Il. 1d*(x) > 1{x).

B atom cnyuvae Id' (x) > 0 n n3 popmynbl (1.5.1) cnegyeT, uto x —Id*{x) = d’. MosTomy
MMeeT MeCTO paBeHCTBO, MPMYeM Kak npasas, Tak u nesas 4actm B dopmyne (1.A.3) paBHbl
{1{x)-1d-{x)Ju'{w-=& -P).

Cnyuaii I, /d«(x) < I(x).

B atom cnyuvae I(x) —Id’(x) > 0. N3 dopmynbl (1.5.1) cneayet, uto Id-(x) —x ~ —d' n
ld'{x) —x —P ~ —d' —P. TMoaTomy

n(w—x+ Id(x) —P) » n (w —d* —P),

NOCKONbKY BTOpas Mpou3BofHas PYHKUMKU M(X) oTpuuatenbHa u n'(x) ABnsieTcs ybbiBatoLlen
DyHKUWEN.

MTak, B K&XXA0OM M3 pacCMaTpUBaBLUUXCA CNy4aes

[1(x) —lde (X)Ju'(u; —x + Id*(x) - P) N [7(x) - 1d-{x)]Ju(w —P - d¥),

uTO AOKa3blBaeT HepaBeHCTBO (1.A.3).

Mcnonb3ys HepaBeHcTBa (1.A.2) n (1.A.3) n 6epa maTemaTnyeckne OXunAaHusa, noayyvaem

Efu(u) - X + 1{X) - P)] - E[u(u) - X +1d.(X) - P)] ~ E[7(Al) - 7d. (X)K(w - d* - P)
= (B —B)u'(w —d” —P) —0.

Moatomy E[u(w —X + I(X) —P)] E[w(uj —X + 1d" (X) —P)], n oxunpgaemas nonesHocTb

6yAeT makcummsnposaHa Bbl6opom ld*(x), T.e. 4OTOBOPOM 3KcUefeHTa Y6bITOYHOCTH. u
YnpaxHeHuqa
K paspgeny 1.2

1.1. MpeAnonoXnM, YTO TeKYLW WA KanuTan nuua, NnpuHMMatoLLero peweHns, pased 10 000.
Monoxum n(0) = —1 n n(I0OOO) = 0.

(a) Mpu BO3MOXHbIX NOTepsAxX X, cAyyawLlwmnxcs c BepoatHocToo 0,5, u npu BepoaTHocTH 0,5

COXPaHUTb TeKYyWMUn KanuTan nuLo, NPMHUMAlOLLee peleHns, COrnacHo BbINNaTUTh 3a NOMHOe
CTpaxoBOe MOKPbITUE CYMMY, He npeBbiwaklwyw G. Huxe npusBefeHbl 3Ha4YeHUsA BEIMUYUH X ©
G B Tpex cnyuvasx.
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X G
10000 6000
6000 3300
3300 1700

OnpegennTe TpW 3Ha4YeHUs GYHKLUM NONE3HOCTU U NULA, MPUHUMAIOLLETO PELLUEHNS.

(b) BbluMcnnMTe HAKNOH 4YeTbipex MPSMONMHERHbIX OTPE3KOB, COEAMHALWMNX NATb TOYEK,
onpeAeneHHbIX Ha rpaduke pyHKUum u(w). OnpeaennTe CKOPOCTb U3MEHEHUS HAK/OHA OT Cer-
MeHTa K CerMeHTy (KoTopas onpefensieTcsi KOHEYHOW pasHOCTLIO BTOPOro MopsfjKa).

(c) MpepcTaBbTe cebs B POAM NMPUHUMALOLLETO PELLUEHNUS NULa, pacronaralLiero Kanmtaaom
10000. MoMnMo 3agaHHbIX 3HaueHuid n(0) nu m(10 000) HailgmTe TPU AOMONHUTENbHBIX 3HAYEHUA
Bawen QYHKUWUN NONE3HOCTH W.

(d) Ha ocHOBe NATK 3HaYeHWI Baled GyHKLUN NONE3HOCTU HalAWUTe Yrabl HaKMOHA U CKO-
poCTb UX U3MeHeHus, Kak B n. (b)

1.2. MeTepbyprcknii napafokc. PaccMOTPUM Urpy, COCTOALL YO B MoA6pacbiBaHUN MOHe-
Thl O Tex NOp, NOKa He BbiNajeT opefl. BepoATHOCTL BbiNafeHus opna pasHa 0,5 U UcnbITaHUSA
HesaBucUMbI. MycTb cnyvaliHas BenmuuHa N ABNAeTCA KONMYECTBOM WCMbITaHWI [0 NepBOro
BbINafeHns opna.

(a) NMokaxunTe, 4YTo QYHKLUA BepoATHOCTeN c. B. N 3afjaeTcs BblpaXeHUAMM

f(n) = (1/2)", n=1,273,...

(b) Haigute E[IV] n D[iV].

(c) AokaxuTe, 4To ecnu BbiNNauymMBaeTCa BO3HarpaxaeHue suga X = 2N, To matematuye-
CKOe 0OXW[aHue BO3HArpaxaeHus GeCKOHEYHO.

(d) Haingnte Efit(A")] npu ycnoBuu, 4To BbiNJaynBaemMoe BO3HarpaXxaeHue nmeeT GyHKUUIO
nonesHoctn u(w) = Inw.

K pasgeny 1.3

1.3. HepaBeHcTBO MNeHceHa.

(a) Mpegnonoxum, yto n" (w) < 0, E[X] = [i n E[u(X)] KoHeuHo. fokaxuTe, uto E[n(X)]
AN u(fi). [YkasaHue. Pa3noxunte u(ni) B pag B OKPECTHOCTU TOYKM W = /i C OCTAaTOUYHbIM Y/IEHOM,
BK/IOYAKLWMUM BTOPYIO Npou3BOAHYK. O6paTuTe BHMMaHWe Ha TO, 4TO ANA CNpaBefNMBOCTU
HepaBeHCTBa MeHceHa He TpebyeTcs, 4To6bl u'(w) >0.]

(b) Ecnn n"(w) > 0, gokaxute, uto E[n(X)] » n(u).

(c) PaccmoTpuTe HepaBeHCTBO VeHCeHa ANA 4acTHOro cnyyas wuu>) = w2. Uemy paBHO
BblpaXeHue

Wn(X)} - w(E[X])?

1.4. Ecnn hyHKUMS nonesHocTM TakoBa, 4to u'(w) > 0 m mn"(w) > 0, Bocnonb3ynTech
topmynonn (1.3.1) gnsa Toro, 4ytobbl nokasaTb, 4yTo G ~ /i. Jlyo, NpUHMMalOLLEe PeLleHuns,
npefnoyYTeHNA KOTOPOro TakoBbl, YTo u"(w) > 0, aBnsetca nobuTenem pucka.

1.5. MNpeabaBuTe reoMeTpUYecKoe OKa3aTeNbCTBO, OCHOBaAHHOE Ha rpaduke, aHao0rMYHOM
TOMY, KOTOpbIA npuBefeH Ha puc. 1.3.1, Toro thakTta, 4to ecam n'(rm) < 0 m n”(w) < 0, TO UmeeT
mecTo (1.3.4).

1.6. MokaxuTe, 4To PyHKUMA nonesHoctn u(w) = Inw, w > 0, agndetca PyHKUMER no-
Ne3HOCTUN He CKNOHHOr0 K PUCKY nuua, NpuHUMaloWwero peweHus, npu w > 0.

1.7. MycTb PYHKLMNSA NONE3HOCTN 3a/a€TCA COOTHOLIEHNEM
w < 100,
w > 100.

(a) BepHo nun, uto u'(w) N 0?
(b) Ana Kaknx w BepHO HepaBeHCTBO n"(w) < 0?



1.8. [LoKaXuTe Takoe YTBEPXJEHMWe: eciim NpPeAnonoXuTb, Kak aTo caenan fawuun bep-
HY/NNN, KOMMeHTUpYs MeTep6yprckuii napagoke, 4tTo QyHKLMWs NOME3HOCTU KanuTana yaoBne-
TBOPAET AngdepeHLNnanbHOMY YpaBHEHUIO

, w>10 k>0

To n(vm) = Klnw + c.

1.9. MycTb NML0, NpUHUMalOLLee pelleHns, UMeeT yHKL U0 none3HocTn u(w) = &Inw. OHo
pacrnonaraeT KanutanoM w, w > 1, 1 noABepraeTcs pucky X, KOTOpblii paBHOMEpPHO pacnpe-
fneneH Ha nHtepsane (0,1). Bocnonb3yintech cooTHoweHnem (1.3.1) gna Toro, 4tobbl AO0Ka3aTh,
4YTO MakCMManbHas cTpaxoBas NMPemMus, KOTOPY NPUHMMAKOLWNIA pelleHns roTOB BbINAaTUTh 3a
nosiHOe CTPax0BOEe MOKPbITUE, paBHa

=w_-¥ '5'.'.175_

e(rv -
1.10. (a) B (1.3.1) Bocnonb3yiTecb NpUGANXKEHNAMN
u(w —G) = u(w —RB) + (fj, —G)u(w —fi),

u(w —x) = u(w —fi) + (fi —x)u (w —fi) + ~{fi —x)2u'(w —fl)

1 BblBeAUTE cnepytoliee npubnmxeHne ana G:
r=p —1U W8z
2 u'(w —fi)

(b) Myctb u(w) = kInw. Bocnonb3yiiTech npubnmxeHnem m3 n. (a) Ans AokasaTenbcTBa

COOTHOLLEeHUs
1 -2
2 \w —fi\

1.11. ®yHKUMA NONE3HOCTM NPUHUMAIOLLETO peweHns nuya umeeT Bug u(w) = —e~aw. OHo
nofiBepraeTcs pucKy, KOTOPbIA UMeeT pacnpefeneHune x2 ¢ n cteneHamu csoboasl. Ecnn 0 < a <
1/2, Bocnonb3yiiTecb cooTHoweHnem (1.3.1), 4ToObl NONYUYNTH BbipaXKeHWe A8 MaKCUManbHOM
CTpaxoBoii npemun G, KOTOPYH NULO, NPUHUMALOLLLEE PeLleHUs, TOTOBO BbINAATUTb, U JOKAXUTE,
yto G >n = fl.

1.12. NMoBTopuTeE peLueHMe 3afiayn u3 npumepa 1.3.4 anq

(a) u(w) = =AM ﬂ(h _e<{180

1.13. (a) CTpaxoBLWMuK, I/IMe}OUJ.VII/I kanutan 100, npuHAn Ha ceb6s puck X, pacnpegeneHHbli
COrNacHo CneayoLLeMy 3aKoHY:

P(X =0)=P(X=51) = 1/2.
KakoBa makcumanbHasa cymma G, KOTOPYK OH AO/DKEH BbIMAaTUTb APYTOMY CTPaxoBLUKY ANS
TOro, 4tobbl OH NpuHan 100% cooTBETCTBYHLWMX NOTepb? MpeanonoXnm, 4To PyHKLMA nones-
HOCTV NEepBOro CTpaxoBlnka uMeeT BUA u(w) = In«;.

(b) CTpaxoBuinK, umetowmnii kanutan 650 n Takyto e QyHKLUIO nonesHocTu, u(w) = Inw,
paccmaTpuBaeT BO3MOXHOCTb NPUHATbL Ha CebA PUCK, YKa3aHHbIW Bbllwe. KakoBa MUHUMaNbHas
BeNMYMHa H, KOTOpPYl 3TOT CTPaxoBLMK MPUMET B KayecTBe npemun And nokpoitua 100%
YKa3aHHbIX Bbille NOTepb?

1.14. MycTb NOAHOE CTPaxoBOe MOKPbITUE U3 NpumMepa 1.3.4 MOXHO npuobpecTn 3a Cymmy
40, a 50% OT cTpaxoBoro NOKpbITUA M3 Npumepa 1.3.5 MOXHO nNpuobpecTn 3a cymmy 25. Mpnob-
peTeHMe KaKoro CTpaxoBOro NOKPbITUA MaKCUMMU3MPYET 0XXUAAeMY0 NONe3HOCTb NS BNajenbla
cobcTBEHHOCTN?

K pasgeny 1.4
1.15. I'pynne, cocTosAWel M3 N AL, NpesocTaBNeH JOr0OBOP CTPaxoBaHWA, MOKPbIBAO LW Ui
pacxofbl Ha nevyeHune B cTaymoHape. CoraacHo aTOMY AOroBOpY, KaXAblil pa3, Korja Kakon-nm6o

uneH 3Toii rpynnbl NonagaeT B cTauuoHap, BbinnaumsaeTcs B pgonnapos. Mpegnonaraetcs, u4To
rpynna HeogHOpo4Ha MO OTHOLIEHUIO K 0XWAaeMOMY KONAM4YeCcTBY MonajaHwuii B cTauuMoHap Ha
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npoTsXeHun roga. Bea rpynna moxeT 6biTb pas6uTa Ha r noarpynn. B noarpynmne ¢ HOMepoMm
i cogepxuTcs ni nuy K W = n. ANa Kaxgoro uM3 4neHoB NOATPYNMbl C HOMEPOM i 4Mcno
nonagaHuii B cTauMoHap B TeueHWe roda WMeeT MyacCOHOBCKOE pacnpefeneHue ¢ napamMeTpom
A, i= 1,2, ,r. Yucna nonagaHuii B cTaynoHap B TeYeHMe rofa Ans YNeHOB rpynnbl B3aUMHO
He3aBUCUMbI.

(a) MoKaXuTe, 4TO OXKUAaeMble CTPAXxOBble BbINaThl 3a OAWUH FOf COCTAaBAT

r - 1 r ..
B} wXi=BnX, rge X=— tiiXi-
i n i
(b) MokaxuTe, 4TO uYMcno NMonafaHwii B CTaLMOHap 3a OAWH FOA4 ANA BCel rpynnbl MMeeT

nyaccoHOBCKOe pacnpejeneHue ¢ napameTpom nX.
K pasgeny 1.5

1.16. BbinonHnTe MHTErpupoBaHuMe Mo YacTaM, ykasaHHoe gna dopmyn (1.5.2). Bocnonb-
3yiiTech TemM hakToM, uTo E[X] cyuwecTByeT Torga v Tonbko Torga, korga lith-t0o x[1—F(x)] = 0.

1.17. (a) NpoanddepeHumpyiiTe NpaByto yacTb popmynsl (1.5.2B) no d.

(b) NycTb B —Takoe uncno, 4to 0 < B < E[X]. MokaxuTe, 4Tto (1.5.2) nMeeT eANHCTBEHHOE
peweHne d*.

1.18. MycTb GYHKLWUSA NAOTHOCTK CyYaNHON BENMUYUHBI X , ONUCLIBaKOLLEd NoTepu, 3ajaHa
hopmynoi

f(x) = 0,le-0"1*, x > 0.

(a) Boiuncnute E[X] n D[X].

(b) MokaxwuTe, 4TO ecnnm Npu NPUOBPETEHUM CTPaxOBOro MOKPLITUA B KayecTBe HeTTO-
npemun bygeT 3annavyeHo P = 5, 10

I(x) =~ " 7d(®) = ine X <d, roe d= 101n 2.
2 Ix —d, x " d

O6a 3TV BblpaXKeHUs NpeAcTaBAAOT LONYCTUMbIE CTPaxX0Bble OFOBOPbI C HETTO-NpeMuelt P= 5.
Mpwn 3Tom I(x) Ha3blBaeTCA NPOMOPLNOHANBHBIM CTPaxXOBaHWEM.
1.19. CnyualiHas BenmyuHa .Y, onucbiBatolas notepu, nMeeT NAOTHOCTb BUAA
f(x) = 1/100, 0 < X < 100.
(a) Boiuncnnte E[X] n D[X].
(b) PaccmoTpuTe AOroBop NMPOMNOPLUOHANLHOIO CTpaxoBaHUs, rae
1(x) = KX, 0< K< 1,

1 [0roBOp 3KCLEeAeHTa Y6bITOUHOCTH, Tae

T( \ - /> X<,
d(x)~\x-d, x>d.
OnpepenuTe K n d, TakuMe, 4TO pa3mep HETTO-MPeEMUN B KaXAOM cny4vae coctaBut P = 12,5,
(c) MokaxunTte, yto D[X —/(X)] > D[X —7<j(X)].

K npuno>xeHuio

1.20. [LokaXuTe NeMMY, UCMONb3Ys He TEOMETPUYECKUIA, a aHAaNUTUUYEeCKuniA nogxod. [Yka-
3aHue. Pa3noxuTe u(ni) B pag C OCTATOYHbIM YNEHOM, COAEPXAL UM BTOPYH NPOU3BOAHYIO, B
OKPEeCTHOCTM TOYKMW T W BbluTUTE U(z) ]

1.21. MycTb BbINOAHEHbI MPeAMNONOXeHUs TeopeMmbl 1.5.1 OTHOCMTENbHO R W CTPaxoBOro
porosopa I(x), n nycte E[X] = /t. JokaxuTe, 4To

WX - I(X)] = E[(X - I(X) - uy+B8)2
ABNSAETCA MUHUManbHOW, ecnn 1(T) = Id' (x). Bam npuaeTcs fokasaTb, YTO Npu UKCMPOBaAHHOM

HETTO-NPEeMUN CTPaxoBOW [0roBop IKCLeAeHTa Y6bITOYHOCTU 6yAeT MUHUMU3NPOBATL AMchep-
CUI0 yAepXaHHbIX CTPAx0BbIX BbIMAAT. [YKazaHue. MOXHO cnefoBaTh 0Ka3aTeNbCTBY TEOPEMbI



1.5.1, nokasaB cHayana, 4to x2—z2 ™ (x —z)(2z), a 3aTemM NpOBEPUB, UYTO

[x- 1{x)}2—[x —Id'(x)]2 " [1d-(x) - 1{)][2x - 21d*{x)\ ~ 2[la-(x) —I(x)]d*.
IcKoMOe HepaBeHCTBO MOXHO MPOBepuTb, pa3buBas [0KAa3aTeNbCTBO Ha Tpu cnyvas. UTobbl
faTb elle 0HO fOKa3aTe/bCTBO, 3aMeTUM, YTO NPU COOTBETCTBYHOLWEM BbibOpe pasmepa Kanu-
Tana v QYHKUMUKN NONE3HOCTUN pe3ynbTaT HAaCTOALWEro YNpaXHeHUsA ABNAETCA YaCTHbIM Cly4Yaem
Teopembl 1.5.1.]

1.22. MycTb BbINOHEHbI NPEANOOXeHUs Teopembl 1.5.1, 3a UCKIOYEHUEM GIOXKETHOIO
orpaHuyeHus. To ecTb NPUHMUMAIOLLEE PELUEHMA NINLO FOTOBO BbiMNAaTUTbL npemutd P, 0 < P 7
E[X] = B, KoTOpasa MakcumMu3npyeT 0XMaemMyl NonesHocTb. Kpome Toro, npeanonoxum, 4To
no6oe AoNycTUMOe CTpaxoBaHWe MOXET OblTb NPUOGPETEHO 3a CYMMY, PaBHYIO ero 0Xugaemoin
cToMMOCTH. [LOKaXunTe, 4TO ONTUMa/bHbIM cTpaxoBaHuem 6yaeT 1o(x). DTOT pe3ynbTaT MOXeT
6bITb CHOPMYNMPOBAH TakK: MOMHOE CTPAXOBOE NOKPbITUE ONTUMANIbHO B Cy4Yae OTCYTCTBUA 60[-
XETHbIX OFpaHUYeHNii, ecnn cTpaxoBaHMe MOXeT 6blTb MPUOBPETEHO NO LieHe ero HeTTO-NPEMUN.
[Yka3aHue. Bocnonb3yiTecb NeEMMOR, B KOTOPO ponb W urpaet w —x + I(x) —P, a ponb z
urpaet w —x + lo(x) —E[X] = w —3. Bo3bMunTe MatemMaTU4yecKmne 0XXnjaHUa U NPoBepbTE, YTO
Efu(e - X) + 1{X) - P] » n(rn - /n).]

1.23. B Teopeme 1.5.1 n B ynp. 1.21 GbIAN YCTaHOBNEHbI CBONCTBA ONTUMANbHOCTU CTpa-
X0BaHMUA aKcuedeHTa Y6bITOYHOCTU. DTWU CBONCTBA 3aBUCAT OT KPUTEpPUS, COrnacHo KOTOPOMY
NPUHUMAETCS pelleHne, 0T OFpPaHWYEeHWIA, a TakXe OT HannMuynma APYrux CTPaxoBbiX BO3MOXHO-
CTeli. B KaXXJ0M M3 yKa3aHHbIX PacCy>XAeHUn nMmenuco 610KeTHble OrpaHMyYeHus. PaccMoTpum
CUTyauuto, Korga uMeoTCa OrpaHuyeHns Ha pUCK U Korga LeHa CTpaxoBaHWA 3aBUCUT OT CTpa-
X0BOr0 PUCKa, U3MEPEHHOr0 C MOMOLLbIO AUCMEPCUMN.

(i) CtpaxoBaa npemusi pasHa E[/(X)] + /(D[7(X)]), rae f{w) saBnsdetcsa Bo3pacTaroLiei
hyHKumnen. BennunHy /(D[7(X)]) MOXHO MHTepnpeTMpoOBaTh KaKk PUCKOBYI HaabaBKy.

(ii) Tnuo, NnpuHMMatoLLee pelleHund, pelaeT yaepxarts notepu X —I(X), Takue, uto D[X —
/(X)] = V A 0. 9710 TpeboBaHne HanaraeTt He GOAXKETHbIE, @ PUCKOBble OrpaHnyeHns. KoHcTaH-
Ta onpefenseTca CTeneHbld HECKNOHHOCTU K PUCKY, CBOWNCTBEHHON NPUHUMAIOLWEMY PELIEHUS.
KpuTepuii NpUHATUA pelleHnii B TeOpun NopTdenbHOr0 MHBECTUPOBAHUA COCTOUT B TOM, YTOGbI
thukcmposaTb AONYCTUMYIO AUCMEPCUIO, @ 3aTEM ONTUMU3NPOBATb OXUAaeMble pesynbTaThl.

(iii) Mnuo, npuHMMatouLee peweHuUs, BbibmpaeT PyHKUMO 1(x), KOoTOpas MUHUMU3IUPYET
/(D[/(X)]). Llenbto ABNSieTCA MMHUMKN3ALNS PUCKOBOI HagbaBKW, KOTOpas paBHa BbiNAavyeHHOM
NpeMun MUHYC OXMfaeMble CTpaxoBble BbiNAaTbl. BoINONHUM CheAylolue Wwarn:

(@) E[7(IN] = V + E(IN) - 2Cov[X, X - [(JIN)].

(b) BenuunHa I(x), koTopas muHumusupyet D[7(X)], a cnegoBatensHo, n /(D[7(X)]),
TakoBa, YUTO KO3hPuuneHT Koppenauum mexgy X n X —I(X) paseH 1.

(c) M3BecTHO, YTO ecnn fBe cnyyaliHble BeiMUMHb W 1 Z UMeloT KO3 PULNEeHT Koppens-
ummn, paBubln 1, To P{W = aZ + b, rge a > 0} = 1. VMiHaye roBops, BEPOSATHOCTb TOr0, 4TO
X COBMECTHOE pacnpefiesieHne COCPeA0TOUEHO Ha MPSAMOW, UMetoLw el MONOXUTENbHbIA HAKMOH,
paBHa 1. B n. (b) 6bI10 NMOKa3aHo, YTO KoO3PdhuUMeHT Koppenauum mMexgy X m X —I(X) pa-
BeH 1. Takum obpasom, X —I(X) = aX + b oTkypga cnegyet, uto I(X) = (1 —a)X —b Ansa
ponyctumoro ctpaxoBaHma 0~ I(x) » x mam 0~ (l-a)x-b ~ x. I3 3aTuX HepaBeHCTB Cnegyer,
ytob=0wn 0”1 _a”1l wun a1l

(d) Ana onpepeneHns a 6yAeM cuMTaTb, YTO KOIPPMUMEHT Koppensuum mexagy X u
X —I(X) paBeH 1, nam, 4Tto TO XXe caMoe, WX KOBapuauus paBHa MPOW3BELEHUID WX CTaH-
[apTHbIX OTKMOHEHWIA. MokaxuTe, 4To B 3TOM cnydae a = y/V/T)[X} n cTpaxoBaHue, KoTopoe

mMuHummusunpyet /(D [X]), cootsetctayeT I(X) = [1 —~/V~[f5\X]\X.



MOAE/TN NMHANBUAYAJNIbHBIX PUCKOB
HA KOPOTKOM UWHTEPBAJIE BPEMEHW/

2.1. BBegeHune

B rn. 1 mbl paccmatpuBanu BOMPOC, KakK /ULO, MPUHUMAKOLLEE peLleHusi, MOXeT
MCNoNb30BaTh CTPaxoBaHWe ANA YMEHbLUEHUSA He6M1aronpuATHOr0 )MHaHCOBOroO BO3fAel-
CTBUS HEKOTOPbIX TUMNOB CAYyYaiHbIX COBbLITUIA. DTO pacCMOTPeHMe ObII0 BeCbMa 06LLMM.
Mog NULOM, NPUHMMAKOLLMM peLLleHns, MOT NOApa3yMeBaThCsA KaK OTAeNbHbIA uYenoBek,
NLLYLLINIA 3aLLMTY OT yuwep6a, NpUYNHAEMOro CO6CTBEHHOCTM, COEPEXEHNAM NN LOXOAaM,
TakK 1M OpraHu3aLus, nilyuas 3alWuTy oT TOro Xe poja ywepba. Ha camom gene Takoi op-
raHusaumeir MOXKeT 0Ka3aTbCA CTpaxoBas KOMMaHWs, KOTOpas MILET Cnocobbl 3aWnTuTb
cebs 0T (hMHAHCOBbLIX MOTEPb M3-3a CMLWIKOM 60/IbLLIOr0 Yucsaa CTpaxoBbiX CNy4vaes, npo-
M30LIEALINX C OTAE/IbHbIM €€ K/IMEHTOM WU/IN C ee CTPaxoBbiM nopTdenem. Takas 3awuTta
Ha3blBaeTCA nepecTpaxoBaHWeM W Oy[eT BBe/leHa B CefyloLLeli rnase.

Teopus, U3noxeHHas B rn. 1, TpebyeT BBeEHUS BEPOATHOCTHON Mogenu Ans NOTeH-
UnanbHbIX NoTepb. Ceivyac Mbl paCCMOTPUM OAHY M3 ABYX MoOAeneid, LUMPOKO UCMOoMb3ye-
MbIX B ONpeAefieHnn CTPaxoBbiX Tapu(POB N Pe3epBOB, a TakXKe B NMepecTpaxoBaHuUu.

O603HauMm yepe3 S BeNMUMHY CMyvaiiHbIX MOTEPb CTPax0BOW KOMMaHWK MO HEKOTO-
poi yacTmn ee puckoB. B aTom cnydae S siBAseTCA cAyyvyaiHON BENMUYNHON, 418 KOTOPOWA Mbl
LOMKHBbI ONpefennTb pacnpefeneHne BepOATHOCTER. VMicTopuuecku Ans pacnpefeneHuii
C.B. S umenochb fBa Habopa noctynatoB. Moaenb MHAWBMAYANbHBIX PUCKOB OMpeAensieT
S cnegyowmm 0bpasom:

S=Xi+ X2+ met+ X, (2.1.1)

rae c.B. Xi 0603HavyaeT noTepu, NpUYMHEHHbIE 06BLEKTOM CTPaxoBaHUsA C HOMEPOM T, a n
0603HavaeT 06LLee KONMYECTBO 06BHEKTOB CTpaxoBaHMA. O6bIYHO MpeagnonaraeTcs, 4To Xi
ABNAKOTCA HE3aBUCMMbIMU CAyYaliHbIMWU BeMYMHAMM, MOCKOMIbKY B 3TOM Cflyyae npolye
MaTemMaTU4eCKue pacyeTbl M He TpebyeTcs CBeAEHUI 0 XapakKTepe 3aBUCUMOCTU MeXAay
HUMK. BTOpoi Mopaenbto fiBAseTCS MOAeNb KOMMEKTUBHbLIX PUCKOB, OMMUCaHHas B . 12.

Mogenb WHAMBUAYANbHBIX PUCKOB, paccMaTpuBaemas B 3TOW rnaBe, He OTpaxaeT
M3MEHEHUA LLeHHOCTMN JeHer ¢ TeYeHWeM BpeMeHW. ITO AenaeTca AN YNPOLLeHUS MOAeNw,
M MMEHHO MO3TOMY B 3ar/jaBuMM FOBOPUTCS O KOPOTKOM WMHTepBane BpemeHu. B rn. 4-11
paccMaTpMBalOTCA MOAENN Ha MPOTSKEHHbIX MHTEPBaNax BPEMEHM.

B 3Toil rnaBe Mbl 6yfeM paccmMaTpuBaTb TONbKO 3aMKHYTble MOfenu, T.e. Te, B KO-
TOPbLIX YMCNO 0OBLEKTOB CTpaxoBaHMsa N B opmyne (2.1.1) U3BECTHO W 3a)MKCMPOBAHO
B CAMOM Hauajie paccMaTpMBaemMoro WHTepBana BpeMeHW. EcAv Mbl BBOAUM Npefnosno-
XEHNA O HaMUYUW MUTpaLMn U3 UAM B CTPAxOBYIK CUCTEMY, TO MOAy4YaeM OTKPbITYIO
MOfenNb.



2.2. CnyvaiiHble Be/IMYNHbI, ONUCbIBalOLINE NHANBUAYASIbHbIE
BbINnaThbl

CHayana HanOMHUM OCHOBHbIE NMOMIOXEHUS, Kacarlinmecs cTpaxoBaHUs XusHu. Mpu
CcTpaxoBaHUu Ha cayvyail CMepTW Ha CPOK OAWH rof CTpaxoBLiMK 0643yeTcs BbINAaTUTb
BE/IMYMHY b, ecnm cTpaxoBaTesb YMpET B TeYeHWe rofa C MOMEHTa 3aK/YeHUs A0ro-
BOpa CTPaxoBaHMWA, U He BbiNjayMBaeT HUYEro, ecn CTpaxoBaTe/lb NPOXMBET 3TOT rof.
BeposiTHOCTb HacTyn/jeHUs CTPaxoBOro ciyyas B TeUeHME YKa3aHHOro roga o603HavaeTcs
yepes g. CnyuaiiHas BenMuMHa X, OMUCHIBaKOLWLaA CTPaxoBble BbIM/IaTbl, MMEET pacnpe-
[eneHne, KOTOpoe MOXEeT 3ajaBaTbCs MO0 (yHKLMel BepOATHOCTEN

-¢ X=0
, X =h (2.2.1)
B OCTaNlbHbIX CAyyvasx,
nn6bo cooTBeTCTBYHOW el DyHKLMel pacnpefeneHuns
X < 0O,
-gq 07"x<b (2.2.2)
X" b

M3 popmynbl (2.2.1) n 13 onpegeneHns MOMEHTOB MOyYaem

E[X] =bg,  E[X2] = b, (2.2.3)
B[X] = b2q(l - q). (2.2.4)
aTn GbOpMy}'IbI MOX>XHO TakK>Xe Mojay4ynTb, 3anncaB X B Buae
X = Ib, (2.2.5)
roe b—nocTosiHHas BE/IMYUNHaA, BbiN/ladynBaeMasa Ha cnyqa|7| CMepTH, a | —cnyqaﬁHaﬂ Be-

NNYMHA, NPUHMMAKOLLas 3Ha4YeHe 1 NPW HaCTyN/JeHUU CMEPTU U o B MPOTUBHOM CryYae.
Takum obpasom, P(/=0) = 1—qun P(/=1) = g, u cpeaHee 3Ha4YeHNe N gucnepcms C.B.
| paBHbl q 1 q(l —Q) cOOTBETCTBEHHO, a CpeAHee 3HauYeHWe U gucnepcus c.B. X paBHbI
bg n b2g(1 —q), YTO coBNagaeT Cc BbINMCAHHLIMU Bbllle OPMYyamu.

CnyuaiiHasa BennunHa | ¢ o6nacteto 3HaueHun {0,1} WKMPOKO NPUMEHSETCS B aKTy-
apHbIX Mogenax. B yuebHMKax no Teopuu BEpOSATHOCTEH OHA Ha3blBAETCA UHAMKATOPOM,
6epHYNANEeBCKOW cnyvaiHoli BeANYNHON nan 6UHOMUANLHON CNyYallHON BENNYNHON B CXe-
Me e[JMHCTBEHHOr0 MCNbiTaHMs. Mbl OyfeM Ha3biBaTb €6 MHAUKATOPOM M3 COOBPaXKeHUi
KpaTKOCTU, a TaKXXe MOTOMY, YTO OHa yKa3biBaeT HacTynieHue, 1 — 1, uam HeHacTynne-
Hue, 1 = 0, paccMaTpMBaeMoro cobbITus.

Mepeiigem K MoncKy 6onee 06WMX MOAeNei, B KOTOPbIX BeIMUYMHA CTPax0BOW Bbinna-
Tbl TaKXe fBMSIETCA CAy4YalHOW BENIMUMHON M B pacCMaTpuMBaeMOM WHTepBasie BPEMEHU
MOXET MPOM30MATM HECKOJbKO CTPaxoBbiX cnyyaeB. CTpaxoBaHMe Ha ciyyaill 6onesHu,
CTpaxoBaHWe aBTOMOOWER 1 MPOYMX BMAOB COBCTBEHHOCTM, a TakXe CTpaxoBaHue rpa-
X/[aHCKOWM OTBETCTBEHHOCTM CPa3y e MPefoCcTaBAlT MHOXECTBO npumepoB. O606uLan
thopmyny (2.2.5), NONOXUM

X = 1B, (2.2.6)

roe X —cnyqaﬁHaﬂ BE/INYNHA, ONnuChbiBarLasa CTpaxoBble€ BblMN/1aTbl B paCCMaTpnBaemMoM

AL TANBEARNA BINARIAIIIZA ~d D O ACAAIIAIIAAT At AFIAIIIATIIN PILIFMMAAT B O ATAR 1AIITANEA M A



MeHbLUei Mepe Of4MH CTPaxoBOi cAydvail. ABNSACL MHAMKATOPOM Takoro cob6biTus, C.B.
I dukcupyet Hanunuume (/ = 1) wnn otcytctBue (1 = 0) CTpaxoBbIX C/ly4aeB B 3TOM
WHTepBase BPEMEHWN, HO He KONMYECTBO CTPAXOBbIX C/yyaeB B HeM. BeposTHocTh P (/ = 1)
no-npexHeMmy 6yget 0603HayaTbca yepes q.

O6CyanM HeckonbKO MPUMEPOB U ONpefenum pacnpegeneHune cnyyaiHbiX BeNUUuH |
1 B B HEKOTOpOW mMogenu. PaccMOTpUM cHayana cTpaxoBaHWe Ha Cayyaidl cCMepTu Ha CpoK
OfVH rOof C JONONHUTENIbHON BbINAATON, ecnv CMEPTb HACTYNuNa B pe3ynbTaTe HeCYaCTHO-
ro cnyyasa. [lna onpefeneHHOCTU MPEANoOIoKUM, YTO eCivi CMEPTL NPOU30LLNa B pe3y/b-
TaTe HecyacTHOro cfy4as, TO BenuumHa Bbinaatbl coctaBut 50 000. MNpu HacTynieHun
CMepTU N0 NPOYMM MPUUYUHAM BennyuHa BbinnaTbl coctaBut 25000. MpesnonoXxum, 4To
AN nuua faHHOro BO3pacTa, COCTOSHUA 340p0BbA U NPoeccun BepOATHOCTb CMEpPTH B
pe3ynbTaTe HecyacTHOro cnydyas B TedyeHue roga pasHa 0,0005, a BEpOATHOCTb CMepPTU
no NpoyYum npuymHam pasHa 0,0020. B Buae ¢opMy/bl 3TO BbIFASAUT Tak:

P(/= 1,5=50000) = 0,0005 u P(/=1,5=25000) = 0,0020.
CyMMVIpyFI MO0 BCEM BO3MOXHbIM 3Ha4YeHUAM 5, noayyumm
P(/=1) = 0,0025,

Tak 410
P(/=0)=1-P(/=1) = 0,9975.
YcnosHoe pacnpefeneHue c.8. B npu ycnosun 1 = 1 numeet Buj

p,a=unTo0,i=1)=p.8=p" ;N =apg

P(B-HOOOIf-1) - P(4-p* ~ ;/-1) - jggf - 02

PaccmoTpum Tenepb CTpaxoBaHWe aBTOMOOGWNE OT CTONKHOBeHUI (BO3MeLLeHWe Bbinna-
ynBaeTcs COBCTBEHHUKY aBTOMOOMNA 3a Yyliepb, HaHECeHHbI ero aBTOMo6UNID) C Benu-
YMHOI 6e3ycnoBHON (paHWwmn3bl 250 U ¢ MaKCUManbHbIM pasmepoM BbinnaTel 2000. Ana
HarnAgHoOCTN NPEeANoN0XNM, YTO BEPOATHOCTbL HacTyM/JeHNUa OfHOro CTPaxoBoro cay4as
B pacCMaTpuBaeMblii Nepuoj BPeMeHW 4N OTAeNbHOro nuua coctanseT 0,15, a BeposT-
HOCTb HacTynneHns 6onee YemM OAHOIO CTONKHOBEHUS paBHa HY/IO:

P(1=0) = 0,85, P(/= 1) = 0,5.

Hepeanuctuyeckoe npeanonoXeHne o TOM, YTO B TeYeHUe OJHOro Nepnoja MoXeT npo-
M30/TK He 6oflee OLHOrO CTPAxXoOBOro cnyyas, fefiaetca Ans Toro, YTobbl YyNpocTUTh pac-
npegeneHune c.B. B. Mbl OTKaxemcsi OT 3TOro NpeArnonoXeHus B chnefytollem pasgene
nocne Toro, Kak paccMOTpUM pacnpefesieHne CyMMbl HECKONIbKUX CTPaxOBbIX Cly4aes.
Mockonbky B siBNseTcA BeNMYMHOM BbINAAT CTPaxOoBLMKaA, a He yulep6oM, HaHECEHHbIM
aBTOMOOW/IO, Mbl MOXEM paccMaTpuBaTb ABe XapakTepuctuku, | n B. Bo-nepsbix, cob6bl-
Tme 1 = 0 BKNOYaeT B cebs Te CTONIKHOBEHWSA, B KOTOPbIX yulepb MeHblUle, YeM 6e3yCcnoB-
Has paHlWwK3a, KoTopas paBHa 250. Bo-BTOpbIX, pacnpegeneHue c.B. B 6yaeT nmetb
«CFYCTOK» BEPOSATHOCTHON MaccChbl B TOUKE MAKCUMasbHOro pasmepa CTPaxoBbliX BbINAaT,
KOTopbIii paBeH 2000. MpeanonoXmm, 4YTO BEPOATHOCTHAas Macca, COCpeAoTOYEHHas B
3Toll Touke, paBHa 0,1. [lanee, NpeAn0ONOXNUM, YTO BENMUYUHY CTPAXOBbIX BbINAAT B WH-
TepBase 0T o 40 2000 MOXHO MOAENNPOBATb HEMPEPbLIBHbIM pacnpegeneHnem ¢ QyHKL el
NA0THOCTW, NponopunoHanbHoli 1 —n;/2000 gns 0 < x < 2000. (Ha npakTuke Henpe-
pbIBHAas KpuBas, KoTopas BblbupaeTcs AN npefAcTaBfeHUs pacnpejeneHus CTpaxoBbliX



BbIN/AaT, ABNAETCA Pe3ynbTaTOM MCCNefOBaHWA pasMepoB BbiMaaT B MpeAblfyLem nepu-
ofe.) CymMmmupys 3T1 npeanonoXeHns o6 yCnoBHOM pacnpefeneHuun ¢.s. B npu ycnosuu
1=1, Mbl NPUXOANM K pacrnpefeneHnto CMewaHHoro Tuna, UMeLWeMy MonoXKUTebHY0
MNOTHOCTb B WHTEpBasie OT o [0 2000 W HEKOTOPbIA «CrYCTOK» BEPOATHOCTHON Macchbl
B Touke 2000. 3710 nnnwcTpupyerca rpadukom Ha puc. 2.2.1. PyHKLMA pacnpefesieHns
3TOro YCNOBHOrO pacnpefeneHuns BbIrNAANT Tak:

0,
P{BAx\I=1) = 09[1- @ - x/2000)2]
1,

Puc. 2.2.1. ®yHKumna pacnpegenedua c.8. B npu ycnosum 1=1

B pasg. 2.4 ™Mbl YBUAMM, 4TO 4acTO WUCNOJMb3YHOTCA MOMEHTbI CMy4YaliHON Bennyu-
Hbl X , ONUCBIBAIOLLLEI CTPaxoBble BbiNaaThl, B HACTHOCTMW, ee MaTeMaTUyeckoe oXxugaHue
n aucnepcud. Bbluncanm matemMaTUHeCcKoe OXUAaHue 1 gucrnepcuto B paccmaTpusaeMom
npuvMepe c aBTOMO6U/bHLIM CTPaxoBaHnem AByMS cnocobamu. Bo-nepsbiX, BbINMLWEM pac-
npegenexHune c.B. X u Bocnonb3dyemcs um gns pacveta WX] n D[X]. O603Hayas yepes
Fx{x) dyHKuuto pacnpegeneHusa c.B. X , uMeeM

Fx (x) = P(X*x) =P (IB"x)
P(IBAXx\I=0)P(1 =0) +P(IB*x\I=1)P{I=1). (2.2.7)

Ana x <o
Fx(x) = 0(0,85) + 0(0,15) = 0.
Ona 07 x < 2000
211

Fx (x) = 1(0,85) +0,9 1 1 0,15).
(0 = 1(0.85) oo ©19)

Ona X~ 2000
Fx(x) = 1(0,85) + 1(0,15) = 1.
JTO pacnpefefnieHne CMeLaHHoro Tuna. Kak nokasaHo Ha puc. 2.2.2, OHO UMeeT Kak Auc-
KPeTHYI («CrycTOK» BEPOATHOCTHON MacChbl B TOUYKE 2000), TAK U HENPEPbIBHYIO 4acTb.
Takoil (yHKUWMWM pacnpefeneHns COOTBETCTBYeT KOMOGMHaUMS (PYHKLWUKM BepOsATHO-
CTel
P(X =0) = 0,85, P (X = 2000) = 0,015, (2.2.8)



Puc. 2.2.2. ®yHKLuKNAa pacnpegeneduma c.8. X = IB

N QYHKLUNU NAOTHOCTY

fFx {x) = 0,000135(1 - x/2000), 0 < x < 2000,
lo ANna OCTa/bHbIX X.

MOMEeHTbI €.B. X MOXHO MoAcuuTaTb ciefylowmMm obpasom:
/*2000

E[X*] = 0-P(X = 0) +(2000)*-P (X = 2000) + J/ xkfx (x)dx. (2.2.9)
[0]

B yacTHoCTH,
LUX] =120 u E[XZ2] = 150000.
Moatomy
D[X] = 135600.
VmeeTca psag opMyn, CBA3bIBAKOLWMUX MOMEHTbI CAy4yaliHblX BEIMYUH C YCMOBHLIMU Ma-

TeMaTUYEeCKUMUN OXUAaHUAMU. 11 MaTeMaTnyeckoro OXujaHus v gns AUCMepcum 3Tu
(hopmy/bl MMEKT BUA

E[E[W(|V4], (2.2.10)
D[E[W IF]] + E[D[W IV]]. (2.2.11)

E[W]
D[W]

MogpasymeBaeTCs, YTO BbIPAXEHWUS B NEBbIX YaCTAX 3TUX PaBEHCTB BbIYMCASOTCS HEMO-
CPeLCTBEHHO No pacnpejeneHuio ¢.B. W . [pn BbIYUCAEHUN BbIPaXXeHUIi B NpaBblX YacTax,
a uMmeHHo W\Y \V] n D [W\V], ncnonb3yetcs ycnoBHoe pacnpegeneHue c.s. W npu ¢puk-
CMPOBAHHOM 3HaYeHUN C.B. V . DTN BblpaXKEHUS SABAAKOTCA, TaKUM 06pasoM, PyHKLUAMM
C.B. V, ¥ Mbl MOXEM BbIYMCANTb UX MOMEHTbI, UICNONL3YS pacnpefeneHue c.B. V.
YCnoBHble pacnpefeneHus UCNOAb3YHTCS BO MHOTUX aKTyapHbIX MOJENsX, U 370 Nos-
BONSIET HENOCPELCTBEHHO MPUMEHATb BblINWUCAHHbIE Bbile (opMynbl. B Haweil mogenm

X = IB. PaccmaTtpuBasa c.B. X B KayectBe W u c.B. | B KayecTBe V, nonyvyaem
LUX] =E[E[X]/], (2.2.12)
D[X] = D[E[X 11}} + E[D[X I/]. (2.2.13)
3anuwem
fi = E[B\I=I], (2.2.14)

a2 =D[B\I=I] (2.2.15)



N pacCMOTPUM YC/NOBHblE MaTeEMaTU4YECKNE OXXNAaaHUA
E[X|/=0] = 0, (2.2.16)
E[X|/=1] = E[£|/=1] =u. (2.2.17)

®opmynbl (2.2.16) n (2.2.17) onpegenaoT E[X|/] Kak ¢yHKUMO OT C.B. |, 4TO MOXeT
6bITb 3aMMcaHO B BUAE Creaytolein opMynbl;

WX\1] = ul. (2.2.18)
3HauuT,
WWX\I]]=»WI1]=M, (2.2.19)
D[E[X U]] = D[/l = B29(1- q). (2.2.20)
Tak kKak X =0 npn | =0, 10
D[X|J=0]=0. (2.2.21)
Ana 1=1 mbl umeem X =B n
D[X\I=1] = D[B\I=1]=(T2. (2.2.22)
®dopmynbl (2.2.21) n (2.2.22) MOXHO 00bEANHUTD:
T>[X\I] = a2l. (2.2.23)
Takum obpasom,
E[B[X 1]} = (RE[7] = aZ2q. (2.2.24)
MoacTaBnaa (2.2.21), (2.2.20) n (2.2.24) B (2.2.12) n (2.2.13), Mbl nofyvaem
W X] = Rq, (2.2.25)
B[X] = n2q(l -q) + a2q. (2.2.26)

MpuMeHUM nony4veHHble opmynbl AN BbluncneHmsa E[X] n D[X] B npumepe aBTOMO-
6unbHOro ctpaxosaHus (puc. 2.2.2). MockonbKy GyHKLUS NAOTHOCTK C.B. B npu ycnosuu
1=1 BblpaxaeTca ¢hopmynoi

, . ._ f0,0009(1 - %/2000), 0 < X < 2000,
[o LNA OCTaNbHbIX X,
npuyem P(B= 20001/= 1) = 0,1, Mbl UMEeEM

2000 X\
U= 0,00098;](1- Jdz + (0,1)(2000) = 800,

[72000 / T\
WB2Y =1]= /° 0,0009a;2f | - — Jda; + (0,1)(2000y2 = 1000000,

a2=1000000- (800)2 = 360000.

HakoHeu, nonaras q = 0,15, u3 gopmyn (2.2.25) n (2.2.26) Mbl NOAy4YuM cnegyrouime
paBeHcTBa:

LX] = 800(0,15) = 120,
D[X] = (800)2(0,15) (0,85) + (360 000) (0,15) = 135600.



Lns onncaHus gpyroii cTpaxoBoi CUTYaLUN MOXHO NPeN0XUTb Apyrue Mogenu ans
c.B. B. B KauyecTBe mpumepa pacCMOTPUM MOZeNb AN YUCNa CMepTeid, NpousoLweawnx
B pe3y/nbTaTe aBMaLMOHHbIX KaTacTpog 3a rofuyHbIA nepuog AeaTeNbHOCTU aBMakomna-
HUX. Mbl MOXEM HauyaTb CO CAy4YaiHOW BeNMUYUHbI X , ONUCLIBAKOLLEN YACNO cMepTelt AN
OfHOrO peiica, a MOTOM NPOCYMMMPOBAaTh Takue cryyaliHble BEIMUYMHbI M0 BCEM pelicaM 3a
rog. Ansa ogHoro peica cobbitve / = 1 6yaeT 0603Ha4YaTh HaCTynaeHNe aBMakaTacTpodbl.
Uucno B cmepTeid, KOTOpOe MoOB/eK/a 3a co60i 3Ta KatacTpoga, 6yaeT npescraBnaThes
npousBefeHNeM [BYX cnydyaiiHblX BennumH L n Q, rge L — KO3hhUUUEHT 3arpyXeHHo-
CTW camosneTa, T. e. YACNO NUL, HaXOAMBLLUNXCA HA GOPTY B MOMEHT aBMakaTacTpodbl, U Q
— J0N5 CMepTeNbHbIX UCXOLOB CpPeAu NuL, HaxoAuBLIMXCA Ha 60pTy. Ymucno cmeptein B
npescTaBnseTcqd UMeHHO TakMM 06pa3om, NOCKO/bKY pasfefnibHas cTaTUCTUKA 414 Benu-
ynH L n Q 6bIBaeT 60see LOCTYMHONR, YeM cTaTucTuka gns c.8. B. Mtak, X = ILQ. XoTa
[0N CMepTeibHbIX UCXOL0B Cpean NuL, HaxoAWBLUUXCS Ha B6OPTY, U YNCNO NNL, HAXOAWB-
LIMxcs Ha 60pTy, BEPOATHO, CBA3aHbl MeXAy C060M, B KayecTBe NepBOro MPUOMMKeHUs
MOXHO NpeanonoXuTb, Y4To €.B. L 1 Q He3aBUCUMDI.

2.3. CyMMbl He3aBUCUMbIX CAy4YalHbIX BENNYUH

B Mofenu nHAMBUAYaNbHbIX PUCKOB CTPaxoBble BbiNaaTbl, MPOU3BOAMMbIE CTPax0BOW
KOMMNaHuel, NpeicTaBNATCA KaK CyMMa BblNaaT MHOMMM OTAeNbHbIM INLaM.

B 60/MbWIMHCTBE NPUIOXKEHWUIA CTPaxoBble BbIMAATbl OTAEMbHLIM fMLAM Mpeanonara-
I0TCA He3aBMCMMbIMU. B 3TOM pasjene Mbl HANOMHUM [Ba MeToAa ONpefeneHns pacnpe-
[eNeHns CyMMbl HE3aBUCMMbIX Cy4yaliHbIX BEIMYMH. PaccMoTpum cHavana CymMMmy [BYX
cnyyaliHbiX BeNMUnH, S —X + Y, BbIGOPOYHOE MPOCTPAHCTBO KOTOPbIX M306paxeHo Ha
puc. 2.3.1.

Mpsmaa X +Y = s n 06nacTb, HaXo4ALAACA NOA 3TOW NPAMOIA, NpeAcTaBAAOT coboi
cobbitne {5 = X +Y " s}. Mostomy (pyHKLMA pacrnpefeneHns c.B. S UMeeT BUS

Fs(s) = P(S"s) = P(X +Y"s). (2.3.1)

Lna nByX AUCKPETHbIX HeoTpuuaTeNbHbIX CAyYaliHbIX BEIMYUH Mbl MOXEM BOCMO/b30-
BaTbCs (DOPMYN0I NOMHOIM BEpPOATHOCTM M 3anucaTtb (2.3.1) B BuAe

Fs(s)= Y1  P(X +YAs\Y =y)P(Y =y)
no scem y~8
= Y1 P(XAs-y\Y =y)P(Y=y). (2.3.2)

no scem y~8



Echm X n Y He3aBUCUMBbI, NOC/eAHAA CyMMa MOXeET 6bITb nepenncaHa B Buae

Fs(s) = £ Fx(s-y)fy(y)- (2.33)
no BCEM y~s
DYyHKLMSA BEPOATHOCTE, COOTBETCTBYHOLWAA 3TOM PYHKLUUMN pacnpeseneHuns, MOXeT ObiTb
HalifjeHa no opmyne
fs{s)= N2 fx(s -y)fY(y). (2.3.4)
no BCEM y”s

Lna HenpepbIBHbIX HeOTpULATENbHbIX CAyYaiHbIX BEMYUH (DOPMYJbl, COOTBETCTBYH-
wue popmynam (2.3.2), (2.3.3) n (2.3.4), nmelOT BUSA

Fs(s) = Jf'p (X"rs-y\Y =y)fY(y)dy, (2.3.5)
0

Fs(s)= J[0 Fx (s —y)fy{y) dy, (2.3.6)

fs(s) =Jf fx(s-y)fy(y)dy. (2.3.7)
0

Korpga nn6o ofHa, nMbo obe cnydvaiHble BeNUUMHBI X ¥ Y UMeIT pacnpejeneHne cme-
LWAHHOro TMNa (4T0 XapakKTepHOo A1 MOAenelt MHANBNAYaNbHbLIX PUCKOB), POPMY /bl aHa-
NOTUYHBI, HO 60nee TPOMO3AKMW. NS cAyyaHbIX BENUYMH, KOTOpble MOTYT MPUHUMATb
Takxe oTpuuaTenbHble 3HaYEHWSA, CYMMbl W WHTErpansl B MpuBeAeHHbIX opmynax 6Ge-
pyTCS N0 BCEM 3HAYEHUAM Yy OT —60 A0 +00.

B Teopuun BepoATHoCTel onepauns B popmynax (2.3.3) un (2.3.6) Ha3biBaeTCs CBEPT-
Kol aByx (yHkuuit pacnpegenenns Fx{x) u Fy{y) n o6o3HauaeTca uyepe3s Fx *Fy -
Onepauuns CBEPTKU MOXeT TakXe ObiTb onpefenieHa ANa napbl QYHKUWIA BepOATHOCTE
MM QYHKLUIA NNOTHOCTM € NoMolbio gopmyn (2.3.4) n (2.3.7).

[na onpegeneHns pacnpefieNeHns Cymmbl 60nee YeM ABYX CNyYalHbIX BEIMUYUH Mbl
MOX€eM UCMO/b30BaTh UTepaLum npouecca B3aTusa cBepTku. Ansa S = X\ + X, + mmmt- X 11,
rae Xi ABAAKTCA HE3aBUCUMbIMU Cly4yaliHbIMKW BenuumMHamm, Fi 0603HavaeT QyHKLMIO
pacnpefeneHusa c.B. X*, a aBnseTca QyHKumein pacnpegeneHuns c.B. X\ + X2+ eee
+ Xk, Mbl nony4um

f<2>=f2*fw =F2*Fu
F(3>= F3*F (2
f@="~fsa*1f(3),

F@M =Fn*F{n-1).
Mpumep 2.3.1 ANKOCTPUPYET 3Ty Npoueaypy AN TpeX AUCKPETHbIX Cny4yalHbIX Be-
NNYNH.

Mpumep 2.3.1. CnyyaitHble BennyuHbl X\, X2 1 X$ HeszaBUCUMbI U UMEIOT pacnpe-
[eneHns, KoTopble onpegenstotcs ctonbuamu (1), (2) v (3) NpMBEAEHHOR HUXe TabnuLbl.
Bbinvwem QyHKUUIO BEpPOATHOCTeR 1 hyHKLMKO pacnpefeneHns c.B. S = X\ + X2+ X 3.

PeweHne. B Tabnuue ncnonb3yoTca 0603HaYeHUs, BBeAeHHbIe Nepes NpUMepom:
e B cton6uax (1)-(3) cogepxutca nmerowanca nHpopmawms.



» Ctonbew, (4) nonyyeH u3 ctonbuos (1) u (2) ¢ npuMeHeHnem (2.3.4).
» Cronbew, (5) nonyyeH u3 cton6uos (3) u (4) ¢ npuMeHeHnem (2.3.4).

OnpegeneHve ctonbua (5) 3aBepliaeT HaxoXAeHue (GYHKLUUW BeposTHOCTEN Ans
c.B. S. Ee pyHKuUuMs pacnpegeneHus B ctonbue (s) ABnsetTcad HaboOPOM YaCTUUYHbLIX CYyMM

(1) (2) (3) (4) (5) (6) (7) (8)
X Ji(x)  12.(k)  gaea)  I<7>(*) 1 (3)x)  Fi(x)  F(2)(z) F (3)(e
0 0,4 0,5 0.6 0,20 0,120 0.4 0,20 0,120
1 0.3 0,2 0,0 0,23 0,138 0,7 0,43 0,258
2 0,2 0,1 0,1 0,20 0,140 0,9 0,63 0,398
3 0,1 0,1 0,1 0,16 0,139 1,0 0,79 0,537
4 0,0 0,1 0,1 0,11 0,129 1,0 0,90 0,666
5 0,0 0,0 0,1 0,06 0,115 1,0 0,96 0,781
6 0.0 0.0 0.0 0,03 0,088 1,0 0,99 0,869
7 0,0 0.0 0,0 0,01 0,059 1,0 1,00 0,928
8 0,0 0,0 0,0 0,00 0,036 1,0 1,00 0,964
9 0,0 0,0 0,0 0,00 0,021 1,0 1,00 0,985
10 0,0 0.0 0,0 0,00 0,010 1,0 1,00 0,995
11 0,0 0.0 0,0 0,00 0,004 1,0 1,00 0,999
12 0,0 0,0 0,0 0,00 0,001 1,0 1,00 1,000

ctonbua (5), HaumHas ceepxy. [na HarngHOCTU Mbl BKAKOUMAN cTonbey (s), QYHKLUIO
pacnpegeneHus ans cronébua (1), cronbey (7), KOTOPbIA MOXHO NOAYUYUTL HENOCPEACTBEH-
HO 13 cToN6L0B (1) U (6), NpuMeHas (2.3.3), u cTonbel (s ), onpeaensseMblil aHANOrMYHO MO
cton6uam (3) u (7). Ctonbew, (5) MOXHO onpeaennTb U3 cTon6ua (s) NOCAeA0BaTENbHbLIM
BblUMTAHNEM. v

MepeifeM K pacCMOTPEHUIO 4BYX MPUMEPOB C HEMPEPLIBHbIMU CAYYalHbIMU BEAUYM-
Hamu.

Mpumep 2.3.2. TlycTb C.B. X WMeeT paBHOMEPHOe pacrpefefieHNe Ha UHTepBase
(0,2), n nyctb C.B. Y He 3aBUCUT OT C.B. X W UMeeT paBHOMEpPHOe pacnpejeseHne Ha
nHtepsane (0,3). Onpefenvm (YHKUMIO pacnpegesneHns cB. S = X + Y .

PeweHune. lMockonbKy pacnpefeneHns c¢.B. X u Y HeNpepbiBHbI, BOCNOMb3yemcs
thopmynoii (2.3.6):

0, X<o,
ri/3, 0 <y < 3,
Fx(x) = "X<2 i
(x) x/2, 0 v (y) lo LNa OCTaNbHbIX Y.
1. X > 2,

Torga
Fs(s)= JF Fx (s y)fv(y)dy.
0

BbI6OPOYHOE NPOCTPAHCTBO C.B. X M Y uAnCcTpupyeTcs puc. 2.3.2. MpsMoyronbHas
061aCcTb COAEPXMUT BCe BO3MOXHbIE 3HaUeHUs Napbl X U Y . VIHTepecylollee Hac CoBbITME,
X +Y 7 s, nso6paxaercs Ha PUCYHKe A5 NATU 3HAYeHWIA S. [ANs Kax[oro sHauyeHus
npsmas nepecekaeT ocb Y B TOUKe S M NPAMYI0 X = 2 B TOUKe S —2. 3HAUYEHUS (YHKLMUU



Fs Ans aTUX MNATW CMy4yaeB ONUCLIBAKOTCS chegytolleli hopMynoii:

0, s <0, npamas A,
fs-YI > 0" s <2 npavasa B
. 2 3y~ 12 ' J
1 r S-y 1, s —1
Fs(s) n 13* +L — Ji»= 27 s <3, npamas C,
rs—2 = /-3 i i
S"z-\gy = (5'12)2, 37 s<5 npamas D,

U. s/ 5 npamasa E.

Mpumep 2.3.3. PaccmoTpuM Tpu HesaBucumsble ¢.B. X i, X2, -X3- Ana r= 1,2,3 c.B.
X'i MMeeT MokasaTenbHoe pacnpegeneHue n E[A"i] = 1/r. Hailgem QyHKLUWIO NAOTHOCTU
c.B. 5 = X\ + Xi + X3, npumMeHasa onepaLuio CBEPTKU.

PeweHune. Nveem
fi(x) =e x, f2{x) =2 2x, f3(x) = 3e 3x, X > 0.

Bocnonb3oBaBwunck Gopmynoii (2.3.7) TpUXAbl, Mbl NOAYYUM

fW (x)= J( fi(x-y)f2(y)dy = /f e (x y)2e 2ydy

0

= 2e~x f e~ydy = 2e~x-2e~2x, X >o0,
Jo
fs(x) = fi3)(x) = Jf f{{x-y)h(y)dy = f (2e~(x~V) - 2e~2(x~v))be~bydy
0 o .10
—6e Xfi' e 2ydy —se ** [ e~vdy = (3e 3e~Sx) - (se -6 X)
0 Jo
= 3e~X- se~2X+ 3e_3X, x > 0. v

Opyroii meTon onpegeneHnus pacnpefeneHuss CyMMbl He3aBUCUMbIX ClyyaliHbiX Be-
JIMYUH OCHOBAH Ha eAMHCTBEHHOCTU NPOW3BOAsALLEN (DYHKLUM MOMEHTOB, KOTOpas As



c.B. X onpegenseTca cooTHoweHnem Mx{t) = E[ed1]. Ecnn 3T0 maTeMaTn4yeckoe 0XWu-
fJaHne KOHEYHO AnA BCeX t M3 HEeKOTOPOro OTKPbLITOrO MHTepBana, CoAepallero Hava-
N0 KoopauHat, To Mx(t) ABnseTca eAUHCTBEHHOI MpoM3BOAALEA (YyHKLMEA MOMEHTOB
pacnpefeneHna c.B. X B TOM CMbIC/e, YTO He CyLLecTBYeT ApYroi (yHKLWUWU, OTAMY-
Hoi oT Mx(t), KoTopas 6bina 6bl NponsBoAALLeil DyHKLMEA MOMEHTOB pacnpefeneHuns
C.B. X . 3Ty €4MHCTBEHHOCTb MOXHO WCMONb30BaTb Cleaytlowmm o6pasoM: LS CYyMMbI
S=X1+X2+ ---+Xn

Ms (t) = E[et5] = E[et(XI+X2+" +*")] = E[etxietx*... e**"]. (2.3.8)

Ecnm Xi,Xz,..., Xn He3aBUCUMbI, TO MaTeEMATMUYECKOE OXMAaHne nponssegeHns B hop-
myne (2.3.8) paBHo E[e£XI|E[e**2].. .E[e</In], TaK 4TO

Ms (t) = MXI(t)MX2(t)...MXn(t). (2.3.9)

HaxoxeHune SBHOTO BblpaXXeHWUA 4NA TOro efJUHCTBEHHOr0 pacnpejesneHuns, KOTopoe co-
OTBETCTBYET NpPOW3BOASLLEN (YHKLMM MOMEeHTOB (2.3.9), 3aBeplinno Obl HaxoXpgeHue
pacnpegeneHus c.B. S. Ecnn ykasaTb ero B SIBHOM BWAe He yjAaeTcsi, TO MOXHO Mpo-
BOAWUTbL €r0 MNOUCK YUCAEHHbIMWU MeTodammn (CM. pasg. 2 .6).

Mpumep 2.3.4. PacCMOTPUM cyuvaliHble BeNNYMHbI M3 npumepa 2.3.3. Onpegenvum
(YHKUMIO NAOTHOCTM C.B. S = Xi + X2 + X3, NoNb3yscb Npou3Boasllei (yHKUMWe
MOMEHTOB C.B. S.

PeweHwne. CornacHo paseHcTBy (2.3.9),

Y 1 2 3

~l-t2-t3-t'
4TO MOXHO 3anucaTtb B Buje

MS(t A N 2B N 3C

= 7-—- —_——————
O= 2+ o7 3y
CMOMOLLbI MeTOAa pPa3foXeHUs Ha NpocTeliwne apobu. PeweHnem aBnseTca A = 3, B =
—3, C = 1.Ho R/(B —t) sBNsieTCs NPOM3BOAALLEN PYHKLME MOMEHTOB NOKa3aTe/IbHOTO
pacnpegeneHusa ¢ napamMeTpom B, Tak YTO PYHKLMUS NAOTHOCTM C.B. S MMeeT BUj

fs(x) = 3e~x - 3(2e~2x) + 3e~3x. T

Mpumep 2.3.5. Mpu nccnegoBaHnn cnyyaliHbliX NpoLeccoB 6bIN10 BBeLEHO 06paTHoe
rayccosckoe pacnpefeneHue. B 3ToM KOHTEKCTe OHO WUCMO/Ib3yeTCA B KayecTBe pacrnpe-
fLeneHuns c.B. B, BeNMYMHbI CTPaxoBblX BbiNAaT. JTO pacnpegeneHune 6yaeT urpatb aHa-
NIOTUYHYIO POJib U B TEOPUM puUCKa B rn. 12-14. ®dyHKLUMA NAOTHOCTU M NPOU3BOAALLAA
(hYHKLMSA MOMEHTOB 06paTHOro rayccoBCKOro pacnpefesneHus 3agaloTca gopmynamMu

Bx —a)2

X>Q
fxwW =7l i'32“p 2R3x
Mx @ =exp «(1—wi—I

Haligem pacnpegeneHue c¢.B. S = X i+ X 24-----)-Xn, rge c.B. Xi,X2,.m , XN He3aBUCHMbI
1N UMEKT OANHAKOBble 06paTHbIe rayCcCOBCKMe pacnpeneneHus.



PeweHne. Bocnonb3oBaslwncs opmynoii (2.3.9), nonyuynm cnefytollee BblpaxeHue
Ana npousBogsllen yHKLMM MOMEHTOB C.B. 5:

Ms{t) = [Mx (t)]n = exp

MpounsBoaswein MyHKLUM MomMeHTOB Ms{t) coOTBeTCTBYeT eAMHCTBEHHOE pacnpegene-
HUe, U MOXHO ybeanTbcs, YTO S MMeeT 06paTHOE raycCOBCKOe pacnpefeneHue c napa-
meTpamu na afB. T

2.4. TlpubnmxeHunsa gna pacnpegeneHns cyMmMmbl

LleHTpanbHas npejenbHas Teopema AaeT MeTO[ HaXO0XAEHWUS YUCNEHHbIX 3HAYEHUIA
LNa pacnpefeneHns CyMMbl He3aBUCUMbIX Cly4vaiHbIX BefiMduH. O6bIYHO 3Ta Teopema
thopmynmpyeTcsa AN CyMMbl HE3aBUCHMbIX M OfMHAKOBO pacrnpefeneHHbIX CayvaiHbIX
BenuunH X\, X2,..., rge E[Xj] = B n D[X]] = a2. Anqa nob6oro n pacnpefeneHue c.s.
y/n(Xn —u)/a, rge Xn = (Xi + X2 + eem+ Xn)/n, nMeeT MaTeMaTUYECKOe 0XWia-
Hue 0 u gucnepcuto 1. Kak M3BECTHO, NOCMeA0BaTENbHOCTb TaKUX pacnpegeneHunii (npu
n=1,2,...) CTpeMnTCsA K CTaHZAPTHOMY HOpPManbHOMY pacnpegeneHuto. Korga n senu-
KO, 3Ta TeopeMa MpUMeHsieTcs, 4Tobbl NPUBAN3NTL pacnpefeneHue ¢.B. X M HOPManbHbIM
pacnpefeneHnemM co CpeAHUM L 1 aucnepcueid a2/n. AHanorM4Ho, pacnpejeneHue CyMMbl
N cAy4yaliHblX BEMUYUH NPUBANXKAETCA HOPManbHbIM pacnpefefieHUeM CO CPeLHUM n /i w
aucnepcueid ner2. 9 PEKTUBHOCTb TaKOM annpoKCMMaLUN 3aBUCUT He TOJIbKO OT yucna
cnaraemMbiX, HO M OT 6/IM30CTM pacnpefefieHNa cnaraeMbiX K HopMasbHOMY. Bo MHOrux
3/1eMeHTapHbIX Kypcax CTaTUCTMKU YKasblBaeTCH, 4YTO N AO/DKHO OblTb He MeHblle 30
LNS TOro, 4To6bl annpoKcMMaums 6bia pa3yMHoin. OfHaKO O4Ha U3 MPorpamMmm Ans reHe-
paLuu HOpManbHO pacnpefeneHHbIX CMy4YalHbIX BEINYUH, UCMO/b3YEeMbIX B MMUTALNOH-
HOM MOJeNMpPOBaHWUW, peann3yeT HOPMalbHYI CNyYaiHY BeMYUHY B BUAE CPEAHErO 12
He3aBMCKHMbIX PaBHOMEPHO pacnpejesieHHbIX Ha uHTepBane (o,1) CAyYalHbIX BENYMH.

Bo MHOrMx Mogensix MHAWBUAYaNbHbIX PUCKOB CMyYaiiHble BEIMUYUHBI, BXOAALLNE B
CYMMbI, He ABAAKTCSA OAMHAKOBO pacnpefeneHHbIMU. OTO 6yAeT MPOUNMOCTPUPOBAHO
npumepamun B cnegytoulem pasfene. LleHTpanbHas npefienbHas Teopema pacnpocTpaHs-
eTCA U Ha NocnefoBaTe/IbHOCTU HEOAMHAKOBO pacnpefeneHHbIX CAyYalHbIX BEUYUH.

Lna nanocTpaunn HEKOTOpPbIX MPUIOXKEHUA MOAENN WHAWBUAYANbHbIX PUCKOB Mbl
BOCMO/b3yeMCsi HOpMa/bHOW annpoKcUMaLnen pacnpeseieHns CyMMbl HE3aBUCUMbIX Cly-
YalHbIX BEIMYNH, YTOObI NOMYUYUTb YUCNEHHbIE peweHus. Ecam S = Xi + X2+ +—hXn,

TO n
ex]=£ e[x?
K=1
n, ganee, ecnm c.B. Xi, X2,..., XN He3aBUCUMbI, TO
n
d[x] = £d[x*].
k=1

[Ona paccmaTpuBaemoro NPUNOXeHUs HaMm HYXHO NnLlb

* HaliTu cpegHWe U AUCNEPCUN CYYaliHbIX BENYMH, MOAENUPYIOLUX UHANBUAYAb-
Hble moTepu,

* MPOCYMMMPOBATb UX ANA TOFO, YTOGLl MOMAYYUTb CPeAHEee U JUCMEPCU0 MoTepb
CTPaxoBOli KOMMaHUW B LIESI0M,



* BOCMO/b30BaTLCSH HOPMaNbHbIM NPUGAVKEHUEM.
HuXe Mbl MPOMNNIOCTPUPYEM 3Ty MOCNe[0BaTeNbHOCTL AeiCTBUIA.

2.5. TIpnnoXXeHna K cTpaxoBaHUO

B 3TOM pasgene Ha YeTbipex npumepax WANKOCTPUPYIOTCA pesynbTaTbl pasg. 2.2 u
MCNONb30BaHNe HOPManbHOro NPUBAVXKEHUS.

Mpumep 2.5.1. KoMmnaHus, 3aHMMaroLWwaaca cTpaxoBaHMeM XXU3HKU, npepnaraeT 4o-
roBOp CTPax0oBaHWS Ha cfiyyall CMepTU Ha CPOK OAUH TOJ C BbiMJaTaMu pa3Mepa 1 W 2
eMHNL, NnuuaM, BEPOATHOCTU CMEPTU KOTOpbIX cocTtaBnaT 0,02 nam 0,01. Mpusogumasn
HWKe Tabnnua nokasbiBaeT YNCAO0 NnL K B KaXA0M U3 YeTblpex KiaccoB, 06pa3oBaHHbIX
B COOTBETCTBMM C BbIMIATON 6* U BEPOSTHOCTbIO HACTYM/NEHUS CTPAXOBOro Cliyyas

K Yk bk n K
1 0,02 1 500
2 o002 2 500
3 o010 1 300
4 o010 2 500

CTpaxoBas KOMNaHUsA Xo4yeT cobpaTb € 3TOW rpynnbl u3 1800 fnny, cymmy, paBHYHO
95-ii NPOLEHTUAN pacnpefeneHnsa obLeli BeNMUYMHbBI CTPaxoBbiX BbIMNAAT MO 3TOW rpynne.
Kpome TOro, oHa xodyeT, 4T06bl A40MA KaXAoro nuua B 37Ol cymMme 6bija nponopumo-
HasbHa OXWJAaeMOMY pa3Mepy CTPaxoBOi BbiMaaTbl ANA AaHHOro nuua. fona nuua c
HOMEpPOM j, cpeAHAs Bbinnata KOTOpoMy paBHa E[X,-], gomkHa cocTasuTb (1 +0)E [Xj\.
N3 Tpe6oBaHMa 95-i1 NpoueHTMAM cneayeT, 4To ©> 0. BennunHa npesbiweHuns, OE[X)\,
ABNAETCA PUCKOBOW HafbaBKOW, a © Ha3blBaeTCA OTHOCUTENbHOW PUCKOBOIW Haab6aBKOWA.
Mopcuntaem 6

PeweHwne. BennunHa ©onpegensercsa cooTHoweHnem P (5 (1+#)E[5]) = 0,95, rge
S = Xi +Xi +-+H-Xis00- 3T0 yTBEpXAEHUE 0 BEPOATHOCTM 3KBMUBANIEHTHO CMeAyoLemy:

5-E WU A sE[A]\
%/Br5] ' \/d[s]/ ’
B COOTBETCTBMM C TEM, UTO FOBOPWUIOCH O LEHTPanbHOW NpegenbHoit Teopeme B pasfg. 2.4,

Mbl annpokcumupyem pacnpegeneHue c.8. (5—E [57)/V/D[S'] cTaHAapTHLIM HOPManbHbIM
pacnpefeneHMeM U BOCNOb3yemcs ero 95-i NpoueHTUNbIO, 0TKy4a Nonyvaem

A = 1,645.
v B/
Hawm ocTaeTca nMWb NOACHMTATb MaTeMaTMUYeCKOe OXUAaHue U UCNEPCUIO C.B. S U HAllTH

© 13 3TOro ypaBHEHUS.
O NS yeTbipex KnaccoB, Ha KOTOpble Pa3GuTbl CTPaxoBaTeNn, Mbl MOSlyYaeM npuee-

AEHHbIE HUW)XXE pe3ynbTaThl:

u« bk CpegHee Bk [Aucnepcus bRgk{l-qk) n«

=

1 0,02 1 0,02 0,0196 500
2 0,02 2 0,04 0,0784 500
3 o010 1 0,10 0,0900 300
4 o010 2 0,20 0,3600 500



Takum o6pasom,

1800 4 1800 4
EBl= £5[*;] = =160, D[ =£ DNe] =Y ,nkbRok(l - ok) = 256
j=1 J=1 i=i j=1

[Mo3TOMy OTHOCKUTENIbHAA pUCKOBan Ha,q6aBKa paBHa

9= 1645 B g " ’645" = 0,1645'
Mpumep 2.5.2. KNNMEHTbI KOMMNaHWW, 3aHMMaloLLeiics cTpaxoBaHNWeM aBTOMOGUNEN,
pacnpefenieHbl Mo ABYM Kiaccam:

BepoATHOCTb PacnpegeneHune cTpaxoBblX
HacTynneHna BbinnaTt Bk, napameTpbl

CTpaxoBoro YCEUYEHHOro nokasaTesbHO-
Knacc Ywucno B knacce cnyvas ro pacnpegeneHus
K nK K N L
1 500 0,10 1 2,5
2 2000 0,05 2 50

YceueHHoe NoKasaTenbHOe pacnpejeneHne onpeaenseTca nocpescTBOM YHKL UM pac-
npepeneHna
0, X < 0,
F(X) - -\ x O/\ X < L,
x> L.

370 pacnpegeneHne CMeWaHHOro Tuna ¢ pyHkumen nnotHocTn f(x) = \e~Xx, 0 < x < L,
N «CTYCTKOM» BEPOATHOCTHOM Macchbl e~XL B Touke L. pacuk 3Toil yHKLMM pacnpe-

[LeneHns nokasaH Ha puc. 2.5.1.

Puc. 2.5.1. YceueHHOe nokasaTe/ibHOe pacnpefeneHue

Kak 1 paHee, BepOATHOCTb TOro, YTO 00LLAA BEMUYMHA CTPaxOBbIX BblMAaT NpeBoC-
X04MT CyMMy, COBGpaHHYl CO cTpaxoBaTeneli, Ao/MKHa 6biTb paBHoW 0,05. Mbl npeano-
NOXWM, YTO OTHOCUTENbHAA pucKoBas HagbaBka © f0/MKHA ObITb OANHAKOBON B KaXXA0M
M3 ABYX paccmaTpuBaeMblX Knaccos. Beiuucnum @

PeweHune. IDTOT Npumep OYeHb MOXOX Ha NpeAblaywinii. PasHuua COCTOMT NULLb
B TOM, YTO BE/INYMHbI CTPaxXOBbIX BbINAAT ABAAKOTCA Tenepb CAyYallHbIMU BEAUYUHAMU.



CHavana Mbl NOJTly4YMM BblpaXKeHWs L1 MOMEHTOB YCEYEHHOr0 NoKa3aTe/NbHOro pacnpege-
neHns. ATo ByAeT NOArOTOBMTE/bHBIN War Ana npuMeHeHns gopmyn (2.2.25) un (2.2.26):

1 - p~x1

4 =WBil=1]= / x\e~XxdX + Le-XL = —-fi-
Jo

E[B21/ = = [ Lx2e-Xxdx +L2-X = A(1 - exXl)~ " e ~ XL,
0 X X

0\Lp-x1 — p~2XL

a2= E[B21/= 1 - (E[B\I= Iz = - gomminil

Bocnosib30BaBLIMNCL 3HAYEHUAMM NapaMeTpoB, JaHHbIMU B YCOBUW, U NPUMEHAS POpMY-
nbl (2.2.25) n (2.2.26), Mbl nonyvyaem cnegyrowime pesynbTathbl:

CpefHee Ovcnepcua
K 5K Pk Qkftk PIFk(1 - gk) + a\gk Tk
1 0,0 09179 05828 0,09179 0,13411 500
2 0,06 05000 0,2498 0,02500 0,02436 2000

WNTak, S, 06las cymma CTPaxoBblX BbiNAaT, UMEET MOMEHTI
E[5] = 500(0,09179) + 2000(0,02500) = 95,89,
D[S] = 500(0,13411) + 2000(0,02436) = 115,78.
Ycnosue Ans onpefeneHns © ocTaeTcs TeM Xe, YTO U B npumMepe 2.5.1, a UMEHHO,
P(SA(1+0)E[S]) = 0,95.
BoCnonb30BaBLWINCL CHOBA annpoKcuMaLMeilt HopManbHbIM pacrpegeneHnem, noayyaem

Mpumep 2.5.3. B nopTdhenb cTpaxoBoi kKomnaHuu BxoauT 16 000 4oroBopoB cTpa-
X0BaHMWS Ha Clyvail cMepTu Ha CPOK OAWMH TFOA COrNacHo crneaytolieid Tabnuue:

BennunHa Bbinnat  Ywucno ctpaxoBaTtenei

=4 nK
10000 8000
20000 3500
30 000 2500
50000 1500
100 000 500

BepoATHOCTb HACTYN/IeHUs CTPaxoBOro cnyvas g Ana kaxpgoro m3 16 000 KnMeHTOB
(3Tn cobbITUSA NpeAnonaraeTcsd B3aUMHO He3aBMCMMbIMM) paBHa 0,02. KomnaHusa xouyet
YCTAHOBUTb YPOBEHb COBCTBEHHOrO yaep>kaHus. [na KaxAoro crpaxoBaTens ypOBeHb
COBGCTBEHHOr0 yAep>XaHus ABASETCA BeMYMHON, BbINAaTbl HUXE KOTOPOA 3Ta KoMmMa-
HUA (KOMNaHus-LefeHT) OCYLecTBAAeT CaMOCTOATENbHO, & BbIMaThl, NPeBOCXOAsLLMe
3Ty BefMYMHY, NOKPbLIBAKOTCA NO AOrOBOPY MepecTpaxoBaHWA APYroli KomnaHwei (ne-
pecTpaxoBwuKoM). Hanpumep, ecnn ypoBeHb COBCTBEHHOrO yaepxaHua paseH 20 000,
TO KOMMaHWA OCTaBAseT 3a CO6OM MOKPbITUE CYyMMbl A0 20 000 LS KaXAOr0 CTPaxo-
BaTens M NOKynaeT nepecTtpaxoBaHWe AN MOKPbITAA pasHULbl MeXAY CTPaxoBOW Bbl-
nnatoin u cymmoin 20000 gna kaxgoro u3 4500 cTpaxoBaTefieil, CTpaxoBble BbiNAaThl



ANna KoTopbix npeBocxogAt cymmy 20000. B kauecTBe Kputepusa ANA NPUHATUSA pelle-
HUS KOMMNaHus Bbl6GMpPaeT MUHUMU3ALMUIO BEPOATHOCTM TOrO, YTO CTpPaxoBble BbINAaThl,
OCTaBfIeHHblEe Ha COOGCTBEHHOM Y/epXXaHuu, n/c Ta CymMma, KoTopas nnatuTcsa 3a nepe-
CcTpaxoBaHue, npeB3oingeT cymmy s 250000. lMepecTpaxoBaHue cTout 0,025 Ha eguHuLy
nokpbiTMa (T.e. 125% OT OXWAaeMOWN BeNNYMHbBI CTPAxXOBbIX BbiNnaT 3a eguHuuy, 0,02).
MbI c4MTaeM, 4TO paccMaTpuBaeMblii NOpPTdenb 3aMKHYT: HOBble CTPaxoBble 40r0BO-
pbl, 3aK/OYeHHble B TeYeHME TeKYLLero roga, He OyayT yUYMTbiBaTbCA B OMUCAHHOM Mpo-
Liecce NPUHATUSA pelleHns. TpebyeTca paccunTaTb YPOBEHb COOCTBEHHOIO yaepXKaHus, Ko-
TOPbIi MUHUMU3UPYET BEPOATHOCTb TOFO, YTO OCTaB/IEHHblEe HA COGCTBEHHOM yAepXXaHuu
CTpaxoBble BbINaThbl MNJKC CTOUMOCTb MepecTpaxoBaHus npesbicAT cymmy B 8250000.
YacTuuyHoe peweHue. NMpoBeaem cHavyana BCe BblYMCIEHUS, BbIOPaB 3a eAuHMLY
Bbinaat 10 000. B kayecTBe naatocTpaymMym NpeanonoXnm, 4To €.B. S ABNAETCS BENNYNHON
BbIMN/aT, 0CTaB/IEHHbIX Ha COOCTBEHHOM yAepXaHuu, B Clyyae, Korfja ypoBeHb COOCTBEH-
HOro ypaepxaHusa paBeH 2 (T.e. 20000 B ucxogHbix egmHuuax). Haw noprtgens nocne
yueTa BE/IMYMH, OCTaBNEHHbIX Ha COGCTBEHHOM Yy[epXXaHuu, UMeeT Cnefyowmnii Bua:

BenuunHa Ha COGCTBEHHOM yaepxaHuu Ywucno ctpaxosateneit

Tik
1 8000
2 8000
Torpa 2
E[5] = J2nkhgk = 8000(1) (0,02) + 8000(2)(0,02) = 480,

k=1

2
J2nkbhk(1- $K) = 8000(1)(0,02)(0,98) + 8000(4)(0,02)(0,98) = 784.

K= 1

K 3tum CTpaxoBblM BblnjlatamM, OCTaB/IEHHbIM Ha COOGCTBEHHOM yaepxaHun, S, npw6aB-
NAeTca CyMmMma nepecTtpaxoBOYHbIX I'IpEMVIVI. NToro, 06LLI,aF| Be/INYNHaA NOKPbITUA MO Takol
CXemMe cocTaBndet

8000(1) + 3500(2) + 2500(3) + 1500(5) + 500(10) = 35 000.
CyMMa, oCTaBfeHHas Ha COGCTBEHHOM YyfepXXaHuu, paBHa
8000(1)+ 8000(2) = 24000.

Takum o6pa3om, obuias nepecTpaxoBaHHas BenuuuMHa coctaBnseT 35000 —24000 =
11000 n cToMMOCTb nepecTpaxoBaHusa cocTaBnfeT 11000(0,025) = 275. 3HauuT, npu
YPOBHe CO6CTBEHHOrO yepXaHus, paBHOM 2, OCTaBfIEHHble HA COBCTBEHHOM YepXaHuu
CTpaxoBble BbIMaaThl MAOC CTOMMOCTb NepecTpaxoBaHUs cocTaBnatoT S + 275. Kputepuii
ANA NPUHATUA pelleHns OCHOBaH Ha BepPOATHOCTM TOro, 4YTO 3Ta o6uias cymMma npeB3oii-
fet 825,

D[S]

N — N
p<— >n ) =p( >-
Vicnonb3ys HopmanbHOe pacnpejesieHne, Mbl MOJy4yaem, YTO 3Ta BeAuMyuMHa NpubAU3U-
TenbHO paBHa 0,0062. PeweHune 3aBepweHo B ynp. 2.13 n 2.14. T

B pa3f. 1.5 Mbl 06CYXAanu cTpaxoBaHWe 9KCLieAeHTa Y6bITOYHOCTU, OAHOTO U3 BUOB
nepecTpaxoBaHus. CpeaHMe 3HAUYEHUS CTPAXOBbIX BbIN/AAT NPKU CTPaxOBaHUU 3KCLeAeHTa



yObITOYHOCT MOXHO annpoKCMMWUPOBaTb, NOMb3YyACb HOPMa/bHbIM pacrnpefeneHnem B
KayecTBe pacnpegeseHuns 06LMX CTPaAXOBbIX BbINAaT.

MycTb 06l Me cTpaxoBble BbINAATEI X WMEKT HOPManbHOe pacnpegesneHne co cpes-
Hum fi u gucnepcuelt a2, n nycTb d o0603HayaeT 6e3yCNOBHYI (paHLLIN3y B JOroBOpe
CTpaxoBaHMs 3kcuefeHTa yb6bITouHocTU. Torga, cornacHo dopmyne (1.5.2A), cpegHss
Be/MYMHA CTPAXOBbIX BbiNNaT paBHa

1 Z00 r-Ca.-.nr-]
E[1d(X)] = -j=] (- dexp -——2— dx (2.5.1)

[enaa 3ameHy nepemeHHbix I = (x —fi)/a »n onpegensas B u3 cooTHoweHua d =
fi+RBa, mMbl nonyyaem cnegytoliee obLiee BblpaKeHWe 4159 CPeLHEr0 3Ha4YeHUSA BENNYNHBI
CTPaxoBbIX BbINAAT N0 AOrOBOPY CTPax0BaHWA 3KCLeAeHTa yObITOUHOCTY B NPeAmnooxe-
HWK, YTO pacnpefeneHne HOPManbHO:

(2.5.2)

3neck yepes P(k) 0603HayYeHa PYHKLUA pacnpefeneHUs cayyvaliHON BeIMYMHBI CO CTaH-
JapTHbIM HOPManbHbIM pacrnpefeneHnem.

Mpumep 2.5.4. PaccMoTpUM CTpaxoBoit nopTdenb, Kak B npumepe 2.5.3. Haligem
MaTemMaTUUYecKoe 0XuaHue Be/IMYMHbI CTPaxOoBblX BbIMAAT MPU AOrOBOpPE CTPaxoBaHWUA
aKcueaeHTa yObITOUHOCTH, ecnu

(a) MHamMBUAYanbHOE NepecTpaxoBaHWe OTCYTCTBYET U 6e3ycnoBHas paHLImM3a ycTa-
HOB/eHa paBHoON 7500 OO0

(b) ycTtaHOoBneHo cO6GCTBEHHOE yfepXaHue B pa3mepe 20000 N0 WHAMBUAYaNbHbLIM
CTPaxoBbIM [OrOBOpaM U BenMuymMHa 6e3ycnoBHOM (PpaHLLIU3bl MO NOPTHENt0 coCcTaBAseT
5300 000.

PeweHune, (a) Mpu oTCyTCTBUMU MHAMBUAYANBHOTO NEPECTPAXOBAHMA U MPU Nepexoje
K 10 000 B Ka4eCcTBE AEHEXHON efunHULbI

E[5] = 0,02[8000(1) + 3500(2) + 2500(3) + 1500(5) + 500(10)] = 700,
D[5] = (0,02) (0,98) [8000(1) + 3500(4) + 2500(9) + 1500(25) + 500(100)] = 2587,2;
Takum ob6pasom,
a(S) = 50,86.
[anee, NOCKoONbKY
B=(d- fiyla= (750 - 700)/50,86 = 0,983,
npuMmeHeHne opmynbl (2.5.2) gaet
P = 50,86[0,24608 - (0,983) (0,16280)] = 4,377,
yTo cocTasnsfeT cymmy 43 770 B UCXOLHbIX e4nNHMLAX.

(b) B npumepe 2.5.3 Mbl MONy4Ynnu cpefHee v AUCMEPCUI0 CYMMapHOW BeUYUHBI
CTPaxoBbIX BbINAaT NPU UHAUBUAYaNbLHOM YPOBHe COBCTBEHHOMO yAepXaHus 20 ooo, paB-
Hble 480 1 784 cOOTBETCTBEHHO, ecnun paccmaTtpumeaTb 10000 B kauecTBe efUHULbI. Takum
obpasom, a(S) = 28.

Tak Kak

B=(d- fi)ya = (530 - 480)/28 = 1,786,



npumMmeHeHune gpopmynel (2.5.2) faet
P = 28[0,08100 - (1,786) (0,03707)] = 0,414,

4yTO cocTaBnfAeT cymMmy 4140 B UCXOLHbIX efMHMNLAX. T

2.6. 3amMeyaHua n nutepartypa

OcHoBbI MaTepuana, U3N0XXEHHOro B pasj. 2.2, 2.3 1 2.4, MOXHO HaliTW B LeNoM ps-
[ie y4e6HUKOB MO Teopuu BeposATHOCTeN u ctatucTukel). B pab6ote [Moode et al. 1974]
[0Ka3aHbl pe3ynbTaTbl, NpeAcTaBneHHble opmynamm (2.2.10) n (2.2.11). B aToii paboTe
COLEpPXUTCS NOAPO6HOe 06CYX/eHUe CBOWCTB NMPOU3BOAAWE PYHKLUN MOMEHTOB. Yu-
TaTeNnb, KOTOPbIA XO4YeT 03HAKOMUTLCA C COBPEMEHHbLIMW MaTemMaTU4YeCKMMMW MeTodamu
Hax0XAeHnsa QyHKUNW pacnpeaeneHns, oTBevaroLen 3afaHHOR NPoOM3BOAALLEN DYHKLUM
MOMEHTOB, MOXeT 06patnTbcs K kKHure [Bellman et al. 1966]. MmetoTcs TakXke MeTOAbI
nony4vyeHns GyHKLUUIA BEepOATHOCTEN AUCKPETHOro pacnpejeneHnsa U3 ero npou3BosLlei
yHKkuuu; cm. [Kornya 1983].

[e poot [De Groot 1986] ob6cyxpaaeT psag YCNoBWiA, NpyM KOTOPbIX CrpaBegnvBa
LeHTpanbHasa npegenoHad teopema. B kHure [Kendall, Stuart 1977] nanaraetca matepu-
an, OTHOCALLMIACS K aCUMNTOTMUYECKUM pa3nod>KeHnam B pag Kpamepa, KOTOpble MOXHO
paccMaTpuBaTb KakK MOAMMUKaLMIO HOPManbHON anmnpoKCUMauUu, ynyyllalowylo uyuc-
NeHHy annpokcumauuto. bayapc [Bowers 1967] Takxe OnuCbIBaeT MCNONb30BaHWe paja
Kpamepa n npuBOAUT NPUNOXKEHUA K 3afjave annpoKcUMaLnm pacnpegeneHuns HacToALLUX
cToMmocTein nopTdens aHHYUTEeTOB.

YnpaxHeHud

K pasgeny 2.2

2.1. Bocnonb3yiitecb popmynamu (2.2.3) u (2.2.4) gns pacyeTa MaTeMaTUUYECKOr0 OXMW-
JaHus n gucnepcun c.B. X, ONUCLIBaIOLLEA CTpaxoBble Bbinnathl, ecav q = 0,05 u BennunHa
CTpaxoBbIX BbIMAaT NOCTOAHHA U paBHa 10.

2.2. Hailgute cpefjHee u fucnepcuio c€.B. X, OMNUCbIBalOLWel CTpaxoBble BbINNaTbl, €cnun
g = 0,051 ecnun c.8B. B, onucbiBatolas pasmepbl CTPaxoBbiX BbINAaT, paBHOMEPHO pacnpejeneHa
B MHTepBane mexay 0 n 20.

2.3. NycTb ¢.B. X 0603Ha4yaeT YMCMO OP/OB, BbIMNABLIUX NPU NATUKPATHOM GpocaHuu npa-
BUNbHOV MOHeTbl. MycTb, fanee, X pa3 6pocaeTcq npaBuabHas urpanbHas KocTb. MycTb Y
0603Ha4aeT CyMMy OYKOB, BbIMaBLIMX NpKU 3TUX BpocaHUax KocTu. OnpefenuTe cpefHee u guc-
nepcuio cnyyvaiHol BennunHbl Y. [YkasaHue. MNMpumeHnnTe paBeHcTBa (2.2.10) n (2.2.11).]

2.4. TlycTb c.B. X 0603Ha4yaeT YMCNO OYKOB, BbiNaBllee NPU OJHOKPATHOM 6pocaHMuK npa-
BU/bHOW MUrpanbHOR KocTu. MycTb C.B. ¥ — 4MCO OPNOB, BbiMasBWMUX nNpu 6pocaHuu X npa-
BUMIbHbIX MOHeT. MoacuuTaiite E[Y] n 0[Y].

2.5. MycTb c.B. X 0603HayaeT 4YMCNO OYKOB, BbiMaBllee MPW OJHOKpPATHOM 6GpocaHuu npa-
BU/IbHOW UrpanbHoi KocTu. MycTb C.B. Y — CyMMa OYKOB, BbiMasBWmMX npu 6pocaHuu X npa-
BUNbHbIX UrpanbHbliX KocTel. Mogcuntante E[Y] n O[Y].

2.6. BepoAaTHOCTb Moxapa Ha HeKOTOpOM 06bekTe B 3afjaHHbI Mepuoj BpemMeHW paBHa
0,02. Ecnu noxap npowusowen, To yuiep6, HaHeCeHHbIi 06beKTY, pacrnpefeneH paBHOMEPHO Ha
MHTepsane oT 0 f0 a, NOMHOW CTOMMOCTU 06beKTa. Bbluncnute cpefiHee n gucnepcuio yuiepba,
HaHeCeHHOro NoXapom paccmMaTpuBaeMOMY 06bLEKTY B flaHHbIA Mepuos BPeMeHMU.

APYyCCKOMY 4YMTaTentd MOXHO MOPEKOMEHA0BaTb MoNb3oBaThbcA KHuramu [Feller 66] u [Feller 68],
KOTOpblE MepeBefieHbl Ha PYCCKuiA f3biK. — MpUM. pea.
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K pasgeny 2.3
2.7. HesaBucuMble cnyvaiHble BeNNYNHbI Xb, K = 1,2,3,4, nMeOT AUCKPeTHbIe QYHKLNK
BEPOATHOCTEN, 3aaHHble cneaytoLeid TabnnLei:

x Pps~x) o= PNe =i) p(nd=x)
0 0,6 0,7 0,6 0,9
1 0,0 0,2 0,0 0,0
2 0,3 0,1 0,0 0,0
3 0,0 0,0 0,4 0,0
4 0,1 0,0 0,0 0,1

Bocnonb3oBaBwunch onepau,meﬁ CBEPTKN Ha HEOTpUUATENbHbIX LeNblX 3HAYEHNAX apryMeHTa

X, HalignuTe sHaueHunsa Fs(x) ana x =0,1,2,..., 13, rge S = Xi + Xi + X3 + X/
2.8. MycTtb Xi, i =1,2,3, ABNAOTCA HE3aBUCHMbIMW W OMHAKOBO pacnpefeneHHbIMU Cy-
YallHbIMW BeNUYMHaMKM c 06l el hyHKLMeli pacnpegeneHuns
X < O,
F(x) onr X < 1,
X~ 1

Monoxum S = Xi + Xi + X3 m
(a) MokaxunTe, uto Fs(x) 3apaeTtca dhopmynoi

‘0, x <o,
x36, 0o X<,
Fs(x) = <[x3- 3{x- 1)3]/s, 1 x <,
[xX3- 3(x- hz+3(x- 2)31/6, 2 x <3

x 8

1,
(b) MokaxwuTte, uto E[5] = 1,5 n D[S] = 0,25.
(c) Hailgute cnepytolwne BepoaTHOCTU, UCMONL3YSA GYHKLMUIO pacnpegeneHuns n. (a):
()P(5<0,5), (ii) P(Ss£l,0), (iii) P(SsEl,5).

2.9. HaiiguTe cpefiHee n gucnepcuio 06paTHOro rayccoBCKOro pacnpefeneHuns, Ucnonb3sys
NpPoON3BOAALLYI (YHKLWIO MOMEHTOB, ONMpefefieHHYt0 B ynp. 2.3.5.
K paspeny 2-4

2.10. HaingnTe cpegHee n gucnepcuto ¢.B. X 1M Y un3 npumepa 2.3.2. Bocnonb3yiTecb Hop-
MafibHbIM pacnpegeneHnemM, 4yTobbl annpPoOKCMMMPOBaTb BEPOATHOCTL P(_XU-Y >4). CpaBHuUTe
NoJSIy4eHHOE 3HaYeHMe C TOYHbIM pPe3ynbTaToM.

2.11. (a) Bocnonb3yiTechb LeHTpaibHOW MpeAenbHOR TeopeMoi Ans BblunmcneHusa b, c m d
npv 3aflaHHOM a B COOTHOLLEHUN

Xi ™ nuy + an/ner

roe Xi — He3aBUCMMble U OAMHAKOBO pacnpefeneHHble cnydvaiHble BeAMUYUHbI CO cpefHum fi
n gucnepcuein cr2, a ®(r) — GyHKLMA pacnpegeneHna cTaHLapTHON HOPManbHOW CNy4vaiHOW
BENNYNHBI.

(b) Bbluncnnte BepoATHOCTU B ynp. 2.8(C), UCNONb3yA HOPManbHYK annpokcumauuio u3
n. (a).

2.12. CnyuaiiHaa BennunHa U mMeeT NPoM3BOAALLYIO DYHKLMNIO MOMEHTOB

M[/(<) = (1 - 2t)~g, t < 1/2.

(a) Bocnonb3yiiTecb Npon3BoasALein MYyHKLNER MOMEHTOB AN1A BbIYNC/IEHWUS CPEAHErO U AMNC-
nepcuun c.B. U.

(b) Bocnonb3yiiTecb HOpManbHOM annpokcUMaLMeil Ans BbIYUCIEHNS TOYEK Y0,05 U YO,0i,
Takux, 4to P (U >yc) = e.



O6paTuTe BHMUMaHME Ha TO, 4TO cnydyaiHasa BennumHa U umeeT ramma-pacnpefenieHue c
napametpaMm a = 9 n B = 1/2. Famma-pacnpegeneHne ¢ a = n/2 n B = 1/2 asnsetca
X2-pacnpegeneHuem ¢ n cTeneHAMu cBobofbl. Takum obpa3om, c.B. {/ UMeeT X 2-pacnpegeneHue
c 18 cTeneHsmMun cBo6oabl. N3 Tabnuy, X 2-pacnpefeneHnii Mbl Nonyyaem yo.ob = 28,869 1 yo,0i —
34,805.

K pasgeny 2.5

2.13. BbluncanTe BEpOATHOCTb TOro, 4TO 06WMe 3aTpaThl B npumepe 2.5.3 6yayT npesbl-
watb 8250 OO0 npu ycnoBuu, 4YTO YpOBEHb COOCTBEHHOIO yAepXXaHWs paBeH

(a) 30000, (b) 50 000.

2.14. Bbluncnute ypoBeHb CO6CTBEHHOIO yAepXaHns, KOTOPbIi MUHUMU3NPYET BEPOATHOCTb
TOro, YTo obuime 3aTpathl B npumepe 2.5 6yayT npesbiwats 8250 000. MpegnonoxuTte, 4To aToT
ypoBeHb HaxoauTca mexay 30000 n 50 000.

2.15. CTpaxoBas KOMMaHWsA, 3aHMMaloLWaacs cTpaxoBaHWEM OT OFHA, NPUHANA Ha CTpaxo-
BaHWe 160 ob6bekTOB. [loroBop mpegycmarpuBaeT MOKPbITUE MOTeEpPb B pe3ynbTaTe noxapa Ao
npegena, 06ycnosneHHOro 4orosBopom. PacnpegeneHune yncna KOHTPaKTOB B 3aBUCMMOCTU OT J0-
rOBOPHOM CyMMbl NPUBELEHO B Crefytollel Tabnuue:

JorosopHasa cymma KonuuecTsa f0roBopos

10000 80
20 000 35
30000 25
50 000 15
100 000 5

MpeanonoXnm, 4To ANA KaXoro 06bekTa BEpOATHOCTb HaCTyM/jeHWa OAHOro CTPaxoBOro
cnydyas B TeyeHue roga paBHa 0,04, a BepOATHOCTb HACTyn/ieHUs 6onee YeM OLHOr0 CTPaxoBo-
ro cnyyas B TeyeHue rofa pasHa Hyn0. MNpegnonoXxum, 4To noxapbl B 06bekTax, MPUHATbLIX
Ha cTpaxoBaHWe, ABAAKTCA B3aMMHO He3aBUCUMbIMU CO6bITUAMMK. [anee, NpeanonoXum, 4To
YCNOBHOE pacnpefefneHne BeMUYNHbI CTPAx0OBbIX BblIMaaT NPW YCNOBUMU, YTO CTPaxoBOW cnyuai
npousowlen, SBAAETCA PaBHOMEPHbIM Ha WHTepBane oT 0 [0 MaKCUManbHOW CyMMbl, 06ycnoB-
neHHolt goroopom. MycTb N —umncno cTpaxoBbiX CAyvyaeB U S —BeNYMHA CTPAX0BbIX BbiNaaT
3a Nepuog B OAWNH rog.

(a) MoacumTainte cpefHee n gucnepcuto c.B. N.

(b) MopacunTaiiTe cpegHee U agucnepcuto c.B. S.

(c) Kakyl oTHOCUTEeNbHYI pUCKOBYK HagbaBky © cnefyeT Mcnonb3oBaTb, YTOOblI KOMNa-
HUA Morna co6paTb CyMMy, paBHyt 99-i nepceHTWUNM pacnpefeneHns o6LWwein cyMmbl CTPaxoBbiX
Bbinnat? (Bocnonb3yinTecb HOpManbHbIM pacnpejeneHnem.)

2.16. PaccmoTpum nopTdensb, coaepxawnini 32 gorosopa cTpaxoBaHus. NS KaXaoro Ac
roBopa BepOATHOCTb ( HacTyn/eHMa CTPaxoBOro cay4yas pasHa 1/6 n B, BennunHa ctpaxosoii
BbINMaTbl NPU YCNOBUU, YTO CTPaxoBOM cnyyain npousowen, MeeT GYHKLUIO NAOTHOCTK

tt\_/2('- Y 0<y<]
10 B MPOTUBHOM Clly4ae.

MycTb S aBnseTcs o6Leil cymMmMoi CTpaxoBbIX BbiMAaT No nopTdento. Bocnonb3oBaslWwnch HOp-
MafibHOM annpokcumauuein, oueHnte P (S > 4).



PACIMPEOENEHUA MPOOOJIXXUNTE/IBHOCTWN
XN3HN N TABJTIMUbI CMEPTHOCTU

3.1. BBefeHue

B rn. 1 66110 NOKa3aHoO, Kak CTpaxoBaHMEe MOXeT YBe/NMUYMBaTh OXMAAEMYH MOnes-
HOCTb 4N1A NuUa, NOABEPralLWerocs pucky ciydainHblx notepb. B rn. 2 6binn paspabo-
TaHbl MPOCTbIE MOAENN ANS CTPax0oBblX AOrOBOPOB, 3aK/HOUEHHbIX HA OAWH BPEMEHHON
nepuog. OCHOBOI 3TUX Mofeneil 6binn 6epHYNINEBCKNE CayYaliHble BEMUYMHBI, OTpaXxa-
loWMe HaCTyMAeHMe WAM HeHacTyMneHWe CTPaxoBOro cayvas. HacTynieHue cTpaxoBOro
cliyyast B HEKOTOPbIX NpUMepax NpMBOAUT K APYroMy Cly4aiiHOMY Mpoleccy, onpeaens-
toLeMy BenYMHY notepb. B ra. ¢ 4 no 8 Mbl 6yfem B OCHOBHOM paccMaTpuBaTb MOAENM
CTPaxoBbIX CUMCTEM, NMpefHa3HA4YeHHbIX 418 paboTbl CO CyvyaliHbIMU MOTEPSMHU, B KOTO-
pbIX CAy4YaliHOCTb CBAi3aHa C TeM, HACKOMbKO JONTO ByAeT XUTb Hekoe nny0. OCHOBHbLIM
CTPYKTYPHbIM 31EMEHTOM B 3TUX rnaBax ABMAAETCA cnyyaiiHas BeM4YMHa, Ha3blBaeMas
NPOAOMKNTENbHOCTbIO NPeACTOALLEA XX N3HN (BPpEMEHEM A0XKUTUSA) M 0603Ha4Yaemas
yepe3 T(x). B HacToALei rnaBe Mbl U3N0XUM PAS UAel, KOTOPble NO3BOAAT ONUCLIBATL U
MCMob30BaTh pacrnpefeneHne Kak 3TOM CNy4YainHO BEIMUUHBI, TaK U COOTBETCTBYHOLLENO
eli Bo3pacTa B MOMEHT cMepTu X.

Mbl NoKaxeMm, Kak pacrnpefefneHue ciy4vyaiiHOW BeNMUNHbI «BO3PacT B MOMEHT CMep-
TU» MOXHO MpPeACTaBMTb NOCPEACTBOM Tabauubl CMEPTHOCTU. ITU Tabnuubl MoMe3 bl
BO MHOrMX o06nacTtax 3HaHuA. [03TOMYy B KaXpAolh M3 3TUX pa3Hoo6pasHbix obnacTte,
rae Ucnonb3ylTcs Tabnubl CMEPTHOCTU, Bbina paspaboTaHa cBOM TEPMUHOMOTMS 1 060-
3HayeHuUs. Hanpumep, MHXEHEepbl NCNOMb3YIOT TabnuLbl CMEPTHOCTU AN1 U3YUYEHNA Ha-
LEXHOCTU CNOXHbIX MEXaHWYECKUX U 3MEeKTPOHHbLIX cucTem. B 6uoctaTucTuke Tabnuubl
CMepPTHOCTU MCMOMb3YIOTCA ANA CPaBHEHWA 3(PGHEKTUBHOCTU Pa3MUHbIX METOAOB feve-
HWSA cepbe3HbiX 3aboneBaHuii. Jemorpadbl UCNONb3YIOT TabnuLbl CMEPTHOCTU Kak cpej-
CTBO MONYNALNOHHOIO NPOEKTUPOBaHUSA. B 3Tol KHUre Tabnmubl CMepTHOCTM 6yAyT uc-
Nofb30BaThCsA ANA MOCTPOEHNA MOAENEN CTPaxXOBbIX CUCTEM, MPU3BAHHbLIX COAECTBOBATb
N AAM, HaxoawmMcs nepes MMLOM HeonpeaeneHHOCTH, CBA3aHHOMW C MOMEHTOM HacTyn-
NEeHNS UX CMepTU. ITO NPUNOXEHME ONpeensieT NPUHATYI0 HaMKu TOUYKY 3peHusi. Of4HaKo
B TeX C/lyyasix, KOrfja 3TO No3BOASET MPOACHUTbL CBA3b C APYTUMMW AUCLUMNAWHAMU, Mbl
06CYAMM WUHbIe NPUNOXKEHUA TabinL CMepPTHOCTH.

Tabnuua CMepTHOCTM ABNAETCA HE3aMEHUMON KOMMOHEHTON MHOTMX MOAenei akTy-
apHoOll Hayku. HekoTopble nccnegoBaTen CUNTAOT AATOM POXAEHUSA aKTyapHO HayKm
1693 1. B atom roay damyHpg Fannein (E. Hailey) ony6nukoBan Tpya «An Estimate of the
Degrees of the Mortality of Mankind, Drawn from Various Tables of Births and Funerals
at the City of Breslau» («OueHKa CTeneHM CMEpPTHOCTM YenoBevyecTBa, BblBeAEHHasA U3
pasnunuHbIX Tabnuy poxaeHus n norpebeHns B ropoge bpecnasne»). Tabnuubl CMepTHO-
CTW, Ha3BaHHble bpecnaBnbCKNUMU, KOTOPbIE COAepXaTcs B CTaTbe [annes, no-npexHemy



npeacTaBnAOT MHTEPEC N3-3a YANBUTEIbHO COBPEMEHHOI CUCTEMbI 0603HAYEHUIA N NOHS-
TURA.

3.2. BepodaTHOCTMK, OTHOCALWMECA K BO3PAaCTy B MOMEHT CMepTHn

B aTom pasgene Mbl onuvilem HeonpeeneHHOCTb, CBA3aHHYK C BO3pacTOM B MOMEHT
HacTynsieHna CMepTn, B BEPOATHOCTHbIX TEPMUHAaX.

3.2.1. ®YHKUMA [OXUTUA

PaCCMOTpI/IM HOBOPOXAEHHOrO. BOSpaCT B MOMEHT CMEPTU X Ana 3TOro HOBOPO-
XAEHHOT0 fABNAeTCA CAyYaliHON BeNMUNHON HenpepbiBHOro Tuna. O603Ha4ymm Yepes Fx {x)
YHKUMIO pacnpefeneHus aToi cnyyvaiHol BENUYNHBI,

Fx (x) =P (X"x), o 0, (3.2.1)

N NOMOXUM

s(x) = I-Fx(x) =P(X>x), x"0O. (3.2.2)
Mbl 6ygem Bcerga npegnonaratb, 4to Fx(0) = 0, oTKyga cnegyeT, 4To S(0) = 1. DdyHK-
umnsa s(x) HasblBaeTCs (PYHKUMEN fO>KMTHUA. [na noboro NoON0XKMTENbHOIO X BEAMYMHA
s(x) ABNsieTCcA BEPOATHOCTHLIO TOr0O, UTO HOBOPOX/AEHHbIA JOCTUTHET BO3pacTa X . Pacnpe-
feneHune c.B. X MOXeT onpefenatbcs NM60 3ajaHnem yHKUMKM pacnpegeneHna Fx(x),
nnM6o PyHKUMK s(x). B akTyapHOR Hayke 1 B gemorpadum QyHKLNA 4OXKUTUA Tpaguumn-
OHHO MCMONb30Banacb Kak MCXOA4HAaA TOYKa ANA faNbHedWwunx uccnepgosaHuii. B teopun
BEPOSATHOCTEN M B CTATUCTUKE TaKyl poNib urpaeT PyHKUuMA pacnpegeneHus. OfHako
M3 CBOWCTB (DYHKLMW pacnpefeneHns Mbl MOXeM BbIBECTM COOTBETCTBYHOLME CBOWCTBA
DYHKLUN LOXKUTUSA.

Onupasacb Ha BEPOSTHOCTHbIE 3aKOHbI, Mbl MOXEM ()OPMYNMUpPOBaTb BEPOATHOCTHbIE
YTBEPXAeHUs 0 BO3pacTe B MOMEHT CMepTU B TepMUHax 160 PYHKLUWUU JOXUTUSA, 1160
(hyHKUUW pacnpegeneHns. Hanpumep, BEPOATHOCTb TOF0, YTO HOBOPOX/AEHHbI YMpeT B
BO3pacTe Mexay X u z (x < z), paBHa

P(z<X”"z) = Fx(z) - Fx(x) = s(x) - s(2).

3.2.2. Mpogo/MmKNTENIbHOCTb NPeACTOALEN XU3HN ANa nuua
B BO3pacTe x

YcnoBHas BEpPOATHOCTb TOF0O, YTO HOBOPOX/EHHbIA yMpPeT B BO3pacTe Mexay X U z
npu ycnoBuKn, YTO OH JOXWBET 40 BO3pacTa X, paBHa
Fx(z)-FEx(x a(x)-a{z

(DEfaw 2 20RD
CumBon (a) ucnonb3yetca Ana o603HayveHUs Auua BospacTa X. [MPOAC/IKMUTENbHOCTb
NPeacTOALLe XM3HM 3TOro inua (x), X —X, o603HavaeTcs yepe3 T(X).

B akTyapHOW Hayke 4acTo HEOOXOAMMO POPMYIMPOBaTL BEPOATHOCTHbIE YTBEPXKAe-
HUA 0 T(x).nsa atoro, a TakXKe AN COAeACTBMA UCCNEAOBAHUAM U HAYUYHbIM KOHTaKTam
Ha MexXayHapo4HOM KOHrpecce akTyapues 1898 r. 6bina BnepBble NPUHATA CUCTEMA CUM-
BO/IOB, KOTOpas cocTaBuaa 4acTb MexXAyHapoAHON cUCTEMbl aKTyapHbIX 0603Ha4YeHWIA.
Bbinn pa3paboTaHbl CUMBO/bI 418 06LeynoTPpebuTeIbHbIX aKTyapHbIX PYHKLWIA U NPUH-
UMNbl NPUHATUSA HOBbIX 0603Ha4YeHWn. ITa cucTema nogsepranacb MOCTOSHHbIM Mepe-
cMoTpaM ¥ no Mepe HeobxoAMMOCTM 06HOBAANACH U AONOAHANACH [TOCTOAHHbLIM KOMUTe-
TOM 1Mo 0603HaveHnsiM MexayHapoaHol akTyapHoli accoumnaumu (International Actuarial
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Association). B HacTosiLlell KHUTe BClOAY, F4e TONbKO BO3MOXHO, Mbl OyaeM npuaepxu-
BaTbCA 3TUX COrnalleHnin 06 0603HavYeHUAX.

AKTyapHble CUMMBO/bI OTAMYAOTCA OT 0603HAYEHWI, MPUHATBIX B TeOpUM BEPOAT-
HOCTel, 1 uynTaTeNb, BOSMOXHO, C HAMU He3HakoM. Hanpumep, ¢yHKLMNA OLHOrO mepe-
MEHHOr0, KoTopas 3anucbiBaeTca B BuUAe ((X) B BEPOATHOCTHbIX 0603Ha4YeHMsAX, B 3TON
cucTeMe ByfeT 3anucbiBaTbCA B BUAE X . AHAIOTMYHO, (DYHKL M MHOTUX MEPEMEHHbIX 3a-
NMUCbIBAETCSA B aKTyapHbIX 00603HAYeHUSAX NPW MOMOLLY KOMOUHALUN BEPXHUX U HUXKHUX
MHAEKCOB U MHbIX cCMMBOMOB. O6Line NpaBuna ans onpefeneHns PyHKLUM B aKTyapHbIX
0603HaUYeHNAX MPUBELEHbI B MPUNOXeHUN 4. YuTaTenb MOXET 03HAKOMUTHLCS C HUMM
nepej TeM, KakK MepexofuTb K 0OCYXAEHUI0 CAyYaiHOl BeAUYMHbI NPOAOIKNTENbHOCTM
MPeACTOALLLEN XUZHU.

Ans hopMynnpoBKN BEPOSITHOCTHbIX YTBEPXAEHUA 0 T(x) Mbl 6yAeM Monb3oBaTbcs
0603HaYeHUsIMM

tgx =-p[T(x)Ct], o] (3.2.4)

tPx = 1-tQx = P[T(a;)>t], t~ 0. (3.2.5)

CuMBON tCX MOXHO MHTEPNPEeTMPOBaThL Kak BEPOATHOCTb TOrO, 4TO (X) YMpPET B TeYeHue
6nmxaiwmx t net. Apyrumu cnosamu, tQx sensetcsa pyHkuUmeld pacnpegeneHus c.B. T(X).
C Apyroii CTOPOHbI, tPx MOXET WHTepnpeTMpoBaTbCA KakK BEPOATHOCTb TOro, 4to (X)

JOCTUIHET Bo3pacTa X+t. pyruMu cnosamu, tPx ABASeTca QyHKUUeRn goxnTtua ans (x).
B yacTHOM cny4ae nuua B Bo3pacte 0 mbl umeem T(0) = X

xp0 = s(x), x "N 0. (3.2.6)

Ecnv t = 1, TO N0 cOrnaweHno Mbl MOXEM OMycKaTb NepBblii MHAEKC B 0603HaYeHUAX,
BBeJEHHbIX hopMmynamu (3.2.4) n (3.2.5), nonyyas

gx
pX
CyliecTByeT crneuuanbHblii cuMBON A8 6onee 06Lero cobbiTUs, COCTOSLLEr0 B TOM,

yto (X) MPOXWBET t NEeT M YMPET B TeYeHMe MOCNeayolWmnX N netT, T.€. 4To (X) yMpeT B
BO3pacTe MeXAy X +t U X +t + 1, a UMeHHo

P[(X) ympeT B TeyeHune OAHOr0 rogal,

P[(Kk) LoxuBeT fo Bo3pacta x + 1 net].

twuQx ~ ANT(XD) ™t "bu\ —t+uQx  tQx = tPx  t+uPx (3.2.7)

Kak u paHee, ecim 1 = 1, TO COOTBETCTBYIOLLMIA HMKHUIA MHAEKC B 0603HauYeHUU t\ugx
onycKaeTcs, U Mbl Nofiyyaem cUMBOA t\gX.

Ceilyac y Hac eCTb 4Ba BblpaXXeHUs 415 BEPOSATHOCTU TOro, 4To (X) yMpeT B BO3pa-
cTe mexay X n X + u. ®opmyna (3.2.7) npu t = 0 gaeT nepBoe U3 3TUX BblpaKeHWN,
a hopmyna (3.2.3) ¢ z = X + 1 — BTOPOE BblpaxkeHne. byayT nn T ABe BEPOSTHOCTM
pa3nunyHbiMn? dopmyna (3.2.3) MOXET MHTEPNPETUPOBATHLCA KaK YCNI0BHasA BEPOATHOCTb
TOro, YTO HOBOPOXXAEHHbIA YMPET B BO3pacTe MeXAy X U z = X + 1 Npu YCNOBUU, YTO OH
LOXWBET A0 BO3pacTa X. EAMHCTBEHHAA MHGMOPMaLna 0 HOBOPOXAEHHOM, K HacTosLe-
My MOMEHTY AOCTWUrLIEM BO3pacTa X, COCTOMT B TOM, YTO OH AOXWN A0 3TOr0 BO3pacTa.
lMo3aTomy paccmaTpvMBaemMoe BEPOATHOCTHOE YTBEPXJEHME OCHOBAHO Ha YC/I0BHOM pac-
npegeneHuy Npu ycraoBUn LOXUTUA ANS HOBOPOXAEHHbIX.

C apyroii cTtopoHbl, dopmyna (3.2.7) npu t = 0 onpeaensieT BEPOATHOCTb TOr0, YTO
nuuo, Habnwgaemoe B Bo3pacTe X, YMPET B BO3pacTe MexXay X U X+un. [laHHble 0 nuue B
BO3pacTe X MOTYT COAepXaTb He TONbKO MH(OPMALMIO O TOM, YTO OHO AOXWU/0 A0 3TOr0
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BO3pacTa. ATO MOXET ObITb MHOPMAL WA O TOM, YTO pacCMaTpUBaemMoe NML0 NPOLI0 Me-
ANUMHCKOe 06CnefoBaHMe nepep 3akNtoUYeHMeM AOroBopa O CTPaxoBaHUU, UK e O TOM,
4YTO 3TO IULO TOMLKO YTO Hayano Kypc fle4eHns OT Cepbe3HOro 3abonesaHua. Tabnauubl
CMEPTHOCTM B TOM Cny4ae, KOrfa AaHHble O fule B BO3pacTe X COAepXKaT He TONbKO
MHOpMaLLMIO, YTO HOBOPOXAEHHbIV AOXWUA [0 BO3pacTa X, obcyxpgatTca B pasg. 3.8,
rae Ans aTux Tabnuy BBOAATCS AOMNONHUTENbHbIE 0603HAYeHMsA. Mbl ByaeM NpoaomKaTh
pasBuBaTb Teoputo, npegnonaras, 4to gopmynsl (3.2.3) n (3.2.7) He cogepxart CMbIC/0-
BbIX pasnunuuii, T.e. 6yaem 4o pasg. 3.8 cumTaTb, YTO MHGPOPMALMA O NuULe, AOXKMBLUEM
[0 BO3pacTa X, A4aeT TO Xe YCNOBHOe pacnpeeneHne NpoLO/MKUTENLHOCTU NpeAcTosLLL el
XU3HU, YTO U MHOPMaLUsA 0 AOXKUTUM HOBOPOXKAEHHOrO 40 BO3pacTa X, a UMEHHO

ox = "M | r - (32-9)

Mpu Takom nogxoge popmyna (3.2.7) U MHOTME ee YaCTHble Clydan MOryT 6biTb Bblpa-
XEHbI B BUJE

Six +1) - s(x +t+n) s(x +1) s(x+1) - s(x +t+u)

t\fo - — -_S(gl;) - = S()%) — —er- A 13 = tPx uax+t- (3.2.10)

3.2.3. MowaroBas NPoAOMKUTENBHOCTb NPEACTOALLEN XKNU3HN

C nNpojoMXKNTEeNbHOCTbIO MPeACTOALLE XU3HN CBA3aHa AMCKPETHAs cliyvaiHas Be-
NNYKHa, oNnpefensatoLas Yucno nonHbIX 6yaywmnx net, NPOXUTbIX NULOM (X) 40 CMepTH.
OHa Ha3blBaeTCa NOLIAroBoi MPOAOI>KUTENbHOCTbIO MPeACTOAWEeNR XX U3HUN nnua (X)
n o603HavaeTcs vepes K(x). lMockonbky c.B. K{x) ABnAeTcA HaMbONbLIMM LEe/bIM YuC-
NoM, He npesocxogawmm T(x), ee QYHKLUA BEPOATHOCTEN 3af,aeTCs BblpaXKeHUem

Pluf(ar) = K] = P[k™ T{x) <k + 1] = P[K <T(x) "k + ]
—KPX  K+iPXx = KPx Ax+K = K\Uxr kK—0,12,.... (3.2.11)

lMepemeHa HepaBeHCTB MecTaMW 3[eCb BO3MOXHa, MOCKO/MbKY MPW HalMX Npeanonoxe-
HUAX 0 TOM, 4YTO pacnpegeneHune T(x) HenpepbiBHO, P[T (i) = fg = P[T(x) =k + 1] = 0.
dopmyna (3.2.11) saBnsieTcq YyacTHbIM cnyyvaem opmynbl (3.2.7), rae 1 = 1 n K sBnaeT-
CH HEOTPULATENbHbLIM LefbiM Ynuciom. M3 cooTHoweHns (3.2.11) cnepyeT, 4To QYHKUUS
pacnpegeneHua c.B. K(x) fBnseTcs CTyneHYaTol yHKLUMel n

K
FKX)M{y) = £ [i|]9x = «+ i Q] y 0 1 K ABNAeTCA LeNoil yacTblo ynucna y.
li=0
YacTo U3 KOHTEKCTa ICHO, 4To T(X) ABNsieTCA NMPOAO/MKUTENbHOCTHIO MpeAcTOosLL el
XU3HW nuua (x). B aTom cnydvae Mbl 6ygem nucatb T BMecTO T(X). AHaNOrMYHO, Mbl
oygnem nucate K Bmecto K (a;).

opurnHane «curtate-future-lifetime». ViHorga aTy BeMUMHY Has3bIBaOT YCEYEHHOW (ype3aHHOM)
NPOAOMKUTENLHOCTbIO NPEACTOALEH XXN3HU. ITU ABa TEPMUHA OTPAXKAIOT pPasHble acneKTbl 4aHHOIo
NOHATUA. Mbl 6yieM NPUAEPXKMBATLCA TePMUHA «MOLIAroBasi», YT06bl MOAYEPKHYTL AUCKPETHbIN Xapak-

Tep c.B. K(x). — Mpum. peg.



3.2.4. NTHTEHCUBHOCTb CMEPTHOCTU

dopmyna (3.2.3) BbipaaeT B TepMUHAX (QYHKUWUM pacrnpedeneHns u B TepMUHaXx
(YHKLUMN JO0XNTUS YCIOBHYHO BEPOATHOCTbL TOMO, UYTO Nnuo (0) yMpeT B BO3pacTe Mexay
X N Z npn ycnosun, 4To OHO AOXWBET A0 BO3pacTa X. Ecnu Pa3HOCTb Z —X MOCTOAHHA
N paBHa, CKaXem, C, TO, pacCMaTpmBaemMasa Kak (*]yHKLI,VIFI OT X, 3Ta yC/10BHada BEpPOAT-
HOCTb OMWCbLIBAET pacnpejeneHne BEPOATHOCTM CMepPTU B Gnmxailuem 6yayuiem (Mexay
MOMeHTaMu BpemeHn 0 U €) ANns nuua, AOCTUrWEro Bo3pacTa X. AHanor atoii QyHK-
UMK, paccMaTpuBalOLLUA cMepPTb B OMpefeNneHHbli MOMEHT, MOXHO MOAYUYNTb, MCMOMb3YS
MNOTHOCTb BEPOSATHOCTM CMEpPTW MO JOCTUXEHWM BoO3pacTa X, T.e. dopmyny (3.2.3) ¢
z=Xx+ Ox,

POK< YA X+ Ax\X>x) = (3-2-12)

1+- Fx (x) 1-Fx (X
B aTom BbipaxeHun Fx (x) — fx (x) aBnsetca ¢yHKuUueld NAOTHOCTWM HemnpepbiB-
HOW CNy4YailHON BENNYMHbI «BO3PacT B MOMEHT cMepTu». ®PyHkuma fx{x)j(\ —Fx(x)) B
topmyne (3.2.12) MOXeT MHTePNPeTUPOBATLCA B TEPMUHAX YCNOBHbIX NAOTHOCTEW. And
Ka)X0ro Bo3pacTa X OHa [aeT 3HaYeHWe B TOUKEe X YCNOBHOW PYHKLMM NAOTHOCTU C.B.
X npu ycnoBuu JOXMTUA A0 BOo3pacTa X M 0603Havaetcs yepes u{x).
Mbl nonyvyaem

W= LY s (3.2.13)

M3 ceoiicTB hyHKumin fx(x) m 1 —Fx (x) cnegyet, uto u{x) " 0.

B akTyapHOli Hayke u B gemorpagun /n(x) Ha3biBaeTCS WHTEHCUBHOCTbLI CMepT-
HOCTHU. B Teopum HafleXXHOCTU, KOTOpas 3aHUMaeTCs uccnefoBaHNEM BEPOATHOCTeNR 6e3-
OTKa3HO paboTbl MeXaHW3MOB WM CUCTEM, 3Ta Be/IMYMHA Ha3blBaeTCA UHTEHCUBHOCTbIO
0TKa30B.

Kak 1 yHKUMSA JOXUTUSA, MHTEHCUBHOCTb CMEPTHOCTM MOXET MCMOb30BaThCA A/1A
onpegeneHns pacnpegeneHus c.B. X . UTobbl 3T0 caenaTb, 3aMeHUM B popmyne (3.2.13)
X Ha 'y U nocne HEKOTOPbIX Npeo6pa3oBaHuiA NONYUYUM

-n(y)dy = d\ns(y).
WHTerpupys 310 BbipaXeHue oT X A0 X + M, NoayYnm
I*X+N

Dy Q{z) dyizslﬁ--t-g)lnnipx.
JX svc)

y y

MHorpa ygo6Ho nepenucatb gopmysTy (3.2.14), cgenaB 3aMeHy S =y —X:
il
npx = exp [ fi(x + s)ds . (3.2.15)
Jo

B 4aCTHOCTM, Mbl U3MEHWM 0603HAYEHUS C TEM, YTO6bI OHW COOTBETCTBOBA/N UCMO/b30-
BaHHbIM B hopmyne (3.2.6), MOMOXMB BO3PACT YXK€ XUBLIUX NUL, paBHbIM O 1 0603HAYMB

BO3PacCT [OXUTUA yepe3 X. Toraa mMbl MoAyYUM
hE

rPo = s(x) = exp - J/o fs)ds (3.2.16)



Kpome ToOroO,
Fx(x) = 1—s(a) = 1 —exp |—J p(s) ds (3.2.17)

F'x(x) = fx(x) = expj - J fi(s) dsj u(x) = xp0Oy(x). (3.2.18)

Myctb Fj'(X)(t) n /T(x)(i) 0603Ha4YalOT COOTBETCTBEHHO (DYHKLMIO pacnpegeneHus
N QYHKLMIO NAOTHOCTU C.B. T(X), NPOAOMXKMTENLHOCTM MPEeACTOALLe Xn3Hu nuua (x).
3ametum, 4To (®)(") = t4x (cm. 0603HauveHue (3.2.4)). Takum ob6pasom,

. ~ ~ s(x + 1)
™ i) =Tt =1t ${¥)
s(x +1) s'(x + 1)
s(x) s(x + 1)
3HaunT, tPx + t) dt aBngeTCa BePOATHOCTLIO TOro, 4YTO NMUo (z) ympeT B BO3pacTe
mexay t nt+dt, un

= tPxH(x +1t)J t"0. (3.2.19)

roo
tPx +t)dt =1
Joo
rge B KayecTBe BepXHEro npefgena WUHTErpuMpoBaHMA 3ammcaHa «MAC 6ECKOHEYHOCTb»
(370 COKpalieHHasa 3anncb MHTErpMpPoOBaHMA NO BCel 06nacTh M3MEHEHMA DYHKL MKW N0T-
HOCTU, Nnexalleid Ha NOIOXMTENbHOI nonyocu).

M3 dopmynsl (3.2.19) cnepyet, 4To

A(1 -tPx) = -AjRtPx = tPXB{x + 1). (3.2.20)

JTa 3kBMBaneHTHas hopMa 6biBaeT NOAE3HON B HEKOTOPbIX PacCyXAEHUSX aKTyapHOW
MaTeMaTuKMu.
Mockonbky 1iT,_too npx = 0, Mbl uMeeM liTn_too(—In npx) = 0o. Takum 06pasom,
rx+n
lim / /n(y) dy = oo.
n-+°°Jx
@D aKTbl, U30XEHHbIE B HACTOALWEM pasjene, cobpaHbl BoegnHO B Tabn. 1.3.1.

B HuxHen nonoBuHe Tabn. 3.2.1 cobpaHbl HEKOTOPbIE COOTHOLUEHUS MEXAY CTaH-
JapTHBIMU (DYHKLMAMMW Teopuu BEPOATHOCTER M DYHKLUAMU, XapaKTepHbIMKU 415 Mpu-
NOXEHWIA, CBA3aHHbIX C BO3PACTOM B MOMEHT CMepTU. MOXHO NPUBECTM MHOr0O NPUMepOB,
KOrfa COOTHOLUEHUS, CBA3aHHble C BO3PaCTOM B MOMEHT CMEPTU, MOXHO nepeopMynpo-
BaTb B 60/1ee 06X BEPOATHOCTHbIX TeEpMUHAX. CnefyowWwuii npuMep 3TO UAKOCTPUPYET.

Mpumep 3.2.1. Ecnn A o0603HavyaeT AONOSIHEHME COObITUA A B HEKOTOPOM BbI6O-
poYHOM npocTpaHcTBe U ecnn P(J1) ¢ 0, To cnefytoliee COOTHOLLEHWE AB/IAETCA BEpOAT-
HOCTHbIM TOX/AECTBOM:

P(1UR) = P(1) + P(1)P(B IA).
Mepenuwem 3TO TOX/AECTBO B aKTyapHbIX 0603HaYeHUsIX 4nsa cobbituin A = [T(x) M.t] u
B = [i<lN(a:)"1], 0<t< 1

PeweHwne. BepositTHocTb P (J1nB) nepenucbiBaetcs B Buge P[T(3:) * 1] = gx, P(J1)

npespaliaetca B tgx, a P(E? |A) —B \-tgx+t- Takum 06pa3om, Mbl nNony4vaem

QX = tQX “btPX 1—Qx+t' v



Ta6nuua 3.2.1. HekoTopble QyHKUUK Ans c.B. X , BO3pacTa B MOMEHT CMepTH

DyHKLUNA pac- DyHKLMNA DyHKLMNA MHTEeHCUBHOCTL
npegeseHuns LOXNTNA NIOTHOCTU CMepTHOCTK
Fx{x) s(x) fx(x) B(x)
Ana CsoiicTBa Ana CsoiicTBa
X<0 Fx(x) =0 s(x) =1 x<0 fx(x) =0 u(x) =0
X=0 Fx(0) = 0 s(0)=1 x =0 He onpefefieHa  He onpegeneHa
X" 0 He y6biBaeT He Bo3pactaeT X >0 fx(x) Ji0 A(x) Jio
1“4{80 Fx (o0) =1 s(oo) —0 XI% Jo°fx (x)dx = 1 /<TV(z)<te = oo
DYHKLUUN B
TepMMUHax CoO0THOLWEHUA
F'x(x)
Fx(x) Fx(x) 1- Fx(x) F'x(x)
[1--M )]
s{x) 1—s(x) s(x) -s'(x) —s'(x)/s(x)
fx(x)
fx(x
fx(x) lo fx (u)du T fx_(u)du (x) /%7 fx (u) du
ux)  l_e-Ssvwd - e-Sst{nd p(x)e~foxi(tdt p(x)

3.3. Tabnuubl CMepTHOCTU

Myb6nukyemas Tabnmua cMepTHOCTM 06bIYHO COAEPXKMUT PacnooXKeHHbIe MO BO3pac-
TaM WHAMBMAYYMOB 3HaYeHWs OCHOBHbIX (YHKUMIA gx, IX, dX ¥, BO3MOXHO, AOMOMAHU-
TeNbHbIX PYHKUWIA, NoNyYaemMbiX U3 HuX. MNepeg Tem Kak NpefcTaBUTb Takyk Tabnuuy,
paccMOTpPUM WMHTepnpeTauuio TaknxX QYHKUWUIA, KOTopas HenmocpeAacTBEHHO CBA3aHa C Be-
POATHOCTHbIMU (DYHKLMAMKU, 06CYXAABLINMMUCA B NpeablgyLLeM pasgene.

3.3.1. CBA3b (hyHKUMIA, cofepXKawmxcsa B Tabnumue CMepPTHOCTH,
C PYHKLMEN AOXKNTUSA
B ¢opmyne (3.2.9) Mbl Bblpa3uan yCNOBHYHO BEPOATHOCTb TOr0, YTO MU0 (X) ympeT
B TeueHue t neT, cnegyowmnm obpasom:

s(x +1t)
tdx — 1" S(X)
W, B 4aCTHOCTH,
s(x + 1)
=T s

PaccmoTpum Tenepb rpynny u3 lo HOBOPOXAEHHbIX, MOAOXMB, Hanpumep, fo=100 OO0
[ns Kaxxaoro HOBOPOXAEHHOTO CyyaliHas BeIMUYMHA «BO3PACT B MOMEHT CMepPTU» UMEET
pacnpefeneHue, 3agaHHoe QyHKLMeR oxuntua s(x). bygem o6o3Hayatb yepe3 C(x) uuc-
Nno nuy B rpynne, AOXMBLUMX L0 BO3pacTa X. MNpunuwem Bcem nuuam B rpynne HoMmepa
j =1,2,..., 1o n 3ameTuM, 4TO h

3F1
roe 1j SBNSeTCS MHAMKATOPOM [OXMWTUS NMLA C HOMEPOM j , T. €.
i1,
3 10

ec/M NNL0 C HOMEPOM j AOXMBET A0 BO3pacTa X,
B NPOTMBHOM C/yyvae.



Tak kak E[7j] = s(x), 10
E[AZ)] = 1[> & ] = lgs(x).
J=i
Mbl 0603HaunM E[£(x)] yepes Ix;3To 03HayaeT, 4TO IXx —MaTemaTMyeCcKoe OXugaHume
yncna fOXUBLWNX A0 Bo3pacTa X U3 lg HOBOPOXAEHHbBIX, U Mbl UMeeM

Ix —Igs(x). (3.3.1)

[anee, B npesnonoXeHnun, 4to UHAMKaTOpbl |j B3aMMHO He3aBUCUMbI, C(X) MMeeT BUHO-
MuanbHoe pacnpejeneHue ¢ napameTpamu n = Ig » p = s(a:). OTMeTUM, O4HAKO, 4YTO B
paBeHcTBe (3.3.1) He TpebyeTcsa NpesnoONOXEHNA O HE3aBUCMMOCTHU.

AHanornyHo, 0603Ha4yMmM 4yepe3 NTX YMNCNO YMepLIUX B BO3pacTe MexAy X M X + N
13 Ha4yanbHOW COBOKYMHOCTU, COCTOSALeA M3 Ig nny. Mbl 0603Havyaem E[NTYX] yepes ndx.
MocKonbKY ANS HOBOPOXAEHHOr0 BEPOATHOCTb CMEPTW B BO3pacTe Mexay X W X + n
paBHa S(x) —s(x + n), UCMONb3ys PacCy>XAeHWs, NPUBOAMBLINECS Bbille OTHOCUTENLHO
IX, nonyunm

ndx —EfnX~c] —/o[s(x) s(x ‘bT)] —Ix Ix\n' (3.3.2)

Ecnm n = 1, Mbl ONyCcKaeM NieBblii HUXXHUIA MHAEKC B BblpaxeHuUax NV x u ndx.

M3 dopmynsl (3.3.1) BUAHO, YTO
1 dlx 1 ds(x) ,
“ o = FE dxT =" X) (3.33)

(3.3.4)

coMHOXUTeNb IXU(x) B (3.3.4) MOXHO MHTEPMNpPETMPOBaTbH KaK OXWAAeMYH MNAOTHOCTb
CMepTeli B BO3pacTHOM MHTepBane (x,x + dx). 3ameTum, ganee, 4To

(3.3.5)
(3.3.6)

(3.3.7)

Ons yao6cTBa CCbINOK Mbl 6yAeM Ha3blBaTb Fpynny u3 lg HOBOPOXAEHHbLIX, KaXAblii U3
KOTOPbIX MUMeeT DYHKLMIO JOXUTUS S(X), COBOKYNHOCTbIO CNyyaiiHOro AO>KUTUS.

3.3.2. Mpumep TabnNULbl CMEPTHOCTU

B npusogumoili Huxe Tabn. 3.3.1, KoTopas HasbiBaeTca «Tabnuua CMEPTHOCTM Ha-
ceneHunsi: CLUA, 1979-1981», dyHKumn tgx, Ix, tdx npegctaBneHbl gns Ig — 100 000.
3a UCKNOYeHMEeM NepBOro roja XW3HW, 3HadyeHue t B Tabynnpyembix PYHKUUAX tox u
tdx pasHo 1. [pyrue yHKUMKU, cofepxkalimeca B 3TON Tabnuue, paccmMaTpuBarOTCA B
pasg. 3.5.

JTa Tabnuua cosgaBanacb He Ha OCHOBe HabntogeHuit 3a 100 000 HOBOPOXAEHHbLIMU
BN/JOTb [0 CMEPTW nocnefHero u3 Hux. OHa 6bifa OCHOBAHA Ha OLeHKaxX BepOsTHOCTEN
CMEPTU MpPU YCNOBUWU JOXWUTUA O Pas3fiMyHbIX BO3PACTOB, MOJYYEHHbLIX W3 AAHHbLIX O



Ta6bn. 3.3.1. Tabnuua cmepTHOCTM HaceneHusa: CLU A, 19791981

) ) @) 4 Q) (6) ()
BospacT- [ons ymep- W3 100 000 HoBo- CrauuoHapHoe Hacefe- CpepHsasa npo-
HO MH-  WKX POXAEHHbIX Hue [OMKMTENb-
TePBAN nona miogeit, Umcno  Yucno Hoere IPeR-

) Yucno netr, Ywucno netr, CTOALLEN XKUN3-
Mepnog  AOXMBLINX AROXNB- ymMep- MPOXWTLIX MPOXUTbIX  HK HgJ' Havasno
mMeXxgy A0 Hayana WMX Ao WX B B BO3paCT- B 3TOM W BO BO3PACTHOTO

BO3pac- BO3pPacTHOro Ha4yana TeyeHune HOM WMHTep- BCex nocne- WHTepBsana
TaMn X NHTEepBana n BO3pacT- BO3pacT- Bane, tLx LYIoLLUX

nx-1-t yMepLlwunx B HOro HOro B0O3pacT- CpeaHee unc-
TeueHue 3TO-  MHTep-  MHTep- HbIX WHTep- /10 /€T, npo-
ro nHTep- Bana, Ix Bana, (di Bane«. Tx  KATbIX OT
Bana, tQx ' Hayana BO3-

pactHoro O
MHTepBana, ex

OHn
0-1 0,00463 100 000 463 273 7387 758 73,88
1-7 0,00246 99 537 245 1635 7387 485 74,22
7-28 0,00139 99 292 138 5708 7385 850 74,38
28-365 0,00418 99154 414 91357 7380142 74,43
loabl
0-1 0,01260 100 000 1260 98 973 7387 758 73,88
1-2 0,00093 98 740 92 98 694 7288 785 73,82
2-3 0,00065 98 648 64 98 617 7190 091 72,89
3-4 0,00050 98 584 49 98 560 7091474 71,93
4-5 0,00040 98 535 40 98 515 6992 914 70,97
5-6 0,00037 98 495 36 98 477 6894 399 70,00
6-7 0,00033 98 459 33 98 442 6795 922 69,02
7-8 0,00030 98 426 30 98 412 6697 480 68,05
8-9 0,00027 98 396 26 98 383 6599 068 67,07
9-10 0,00023 98 370 23 98 358 6500 685 66,08
10-11 0,00020 98 347 19 98 338 6402 327 65,10
11-12 0,00019 98 328 19 98 319 6303989 64,11
12-13 0,00025 98 309 24 98 297 6205 670 63,12
13-14 0,00037 98 285 37 98 266 6107 373 62,14
14-15 0,00053 98 248 52 98 222 6009107 61,16
15-16 0,00069 98196 67 98163 5910 885 60,19
16-17 0,00083 98129 82 98087 5812 722 59,24
17-18 0,00095 98 047 94 98000 5714 635 58,28
18-19 0,00105 97 953 102 97902 5616 635 57,34
19-20 0,00112 97 851 110 97 796 5518 733 56,40
20-21 0,00120 97741 118 97682 5420937 55,46
21-22 0,00127 97623 124 97 561 5323 255 54,53
22-23 0,00132 97499 129 97435 5225 694 53,60
23-24 0,00134 97370 130 97306 5128 259 52,67
24-25 0,00133 97 240 130 97175 5030 953 51,74
25-26 0,00132 97110 128 97046 4933 778 50,81
26-27 0,00131 96 982 126 96 919 4836 732 49,87
27-28 0,00130 96 856 126 96 793 4739 813 48,94

CTalMoHapHoe HaceneHne — Aemorpadueckoe MOHATUE, KOTOpoe 6ydeT paccMaTpuBaThbesl i
rn. 19.



28-29
29-30
30-31
31-32
32-33
33-34
34-35
35-36
36-37
37-38
38-39
39-40
40-41
41-42
42-43
43-44
44-45
45-46
46-47
47-48
48-49
49-50
50-51
51-52
52-53
53-54
54-55
55-56
56-57
57-58
58-59
59-60
60-61
61-62
62-63
63-64
64-65
65-66
66-67
67-68
68-69
69-70
70-71
71-72
72-73
73-74
74-75
75-76
76-77
77-78

0,00130
0,00131
0,00133
0,00134
0,00137
0,00142
0,00150
0,00159
0,00170
0,00183
0,00197
0,00213
0,00232
0,00254
0,00279
0,00306
0,00335
0,00366
0,00401
0,00442
0,00488
0,00538
0,00589
0,00642
0,00699
0,00761
0,00830
0,00902
0,00978
0,01059
0,01151
0,01254
0,01368
0,01493
0,01628
0,01767
0,01911
0,02059
0,02216
0,02389
0,02585
0,02806
0,03052
0,03315
0,03593
0,03882
0,04184
0,04507
0,04867
0,05274

96 730
96 604
96 477
96 350
96 220
96 088
95 951
95 808
95 655
95 492
95317
95129
94926
94 706
94 465
94 201
93913
93 599
93 256
92 882
92 472
92 021
91 526
pO986
90 402
89 771
89 087
88 348
87 551
86 695
85 776
84789
83726
82 581
81348
80024
78 609
77107
75520
73846
72 082
70 218
68 248
66 165
63972
61673
59279
56 799
54 239
51 599

126
127
127
130
132
137
143
153
163
175
188
203
220
241
264
288
314
343
374
410
451
495
540
584
631
684
739
797
856
919
987
1063
1145
1233
1324
1415
1502
1587
1674
1764
1864
1970
2083
2193
2299
2394
2480
2560
2640
2721

96 667
96 541
96 414
96 284
96155
96 019
95 880
95731
95574
95 404
95 224
95 027
94 817
94 585
94 334
94 057
93 756
93 427
93 069
92 677
92 246
91773
91 256
90 695
90 086
89 430
88 717
87950
87122
86 236
85 283
84 258
83153
81 965
80 686
79 316
77859
76 314
74683
72 964
71150
69 233
67 206
65 069
62 823
60476
58 039
55520
52919
50 238

4643 020
4 546 353
4449 812
4353 398
4257114
4160 959
4064 940
3969 060
3837329
3777755
3682 351
3587127
3492100
3397283
3302 698
3208 364
3114 307
3020551
2927 124
2834055
2741378
2649132
2557 359
2466 103
2375408
2285322
2195892
2107175
2019 225
1932103
1845 867
1760 584
1676 326
1593 173
1511208
1430 522
1351 206
1273 347
1197033
1122 350
1049 386

978 236

909 003

841 797

776 728

713 905

653 429

595 390

539870

486 951

48,00
47,06
46,12
45,18
44,24
43,30
42,36
41,43
40,49
39,56
38,63
37,71
36,79
35,87
34,96
34,06
33,16
32,27
31,39
30,51
29,65
28,79
27,94
27,10
26,28
25,46
24,65
23,85
23,06
22,29
21,52
20,76
20,02
19,29
18,58
17,88
17,19
16,51
15,85
15,20
14,56
13,93
13,32
12,72
12,14
11,58
11,02
10,48

9,95

9,44



78-79 0,05742 48 878 2807 47 475 436 713 8,93

79-80 0,06277 46 071 2891 44 626 389 238 8,45
80-81 0,06882 43 180 2972 41694 344612 7,98
81-82 0,07552 40 208 3036 38 689 302 918 7,53
82-83 0,08278 37172 3077 35634 264 229 7,11
83-84 0,09041 34 095 3083 32 553 228 595 6,70
84-85 0,09842 31012 3052 29486 196 042 6,32
85-86 0,10725 27960 2999 26461 166 556 5,96
86-87 0,11712 24 961 2932 23500 140 095 5,61
87-88 0,12717 22038 2803 20 636 116 595 5,29
88-89 0,13708 19 235 2637 17917 95 959 4,99
89-90 0,14728 16 598 2444 15376 78 042 4,70
90-91 0,15868 14154 2246 13031 62 666 4,43
91-92 0,17169 11908 2045 10 886 49 635 4,17
92-93 0,18570 9863 1831 8948 38 749 3,93
93-94 0,20023 8032 1608 7228 29 801 3,71
94-95 0,21495 6424 1381 5733 22573 3,51
95-96 0,22976 5043 1159 4463 16 840 3,34
96-97 0,24338 3884 945 3412 12377 3,19
97-98 0,25637 2939 754 2562 8965 3,05
98-99 0,26868 2185 587 1892 6403 2,93
99-100 0,28030 1598 448 1374 4511 2,82
100-101 0,29120 1150 335 983 3137 2,73
101-102 0,30139 815 245 692 2154 2,64
102-103 0,31089 570 177 431 1462 2,57
103-104 0,31970 393 126 330 981 2,50
104-105 0,32786 267 88 223 651 2,44
105-106 0,33539 179 60 150 428 2,38
106-107 0,34233 119 41 99 278 2,33
107-108 0,34870 78 27 64 179 2,29
108-109 0,35453 51 18 42 115 2,24
109-110 0,35988 33 12 27 73 2,20

HapogoHaceneHun CLUA B rofbl, 6nn3kue K 1980-My rogy, rogy nepenucu HaceneHus. Mc-

Mofb3ysi MOHSATME COBOKYMHOCTW CNYyYaiiHOTO AOXWUTUSA, Mbl 4OMXKHbI CAeNaTb Npeanono-

YKEHWE, YTO BEPOATHOCTU, MOMYyUYeHHbIe Ha OCHOBE 3TOI Tabnuubl, 6yAyT COOTBETCTBOBATh

MPOAO/HKMTENLHOCTY XU3HU TeX, KTO MPUHAAIEXUT K 3TON COBOKYMHOCTU AOXNTUS.
MonesHo caenatb psf 3aMeyaHuii OTHOCUTENbHO MPUBEAEHHON TabnuLbI.

3ameyaHuna. 1. Oxunpgaercd, 4To NpuMepHO 1% HOBOPOXKAEHHbIX, BXOAALWMX B CO-
BOKYMHOCTb LOXWUTUA, YMPET Ha MNEPBOM rO4Y XU3HW.

2. CnepyeT 0XupaTb, 4TO NPUMEPHO 77% W3 TPYNMbl HOBOPOXAEHHbIX AOXUBET [0
BO3pacTa 65 ner.

3. MakcumanbHoe 4ncno cMepTell B rpynne 0XWAaeTca B Bo3pacTe mMexay 83 u 84
rogamu.

4. V3BeCTHO Mano cny4aes, Korfja CMepTb HacTynaeT B Bo3pacTe cBbiwe 110 ner.
MosToMy 4acTo npefnonaraeTcs, YTO CyLiecTBYyeT Takoi Bo3pacT W uto s(a;) > 0 ans
X <un mns(x) =0pan0a x 3 Ecnu cywecTBoBaHMe Takoro Bo3pacTta W>npegnonaraercs,
TO OH Ha3blBaeTCs MpefenbHbIM BO3PacTOM. [Na MPUBELEHHON Tabnuubl NpefenbHbli



BO3pacT He onpegeneH. O4YeBMAHO, UMEETCA MOMIOXKUTENbHAA BEPOATHOCTb AOXWUTb A0
110 neT, HO Tabnuua He COAEPXUT yKa3aHWii Ha BO3PaCT LL.

5. JloKa/bHble MUHUMYMbI 4715 0XXWMAAEMOro Yucna cMepTeil pacnofioXeHbl B paiioHe
11 v 27 neT, a NOKaNbHbIA MaKCUMyM — B paiioHe 24 neT.

6. X0TS 3HA4YeHNA IX BbIAN OKPYTAEHbl f0 LenblX YMNCEN, B COOTBETCTBMM C DOPMY 0N
(3.3.1)genatb 3TO He 06A3aTeNbLHO.

Takoe npefcTaBneHne nHopmauuu, kak tabn. 3.3.1, agnseTcs ctaH4apPTHbIM MeTO-
[LOM onucaHus pacnpefeneHns Bo3pacTa B MOMEHT CcMepTu. Apyrum cnocob6om siBnsetcs
npeacTaBneHne yHKLWU AOXUTUA B aHaNIMTUYeCKON (opme, Takol, Kak s(Xx) = e-cX,
¢> 0, x ~ 0. OfgHaKo 60MbLINHCTBO UCCNE0BaHMI CMEPTHOCTU CPeAU NIOAeN AN HYXA
CTpaxoBaHMs Ucnonb3yeTt npegcrasneHune s(x) = Ix/lo, 4to nnnoctpupyetca tabn. 3.3.1.
Mockonbky BennumHa 100000s(:r) npefcTaBneHa TONbKO A5 LeNblX 3HAYEHWIA X, MNpu
BblUMCNEHUN S(X) ANSA HeLenbiX 3Ha4YeHWn aprymeHTa Heob6XoAMMo npuberaTb K MHTEp-
nonsumu. STOT BONpoc obcyxaaetca B pasg. 3.6.

Mpumep 3.3.1. Ncnonb3ys Tabn. 3.3.1, BbIYNCANM BEPOSATHOCTb TOFO, 4TO nuuyo (20)

(a) poxxmeeT go Bo3pacTa 100,

(b) ympeT, He goxussa go 70 ferT,

(c) ympeT B fecsATOi feKade CBOER XU3HW.

PewweHue.
«(100) _ /100 _ 1150
@ 7(w _ ~ - 97741 - 0°0118-
/Ul s(20) - s(70) , ho , 68284
(b) .(20) =1~ho = 1" 97741 = 073017
*(90) - *(100) _ 190- /100 _ 14154 - 1150 n moon
*(20) " ho ~ 97 741 v

UTo6bl OUEHMTb ponb Tabnuy cmepTHOCTM, paccmoTpum puc. 3.3.1, 3.3.2 n 3.3.3.
OHM OoTpaxarT TeKYLYI0 CMEpPTHOCTb HapofOHace/leHUs, a He [iaHHble, NMPUBELEHHbIE B
Tabn. 3.3.1.



Ha puc. 3.3.1 Hafo o6paTWTb BHUMaHME Ha CNeayioLlee:
e VIHTEHCUBHOCTb CMEPTHOCTU MOMOXWTENbHA, N Tpe6oBaHue

roc

! y(x) dx = oo,
Jo

04YeBWAHO, BbINOMHEeHO (cM. Tabn. 3.2.1).
* VIHTEHCMBHOCTb CMEPTHOCTM AOBO/LHO BbICOKA Ha Ha4anbHOM 3Tane, a 3aTeM pes-

KO CHMXaeTca A0 MUHMUMYMa B OKPECTHOCTM Bo3pacTta 10 nert.

Puc. 3.3.2. I'paduk dyHkummn Ixu{x)

Puc. 3.3.3. Npauk pyHKLm® Ix

Ha puc. 3.3.2 1 3.3.3 Hafo 06paTUTbL BHMMaHWE Ha cnegytoLlee:

o ®OyHKUMA IXB(X) nponopymnmoHanbHa GYHKLMN NAOTHOCTK C.B. «BO3PacT B MOMEHT
CMepTU» [ANS HOBOPOXAEHHOro. MockonbKy Ix/n(x) sBnseTcs 0XuAaemoi nnoT-
HOCTbIO CMepTeil B BO3pacTe X, KOrfa peyb WAET O COBOKYMHOCTW Cly4YaiiHOro
poxutua, rpa@uk dyHkumuy Ix fi(x) Ha3biBaeTca KPpUBONW CMEPTHOCTM.



o ®yHKUMA Ixu(x) UMeeT NOKaNbHbIA MUHMMYM B OKpPecTHOCTM Bo3pacTa 10 fer.
Mopa pacnpegeneHus cmepTe, T.e. BO3pacT, B KOTOPOM peanm3yeTcs MakCUMyM
KPUBOI CMepTHOCTU, HaxoauTcs B paiioHe 80 ner.

o ®yHKUMA Ix NnponopuMoHanbHa HYHKUUKN AOXUTUA S(X). Ee TaKKe MOXHO UHTep-
npeTUpoBaTb Kak 0XWaeMoe YUC/O0 LOXKMBLUUX A0 BO3pacTa X W3 BCeil UCXOLHOM
rpynnbl, coctosBwei us lo nuuy,.

* TOYKM NOKanbHOro 3KCTpemyma (yHKUMM IXL(X) COOTBETCTBYIOT TOYKaM nepe-
rnbéa yHKUUM IX, MOCKONbKY

3.4. COBOKYMNHOCTb AeTEPMUHNPOBAHHOIO LOXUTNA

Mbl Mepexofum KO BTOPOI, HEBEPOSTHOCTHOW, UHTepnpeTayun Tabauy, CMepTHOCTH.
C TOYKM 3peHMa MaTeMaTUKM OHa BOCXOAMUT K MOHATUIO KO3(pUUMeHTa BbIObITUSA (OTPU-
LaTeNbHOro0 pocTa) U MOTOMY CBfi3aHa C MPWUIOXEHUAMU K 3ajadyaM O CKOpOCTU pocTa B
6ronorun n B 3koHoMuke. OHa Mo NpUpoje LeTeEPMUHUCTUYECKAS Y MPUBOAUT K MOHATUIO
COBOKYMHOCTMU AeTEPMUHUPOBAHHOIO AOXKMUTMUSA, UAU KOTOPTbI.

COBOKYNHOCTb AeTEPMUHNPOBAHHOIO JOXMUTUSA, KaK BbITeKaeT U3 Tabnuubl CMepTHO-
CTU, UMeeT creaytolme XxapakTepucTuku:

* V3HayanbHO oHa cocTtouT M3 lo nuny Bo3pacTa 0.

e 1nA uneHOB COBOKYMHOCTM B N060OM BO3pacTe AeiCTBYIOT DaKTUUYECKUe rofoBble
KO3 (MUUNEHTbI CMEPTHOCTU (BbIBbITUA), KOTOPbIE ONPeAensaoTCa BeIMUYNHAMU OX
B Tabnnue CMepTHOCTU.

» COBOKYMHOCTb iIBNSIeTCSA 3aMKHYTON. B Hee He MOXEeT BXOAUTb HUKTO, KpOMeE Tex
lo nuu, KOTOpble HAXOAWIUCH B HEl B CAMOM Hauvasne. Bbixoa U3 3Tol COBOKYMHOCTM
06ycnoBfeH hakKTUYeCKUMU FoL0BbIMU KO3 PULNEHTAMU CMEPTHOCTU (BblObITUA)
M TONbKO WMU.

M3 npuBefleHHbIX XapaKTepUCTUK BbITeKaeT, UTO
h —W —<» = lo —do,
l2=1li(1 —<h) = h —d\ = Ig—(do + di)

(3.4.1)

rae Ix 0603Ha4YaeT YMcno NUL, JOXMBLIMX 40 BO3pacTa X B COBOKYMHOCTW AOXUTUSA. ITa
LIeNnoYKa PaBeHCTB, NOPOX/AEHHAA YncioM |0, Ha3biBaEMbIM KOPHEM Tabiuibl CMepTHO-
CTU, U MHOXECTBOM 3HaueHUid X, MOXeT GblTh MepenucaHa B BUAE

h —IloPo,
h = hpi = (loPo)Pi

(3.4.2)



MeXay COBOKYMHOCTbIO eTEPMUHUPOBAHHOTO OXUTUS U MOZE/bIO CNIOXHbIX MPOLEHTOB
MMeeTCs aHafiorns, HeKOTOpble MOMOXEHMs1 KOTOpoil cymMmupytoTcs B Tabn. 3.4.1.

Ta6bnunuya 3.4.1. TMTOHATWUA TeOPUU CNOXHbIX MPOLEHTOB U COOTBETCTBYOW NE
UM MOHATUA B TEOPUU COBOKYMNHOCTEW LeTEPMUHMUPOBAHHOIO AOXUTUSA

CNoXHble MPOLEHTHI COBOKYMHOCTb AOXMUTUSA
A(t) = BennunHa kanuTana B MOMeHT Bpeme- IX= Pa3mep rpynnsl Bo3pacTa X, Bo3pacT
HU t, BpeMs n3mepseTcs B rogax n3mepseTca B rogax
SdekTnBHaA rogoBas NpoLeEHTHas cTaBKa ®PaKTUUYeCKuUii rogoBoi KoshhuumeHT
(npupawieHuns) CMepTHOCTU (BbIBbLITUA)
A(t+1)-A{t) « IX . X+1
A(t) ¢
AdhekTUBHAA n-NeTHAS NPOUeHTHas CTaB- PaKTUYECKU n-NeTHWUA KOIPHULMEHT
Kal HaunHasa ¢ BpemeHu t CMepTHOCTU, HayMHasa ¢ Bo3pacTta X
A(t + ri) —A(t) IX ™
o — — X
A(t) X Ix
VIHTEHCMBHOCTb Ha4YMCNEHNSA NPOLEeHTa VIHTEHCUBHOCTb CMEPTHOCTU B BO3pacTe X
B MOMEHT BpeMeHM t | 1 di
LA+ AL - A(Y) 1 dA(t) u{x) = lim X
lim - Ox—  IXAX h dx
A(t)At ~ A(t) dt

3aronoBku K ctonbuam 1a6n. 3.3.1 gna tQx, Ix, tdx oTHOCATCA K COBOKYMHOCTU fe-
TEPMUHWUPOBAHHOIO LOXWUTUA. XOTA MaTeMaTuyeCcKue OCHOBbI A1 COBOKYMHOCTeR cny-
YaliHOro 1 AeTepMUHUPOBAHHOIO AOXMUTUSA pPa3nnyHbl, GyHKLUKM tQXi IX, tdx nmeoT oau-
HakKoBble MaTeMaTUYeCKMe CBOMNCTBA M aHaNM3MPYIOTCA OAUHAKOBO. MOHATNE COBOKYMHO-
CTU CNYyYaliHOTro JOXWUTUSA MMeeT TO MPEeUMyLLecTBO, YTO NO3BOMAET NOMb30BATbLCA BCEM
annapatoM Teopuu BeposTHOCTel. COBOKYMHOCTb AeTePMUHUPOBAHHOIO AOXMUTUSA KOH-
LenTyasbHO NPOLLE M ee Nerye NCMNob30BaTh, HO OHA He OTpaXKaeT CyYaiHbIX KonebaHni
ynucna OXMBLIMX L0 ONpedenieHHOro Bo3pacTa.

3.5. Apyrve xapakTepuCcTUKM, CBA3aHHble ¢ Tabnuuyamu
CMEPTHOCTMU

B aTtom pasfene Mbl BbiBEAEM BbIpaXKeHUSA ANS HEKOTOPbIX 00LLeynoTpebuTeNbHbIX
XapakTepucTuk pacnpegeneHuii ¢.B. T(x) n K(x) n BBegem 06WMiA METOA BbIYNCIEHUN
HEKOTOPbIX U3 3TUX XapaKTepucTUK.

3.5.1. XapaKTepucTtnku

MaTemaTnyeckoe oXxunjaHue c.B. T(X), 0603Havaemoe yepes ex, Ha3bIBaeTCA NOMHOM
O)KI/I,lJ,aeMOI‘/II NPOAO/MKUTENbHOCTbLI0 XXU3HU. MICNoNb3ya UHTErpupoBaHue Mno 4yacTam,

Mbl MOY4YUM
r 00 r 00 r 00

ex =E[T(x)] = ttpx fi{x + t)dt = tdt(-tPx) = t(-tPx)\™ + tPx dt. (3.5.1)
Jo Jo Jo
M3 cywecTteBoBaHus E[T(x)] cnegyeTt COOTHOLWEHNE t%t(_tpx) —0. Takum o6pasom,

/«00

ex = tPx dt. (3.5.2)
Jo

AN Ons 3 heKTUBHON N-neTHel NPOLEHTHOW CTaBKM HET 06LEeNPUHATOr0 0603HaYeHNS.



MonHas oXwuagaemas NPoAO/HKUTENLHOCTb XMU3HU B pa3MYHbIX BO3pacTax 4acTo UCMOb-
3yeTca AN CPaBHEHUs YpPOBHEN 06LeCTBEHHOTO 3[,paBOOXPAHEHUNS Pa3NIMUHbIX CTPaH.
AHaNorMyHoe WHTErpMpoBaHMe Mo YacTaM [aeT IKBUBANEHTHOE BbipaXeHue [ANs

E[T(x)2]: » »
E[F(x)2] = J/ t2tpx [i (x + t) dt = 23/ t tpx dt. (3.5.3)
0 0
JTOT pe3ynbTart noneseH gna soluncnenna D[T(x)] no popmyne
poo
B[F(x)] = E[T(X)2]- (E[F(x)])2= 2J ttPxdt-e2. (3.5.4)
0

Bo Bcex npuBefieHHbIX BbiKNagkax Mbl npegnonaranu, yto E[I(x)] v E[I(x)2] cywecTsy-
10T. MOXHO NOCTPOUTL PYHKLUMIO AOXUTUA S(X) = (1 + X)~r, 4NA KOTOPON 3TO 6yaeT He
Tak.

MOXHO onpefennTb ApYrue xapakTepUCTUKW pacnpegeneHus c.B. T(x). Meganany
NPOAOMKMUTENbHOCT M NpeAcToAWwen >XU3Hu nuua (x), Kotopas 0603HayaeTca yepes
TN(X), MOXHO HAlNTW KakK pelleHne ypaBHEHUS

Pl (a:)>7(x)] =

» +7(x)] 1
«(*) - 27 (3-5'5)
OoTHOcUTeNnbHO T(x). B uvacTHocTu, T(0) siBNsieTcs peweHnem ypaBHeHus s[m(0)] = 1/2.
Mbl TakXXe MOXEM HailTu mogy pacnpegeneHus c.B. T(X), ykasaB 3HauyeHue t, KoTopoe
[LOCTaBNsSieT MaKCUMa/ibHOe 3HauyeHue GpyHKuumM tPXxu(x + t) m
MatemaTnueckoe oxugaHue c.B. K(x) o6o3HauaeTcs yepe3 ex. JTa Be/UYMHA Ha-
3bIBAETCA MOLIArOBOW 0XKWAAEMON MPOAOMKUTENLHOCTbLIO XX U 3 H U [MpuMeHssa onpe-
[eNeHne 1 ONMcaHHoe B MPUNOXeHUN 5 CyMMUPOBaHME MO YacTAM, Mbl MOy4aeMm

00 00 00
ex ~ N[-*] = ANk kPxGx+k = A TKA{~kPx) = k(~kPx)In " 'k+IPxm (3.5.6)
k=0 K—O K—O

CHoBa u3 cyuwecTtsoBaHus LLK(x)] cneayet cooTHoweHue litTA-100 k{—"px) = 0. Takum
o6pa3om, NpoBess 3aMeHY NMepeMeHHOR, N0 KOTOPO NPOBOAMTCA CYMMUPOBAHUE, MEEM
00

®= "KPx- (3.5.7)
k=1
MoBTOpPSAA paccyXAeHWs, NPOBeLeHHble ANA HeNpepbiBHOW MOAeNU, 1 Nob3ysch Gopmy-
Noli CYMMUPOBAaHWA MO YacTaM, NOAy4Yaem

00 00 00
E[tfF(X)’]= £ &KPXxSK\k —E K2A (-kpx) = f2(-*pa&)|“ + *(AA;)2(fctipx). (3.5.8)
k=0 K—0 k=0

W3 cyuwectBoBanma E[A"(x)2] BbiTekaeT cooTHoweHne Hruj-0o k2(—kpx) = 0. Mposeas
3aMeHy MepeMeHHOol, N0 KOTOPOI NMPOM3BOAUTCA CYMMUPOBaHNE, MOMy4vaem

(e]e] 00
E[BA2 = J2(2k+ 1)k+iPx = J2(2k - 1) kPx- (3.5.9)
K—0O K=1
opuruHane «curtate-expectation-of-life». Cm. npumeyaHue pegaktopa B pasg. 3.2.3. — lNMpum.

pea.



[anee, TO
T>[K] = E[K2]- (E[K])2= £ (2 k- 1)kPx - e2. (3.5.10)
K=1
[nsa 3aBeplieHnsa 06CYXAeHNS HEKOTOPbIX KOMMNOHeHT Tabn. 3.3.1 Mbl AOMXHbI BBE-
CTU AONONHMTENbHbIE PyHKLUMN. CumBON Lx 0603HavaeT obuiee oXxugaeMoe YUCIOo NeT,
NMPOXMUTbIX MeXAy Bo3pactamu X MX + 1 [OXMBWIUMUK L0 BO3pacTa X MLaMu U3 UCXOS-
HOW rpynnbl, cogepXasLlueil Iqg HOBOPOXAEHHbLIX. Mbl UMeeM

_ £ t Ax+ dt - Ix+i, (3.5.11)
rA4e UHTerpan B MPaBOM YaCTW PaBeH YUCAY NeT, NPOXMUTbIX TEMU, KTO yMep B BO3PACTHOM

MHTEpBane Mexay X u x+1, a Ix+\ paBHO uncny neT, NPOXMUTbIX B BO3PACTHOM UHTEpBane
Mexay X U x + 1 TemMu, KTOo fOXWUA A0 Bo3pacTa X + 1. MIHTerpupoBaHue no 4acTsm gaet

Lx — I tdix+t*b — tix+t]|g + \f A+ dt - IxH — 1 Ix+tdt. (3.5.12)
Jo 0 Jo

®OYHKUMSA LX Takke MCMonb3yeTcs B ONpefe/eHMy MoBo3pacTHOro KoadduumeHTa
CMEPTHOCTU B MHTEPBaNe MeXAY X U X + 1, KOTOpbI 0603Ha4YaeTca yepes T X, rae

i = ot B DA e e (3.5.13)
Jo ‘z+t dt

MpunoxeHue aToi yHKLKUW onucbiBaeTcs B ra. 10.
MpuBeAeHHbIe Bbille ONpefeneHns ANns TX U LX MOXHO pacnpocTpaHWTb Ha BO3-
pacTHble UHTepPBanbl ANMHbI, OTANYHOI OT eAUHULbI:

nl m
nLx ~ I tix ‘bt) dt - u/x+n — | X+ dt, (3.5.14)
Jo Jo
_ Jo Ix+tt*{X+ t)dt Ix — /x+n In.r 1r)
nmx = m~ - 7 — t . (3.5.15)

Jo ‘asttot n”"x

[ns cOBOKYMHOCTM CNy4YaliHOTo 4OXUTMA nLX ABNAeTCA 06LWUM 0XUAAEMbBIM YNC/IOM
NeT, KOTOpble MPOXWUTbI B BO3PAaCTHOM WHTEpBane MeXAy X M X + N LOXWUBWKAMK [0
BOo3pacTa X AMLamMu U3 UCXOAHOM Fpynmnbl, cofepXxaslleid /0 HOBOPOXAEHHbLIX, & NT X
ABNAETCA MNOBO3PACTHLIM KO3(D(HULUMEHTOM CMEPTHOCTM, HabofaBLLIMMCS B 3TOW rpynne
Ha nHTepeane (X, x + n).

CumBon Tx o603HayvaeT obLiee 4MCNO NeT, NPOXUTLIX MOcne AOCTUXEHUA BoO3pac-
Ta X AMUaMu, SOXUBLWIMMU JO 3TOr0 BO3pacTa, M3 UCXOAHON rpynnbl, cogepxasiein lo
HOBOPOXAEHHbIX. Mbl UMeeM

@ 100 @
™ = tIx+tB(x +t)dt=—/ tdlx+t= / Ix+tdt. (3.5.16)
Jo Jo Jo
MocneaHee BblpaXXeHWEe MOXHO MHTEPNpeTUPOBaTb KaK MHTerpan OT 06LEro BpemeHM,
NMPOXMUTOro MeXAy Bo3pactamu X+t u x+t+dt rpynnoit us Ix+t nuy, KoTopble LOXWUAN A0
3TOro BO3pacTHOro mHTepBana. O6paTUM TakXXe BHUMaHWE, YTO TX IBAAeTCA Mpesesom
BENMUUHbI NLX, KOrga n CTPEMUTCA K GECKOHEYHOCTHU.



CpefiHee UWCNO NeT NPeACTOALLE XWU3HW ANS IX WUy M3 TPynnbl, JOXWBLWINUX [0
BO3pacTa X, onpefensieTcs BblpaXeHneMm

T _ JO°ix+tdt _ T 0
i = » =1 tPxdt —ex
X Jo

B COOTBeTCTBUU C hopmynamm (3.5.1) n (3.5.2).
Mbl MOXEM HaiiTy BblpaXeHue AN CPefHEero Ymcna net, NPoXMTbIX MeXAy Bo3pac-
Tamu X ¥ X 4-n rpynnoi u3 Ix nuu, JOXMBLIUX A0 BO3pacTa X:
JL* = s;ix+tdt = ™x-T x+n = [ ~ dt (3517)
= X X Jo
3Ta PyHKUMA ABNAETCA YCEUYEHHON (Ha N-NeTHEM MHTepBane) NOAHOW 0>XKNAaeMoii npo-

LOMKNTENbHOCTbI XXU3HU ana nuy, (x) n o6o3Havaetcs yepes ex-y (Cm. ynp. 3.16.)

MocnegHel yHKUMeN, CBA3AHHOM C ONUCAHHOI B 3TOM pasfefe HTepnpeTaumel Ta-
6/MMLbl CMEPTHOCTHM, IBASETCA CpefHee YMC/O NET, MPOXUTbIX MexXAy BO3pacTamMu X U
X + 1 Temu nuuamy B rpynne JOXUBLWIKX A0 BO3pacTa X, KOTOpble YMUpaT B HEKO-
TOPbIi MOMEHT MeXxAy 3TMMMW Bo3pacTamu. 3Ta PYHKLUS 0603HavaeTcs 4vepes a(x) u
onpejenserca COOTHOLIEHNEM

a(x) = Jotlx# " x + i)dt (3 5 18)
Jg IX+t Bfa "t't) dt
Mpn BepOATHOCTHOM B3rNsAe Ha TabauLbl CMEPTHOCTU Mbl MOMYYMSIN 6bl

afX) = S°1'PM X + t)dt =E[T\T<1\.
Jo tPx B(x + t)dt

Ecnu mbl npeanonaraem, 4To
Ix+tfi(x +t)dt = dxdt,  OA.tA.1,

T.€. €C/IM MOMEHTbI CMEPTWN paBHOMEPHO pacnpeaeneHbl BHYTpM rogn4yHoOro so3pacTtHoro
MHTEpPBasa, T0O Mbl NONy4Ynm

= {lygr =1
a(x) Jo 2

370 06bI4HOE NpUbBAMKEeHMe YHKLMKU a(Xx), NPUroAHoe 418 UL, BCeX BO3PAcTOB, KpoMe
COBCEM OHbIX W OYeHb CTapblX, FAe, Kak nokasbiBaeT puc. 3.3.2, 3TO NpPeAnonoXxeHue
MOXET He COOTBETCTBOBATb AeACTBUTENILHOCTHU.

Mpumep 3.5.1. Mokaxem, 4To
Lx=a(x) Ix+ [1- a(x)]Ix+i un Lx=(Ix+ Ix+1)/2.
PeweHne. N3 (3.5.11), (3.5.12) n (3.5.18) Mbl nony4yaem

bx  x+l
a(x) =
) IX "+l
win
Lx = a(x) Ix F+[1- a(x)¥YI+i.
dopmyny

Lx — (h + ~i+i)/2
MOXHO 060CHOBAaTb, NpU6ANXasa MHTerpan B (3.5.12) c nomowbio opmynsbl Tpaneuuii. T



OCHOBHas TepPMUHONOrKNA, OTHOCALaaCcsA K Tabnmuam CMepTHOCTU M onpejesnieHHas B
pasg. 3.3-3.5, cymmupyetcs B Tabn. 3.9.1 pasg. 3.9.

3.5.2. PeKyppeHTHble hopMy/ibl

Mpumep 3.5.1 UANOCTPUPYET NPUMEHEHWE YNCNIEHHOTO aHaN3a A1 HaX0XAeHNs Xa-
paKTePUCTUK Tabnuy cMepTHOCTU. [ 1S NPUBANXKEHHOTO MHTErPUPOBaHUS UCNO/Mb3yeTCs
thopmyna Tpaneuuidi. Ans vunnocTpauun Apyroro BbIYMCIUTENBHOTO METOAa, KOTOpPbIi
NCMO/b3YeT PEKYPPEHTHbIE POPMY/bl, PACCMOTPUM BblUUCIEHUE MOMHbIX WU MOLIAF0BbIX
0XWJaeMbIX MPOAO/KUTENbHOCTEN XU3HWU. B 3TOW KHUTE NPU MPUMEHEHUN PEKYPPEHT-
HbIX (POPMYJ, KaK MPaBWUI0, NCMOMb3YeTCs OAHA U3 ABYX CAeayowmx hopm:

ob6paTHas peKyppeHTHasa gopmyna

n(x) = c(x) + d(x)u{x -I-1) (3.5.19)
nnn
npamMas peKyppeHTHas Gpopmyna
“<l+1)= -AY +55)“M " <35'20)

nepeMEHHaH X 06bIYHO NMPUHUMAaET LENble HEOTPULATE/IbHbIE 3HAYEHNA.

Ta6bnuua 3.5.1. O6paTHble PeKYPPEHTHbIe POPMYNbl AN €WK ew

0
o} ex

War
00
1. OCHOBHOE ypaBHEHME 6X — kPx ex = /0° sPx ds
k=1
0
2. BoifieneHve cnaraemMoro = px ‘ 2KPX Gc= fOsPxds Ji sPxds
[09)
3. BblHECEHUE MHOXUNTENS ex —mPx "fPi Y: kPx & ~ JgaPxds #pxJg tPx-\-1dt
pX 1 3aMeHa nepemMeHHO 1
= Px 4-PxexH = Jo 3PX Px &\l
4. PekyppeHTHaa gopmynal® Xx “ 6i) c(x) “ Pt —6j) —Jg aPx dsj
d(x) = Px d(x) = Px

5. HavanbHoe 3HauyeHue2" ew=u(uj) =0 ex = u(x) —0

Onsa BblumcneHna QyHKUMU WU(X) NPU LeblX HEOTPULATENbHbLIX 3HAYEHUAX X HaM
HY>XHO 3HaTb COOTBETCTBYIOLME 3HAUEHMA PYHKLUMIA ¢(X) 1 d(X) M HayanbHOe 3HavyeHune
(yHKLUMK 1(X). dTa npouesypa UCNoNb3yeTcs B NOCNEAYIOWMX FnaBax U UANKCTpUpyeTcs
B Tabn. 3.5.1, rge Ana BbIYUCAEHUA €X U eX MPUMEHSATCA 06paTHble PeKYyppeHTHble

thopmyibl.

3.6. MpegnonoxeHnsa Ana 4pobHbIX BO3pacToB

B 3T0il rnaBe Mbl 06CYXAanu HempepbiBHYIO CnyyaliHyto BenuuuHy T, NPOAOIKM-
TeNIbHOCTb NPEeACTOALW el XNU3HU, U AUCKPETHYIO ClydyaiiHyto BenmumHy K, nowaroByio

WHTerpan c(x) — fg Spxds moxeT 6bITb MoAcHMTaH C WUCMoNb30BaHUEM (OPMY/bl Tpaneymi,
cornacHo KoTtopoi c(x) = (1 +px)/2.
2)3 pas3g. 3.3.1 Mbl 3Haem, 4To S(x) = 0, X ™ W, X < wW. B Hawem KOHTeKcTe Mbl 6ygeM npegno-
naraTb, YTO Ui SIBNSETCA Le/bIM YMCIOM.



NPOAOMKNTENBHOCTL MPEACTOAWEA XU3HU., Tabnuua CMEpPTHOCTM, NpeacTaBfeHHas B
pasg. 3.3, NONHOCTbLIO OnpefensieT pacnpefeneHue BeposTHocTel c¢.B. K. Ans onpege-
NeHna pacnpegeneHnsa ¢.B. T Mbl AOMXKHbI NOCTYNPOBaTb HEKOTOPYIO aHaIUTUYECKYHD
(hOpPMYy MM OCHOBbIBATHCS HA Tab/MLe CMEPTHOCTM, MPUHAB HEKOTOPOe MPeanonioXeHue
0 CTPYKTYpe pacnpefeneHuna mexay LenbiMu ToUKaMMu.

Mbl paccCMOTPUM TPWU LUMPOKO WUCMO/b3YEMbIX B aKTyapHOU HaykKe NpeAnonoXeHus.
OHM 6yayT chOpMyNMpoBaHbl B TEPMUHAX PYHKLUM AOXMUTUSA U B TaKOW popme, KOTopas
MO3BO/SET MOKas3aTb NPUPOAY WHTEpnonsuuM Ha uHTepBase (X,X + 1), BblTEKalOLLYIO
M3 KaXXAO0r0 M3 3TUX MPeAnonoXxeHuii. B KaxAoM yTBepXAeHUU X ABAAETCA UenbiM U
OMN t~ 1. Cchopmynupyem npeanonoxeHUs:

e JlnHeHas mHTepnonaumnsa: s(x +t) = (L —t)s(x) + ts(x + 1). 310 npuBoaUT

K paBHOMEpPHOMY pacnpefeneHuio Uaun, TO4Hee, K paBHOMEPHOMY pacnpefeneHunto
MOMEHTOB CMepPTU BHYTPU KaXA0ro rogn4yHoro B0O3pacTHOro nHTepsana. Mpu atom
npeanonoXeHnn tPx aBnseTca NNHENHON QyHKLUMENR.

» [MoKa3saTenlbHaaA UHTEPNONALNSA, UK NUHEHA UHTepnonsaumsa ans Ins(x+t) :

Ins(a; +t) = (1 —t)Ins(:r) + tins(a; + 1). 310 cornacyeTcs ¢ Npesnon0XeHUeM
0 MOCTOSAHHON WHTEHCUMBHOCTMU CMEPTHOCTM BHYTPM KaXXAOr0 rOAMYHOrO BO3-
pacTHOro MHTepBana. Mpu 3TOM NpeanonoXeHUU tpx SBASeTCA NoKas3aTefbHOW
hyHKLMen.

e NapmoHunyeckasa nHTepnonAumna: s(x +t) = (I —t)/s(x)+t/s(x +1). 3710 TO,

YTO HasblBaeTCs NPeAMNOS0XKEHNEM O TMNep6OANYHOCTU (MCTOPUYECKM, Npeanoo-
XeHneM Banbayyuunl)), nocKonbKy B 3TOM cfiydae tPx ABnseTca runep60oimyeckoi
KPUBOIA.

Onupascb Ha 3TW OCHOBHble ONpeAeneHns, ANA OCTanbHbIX CTaHAApPTHbIX BEPOAT-
HOCTHbIX (DYHKLWIA MOXHO BbIBECTU (DOPMYNbl B TEPMUHAX BEPOSTHOCTEN, YKa3aHHbIX B
Tabnmue cMepTHOCTW. Takue pesynbTaTbl NPeAcTaBneHbl B Tabn. 3.6.1. 3aMeTUM, YTO Mbl
C TEM XKe YCMNexXomM MOrnm 6bl CHOPMYNnpoBaTh 3KBMBANEHTHbIE OMNPeAENeHNs B TepMUHAX
(OYHKLMUW NAOTHOCTU, YHKLUWN pacnpefenieHns UM UHTEHCUBHOCTU CMepPTHOCTHU.

BbiBOA BblpaXKeHWi, Bxoaawmx B Tabn. 3.6.1, ABNgeTcA NPOCTO ynpaxHeHUeM, 3a-
KAoYalwWwmmes B NOACTaHOBKe CPOPMYMPOBaHHbLIX Bbllle MPesnonoxeHuin o s(x + t) B
cooTBeTCTBYOWMe hopmynbl pasg. 3.2 n 3.3. Mbl NPOAEMOHCTPUPYEM 3TOT NpoLecc ANns
paBHOMEpPHOro pacnpejeneHns cmepTeil; NpesnofioXeHWe 0 paBHOMEPHOCTU pacnpegene-
HUS 6y[eT 4acTo MCMOMb30BaThCA HA BCEM MPOTSXKEHUN HACTOALLEA KHUTK.

Lna onpepeneHns nepBOro BbipaXeHUs B CTONOLE, OTHOCAWEMCA K paBHOMEPHOMY
pacnpegeneHnto, HauHemM € COOTHOLLUEHUS

s{x) -s(x +1) . hN
tQx — 5(x) *

a 3aTeM MOACTaBMM COOTBETCTBYIOLLEE BbipakeHue AN s(X + t) v nmoayuymm
s(x) —[@- B)s(x) +ts(x + 1)]  <[s(@) - s(x + 1]

tgx - 7L, - 7L, - tg*
[na BTOPOro BblpaXeHus Bocnonb3yemcs gopmynoin (3.2.13) un
AN + SI(X + t)

AJTO NpefnonoXeHre HasBaHoO No UMeHW JX. Banbgyuun, NTanbAHCKOro aKTyapus, KOTOPbIii yKa-
3aN ponb 3TOr0 MPEeAnofoKeHUs B TPAAULMOHHOM akTyapHOM MeToje MOCTPOeHUs Tabnul, CMepTHOCTU.



fanee, NOACTaBNAA COOTBETCTBYIOLLEE BblpaXeHUe Ana s(x + t), nonyyaem
a(x +t)= s(x)-s(x +1)
(1 —t)s(x) + ts(x + 1)
[JeneHue yncnmtens v 3HaMeHaTeNs B NPaBOil 4yacTW Ha S(X) MPUMBOAUT K (opmyne

M= gy
TpeTbe BbipaXeHWe ABNAETCA YaCTHbIM Cly4Yaem YeTBepToro npu y = 1—t.
PaccmaTpnBas YeTBEpPTOe BbipaXXeHWE, HAYHEM C paBEHCTBa
SiXx +t) —s(x +t +y)
yoOx+t = - S’(X ,_'_},S ------------- ,

a 3aTeM, MOACTaBMB COOTBETCTBYHOLLEE BbipaXeHue ans s(x +t) u s(x +t+y), nonyumm
[(X- t)s(x) +ts(x + 1] - [(1- t-y)s(x)+ (t+y)s(x + 1)
yQurt — (1 —t)s(x) +ts(x + 1)
y[s(x) - s(x + D)1/s(x) yax
{s0K) - t[s(x) - s(x + D]}/s(x) 1- tgx '
MAaToe BblpaXeHWe SBSETCA [OMOSIHEHWEM MEepBOro, W MOC/efHEe BblpaXeHWe B

cTon6Le, 0THOCALLEMCS K paBHOMEPHOMY pacnpeAeneHnto, SBNseTCs NPoVN3BeAeHNEM BTO-
pOro 1 MATOrO BblpaXXeHWIA.

Tabnuuya 3.6.1. BepoATHOCTHbIe QYHKLUNUKN ANA gp0o6HbIX BO3pacToBIN

MpeanonoxeHuns
DYHKUUA PaBHOMepHOE [MocToAHHaA mnep60inYHOCTb
pacrnpefeneHne WHTEHCUBHOCTb
tgx
QX tox 1 ~P* 1 ..(.]
= T
B(x +17) 0 -Inpx B(_\
1- tgx 1- (1- togx
(1- t)gx
+ 1- X
1—+Qx+ - tox (1-tq
Yok Yok
yQx+ 1- tox 1-Pl 1- a-~y-
tPx 1—gx pi Px
1H = T
Px + 1) X -pi Inpx QPx

L= @- t)gx]2

Ecnu, Kak n paHee, X SBNSETCA LeNbIM YWCNOM, TO aHaIN3 MOXHO NPOBECTW, BBEAS
cnyvainHyt BenuumHy S = S(X), TakKylo, 4To

T=K +5, (3.6.1)

rae T ABNsieTCS NPOAO/MKUTENbHOCTLIO MpeAcTosAlein Xn3Hu, K — nowarosoi npogon-
XUTENbHOCTbIO MPeACTOALLEe XNU3HU, a S — CNy4YailHON BeNMUYMHONM, NpeacTaBnatoL et
NPOXUTYH APO6HYH YacTb roga, B KOTOPOM HacTynunaa cmepTb. Mockonbky K ABnsetcs
HEOoTpMUATENbHOW LeN0YNCIEHHON CAyYaiHON BENYNHOW, a S — cAyYaliHOW BeNYNHONA

A3ameTuM, 4YTO B 3TOW Tabnuue X uenoe, 0 <t<1,0%$y$1,y +t$l.B nepBoin, TpeTbeil,
YeTBEPTON M NATOM CTPOKAxX COOTHOLLUEHWS cnpaBeAnvBbl Takxe ans t =0wun t —1.



HEemnpepbIBHOFO TUNa, BCS Macca KOTOpoli cocpefoToueHa Ha uHTepBane (0,1), Mbl MOXEM
nccnefoBaTb UX COBMECTHOE pacnpegeneHue, 3anucas

P[{K-k) M(5"5s)] = P(K<T K +s) = kPx sQx+k-

Tenepb, BOCNO/Mb30BaBWMNCH BblpaXXeHWeM Ana sgx+k B MpegnonoXeHun paBHOMep-
HOCTW pacnpefeneHuns, Kak nokasaHo B Ta6n. 3.6.1, nonyymm

PI(K=k) M{S"s)] = kPxSqgx+k = K\QxS = P(K =k)P(S”"s). (3.6.2)

Takum o6pa3om, COBMeCTHOe pacnpefeneHue c.B. K 1M S MOXeT OblTb pas3fnoXeHO Ha
npousBefeHne MapruHanbHbiX pacnpegeneHuii ¢.8. K n S. MMo3aToMy B NpesnosioxXeHnn
paBHOMEPHOCTU pacnpejeneHns MOMeHTOB cMepTu c.B. K 1 S 0Ka3blBalOTCA He3aBUCU-
MbIMUW. TToCKONbKY pacnpegeneHune P (S ~s) = s aBnsetca paBHoMmepHbiM Ha (0,1), c.B.
S VMMeeT MUMEHHO TaKoe paBHOMEPHOE pacnpefeneHue.

Mpumep 3.6.1. bygyT A c.B. K 1 S HE3aBUCUMbIMW B NPELMNON0XEHNMN MOCTOSAHHOWA
WHTEHCUBHOCTN CMepPTHOCTU?

PeweHune. Bocnonb3oBaBlwnCh, MHPOpMaumen ns tabn. 3.6.1, oTHocALLecsa K npea-
MOMIOXEHUIO O MOCTOSHHOW UHTEHCUMBHOCTU CMEPTHOCTU, Mbl MOMTyYaEM

PL(K—K) N &*s)] — kPx sQx+k — kPx[1  (Px-\-k) ]

LN 06CYyXAeHNUs 3TOro pesynbTata 6yaem pasnnuath ABa caydas:

* Ecnu B BbipaXeHue NS pXx+K BXOAUT K, TO Mbl HE MOXEM NPeACcTaBUTbL COBMECTHOE
pacnpegeneHue c.B. K n 5 B BUje NpouU3BeeHNS MapruHanbHbiX pacnpegeneHuii.
OTcloga Mbl fienaem BbiBOf, UTO C.B. K 1 S He ABAAIOTCSH HE3aBUCHMbIMU.

e B yaCTHOM cfiyyae, KOFfla px+K ~ Px — KOHCTaHTa,

P[(*=K)n (S"s)] =pK(@- Px = = P{K=K)P(S<Y9).
1-~Px
[ na 3Toro 4acTHOro cayvas Mbl nosydaem, 4to c¢.B. K 1 S okasblBalOTCS Hesa-
BUCUMbIMUW B NPEANON0XKEHUN MOCTOAHHON UHTEHCMBHOCTU CMEPTHOCTH. T

Mpumep 3.6.2. MokaxeM, YTO B MPEANONOXEHUN PaBHOMEPHOCTW pacnpeeneHuns
cmepTen
(a) ex =ex + 1/2, (b) D[T] = D[tf] + 1/12.

PeweHue, (a) ex = E[T] = E[tf+S] = E[K] + E[5] = ex + 1/2.

(b) D[T] = D”~+S]. W3 He3aBucumoctn c.B. K 1 S B npefnonoxeHnn pasHomep-
HOCTW pacnpefeneHuna cmepTeit nonydaem D[T] = D[A"] + D[S]. [danee, NOCKONbLKY C.B.
S paBHomepHoO pacnpefeneHa Ha (0,1), D[T] = D[K] +1/12. T

3.7. HekoTOopble aHa/IMTUYECKMNE 3aKOHbl CMEPTHOCTHU

MMeeTcs TPU OCHOBHBLIX apryMeHTa B MOMib3y MPUHSATUSA aHaIWTUUECKOro Bbipaxe-
HUS ANS QYHKLUU CMEPTHOCTU UK ANS QYHKUUU AOXUTUS. TepBblii — GUNocohcKuii.
MHorue siBneHus, nyyaslumecs B U3NKe, MOXHO IPHEKTUBHO 06BACHUTL C MOMOLLbIO
MPocTbIX GopmMy. MO3TOMY, OCHOBLIBAsACh Ha BUONOTMYECKNX COOBPAXKEHUAX, HEKOTOPbIE
aBTOPbI NPeSNON0oXMAN, UTO LOXUTNE B YENIOBEYECKOM COOGLLECTBE YNPaB/seTCs TaKUMU
)Ke MPOCTbIMW 3aKOHamMu. BTOpPOW aprymeHT — npakTuyeckuii. ®YHKUNUA C HECKOMbKM-
MU napameTpamu flerye BOCMPUHUMAETCS, YeM Tabnuua CMepTHOCTM €, BO3MOXHO, 100
napaMeTpaMmu UNU BEPOSTHOCTAMMU cMepTu. KpoMe TOro, HeKOTOpble U3 aHaIUTUYECKUX



BblpaXKeHWii 06nafat0T NPOCTbIMU CBOMCTBaMMW, KOTOpble YAO0GHbLI NpU BbiBOAE BEPOAT-
HOCTHBIX YTBEPXAEHWIA, Kacalowmuxcs Gonee YeM OAHOFO nvua. TpeTuit aprymeHT fgns
MPOCTbIX aHANMUTUYECKUX PYHKUWUIA LOXKUTUS — NEerKOCTb OLLEHWBAHUA NapaMeTpoB 3TOi
(YHKLUM HA OCHOBE [JaHHbIX O CMEPTHOCTW.

B nocnegHue rofbl 3HTY31asM B OTHOLUEHWM NPOCTbIX aHANUTUUECKUX (YHKLWI [0-
XUTUS CYLLECTBEHHO yMeHbLUMCS. MHOrMe nofaratoT, YTO Bepa B YHUBEpCaNbHble 3aK0-
Hbl CMEPTHOCTM HauBHa. Mpu BCe yBenmumBatouiemcs 6bICTPOAENCTBMM 1 06beME NaMATH
KOMMbIOTEPOB MPENMYLLECTBA HEKOTOPbIX aHAaNUTUUYECKUX BbIpaXKeHWI Npu NpoBeeHWN
BbIUMC/IEHWiA, KacaloluXcs 6o/ee YeM OfHOTO NWLA, YXKe He UTParT 3HAUMTENbHON ponu.
OfHako B pe3ynbTaTe HEKOTOPbIX HeAABHWX WCCMEf0BaHWIn 0XWBUAUCH BUONOrUYECKne
apryMeHTbl B MOAAEPXKY aHaNMUTUUYECKNX 3aKOHOB CMEPTHOCTH.

B Ta6n. 3.7.1 NpMBOAATCS HECKONbKO CEMEWCTB MPOCTbIX aHaNUTUUECKUX (YHKLUIA
CMEPTHOCTW U JOXKMNTUS, COOTBETCTBYHIOLMX Pa3NMUYHbIM U3BECTHbIM 3aKOHaM. s yao6-
CTBa CCbINIOK YKa3aHbl Ha3BaHWs 3aKOHOB, NeXallUX B UX OCHOBE, U AaTbl NYGAMKALMK.

Tabnuuya 3.7.1. ®YHKLNN CMEPTHOCTM U AOXUTUA ANSA Pa3IMUYHbIX pacnpefeneHuni

MNcxopHoe u{x) s(x) OrpaHuyeHuns
pacnpefeneHue

Oe Myasp (1729) (w -x)-1 1—x/w 0~ X< w

romnepy (1825) Bcx exp[—T(cx —1)] B>0c>1X"0

Melikem (1860) A +Bcx  exp[FAx —m(ex —1)] B >0, AN —B,c>1 X>0
Beiioynn (1939) KXn exp(—wkn+1) K>0,n>0, x"O

OTMeTUM cnegytouime hakThl:

¢ CneumnanbHble CMMBONLI onpegenaiTtca gopmynamm T —J9/Inc, u = k/(n+ 1).

* 3aKoH ['omnepua sBNAETCA YaCTHbIM ClyvyaeM 3akoHa Meiikema npn A = 0.

e Ecnun ¢ = 1B 3aKoHax F'omnepua n Meiikema, TO Mbl NPUXOAUM K MOKa3aTe/lbHOMY
(MOCTOAHHAA MHTEHCUBHOCTbL CMEPTHOCTU) pacnpefeseHunto.

e lpun paccmoTpeHnn 3akoHa Meiikema cUMTanoch, YT0 KOHCTaHTa A OTBeyaeT He-
CYaCTHOMY Cnyu4alo, a BblpaXeHne Bcx — cTapeHuio.

BblpaxeHus B ctonéue s(z) Tabn. 3.7.1 6blAM MonyyeHbl NOACTaHOBKOM B (3.2.16).
Hanpumep, ana 3akoHa Meiikema

s(x) = ex I—J (A + Bcs) dsI = exp —Ax —B X - exp[—Ax —m (cx —1)]
P 3P ine j ‘

rae m = B/ Inc.

B npumepax M B ynpaxHeHWAX 3TOl KHMUIM pa3paboTka Tabnuubl CMEPTHOCTM MOA-
YnHAnacb AByM uensMm. OfHa Lenb cocTosana B TOM, 4YTOObl BblOMpaTh KOI(OUUMEHT
CMEpPTHOCTW U3 CepeAuHbl AMana3oHa ero u3MeHeHus ANs BCel rpynnbl. Pasbpoc 3gech
BO3HMKAET B CUY TakKuMX (DAKTOPOB, KAK MeCTO XWUTeNbCTBa, NOJ, CTaTyC CTpaxoBaTtens,
CTaTyCc aHHyuUTeTa, CEMeiiHOe NOMoXeHWe, 3aHATOCTbL. BTopas uenb —onpegenuTb napa-
MeTpbl 3aKOHa Meilkema Tak, 4To6bl OH MOAXOAMA A8 6OMbLINHCTBA BO3PACTOB, C TeM,
4yTO6blI NOKa3aTb, KAK MOXHO NPOBOAWUTL BbIYUCAEHNS, OTHOCALLMECS K MHOTUM fINLAM.

MnniocTpatuBHas Tabnuua CMepTHOCTM U3 MPUIOXKEHUA 2A OCHOBaHa Ha 3aKOHe
Melikema Ans BO3pacToB 13 neT v BblLLUE,

1000y[x) = 0,7 + 0,05(10°'04)a. (3.7.1)



Bce BbIYMCNEHNA OCHOBHbIX (hyHKUMI gx, Ix u dx no gopmyne (3.7.1) Mbl NPON3BOAU-
NN HEenoCpeACTBEHHO MO Hel, a He BbluMCAAS IX M dX, UCXOAA U3 YCeYEHHbIX (X. Bblno
06HapyXeHo, 4TO BbI6OP MOcneAHero cnocoba B MPUNOXEHUAX AaeT 61U3Kue pesynbTa-
Tbl. CneayeT MOMHUTL, YTO MnnwcTpaTuBHas Tabnmua CMepTHOCTU, KaK crefyeT U3 ee
Ha3BaHuWs, NpefgHa3HayeHa TObKO AN UAMKOCTpaLuu.

3.8. CenekuNOHHbIE N 3aK/OYUTENbHbIE Tabnnybll)

B pa3g. 3.2 Mbl 06CYX/anu, Kak MOXHO BYMS CMoco6aMn MHTepnpeTMpoBaTh BeNU-
YMHY tPX, BEpOATHOCTb TOr0, 4YTO NnUo (X) AOXMBET A0 BO3pacTa X + 1 lMepBas MHTep-
npetayms coctosna B TOM, YTO 3Ty BEPOATHOCTb MOXHO BbIYMCAUTL Ha OCHOBE DYHKL UK
0OXNTUA AN HOBOPOXAEHHbIX MPU eJUHCTBEHHOM MPEAMNOA0XEHUN, YTO HOBOPOXAEH-
HbIli JOXMBET [0 BO3pacTa X. dTa MHTepnpeTauus cTana OCHOBOW AN 0603HauYeHWid u
ANa BbiBeAeHUA hopMyn. BTopas uHTepnpeTauus coctosna B TOM, YTO AONONHUTENbHAS
MHOpMaLMa 0 NnLe BO3pacTa X MOXET cfenaTb UCXOAHYI0 PYHKLUUIO AOXUTUS Henpu-
rofIHOW ANS BbIMMUCNEHWUA BEPOSTHOCTHbIX YTBEPXAEHWUWA O MPOAO/MKUTENbHOCTU Mpea-
cToswel Xn3Hm nuya (x). Hanpumep, HEKOTOPOe NMLO MOXET MPOATK o6CcnefoBaHne 1
ObITb MPUHATBIM Ha CTpaxoBaHWe B BO3pacTe X. Hanmuume 3TOll UH(OPMaLUU NO3BOMU-
Nno 6bl cYUMTaTb, YTO pacnpeaeneHne NPOACMKMUTENbHOCTI NPeACTOAWEN XNU3HN nuua (x)
0T/INYaeTCa OT TOro, KOTOPOe Mbl CUMTanu Gbl NOAXOAAWMM A1 NKULLA BO3pacTa X, ecu
Obl He pacrnonarann 3Toin UHGopmalueil. BTopoit npuMep: HEKOTOPOE SINLLO MOXET CTaTb
MHBANMAOM B BO3pacTe X. JTa UHGopMaLmMsa No3BOASET HaM Npeagnonaratb, YTo pacnpe-
feneHne Npoao/KMTENbHOCTH NPEACTOsLLel XU3HKU nuua (X) OTAMYHO OT COOTBETCTBY-
lolero pacnpegefneHns Ana nula, He cTaBLIero WHBaIMAOM B Bo3pacTe X. B 3Tux AByx
npumepax cnefyeTt oTAaTh NPeAnoYTEHME CNeLnanbHON MHTEHCMBHOCTM CMEPTHOCTH, YuNn-
TbiBalOWEl KOHKPETHYIO WMH(OpMaLMio, KoTopas CTaHOBMTCS M3BECTHOW B BO3pacTe X.
Be3 3Toil KOHKpeTHOI MHopmaLmumn 06 (X) MHTEHCUBHOCTb CMEPTHOCTM MO MPOLIECTBUN
BpemMeHU t 6yfeT yHKUMen TONbKO AOCTUIHYTOro Bo3pacTa X + 1, 4To B npefblAyLieM
pasgene o6o3Havanocb 4epes B(x + t). Ecnn m3BecTHa AOMONHUTENbHas MHDopmauus
B MOMEHT X, TO MHTEHCMBHOCTb CMEPTHOCTW B MOMEHT X + t fiBfseTcA (QYHKLUMEW 3TON
MHopmauum B MOMEHT X W BeNWYMHbI t. Mbl 6ygem 0603HayaTb ee 4vepes Bx(t), rge
OTAeNbHO yKa3biBaeTCs BO3PACT X, B KOTOPOM 6blnia 4OCTYNHa JONOMHUTENbHAA UHGOP-
maums, u BennynHa t. Cama JONOAHMUTeNbHAS MHPOPMaL NS B ABHOW opMe B 3TO 0603Ha-
YyeHMe He BXOAWT, HO iCHA M3 KOHTeKCTa. ApyruMmu cnoBamu, nonHas Mofenb ANns Takux
nnu, ABNSETCAS HabopoM (DYHKLMIA [OXMUTUA, MO OAHOW ANS KaXAoro Bo3pacTa, B KOTO-
pPOM UMeeTCs MH(OpPMaLMsa 0 MPUHATUM Ha CTpaxoBaHWe, 06 MHBANUAHOCTU U T.M. ITO
MHOXECTBO (DYHKLUMIA [OXNTNA MOXHO BOCNPUHMMATL KaK PYHKLMIO [BYX MePEMEHHbIX.
OfHa nepemeHHass — B0O3pacT B MOMEHT cefekuuu (Hanpumep, B MOMEHT Bblayu cTpa-
X0BOr0 JOroOBOpa WAN HAacTyn/jeHUs UHBanugHocTu) [& n BTOpas nepemMeHHas — Bpems,
npowefliee C MOMeHTa Bblfla4yM 4OroBOpa UM C MOMEHTa cenekuymm t. Torga Kaxpjas us
06bIYHbIX DYHKLMIA Tabnuubl CMEPTHOCTKU, OTBeYaloWwas Takoin PyHKUMM OT ABYX nepe-
MeHHbIX, SIBNSeTCSA ABYMePHbIM MaccuBoM no [a] u t. Mbl ncnonb3yem 34ecb KBafpaTHble
CKOBKM, Y4TO6GbLI OTMETUTbL MepemMeHHYH, OTHOCALLYIOCS K BO3pPacTy, B KOTOPOM MpPOBOAM-
nacb cenekums. Korga Hanuume cenekuun ABCTBYET U3 UHTEHCUBHOCTU CMEPTHOCTU, Mbl
Oyaem onyckaTb KBagpaTHble CKOOGKM, YTOObl He YCNOXHSATb 0603HAUYEHUS.

~MHorfa cenekLMoHHble TabnnLbl HasblBalOT M36MpaTe/ibHbIMU, & 3aKMI0UNTeNbHbIe — OKOHYaTe/b-
HbiMW. — TpuUMm. pes.



CxemaTunyeckas guarpamma Ha puc. 3.8.1 unnocTpupyert aTu coobpaxeHus. Hanpu-
Mep, NpPeAnosioXkKMM, YTO MMEeTCA HekoTopas cheuunanbHas MHGpopMauusa o rpynne au
Bo3pacta 30 fieT. MOXeT 6bITb, OHU ObIIN NPUHATHLI Ha CTPaxoBaHWe, a MOXET ObITb, CTa-
NN UHBanupamu. Ansg aTUX AUl MOXHO NOCTPOUTL CrleumnanbHy Tabnmuy CMepTHOCTU.
YcnoBHas BEPOATHOCTb CMEPTU B KaXKAblil rof ¢ MOMeHTa cenekuuu 6yaet o603HavaTbCs
yepes 9[30]+i) *= 0,1,2,..., n 6yfeT BXO4UTb B MepByt CTPoKy Ha puc. 3.8.1. NHaekc
oTpaxaeT ABYMEPHYIO MpMpoAy 3TOW (DYHKUWW, TAe B KBajpaTHble CKOOKM 3aK/toueH
BO3pacT Tpuauath net, [30], T.e. PYHKLMA [4OXKUTUA B NepBOli CTPOKe ONMpaeTcs Ha cre-
LMpUyeckyo nHhopmauuio, nmerowtyroca B sospacte 30 eT. BTopas cTpoka Ha puc. 3.8.1
6yaeT cogepXxaTb BEPOATHOCTW CMEPTU A5 NUL, OTHOCUTENIbHO KOTOPbIX cheuugunyeckas
UH(OopMaL s cTana U3BecTHOW K BospacTy 31. B akTyapHoOii Hayke Takas [ByMepHas Ta-
6/11Mua CMEPTHOCTU Ha3blBAETCA CeNeKLMOHHON Tabnuueid cMepTHOCTHU.

Homep rofa c MomeHTa cefiekLmm

M 1-i1 27 15-ii 16.4 17-it
9[30]+L 9[30]+14 456]1'1'5_ Qéo]ﬂb]
[Ro] = —s= = - - =
%5 NIRZ)
gm 9[31]+1 9[31]+15 ; 51']3:1'671
[31] - — =
Bospac -~
B M(?Me:I—T B
cenexuuul 9[32] %32]+1 9[32]+14 % %] +ls' “ ~[30]+15
[32] - — F—
nnn A7
%3) 9[33]+1 9[33]+14 9[33]+H 9[33]+15
[33] T -f—H
ur 38
B gm o 9[34]+14 Fraap+15 9[30}+16
—t =* -
Bpe! 0,
5 ?o“ﬁ'gx Mo [5%0
C MOMEHTa
cenekumn 14 15 16 17

............. *W MyTb 419 COBOKYMHOCTM A0XKNTUA, NpoLLeALLel cenekumio B BospacTe [X]

———————————————— JINHUSA, CBA3bIBAIOLLIAS SIUENKM A1 WL, [OCTUTLLMX OAMHAKOBOI0 BO3PacTa,
no npotuecTBumn 15 neT ¢ MOMeHTa CeneKLmm

K— K—M—  [pyroii nyTb /19 COBOKYMHOCTY JOXWUTUSA M0 NPOLLECTBUM 15 neT ¢ MOMeHTa CefeKLmnu;
3TV BEPOSITHOCTYM COCTABAAIOT 3aK/MHOUNTENbHYIO TabnLy CMepTHOCTN

3ameyaHus.

1. B 6uoctaTtucTmke nHAekc [i] cenekyMoHHON Tabnuubl He 065A3aH 6bITb BO3pacTom. Ha-

npumep, B UcCNefoBaHUAX OHKOMOrM4Yeckux 3aboneBaHuii [i] mMoxeT 6bITb Knaccugpuka-

LIMOHHbIM MH[EKCOM, KOTOPbI/ 3aBUCUT OT pa3mepa U MeCTOMOMOXEHUSA ONYyX0An, 1 Bpems

nocne cenekuum 6yaeT OTCYUMTbIBATbLCA OT MOMEHTa MOCTAHOBKM fuarHosa.

2. 3aKNUYNTeNbHYI0 CMEPTHOCTb, nocnie 15-neTHero nepuoja cenekuuun, ANsA_Bo3pacTa

[l] + 15 cnepyeT oUeHMBATb I/ICI'IOI'Ib3yﬂ HaboaeHNa 13 Beex Aueek, suaa [i —j] + 15+ j,
0,1,2,.... Moatomy Qae]ﬂ ]50u,eHMBaeTc;1 B3BELUEHHbIM CPeAHUM OLEHOK

cmepTHocm no pas/nYHbIM rpynnam cenekumu. Ecav apekT cenekuymy [OCTaTOYHO Be-

NNK, TO Ha MO/yYyaeMylo OLEHKY 6yAyT BAUATb AaHHble U3 Pas/IMUYHbIX SYeeK.

Puc. 3.8.1. CenekuLmnoHHas, 3aK/al04YnTeNbHas 1 arperaTueHas
CMepPTHOCTb, 15-neTHUiA nepnop cenekuum



BnvsiHMe cenekuuyu Ha pacrpefeseHne NpoAo/mMKUTENbHOCT NPeacTosl e XusHm T
MOXeT YMeHbLUATbCs M0 Mepe yjaneHns 0T MOMeHTa cenekymn. BHe HEKOTOPOro BpeMeH-
HOro MHTepBana BeAWUYMHbI  ANS KL, OAMHAKOBOTO Bo3pacTa GYAYT MO CYLeCcTBY paBHbI
BHE 3aBMCMMOCTM OT BO3pacTa B MOMEHT ceNekLuuu. ToYHee, eCNi UMeeTcs HauMeHbluee
LieNoe Yymnecno r, Takoe, yto 1hag+r —Ql _j]+r+j| MeHblue, ueM HeKoTopas ManeHbLKas nono-
XUTeNbHas MOCTOsHHasA, 415 BCEX BO3PAcTOB cenekuum [X] u ansd Bcex j > 0, To 6bi/10 6bl
3KOHOMMWYHO NOCTPOUTb MHOXECTBO CENEKLUMOHHbIX U 3aKNOUYNTeNbHbIX Tabnuu, cpesas
OBYMEPHbIA MaccuB Nocne KOMOHKU T + 1. [N BpPeMeHHbIX WHTEPBasioB, MPeBOCX0AA-
WUX T, Mbl MOXEM WCMO/b30BaTb COOTHOLLIEHNE

Alx-j]+15+) = 9[i]+15i j>0

MMepBble I /IeT NOCne MOMEHTA CENEKLMN COCTaBNAT Mepuos Cenekuunu.

MonyyvaroLmnincs MaccuB COAEPXMUT HEKOTOPOe MHOXECTBO Tabnul, CMepPTHOCTU, Mo
OfHOW Ha KaXKAblii BO3pacT cenekuunmn, npuyem ans OA4HOro Bo3pacta cenekumm 3nemeHTbl
TabAuubl CMEPTHOCTM pPacnonoXeHbl MO rOPU3OHTAAN B TeYeHUEe Mepuoja cenekuuu, a
3aTeM Mo BepTUKau B 3aK/0UYNTENbHbIA Nepnoj. T0 NOKasaHo Ha puc. 3.8.1 cTpenkamu.

B nccnefoBaHUsX CMepPTHOCTU, NPOBOAMBLUMXCSA O6LLECTBOM aKTyapueB 414 NuL, Ko-
TOpble BbINM 3acTpaxoBaHbl N0 CTaHAAPTHOMY AOr0BOPY WHAUBUAYANLHOTO CTPaxoBaHUs
XW3HW, ucnonb3oBanca 15-neTHuUin nepuog cenekymm (cMm. puc. 3.8.1), T. e. cunTaeTcs, 4To

Ux—]+ 15+ = 9a]+15> j>0

3a npegenamMu nepuojga cefekuUm BepOSTHOCTU CMEpPTU CHabXaktoTCA OfHUM WHAEK-
COM, JOCTUFHYTbIM BO3pacToMm, T.e. BMecTo ([l _j]+r+j nwuwetca gx+rmHanpumep, npu
r = 15 n Bmecto A30]+15, n BmecTo 9[25]+20 nuweTtca qib.

Tabnvua CMepTHOCTM, B KOTOPOWA (YHKUMWU AAlOTCH TONbKO ANA AOCTUIHYTbIX BO3-
pacToB, Ha3blBaeTCA arperaTuBHOW Tabnuueil. Takoi, Hanpumep, sBnsetca Ta6n. 3.3.1.
MocneaHwnii cTonbel, B CENEKLMOHHOW M 3aKMOUYMTENbHOW Tabnuue ABAAETCA Cheuunans-
HOV arperaTMBHOI Tabnuueid, kKoTopas 06bIYHO Ha3biBaeTCA 3aKNOUN T ENbHON Tabnuuen,
4TO OTpaXKaeT MCNOMb30BaHME CeNeKLNN.

Tabnuua 3.8.1 cofepXXMT BEPOATHOCTU CMEPTU U COOTBETCTBYHOLWME 3HAUYEHUSA YHK-
unii Ij+c n3 nsgaHns «Permanent Assurances, Females, 1979-82, Tables», ony6auko-
BaHHOTO VIHCTUTYTOM M paKynbTeTOM akTyapneB BennkobputaHuu. Ee Ha3biBalOT Tabu-
uein AF80. Y aToli Tabnuubl ABYXNETHWUIA Nepuog cenekummn, 1 ee NpoLLe NCNonbL30BaTh ANs
nnacTpayuid, yem Tabnmubl ¢ 15-n1eTHUM NepnoaoMm, Takme, Kak «OCHOBHble Tabnuubl»,
ony6nvnkoBaHHble O6lecTBOM akTyapues CLLUA.

Ta6bnuua 3.8.1. BoigepXKa M3 CeNeKUMOHHOW M 3aKAOUYNTenbHOW Tabnumuybl AF80

(1) (2) (3) (4) (5) (6) (7

w  1000g[X] 1000g7j+i  1000gx+2 Ix+2 X +2
30 0,222 0,330 0,422 9906,7380 9904,5387 9901,2702 32
31 0,234 0,352 0,459 9902,8941 9900,5769 9897,0919 33
32 0,250 0,377 0,500 9898,7547 9896,2800 9892,5491 34
33 0,269 0,407 0,545 9894,2903 9891,6287 9887,6028 35
34 0,291 0,441 0,596 9889,4519 9886,5741 9882,2141 36

B Tabn. 3.8.1 Mbl UMeeM TpK BEPOATHOCTM CMePTHOCTM N1 BO3pacTa 32, a UMEHHO

9] = 0,000250 < q[3+1 = 0,000352 < g = 0,000422.



YnopsgoyeHne 3TUX BEPOATHOCTEN MOHATHO, MOCKO/bKY CMEPTHOCTb ANS NuUL, TOMbKO
4TO MPUHATBLIX Ha CTpPaxoBaHWe Ha cnyyall CMepTW, JO/KHA 6biTb HMXe. MOXHO cuu-
TaTb, 4YTO cTonbel (3) nNpefocTaBAsfeT UHPOPMALMUIO O 3aKIHOUYUTENbHbLIX BEPOATHOCTAX
CMEepTHOCTHU.

Ecnn 3afaHbl 04HOrOANYHbIE KOIPKHULMEHTbI CMEPTHOCTU B CENEKLMOHHOM U 3aK/t0-
YnTenbHOM Tabnmue, TO MOCTPOEHUe COOTBETCTBYIOLLEA CEeNeKLMOHHOW M 3aKN4YUTEeNb-
HON Tabnuubl cMepTHOCTU (DYHKUMWIA BOXWUTUA) HAYMHAETCA C 3aKMOUYMTENbHOM YacTu.
[anee MoryT ucnonb3oBatbca Takme opmynbl, Kak (3.4.1), KoTopble fadyT MHOXECTBO
BEIMUUH Ix+r = ZX]+r, roe r sBnseTca LAVHON nepuoja cenekuyuun. Mol 3aBeplwiMm pac-
CMOTPEHUE CENeKLMOHHbIX YacTeld, BOCNO/b30BaBLUMNCh COOTHOLWEHUAMMN

P —k—L B b,l,?}...,r i
P[x]+r~k—1

Asurascb oT r —1 K 0.

Mpumep 3.8.1. Bocnonb3oBaBlnch Tabn. 3.8.1, BbIUMCANM:

(a) 2P[30]> (b) 5P[30]> (c) i|0[3i]> (d) 3<7[3i]+i-

PeweHune. dopmynbl, NOAyYeHHblIe paHee B 3TO rnaBe, MOXHO NPUCNOCOOUTL K
CeNEKLUNOHHbLIM W 3aKN4YUTeNbHbIM Tabauuam, nonyvus

aoj+2  9901,2702
<a) = 1ST = 990677380 = °-" 945’
o, 98876028 _
[, /o] 9906,7380  ° :
_ /3131 - s _ 9900,5769 - 9897,0919

© ~ 3u- - S — 9908941 - = °*°0035’
M a 9900,5769-9887,6028 _
(d) susy+i - —— R Y P—— °°00 W - %

3.9. 3ameyaHua n nuTepaTtypa

B Tabn. 3.9.1 cBefeHbl HOBble MOHATWSA, BBEJEHHble B 3TOW rNaBe, COOTBETCTBYHO-
e TEPMUHbI, 0603HA4YEHNUS U OonMcaHus. Tabauubl CMEPTHOCTU ABASIOTCA Kpaeyronb-
HbIM KaMHEM aKTyapHOMN Hayku. [MO3TOMY OHM MHTEHCMBHO 06GCYXJAalOTCSA B psAfie aHr1o0-
A3bIYHbIX Y4YeOHUKOB, MOCBALLEHHbIX CTPax0BaHUI Xu3Hu. CM., Hanpumep, [King 1887],
[Spurgeon 1922], [Jordan 1952], [Hooker, Longley-Cook 1953], [Neill 1977]. 3Tn KHuru
ncrnonb3ytTca Ans obyyeHus akTyapues. [NoMMMO 3TOro, Tabnuuamum CMepTHOCTM NOfb-
3yl0TCS 6MOCTATUCTUKNU. V3n0XeHWe COOTBeTCTBYIOLWMX BonpocoB cM. B [Chiang 1968]
n [Elandt-Johnson, Johnson 1980]. MIHTepnpeTauusa ¢ NpuBneYeHNemM AeTEPMUHUCTMYE-
CKOro Koa(hpunumeHTa cCMepTHOCTM 0b6cyxaanock B KHure [Allen 1907]. loHgoH [London
1988] CYMMMUPOBan psij MeTOAOB OLLEHUBaHUA TabnL, CMEPTHOCTH, UCXOAN U3 UMEKLLNXCS
[aHHbIX.

VicTopuYecku BaXKHble aHaNUTUYeCKue (POpMbl (PYHKUUA [OXUTUA YNOMSAHYThHI B
Tabn. 3.6.1. bpunnuugxep [Brillinger 1961] 060CHOBbIBaN HEKOTOPbLIE aHaIUTUYECKUE
(hOpMbI C TOUKM 3pEHUS CTAaTUCTUYECKOr0 aHann3a MpoAO/MKUTENbHOCTU XN3HU. TeHeH-
6eiiH n BaHpepxog [Tenenbein, Vanderhoof 1980] Bo3BpalwatoTcs K aHaNUTUYECKNM 3a-
KOHaM CMepTHOCTM W npeanaraloT QOpMynbl ANS CENeKLUOHHOW CMepTHOCTM. PaboTe
Banbayuun [Balducci 1921] npepwecTtBoBan psij 3aMeyaTenbHbIX cTaTeil ButTwTeiiHa



[Wittstein 1873]. CTaTbu BuTTwTeiiHa 6bINM CHavana ony6aMKoBaHbl NO-HEMELKKU U ne-
peBefeHbl Ha aHrnuiickuii a3blk T. B. Lnpare. O630pbl HEKOTOPbIX METOLOB MCUUC-
NeHns BeposTHOCTeN ANA ApOo6HbIX BO3pacToB npusenu Mepé [Mereu 1961] n BaTTeH
B KHUre 06 oueHKax cmepTHocTu [Batten 1978] (cm. Takxe mctopuyeckuin 063op Cuna
[Seal 1977]). O6cyxaeHUs ANNHbI Nepuoga cenekunm AN pasindHbiX TUMOB CeNeKLUOH-
HbIX MpoLUeAyp, NPUMEHSEMbIX B CTPaxOBaHUN, UMeT AOATYI0 UCTOPUIO; CM., Hanpumep,
[Williamson 1942], [Thompson 1934] u [Jenkins 1943]. ba3oBble Tabnuubl ObuwecTBa ak-
TyapueB CLUA 1975-80 rr. ucnonb3ytoT 15-neTHWUiA nepuopg cenekumm m ony61mMKoBaHbl
B: Transactions of the American Society of Actuaries 1982 Reports of Mortality and
Morbidity Experience, 55-82. MexyHapoaHas cucTemMa akTyapHblX 0603Ha4eHunii ony6-
nukoBaHa B: Transactions of the American Society of Actuaries, Vol. 48 (1947), 166-176.

Tabnuuya 3.9.1. MoHATUA, BBEeAEHHbIE B 1. 3

O603HayeHne HasBaHuWe uanM onucaHne NOHATUA

(X) O603HaveHne nuLa BospacTa X

X\ BospacT unn gpyroii ctatyc B MOMEHT Cenekuuu

X Bo3pacT B MOMEHT CMepTW, cnyyaiiHas BennymHa

T(x) MpofOMKNTENbHOCTL NpeacTosl el Xn3Hm nuua (X), pagHas X —x

K(x) Mowarosas NpPofO/MKUTENBHOCTL NPeAcTosl el XU3HM nuua (X), paBHas
uenoi yactm ot T(X)

S(x) MpoAONKNTENLHOCTb NpeAcTosLell XXU3HU nuua (X) B TeYeHUe roga cmep-
Tn, paBHaa T(x) —K(x)

s(x) ®YHKUMA [JOXKUTUA, paBHas BEPOATHOCTW TOr0, YTO HOBOPOXAEHHbIW A0-
XUWBET, N0 KpaliHeil Mmepe, A0 BO3pacTa X

1i(x) WNHTEHCMBHOCTb CMEPTHOCTM B BO3pacTe X [ANA arperatMBHO Tabnuubl
CMepPTHOCTH

fix(t) WNHTEHCMBHOCTb CMEPTHOCTU MO AOCTMXEHUW BO3pacTa X +t npu ycnosum
cenekuum B Bo3pacTe X

tgx BepoAaTHOCTb TOro, 4to nmuo (X) ympeT B TeueHue t net

tpx BepoATHOCTb TOro, 4To nnMuo (X) NpoXuBeT, No KpaliHelt Mepe, t neT

tux BepoATHOCTb TOro, 4To NnMuo (X) ympeT Mexay Bospactamm t ut + u

ex MonHas oXknagaemas NPoAOIKUTENbHOCTb XU3HM nunua (1), paBHaa E[T(x)]

ex MowaroBas OXwujaemasa NPOAO/MKUTENbHOCTb XW3HWM nuua (X), paBHas
E[*(M)] .

£(x) Uncno AOXUBLLIMX [0 BO3pacTa X B KOropTe, cnyyaiiHas BenMUnHa

nT>x Uncno ymeplimx Mexay Bo3pacTamMu i m i + nB KOropTe

Ix OXunfaemoe 4MCO [OXUBLINX A0 BO3pacTa X, paBHoe E[£(x)]

,» X OXwnpjaemoe Yncno cMepTeli Mexay Bo3pactaMu X U X + n, pasHoe LLLnVx\

nLx OXwnpjaemoe KOMMYECTBO NeT, MPOXMUTbIX MeXAy Bo3pacTaMum X u X + N
AMUaMu, AOXUBLLMMK A0 BO3pacTa X, U3 UCXOAHON rpynnsl 0 nuy

Tx Oxwnjaemoe KONMYECTBO /ET, MPOXUTBIX Mocfne Bo3pacTa X Nuuamu, fo-
XVBLIMMKW [0 BO3pacTa X, U3 UCXOAHOM rpynnbl 1o nuy

X MoBO3pacTHOW KO3 (ULMEHT CMEPTHOCTM Ha MHTepBane (X, X + 1)

U Owmera, npegenbHbIii BO3pacT B TabnuLe CMePTHOCTK

Ans vnnoctpayuy B Tabn 3.2.1 Mbl N1aHMPOBAAN UCMONL30BaTb «TabNuULy CMepTHO-
ctn: CLUA, 1989-1991», HO 3TOro caenaTtb He YAanocb, MOCKONbKY Tabnnubl, OCHOBaHHbIE
Ha nepenucu Hacenenns CLLUA 1990 r., He 6bl1U 3aBepLleHbl K TOMY MOMEHTY, Korja re-
pepabaTbiBanacb 3Ta rnasa.



YnpaxHeHnsa

K pasgeny 3.2
3.1. Bocnonb3oBaBlUNCh COOGPAXKEHNUAMM, CYMMUPOBaHHbIMK B Ta6n. 3.2.1, BOCNONHMTE Npo-
6enbl B cnegytouein tabnuue:

s(x) Fx(x) fx (x) L(x)
tgx, 0N X~ 712
e~xX,x ~ 0
1——r—,x"™0
1+ X

3.2. OKaXUTe, UTO KaxKjas U3 NPUBEAEHHbIX HIKe DYHKLUIA MOXET BbICTYNaTb B Ka4ecTse
MHTEHCUBHOCTN CMEPTHOCTHU:

(a) Bcx, B >0, ¢c> 1 (Fomnepy),

(b) Kxn, n >0, K> 0 (Beitbynn),

(c) a(b--x)_1,a> O, b>0 (MapeTo).

3.3. [lokaxuTe, YTO NpuUBEAEHHAs HMXKXe (YHKLUMS MOXeT 6biTb QYHKLWER JOXWUTUS, W
yKaxuTe cooTBeTcTByrowmne L(x), fx (x) n Fx(x):

s(X) = e~x 712, X N 0.

3.4. TToKaXunTe, NOYEMY HU OfHA U3 PYHKUWIA, NpUBELEHHBbIX B MPaBO YacTu CnefyoLmx
paBeHCTB, HE MOXeT COOTBETCTBOBAaTb 0603HaYeHNI0, UCMOML30BAHHOMY B I€BOI YacTu:

@ u(x) = L+ x)“3,x " 0,

(b) s(x) = 1- 22x/12 + 11X78 - 7X724, 0 " X " 3,

(c) fx(x) = xn~le~x/2, x~ 0, 7i » 1.

3.5. Mpwu s(x) = 1—x/100, 0~ x ™ 100, HaliguTe

(@) /n(x), (b) Fx(x), (c) fx(x), (d) P(10 < X < 40).

3.6. Ncnonb3ys yHKUUIO LOXUTUA M3 npuMepa 3.5, onpegennTe QYHKLUIO JOXUTUSA, UH-
TEHCUBHOCTb CMEPTHOCTM M NNIOTHOCTb pacnpefeneHns NPoAOMKMTENbHOCTU NPeACTONALLEN XKIN3-
HM ana nuya (40).

3.7. Mpu s(x) = [L —(x/100)]¥2, 0~ x ~ 100, HailgmnTe

(a) X7P19, (b) 15736, (c) 15113936, (d) a»(36), (e) E[I(36)].

3.8. fokaxuTe, uto *|go = -As(k) n uto kiCo = 1.

3.9. Haiigute 2|24ro, ecnm fi(x) = 0,001 gns 20 » x " 25.

K pasgenam 3.3, 3.4

3.10. B npeanonoXeHwu, 4TO NPOAO/MKUTENBHOCTM NpefcTosuied XusHm 10 nuy B COBO-
KYMHOCTW AOXWUTUSA He3aBUCUMbI W onpejdeneHbl cornacHo Ta6n. 3.3.1, HailguTe gns c.B. £(65)
(hYHKLNIO BEPOATHOCTEN, CpefHee 1 Ancnepcuto.

3.11. Ecnm s(x) = 1 —x/12, 0~ x A 12, lo = 9 1 NPOAOAKMTENLHOCTU MNpPeAcTosLLeit
XXW3HW HE3aBUCUMbI, TO, KaK M3BECTHO, Cly4aiHblii BeKTOp (32?0, 3273, 3276, 32?3) UMeeT MyNbTuU-
HOMWanbHoOe pacnpefeneHue. MogcunTanTe

(a) cpefHee 3HavyeHMe KaXAoW Cny4vyamHoW BENUYUHDI,

(b) aucnepcuto KaX Ao cnyyanHoW BeNNUYNHBI,

(C) KO3 PULMEHT KOppenaunumn Mexay Kaxnoh napoi cnyyaiiHblX BeUYUH.

3.12. Ha ocHose Ta6n. 3.3.1

(a) cpaBHMUTe BEAMYMHBI 500 U 5175,

(b) BbIUMCNNTE BEPOATHOCTb TOrO, YTO AMLO (25) ympeT mexpay Bo3pactamu 80 u 85.

3.13. MycTb Ix+t cTporo y6biBaeT Ha UHTepBane 0 A t § 1. MoKaxuTe, 4To

(a) ecnu yHkuma Ix+1 BeINyKna BBEPX, TO OX > L(X),



(b) ecnn pyHkuus Ix+ Bbinykna BHU3, To gx < fJ-(X)m
3.14. MNoKaxuTe, 4To

3.15. PaccmMOTpMM Cny4vailHYl0 COBOKYMHOCTb AOXWTUA, COCTOAWYI M3 ABYX MOArpynr
(1) nuua B Konmyectee 1600, BoweAwWw e B COBOKYMHOCTb B MOMEHT UX poxAaeHus, (2) nuua B
Konunyectee 540, Bowewne B COBOKYNHOCTb B Bo3pacTe 10 netT. HuxKe NnpuBOAUTCA BblAepxKa
13 COOTBETCTBYHOLW W TabnLLbl CMEPTHOCTM ANA 06enx nogrpynn:

X Ix
0 40
10 39
70 26

MycTb ¥i n Yi —konunuyecTBa fOXMBLIKNX A0 Bo3pacTa 70 net B noarpynne (1) un (2) coot-
BeTCTBeHHO. OUeHUTe yncno ¢, Takoe, Yto P(Yi + Yi > c) = 0,05. MpeHebperaiiTe NONOBUHHbI-
MW KOppeKLUAMU N npegnonaraite, 4To NPOAO/DIKUTENIbHOCTY XU3HU ABNAOTCA HE3aBUCUMbIMU
Cny4YalHbIMWN BENNYNHAMN.

K pasgeny 3.5
3.16. Onpegenum cnyvaliHyto BenmunHy T'(X) COOTHOLWEHMEM
T(x), 0<T(x)<n,
n, n < T(x),
1 0603HaUnM E[T™ (k)] uepe3 ex># IT0 MaTeMaTMUeCKOE 0OXKMAaHWe Ha3blBAaeTCA YCEYEHHON non-
HOW 0>KMAAeMoi NPOAOMXKNTENbHOCTbIO XKN3HN. ITa BEIMYMHA UCMNOb3YEeTCA B NaHUPOBAHUN
34paBooxpaHeHus. To e camoe MaTeMaTUyeckoe OXWAaHWe, Ha3biBaeMoe (PYHKLMEN YCEYEHHOr0

MaTEMAaTWUYECKOTO O>XKUAAHWUA, UCNONb3yeTCca AN aHanu3a pacnpegeneHunii BeANUYUHbI NOTePb.
MoKaxunte, 4to

n rn

t2tPxB(x-\-t)dt-\-n2n P x- (e Xcni)2 = 23/ ttP xdt- (ex-m2-
0

3.17. Onpeaenum cnyyaiHy BEAUYUHY COOTHOLIEHWNEM

n 0603HauMm E[A" (X)] uepe3 ex:\. ITO MaTeMaTWyeckOe OXUAaHWe Ha3biBAeTCH YCEYEHHOI
noLwaroBoii 0XKMAaeMoii NPOAOMKNTENbHOCTbIO XKU3HU. MoKaXunTe, 4To

0 i
n—1 n

(b) D[A"(a:)] =~ k2k\gx + n2npx - (el;uni)2= " (2 k + 1) kpx - (el;A)2.
0 1

3.18. MycTb pyHKUUA NAOTHOCTK c.B. T 3agactca cooTHoweHuem fr{t) = ce c gna t » (
¢ > 0. MoacumuTainTe



(@) é&x = E[T], (b) D[T], (c) meaunaHy c.B. T, (d) momy pacnpegeneHus c.B. T.

3.19. Ecnm u(x + t) = t, t ~ 0, To noacumuTaiiTe

(@) ipx/n(x + t), (b) éx.

[YkasaHne. BcnomMHUTe M3BECTHbIN PaKT U3 TeOpuUnU BeposTHOCTeR, yTo e-t 2 ABNA-
eTca hyHKLMed NAOTHOCTU CTaHJapTHOro HOPManbHOro pacnpefeneHus.]

3.20. MycTb yHKUUA pacnpegeneHus c.B. T(X) umeeT Bupg

p ,._ ft/(100- 4), 0~ t<100- X
i~ 100-x.
MoacunTaiite
(@) ex, (b) D[T(x)], (c) megnaHny c.B. T(X).
3.21. NMoKaxute, 4To

(a) iPx —i,px [B(x) - /i(x + 1)], (b) £°ex = ®Kx)-1, (c) Aex = gxex+i -p x-

3.22. MpoBepbTe cnegytoLne yTBEPXKAEHUA:

(@) cix)dx = Lx  /xt-i,

(b) annpokcmMmauus, nonyyeHHas B npumepe 3.5.1, He npumeHsanace Ans pacyeta Lo B
Tabn. 3.3.1, HO NpumeHsnach ans pacyeta Li,

(0]
(€) TX= ¥ Lxtk
K=0
3.23. ®yHKUNA LOXKUTUSA 3a[aeTCA COOTHOLIEHNEM

! i —x/10, O~Ax"HO,
s(x) = <
10 B MPOTMBHOM Ccllyyae.

MoacumnTalitTe 3HaueHns ex u ex, x —0,1, 2,..., 9, ucnonbsys

(@) popmynbl (3.5.2) n (3.5.7),

(b) hopmynbl, Nony4yeHHble B Tabn. 3.5.1.

3.24. Haiigute n(0), —(x)/d(x) n d(x), ecnm n(x) = P(X = x) n ecnn Ans NOCTPOEHUS
Tabnuubl QYHKLUKN BepoAaTHOCTen €.B. X ucnonb3yetca popmyna (3.5.20) n X umeet

(a) nyaccoHoBCcKOe pacnpefeneHue ¢ napameTpom Jl,

(b) 6uHOMManbLHOE pacnpejeneHne ¢ napameTpaMmu nNup.

3.25. MycTb 44 NOCTPOeHUs Tabauy PYHKLUA CNOXHbLIX NMPOLEHTOB MCNONb3yeTca op-
myna (3.5.20). Haingute u(l), —(x)/d(x) n 1/d(x), ecnnl*

(@) u(x) = axi, (b) u{x) = a.

K pasgeny 3.6

3.26. MpoBepbTe aneMeHTbl Tabn. 3.6.1 npu NOCTOAHHOW MHTEHCUBHOCTU CMEPTHOCTU W NpKn
npeAnofioXXeHnu o runepbonnyHocTn. O6paTnTe BHUMaHWe Ha TO, YTO 3HaYeHUa 30X B COOTBET-
CTBYHOLEM CTONOLE 060CHOBLIBAIOT CaMO 3TO Ha3BaHMe.

3.27. MocTpoiiTe rpadmk dyHKumm /i(x + t), 0 < t < 1, Npu KaxnoM U3 Tpex npesnono-
XXeHuin Tabn. 3.6.1. MocTpoiTe TakXe rpadmK QYHKLUN LOXUTUA NPU KaX[OM M3 3TUX Tpex
npeanonoXeHWi.

3.28. Bocnonb3oBaBlMCh CTONOLOM, COOTBETCTBYHOWMM IX B Tabn. 3.3.1, BbluncnuTte i/2i>65
npy KaXAoM M3 Tpex npefnonoxeHuin tabn. 3.6.1.

3.29. Bocnonb3yintecb Ta6n. 3.3.1 v NpeanonoXeHWemMm 0 paBHOMEPHOCTM pacnpeaeneHus
CMepTell BHYTPU KaX0ro rofM4yHoro Bo3pacTHOro MHTepBana AN HAXOXAeHWA MefuaHbl Mpo-
LOMKNTENbHOCTU NPeACcTOALWEeN XU3HU nua

(a) Bo3pacTta 0, (b) Bo3pacTta 50.

CooTBeTCTBYIOLIME 0603HAYEHNS CM. B Hauane pasA. 5.3. — Mpum. pep,



3.30. Ans <m0 = 0,04 n g7 = 0,05 BbIYNCANTE BEPOATHOCTbL TOro, 4to nuuo (70) ympeTt
Mexnay Bo3pactamu 701 n 711 B npeAnosioXXeHUU o

(a) paBHOMepHOCTM pacnpefeneHns cMmepTeil BHYTPU KaXoro rofja Bo3pacTa;

(b) rMNep60NYHOCTHN ANA KAXAOro rogMYHOro BO3PacTHOrO UHTepBana.

3.31. Bocnonb3oBaBWKUCL CTONOLOM, cooTBeTcTBYOWMM IX B Tab6n. 3.3.1, n KaxpabiMm u3
npegnonoxexHuin Tabn. 3.6.1, BbluncnnTe

(@) litb-to- m(60 + h), (b) lit/lio+ m(60 + h), (c) 60+ 1/2).

3.32. B npeAnofioXeHWn NoCTOAHCTBA UHTEHCUBHOCTU CMEPTHOCTU MOKaXuTe, 4To

(@ a(x) = - [(1- e~ ™~ Lz.e~M, (b)a(*)9ii-g.
3.33. Ecn NpUHATO NPEeANoioKeHne 0 rnnep6oanYHOCTA, MOKaXUTe, UTo

(@ a(x) = ~~(Ax +Inpx), (b) a(x) =" - y.

K pasgeny 3.7
3.34. lMposepbTe aneMeHTbl Tabn. 3.7.1 Ana 3akoHoB Myaspa u Belibynna.
3.35. PaccmoTpuTe Mogudukalmio 3akoHa MyaBpa, KOTopas 3aaeTcs COOTHOLIEHUAMMU

s(x) = A 0" X<w, a=>0.

MoacumnTainTe

(@) p(x), (b) ex.
K pasgeny 3.8

3.36. Bocnonb3osaBwunch Tabn. 3.8.1, BblumMcauTe

(a) 2¢[32]+i, (b) 2P[3i]+i-

3.37. BennunHa 1 —Aqx}+kIAx+Kk = 1{X,K) Ha3blBaeTCs WHAEKCOM Cefekuumn. Korpa oHa
6nM3Ka K HYM, 3TO NOKasbiBaeT, YTO pe3ynbTaT cenekuuu ucyesaet. MNonb3ysacb Ttabn. 3.8.1,
BblYMCANTE 3TOT UHAeKe ana x = 32, K = 0,1.

3.38. VIHTEHCUBHOCTb CMepPTHOCTWU NS Nuua, NPOLeWero Cenekuuto B Bo3pacte X, 3a-
paetca BblpaxeHunem Ux (i) = ®(x),u(i), t > 0. B aToii popmyne p(t) ABnseTcs cTaHAApTHOM
WHTEHCUBHOCTbI CMepTHOCTM. CMMBON X 0603Ha4vyaeT BEKTOP YWUCNEHHON WHGpOpmMaLnm o pac-
CMaTpuBaeMoM finLe B MOMEHT Cenekummn. 3Ta MHPOpMaLMa COAepXUT BO3PACT U NPOYUYI0 Knac-
CUBNKALMOHHYIO NHDopMauuto. Tpebyetcs, 4Tobbl ®(x) > 0 u d(x0) = 1, rae xo o6o3HavaeT
CTaHZapTHYO MHGpopmaumnio. MoKaxunTe, 4TO ceNeKUNOHHAA PYHKLUA SOXKUTUA UMeeT BUf

tP[x] = (iP[x0])®(X)
U QYHKLMA NNOTHOCTU C.B. T(X) NMPOAOMKUTENbHOCTM NPEeLCTOALLEA XU3HN MPU YCNOBUK, YTO
N3BeCcTHa MHopmauma x, umeeT Bng —t(x)tp{XO|(tP[X0])'I,» ~ 1>r[e tP[X0] ABNsfieTCA NpPOnN3BOSA-
Hoii mo t dyHkuum (P[x0]- Takas cuTyalus Ha3biBA€TCH MOJE/bl MPONOPLUOHANLHOW UHTEH-
CMBHOCTMU pUCKa.

K pasninyHbim Temam rnasbl

3.39. /lnyo Bo3pacta 50 neT NOABEPXXEHO AONONHUTENbHOMY CyYallHOMY PUCKY B BO3pacTe
oT 50 go 51 roga. lNMycTb cTaHA4apTHas BEPOATHOCTL CMepTu B Bo3pacTe oT 50 go 51 roga paBHa
0,006, n NycTb JONOMHUTENbHbLIA PUCK MOXET ObiTb BblpaXeH B BUAe J06aBKM K CTaHAapPTHOM
WHTEHCUBHOCTW CMEPTHOCTK, KOTOpas pasBHOMepHO y6biBaeT ¢ 0,03 B Hauane roga Ao 0 B KoHUe
roga. Boluncnute BepoATHOCTb TOr0O, YTO 3TO NKULO AOXMBET Ao 51 roga.

3.40. MycTb MHTEHCUBHOCTb cMepTHOCTM LX(t), 0~ i~ 1, 3ameHsdeTcs Ha UX(<) —c, rge ¢
—nN0N0XNTeNbHAaA KOHCTaHTa. HalijuTe 3HayeHuMe ¢, NpU KOTOPOM BEPOATHOCTb TOFO, YTO NNLO
(X) ympeT B TeueHue roga, cTaHeT BABOe MeHblue. Bbipa3uTe oTBeT yepe3 ([X].

3.41. Ha 6ase cTaHAapTHOW Tabnuubl CMEPTHOCTU C NMOMOLLbI YABOEHWS WHTEHCMBHOCTU
CMepTHOCTU 13 3TOW TabauLbl NOCTPOeHa BTOpasa Tabnuua cMepTHOCTU. BygeT An KOIPOULNEHT
CMepTHOCTM (X nMpu N060M 3agaHHOM BO3pacTe B HOBON Tabnuue 6onee 4em B ABa pa3sa Bbllle,



B TOYHOCTMW B ABa pa3a Bbllle UAM MeHee YeM B [Ba pa3a Bbllle KOIPOULUMEHTA CMEPTHOCTN QX
cTaHfapTHOW Tabnunubl?

3.42. MycTb p(x) = Bex, € > 1. MokaxuTe, 4To yHKUMA IXp(X) nMeeT MUHUMYM B BO3-
pacte X0, rge fi(xo) = Inc. [Yka3aHue. B aToM ynpaxHeHUM ncnonb3yeTcs pe3ynbTaT ynp. 3.14.)

3.43. Myctb p(x) = AcX/(1+ Bcex) gnsa x > 0.

(a) OnpepennTte yHKUMIO goxuTus S(X).

(b) MpoBepbTe, 4TO MOfa pacnpefeneHua c.B. X, BO3pacTa B MOMEHT CMepTW, 3ajaetcs
cooTHoweHnem X0 = [In(Inc) —In N1 ]/Inc.

3.44. NycTtb p(x) = 3/(100 —x) —10/(250 —x) ana 40 < x < 100. MogcumTaiTe

(a) 40750, (b) momy pacnpefeneHus c.B. X, Bo3pacTa B MOMEHT CMepTH.

3.45. (a) MokaxuTe, 4TO B NPEANONOXEHUN PABHOMEPHOCTM pacnpefeneHns cMepTeit

™ Qc T *
™~ 1- (U2)gx n &*1- (@2)rx'

(b) BbipasuTe T X yepes OX B NPeANON0XEHUN, YTO UHTEHCUBHOCTb CMEPTHOCTMU NOCTOSAHHA.

(c) BblpasuTe ra, 4epes (X B NpesnonoXeHUn runepboanyHoCTH.

(d) Myctb Ix = 100 —x ana 0~ x A 100. MopacumTaiiTe 10T 50, roe

_ Jo Ix+tuy(x +t)dt
mmk - j€ix+tdt .

3.46. Mokaxute, uto c.B. K n S HesaBUCMMbI TOrga U ToNbKO TOTAa, KOrja BblpaXeHue
sofx]+k/Qx}+k He 3aBucuT oT K gns 0~ s A 1
Ynpa>kHeHua ¢ UCnofb30BaHWeM KOMMblOTEpa

Mpepgnaraemble HUXe yNpaXHeHUs — NepBble B CEPUM YNPaXXHEHUN, KOTopble TpebyoT Ta-
KOro o6bema BblYMCNEHW, KOT4a UMeeT CMbICN MCMONb30BaTh KOMMbIOTeP. Takume ynpaxHeHus
6yayT npegnaratbCa WU B NOCNeAyOWMNX rnaBax. B KaXAoOM ynpaxHeHUW npegnonaraetcs, 4To
npegbiaylive ynpaxHeHunsa yxe BbiMnoaHeHbl. Hanpumep, B ynp. 3.47 TpebyeTcs NOCTPOUTbL Ta-
6n1mLy cMepTHOCTM, KoTopasa 6yfeT MCNONb30BaHa NpW aHanuse pucka s rn. 4 n 5.

3.47. BoCnonb30BaBLWMWCh 06bLIM MPOrpaMMHbIM NakeToMm 414 MaTeMaTUyecKux Bblyucie-
HWIA, NOCTPOIiTe Npouefypy, Ha BXOA KOTOPOI nofatoTcs napameTpbl 3akoHa Melikema 1 KoTopas
BblYMCNAET 3HAYeHMA PX U gX Ana Bo3pactoB oT 0 o 140. B KayecTBe NPOBEPKW NPaBULHOCTU
MonyyYeHHbIX pe3ynbTaTOB BBEAUTE 3HAUYEHWUA MapamMeTpoB, HaliaeHHble no dopmyne (3.7.1), n
CpaBHUTE MOJSyYeHHble BaMW 3HAYEHUA OX CO 3HayYeHuamu gna X = 13,14,... u3 NnnwocTpatms-
HOM Tabnuubl CMEPTHOCTU, NPUBEAEHHON B NPUNOXeHUN 2A. Mbl 6yfeM HasbiBaTb MOAYYEHHbIN
BaMu pe3ynbTaT Bawel MnnocTpaTuBHOW Tabnuueii cmepTHOCTU. B TOM cnyyae, Korga 3HaueHus
napameTpoB 3akoHa Meiikema He yka3aHbl, Mbl 6yemM noapas3ymeBaTb 3Ha4YeHUS, MOMYYEHHbIe
no gopmyne (3.7.1). [3ameuanue. Ana Tabnuubl Melikema S(X) > 0 npn X > 0, TaK YTO KOHeu-
HOro BO3pacTa O/, onpefeneHHoro B pasfj. 3.3.1, He cyuwecTByeT. MNpu 3Ha4YeHUAX NapameTpoB
13 NnnocTpaTMBHOW Tabnmubl QHO PaBHO HYMK C TOYHOCTbIO L0 BOCbMMW AECATUYHbLIX 3HAKOB.
MoaTomy Mbl Bblbupaem W = 140 gns Haweil WnnwocTpaTuBHOW Tabnuubl CMEpPTHOCTU, T. €.
Tabn. 2A1]

3.48. [lna pacyeTa 3HauyeHuWit IX n3 Tabn. 2A Bocnonb3ynTech B Bawel MinncTpaTUBHOMN Ta-
61ULEe CMEPTHOCTM NPSAAMOI peKyppeHTHON (opmynoii Ix+l = (pX)(IX) N Ha4anbHbIM 3HA4YeHNEM
/i3 = 96807,88. [3ameuaHune. 3aKoH Meiikema He oTpaxaeT AeACTBUTENbLHOCTW 414 BO3PacToB.,
MeHbLWKX 13 neT, Tak 4To MnnwocTpatnBHas Tabnuua CMepTHOCTH ABNAETCA KOMOUHaL el HeKo-
TOPbIX IMNUPUYECKUX 3HAYeHUI B MHTepBane oT 0 Ao 12 neT M 3Ha4yeHW, NOCTPOEHHbLIX NO
3aKoHY Melikema, 4ns Bo3pacToB cTapwe 13 nert.]

3.49. MpounntocTpupyinTe pesynbTat ynp. 3.41, yaBoMB 3HayeHMUs napameTpos A n B B
Balleli MnnocTpaTUBHOW Tabnuue cMepTHOCTMK.

3.50. Bocnonb3yiiTecb 06paTHO peKyppeHTHOI opmynoi Tabn. 3.5.1 Ana noacyeta Benu-
YMH ex B Balwei MnnocTpaTuBHOW Tabnuue cMepTHOCTK ANA Bo3pacToB oT 13 go 140.

3.51. CpaBHWUTe 3HavyeHus ex npu X = 20,40,60,80 n 100 B Bawei NnnwcTpaTUBHOW Ta-
6/1MLe CMEPTHOCTU C TEMU, KOTOPbIE 6bINN NOMyYeHbl NPY YBENIMYEHUN B 1BA pa3a UHTEHCMBHOCTM
CMepPTHOCTH.



3.52. Bocnonb3yiTecb 06paTHOn peKyppeHTHOW hopmynoi Tabn. 3.5.1 n npaBunom Tpane-
U1K gna nojcyeTta BeIMUMH ex B Bawel nnwctpatuBHOM Tabnuue CMepTHOCTU ANA BO3PacToB
ot 13 go 110.

3.53. MpoBepbTe CNeayoLy0 06paTHY PEKYPPEHTHYIO (OpMYNy ANA yCeUYeHHOW L0 BO3-
pacTa y mowaroBoi 0Xugaemoin NpoAo/HKUTENbHOCTU XKU3HK:

ex:5Fil = p* + P*e*+1y-(x+11 gns x= 0,1,..., /- 1
OnpegennTe nogxoaauiee 49 UCNONb30BAHUA 3TON POPMYNbl HayanbHoOe 3HayYeHue. [Anq Bawei
MnniocTpaTMBHOM Tabnuubl CMEPTHOCTU MOACYMTaWTE yceUyeHHY [0 Bo3pacTa 45 neT nowaro-
BYI 0XMAAeMYI0 MPOAO/MKUTENbHOCTb XU3HU AN NUL BO3pacToB ¢ 13 o 44.

3.54. MpoBepbTe CNeAytoLL Y0 0O0paTHYO PEKYPPEHTHYO (POPMYNY AN YCEYEHHOWR Ha n-neT-

HeM MHTepBase MOLWaroBOi 0XWAaeMON NPOJOMKUTENBHOCTU XU3HW:

Rx:nl = Px (1 nPx+1) Y'Px 6x4*1:nl ANA X = 0,1,...,W 1
Onpefennte NoAXOAALLEe HAYaNbHOE 3HAYeHMe 4NA NCMONb30BaHWUA 3TON popmynbl. [ ns Bawei
MnnocTpaTuBHOW Tabnuubl CMEPTHOCTU HaNAWUTe yceYeHHY0 Ha 10-neTHeM MHTepBane nowaro-
BYIO 0XMJAeMYyl0 NMPOJO/IKUTENbHOCTb XMWU3HW AN BO3pacToB oT 13 go 139.

3.55. Onpepennte BennumHy el1525) U3 Baweir MnnwcTpaTMBHON TabauLbl CMEPTHOCTH.
[Yka3aHue. MOCKONbKY MepBbli Y4fleH B COOTHOWEHUN M3 ynp. 3.53 He 3aBUCUT OT M, MOXeT
6bITb, 3hheKTUBHee paccMaTpuBaTb BeNnUUHY el1525] Kak yceuyeHHyt Ao Bospacta 40 neT no-
LAroBy OXWAaeMyto MPOAOKUTENbHOCTb XU3HKU nnua (15).]



CTPAXOBAHWE XXW3HW

4.1. BBepeHune

Mbl y>e roBOpPWUAMU, YTO CTPAxOBble CUCTEMbI MPeAHA3HAYEHbl AN YMEHbLUEHUS He-
6naronpuATHLIX (MHAHCOBBLIX MOCNEACTBUMA CAyYailHbIX COBLITUIA OnNpeAeNeHHOro Buaa.
Jlnua nam opraHusauum, BKAKOYEHHbIE B 3TU CUCTEMbI, PYKOBOACTBYOTCS MOAENAMU Mo-
NEe3HOCTU 4NA BbIPAXXEHWS CBOMX MPeAMOYTEHMUIA, CTOXaCTUYECKMMN MOAENAMU A5 Bbipa-
XEHUs HeonpeneneHHOCTU (PUHAHCOBbLIX NOCNEACTBUIA Y IKOHOMUYECKMMMW MPUHLUNAMU
npu ueHoobpasoBaHMK. CornaweHns fOCTUraloTCs Nocne NPOBeAEeHMUA aHanm3a 3aTUX Mo-
nenei.

B rn. 2 Mbl pa3paboTanu 3neMeHTapHYyH MOAeNb PUHAHCOBbLIX NOCNEACTBUIA Clyyaii-
HbIX COObITWIA, B KOTOPOI 3apaHee He U3BECTHbl HWU TOT (haKT, YTO COObITUE HEMPEMEHHO
HacTynuT, HM pa3Mep MOCNEACTBUI TaKoro cobbiTva. B 3Toil mMogenn Bpems AeicTBus
CTPaxoBOro A0roBopa Npejnonarasoch J0CTaTOYHO KOPOTKMUM, BCMEACTBUE YEro Heomnpe-
[eNIeHHOCTb MHBECTULMOHHOMO AOX0Aa MOXHO UTHOPUPOBATh.

B HacTosWe rnase Mbl 6yfem pa3BMBaTb MOAENN CTPaxOBaHWUA XM3HU, NpeHa3Ha-
YeHHble ANS YMEHbLIEHNA PUHAHCOBbLIX MOCMEACTBUIA TaKOro C/yyallHOro cobbiTus, Kak
6e3BpemMeHHas cmepTb. V13-3a 40NrOCPOYHOro XapakTepa 3TOro BMAa CTpaxoBaHUs Benu-
YMHa MHBECTULMOHHOIO A0X0A4a, MOYy4aeMoro BnjaoTb 40 MOMEHTA BbiNaaTbl, NPUBHOCUT
3HAUYUTENbHbIV 31EMEHT HEONPeLeNeHHOCTN. 3Ta HeoNpeaeNeHHOCTb UMeeT 4Be NPUYUHBI:
Hen3BeCcTHas AOXOLHOCTb WM HEM3BECTHas NPOAOAKMTENbHOCTb MHBECTULMOHHOMO Mepuo-
fa. Ha npoTaXeHWW BCero M3N0XeHUs B HACTOAWEA KHUTe And MOAEeNUPOBaHUS Heonpe-
[eNIeHHOCTH, CBA3aHHOM C MHBECTMLMOHHLIM MEpUoLoM, 6yeT NCMOIb30BaTbCA HEKOTOPOE
pacnpefeneHne BeposATHOCTen. B HacToslen rnaBe Ana HeonpefeneHHbIX UWHBECTULMOH-
HbIX AOXO0A0B paccmMaTpuBaeTca AgeTepMuUHUCTUYecKas Mogens. B rn. 21 gna Takoro poga
HeonpeaeneHHOCTN BBOAATCH CTOXacTuyeckme mogenu. [ pyrumum cinoBamu, Halla Mogesb
6yaeT nocTpoeHa B TepMMHaX PYHKUMKM T, cayyainHoW BeNMYMHbI, Ha3biBaeMOl NPoAO-
XNTENbHOCTbIO NPeACTOALLEN XUZHU.

X0Ts B 3TOl rnaBe BCe pacCyXAeHnsa 6yayT NpOBOAUTLCA NMPUMEHUTENIbHO K CTPaxo-
BaHWUIO YE/I0BEYECKMX XM3HEW, NCMNOMb3yeMble Nien 6e3 U3MEHEHUS MOXHO MPUMEHATb K
4pYyrum 06bekTam, TakuM, Kak 060pyfoBaHUe, CTaHKU, KPeauTbl U KOMMEpYeCKne npes-
npuaTna. Ha camom fene paccMmatprBaemas o6uias Mofesb nosesHa B 060 cutyaumm,
rae BeNUYMHY 1 BpeMs (DUHAHCOBBLIX MOCNEACTBUIA MOXHO BbIpa3uTb UL B TEPMUHAX
BPEMEHMN HACTYM/IEHUSA CMYy4allHOro CObbITHSA.

4.2. CTpaxoBble AOroBOPbI C BbiNjiaTamyu B MOMEHT CMEPTH

B aToi rnase npeanonaraeTcAa, YTo Be/IM4YNHaA U BPEMSA BbiMaaTbl NO AOTOBOPY CTpa-
X0BaHNA Ha cnyqa|7| CMEpPTN 3aBUCAT TONbKO OT AJINHBI MHTEpBasia C MOMEHTa 3akK/k4ye-
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HUS 4OroBOpa CTPaxoBaHWA O MOMEHTa CMepTW CTpaxoBaTens. B onucaHum mogenu 6y-
OYT UCMOb30BaTbCA (PYHKLUMS CTPaxoBbiX BbINAAT bt U PyHKUNA ANCKOHTUPOBAHUSA Vt.
B pamkax Hawei mogenu vt sBnseTcs KO3IMHULMEHTOM AUCKOHTUPOBAHUS OT MOMEHTa
BbIM/IaTbl K MOMEHTY 3aK/1H0YeHUS CTPaxoBOro Aoroeopa (T.e. Has3aj), Npuyem t aBnsgeT-
CA AIMHOW MHTepBaNia BpeMeHW OT MOMEHTa 3aK/l0UYeHNs LOroBopa 40 MOMEHTa CMepTu
cTpaxoBaTens. Ecnm peyb MAeT 0 CMeLaHHOM CTpaxoBaHWW, KOTOPOe paccMaTpuBaeTcs
HMXXe B 3TOW rnaee, TO t MOXeT 6bITb 6O/MbLUE UN PaBHO ANIMHE WHTEpPBana BPpeMeHU OT
3aK/l0YeHNa [OroBopa 40 MOMEHTa BbINAaThI.

Mpn Takol PYHKUUU LUCKOHTUPOBaAHUS Mbl 6yaem npepnonaraTb, YTO COOTBETCTBY-
oLlaf MHTEHCUBHOCTb HAaYUC/NIeHUs NPOLeHTa ABNAeTCA AeTEPMUHUPOBAHHOW. ITO 03Ha-
YaeT, YTO MOJefb He MpeAycMaTpuBaeT BepOATHOCTHOrO pacnpefenieHns 418 UHTEHCUB-
HOCTW HauyucneHus npoueHta. O6bIYHO Mbl 6yJeM BbiNWUCbIBaTb NPOCTbie POPMY/bl, BbITe-
Kalouime 13 NpeAnosioXeHNs 0 TOM, YTO MHTEHCMBHOCTb HAYMUCNEHWA NPOLEHTA He TONbKO
LeTepMUHUpPOBaHa, HO M MOCTOAHHA.

Onpegenum (yHKUWMIO HacToAwel (MM Tekyweir) cToumocTn Zt hopmynoi

zt = btvt. (4.2.1)

Taknm 06pa3om, zt 0603HAYaeT HACTOSLLY0 CTOMMOCTb CTPAx0BOW BbiMNAaThl HA MOMEHT
3aK/M0UYEeHNs oroBopa. Bpems, npoluejlliee ¢ MOMEHTA 3aK/H0YEHUS 0F0BOPa 10 MOMEH-
Ta CMepTu CTpaxoBaTens, ABASETCA NPOAOMKNTENLHOCTbIO MPeACTOALLEN XXU3HU CTPaxo-
BaTens. 3Ta cnyyaiiHas BenmunHa o603Havaetcs yepes T = T{x). OHa Gblna onpegeneHa
B pasf. 3.2.2. HacToslas CTOMMOCTb CTPAaXOBOW BbIMaThl HA MOMEHT 3aK/lOYeHUs f10-
roBopa fABNAeTCca ClyvailHOl BeNMUYUHOW zt mECAN cuTyaumsa He TpebyeT BBeAeHMA 6onee
CNOXHbIX 0603HAYEHWNI1, Mbl 0603HAaYaeM 3Ty C/yYaiiHy0 BENMUYMHY UYepe3 Z W B KauyecTBe
OCHOBBbI A1 CTPaxoBOli MOAENN MPUHUMAEM COOTHOLLUEHME

Z = brvT- (422)

CnyuaiiHas BenMunHa Z — npumep C/y4YyaitHol BeNMUYMHbI, ONUCHIBAIOLLLEI CTPaxoBble
BbIMAaThbl, U, B YACTHOCTM, C/laraeéMoro X* B CyMMe, OnucbiBatoLLeid Mogenb MHANBUAYASb-
HbIX PUCKOB, OMpefeseHHy0 paBeHCTBOM (2.1.1). 3Ta MOAENb UCNONb3yeTCs B fanbHelt-
eM NpW paccCMOTPEHMMW MPUNOXKEHU K CTpaxoBbiM nopTgensm. Celiyac Mbl 3aiimMemcs
BEPOATHOCTHOI Mofaenbio Ans c.B. Z.

MepBblii 3Tan Hawero aHann3a CTPaxoBaHWUA XW3HWM COCTOMT B ONpefesieHUn Beu-
uynmH bt u ri(. Cnegytowum atanom 6yaeT onpefeneHne HEKOTOPbIX XapaKTepucTuK Be-
POATHOCTHOrO pacnpefeneHus c.B. Z, KoTopble 6yayT BbiTeKaTb U3 MpefnonoXeHuii o
pacnpegeneHun c.B. T. Mbl NpoaHanM3mpyem 3T 3Tanbl NPUMEHNUTENbHO K HECKOMbKUM
CTaHAapTHbIM BMAam cTpaxoBaHus. CBOfKa pe3ynbTaToB 6yaeT faHa B Tabn. 4.2.1.

4.2.1. CTpaxoBble OroBopbl C MOCTOAHHBLIMW CTPaX0BbIMUW BblNjaTamMmu

CTpaxoBaHWe Ha cryvail cMepTM Ha CpoK N neT” npeanonaraeTt, YTo CTpaxoBas
BbIN/jaTa OCYLLECTBASAETCA TOMbKO B C/lyyae, ecin CTpaxoBaTe/lb YMPET B TeueHue N /et
C MOMEHTa 3aK/0YeHUs [,oroBopa CTpaxoBaHus. ECIM B MOMEHT cMepTu nuua (X) npo-
M3BOAUTCS BbiMfaTa pasmMepa eguHuLa, To

t ~on, T"n,
t>n, T >n.

1"B oT/IMuMne oT 6eCCPOYHOr0 CTpaxoBaHMA (CM. Aasnee) CTpaxoBaHWe TaKoro Tumna HasblBalwT CPOY-
HbIM. — [Mpum. pes.



B 3Tux onpegeneHnsax UCnosb3yoTca TpU cornaweHns. Bo-nepsbiX, NOCKO/bKY NPOLO-
XUTENbHOCTb NPeACTOsAWEN XUHU — HeoTpuLaTebHas BeAMUMHA, Mbl onpegensem bt,
WV 1 Z TONbKO Ha MHOXECTBe HeoTpuUaTenbHbIX Yncen. Bo-BTopbIX, A4N5 3Ha4YeHus t, npu
KOTOpPOM (hYHKUMS bt paBHa HyMtO, 3HaYeHUe vt He CyllecTBEHHO. [ ns Takux t mbl 3aja-
€M 3HauyeHua Vt u3 coobpaxeHuit ygo6cTea. B-TpeTbuX, €CAM He OFOBOPEHO MPOTMBHOE,
WHTEHCUBHOCTb HAYMCNEHUSA NPOLeHTa NpeAnonaraeTca NOCTOSAHHOIWA.

MaTemaTuyeckoe oxufaHue cnyyvaliHON BeNMUUHbl Z, 0003HavaloLell HaCTOALLYIO
CTOMMOCTb, Ha3blBaeTCs aKTyapHOi HacTOoAWel CTOMMOCTbLI0 CTpaxoBaHusa. YuTaTtenb
06HapYXWT, 4TO MaTemMaTMYeCKoe OXKMaHne HaCcTOsLLEe CTOMMOCTM MHOXeCTBA BbIMN/ar,
00yCNOBNEHHbIX HACTYM/JeHWEeM psAda COoObITWA, B pasHbiX CUTyalMax Ha3blBaeTcs Mo-
pasHoMy. B rn. 1 oxxugaemble NoTepn HasbiBaiMCb HETTO-NPemMuUeil. ATO cnoBoynoTpebe-
HWe TUMUYHO AN CTpaxoBaHMA COBCTBEHHOCTU M FpaXKJaHCKOW OTBETCTBEHHOCTW. Bonee
TOYHbIA, HO 1 60nee TPOMO3AKUIA TEPMUH — MaTeMaTUYeCKOe OdXKUAaHUe HacTosLLei
CTOMMOCTM BbiNAAT. ANS aKTyapHbIX HACTOALMX CTOMMOCTE Mbl UCMO/b3YyeM 0603Ha-
YeHus, NPUHATbIE B MexXayHapo4HO cucTeMe akTyapHbIX 0603HavyeHuid (CM. Mpunoxe-
Hue 4).

AKTyapHas HacTosuwias CTOMMOCTb CTPaxoBaHWA, MPU KOTOPOM MPOU3BOAUTCH Bbl-
nnaTta pasmepa efguHuua, yalie Bcero obo3Havyaetcs yepe3 A. BospacT cTpaxoBaTens Ha
MOMEHT BbIYMC/IEHNA YKa3blBaeTCcsA B MHAEKCe. To, B KaKoli (hopme 3TOT BO3PacT yKasbl-
BaeTCs, 3aBUCMT OT NPeAnonoXeHWUA 0 CMEPTHOCTU. [ Na aKTyapHOI HacTosL el CToumo-
cTm gna nuua (40) Bo3pacT MOXET 6bITb NpeAcTaBfieH, Hanpumep, B Buge [40], 40 wan
[20] + 20. Kak n B pa3fg. 3.8, KBagpaTHble CKOOKM MOKa3blBaOT Hannume cenekynn B aToM
BO3pacTe W, CnefoBaTenbHO, HEOOXOAMMOCTL MCMOMbL30BaTb, HAYMHAA C 3TOr0 BO3pacTa,
cenekumMoHHble Tabanubl CMePTHOCTKU. Bo3pacT, He 3aK/OYEHHbIV B KBajpaTHble CKOOKM,
YyKa3blBaeT Ha MCMO/Ib30BaHMeE arperaTuBHbIX UK 3aKNI0UYNTeNbHbIX Tabauu. MoaTomy 3a-
nucek [20] + 20 o3HauvaeT BbluMcaeHMe 4N nuua 40 NeT Ha OCHOBE CENEKLIMOHHON Tabnuubl,
HaynHasa c Bo3pacTta 20.

AKTyapHasa HacToAawwasa ctoumocTb E [Z] ana cTpaxoBaHWA Ha CPOK N fIeT € BbiNaTow
pasmepa eAuHMLA B MOMEHT CMepTn nnua (x) ob6o3HavaeTca yepe3 A™.ul. ITa BelnUMHA
MOXET 6bITb BblYMC/IEHA, ECNN 3aMETUTb, YTO C.B. Z ABNAETCA DyHKLMeA OT T, a UMEHHO
E[Z] = Ezt\- Torga mbl Bocnonb3yemcst PyHKLUMEA NAOTHOCTM C.B. T W MOAYUYUM

/sOC »TO

Al:n\= E[Z] = Erzrv= [/ zefT(t) dt= vitp x fix(t) dt. (4.2.3)
Jo JO

MOMEHT j -ro mopsifka pacnpegeneHuns ¢.B. Z MOXHO HaliTU crefytolmm o6pasom:

pri
E[zjl= [ (y*YtPxRx(t)dt= [/ e~r~tPxRxitfdt.
Jo Jo

BTOpoii MHTerpan nokasbiBaeT, YTO MOMEHT j-ro NOpPAAKa C.B. Z paBeH aKTyapHOI HacTo-
flLeli CTOMMOCTU CTPax0BaHMWA Ha CPOK M JIeT C BbIM/IATON BeIMUUHBI eNHNLA B MOMEHT
CMepTu nunua (a;), pacCCYUTAHHOMN, UCXOAN U3 MHTEHCMBHOCTM HAYMCeHNS NPOLEHTa, paB-
HOW 3aflaHHOW MHTEHCMBHOCTU HaYMCNEHMWA NPOLEHTA, YMHOXEHHON Ha j, T.e. jS.
3TO0 CBOICTBO, KOTOPOE Mbl Ha3biBaeM MpaBUIOM MOMEHT OB, B 00LLEM C/lyvae cnpa-
BEA/IMBO N5 CTPaxOBbIX [AOrOBOPOB, COrMacHO KOTOPbLIM BbiMaaynMBaeTca CyMMa pasme-
pa 1 npu Hecny4yallHOW MHTEHCUBHOCTU HAYMC/IEHWUS MPOLEHTA, MOCTOSHHOW UK HeT. Tou-
Heel),
E[ZJ]@Jt = E [Z}@j5t. (4.2.4)

34ecb 1 fanee CUMBON @ 3KBUBANEHTEH BbIPAKEHUIO «BblUMUCNEHHOE Npu». — MpuM. peg.



B pononHeHue K CyLl,eCTBOBaHWIO MOMEHTOB AOCTAaTOYHbLIM YC/IOBMEM BbINMOMHEHUA Mpa-
Buia MOMEHTOB ABNAETCA COOTHOLUEHUE = bt ana scex t A 0, T.e. Ana Kaxpgoro t
Be/IMYMHa BbiNnatel paBHa 0 mam 1. TpoBepKa TOro, YTO 3TO COOTHOLIEHWE ABNAETCH
[LOCTaTO4YHbIM, Mbl OCTaB/seM B KadecTBe ynp. 4.30.

M3 npaBuia MOMEHTOB C/lielyeT, 4To

D[Z] =4 Im-(AIM)\ (4.2.5)

roe 2A].W sBAseTCH akTyapHO HacTosWeld CTOMMOCTbIO CTPaxoBaHWs Ha CPOK M NeT ¢
BbINNaTol paamepa 1 NPM WHTEHCUBHOCTM HAuyMCNeHUs MpoleHTa 2S.

BeccpoyHoe cTpaxoBaHMe Ha cnydyail cmMepTu MpefnonaraeT BbiNjaTy Mo CMepPTM
CTpaxoBaTefsi, B Kakoii 66l MOMEHT B GyAylieM OHa Gbl HW Npousowna. Ecnm BennumHa
BbINNaTbl COCTABAAET eAMHULY W BbiNaaTa MPOM3BOANUTCS B MOMEHT CMepTu nuua (x), To

bt=1 f~ 0, vt=vl, t~0, Z=vT, T"™O
AKTyapHas HacToslas CTOMMOCTb paBHa

[*00

Ax=E[Z = J/ VvAPXRBXxit) dt. (4.2.6)
0

Ons nuua, npollefllero cenekLMio B Bo3pacTe X, BO3PacT KOTOPOro B HACTOALLUA MOMEHT

paBeH X + h, COOTBETCTBYHOLLEE BblpaXXEeHNE NMEET BUA
100

A[x]+h —JI V tP[x]+h Bx{h "bt) dt.
[¢o]

BeccpoyHoe cTpaxoBaHUe Ha cayyail cMepTn ABNSeTCA NpefenbHbIM cCAyvyaeMm fns cTpa-
X0BaHUS Ha cayuail cMepTW Ha CPOK M neT npu N —> 00.

Mpumep 4.2.1. MycTb GYHKLWSA NAOTHOCTM MPOAO/XKUTENbHOCTU MpeacTosw et
Xu3Hu T ans nnua (X) umeeT BUA

/T(r)= (1/80" ° ~ ~ 80’
10 B MPOTUBHOM C/y4ae.

Ons c.B. Z, 0603HavalolW el HaCTOALW Y CTOMMOCTb 6ECCPOYHOr0 CTpPaxoBaHUA Ha cayyvai
CMepTn C BbINAaTON pa3Mmepa egnHULA, 3aKNIOYEHHOTO C NULOM (X), MPU UHTEHCUBHOCTHU
HauyucneHns npoueHTa S, BbIYNCAUM

(a) aKTyapHYyl HacTosllyl CTOMMOCTb,

(b) gucnepcuto,

(c) peBAHOCTY NepceHTUAb, N 9.

PeweHune. /»00 <80

(@ At =E[Z=J v'Mt) dt~J e~Stgodt = ~8QS 6®°

(b) Mo npaBuny MoMeHTOB

1_ a—1606 /1 _ >80S\ 2

i i —80<5

bDz'=~wWwr-~ - (—80*~) '
(c) Ans HenpepbiBHOW cny4ailHoi BeNUMYUHLI Z Mbl umeem P (Z~ ~ '9) = 0,9-
MockonbKy Mbl pacnonaraemM yHKUWEeR nnoTHocTM c.B. T, a He c.B. Z, Mbl AONIX-
Hbl onpefennTb coGbiTMe AnsA c.B. T, KOTOpPOe COOTBETCTBYeT cobbiTui0 Z <C £79. U3

puc. 4.2.1, KoTopblii NOKa3biBaeT CBSA3b MeXAY BblGOPOUYHbIM MPOCTPaHCTBOM C.B. T (Mo
ropuM3oHTaNbHON OCKM) N BbIGOPOYHLIM MpPOCTpaHCTBOM c.B. Z (MO BepTUKaNbHOW 0OcCK),



Mbl BUAMM, YTO £29 = v T' . [TOCKONbKY B C/ly4ae 6eCCPOYHOro CTpaxoBaHMA Ha chydai
CMepTW C.B. Z SIBNAETCA CTPOro ybbiBatowen QyHKLMed oT T, NepCeHTMNb pacnpegene-
HMa c.B. T, oTBevarLWasa 4eBAHOCTON NEPCEHTMUAN pacnpedeneHns c.B. Z , COOTBETCTBYeET
LonofiHuTeNnbHOMY ypoBHt0 0,1. B aTOoM npumepe c.B. T paBHOMEPHO pacnpefeneHa Ha
nHtepsane (0, 80), Tak uto 1= 8,0 u noTOMY = v8®0

Puc. 4.2.1. CBa3b MexAay C.B. Z u T Ans 6eCCPOUYHOr0 CTPaxoBaHWs Ha ciyyail cmepTu

paduk Ha puc. 4.2.1 MOXHO MCNONb30BaTb AN15 YCTAaHOBMEHUS CBA3EN MeXAy PYHK-
UMsSMKU pacnpefeneHns U NA0THOCTM C.B. Z u T:

ana z ~ 0 mHoxecTBO {Z " z} ABNSAETCA MHOXECTBOM BEPOATHOCTU HYNb;

ana 0 <z < 1 umeeT mecTo paBeHcTBO {Z sZz} = {T "~ Inz/Inr};

ana z ™ 1 mHoxectBo {Z”".z} ABNAETCA MHOXECTBOM BEPOATHOCTU eAuHMLA.

Takum o06pasom,

0, r™o,
Fz(z) = - Fz(Inz/lnv), 0<rT <1, (4.2.7)
1 10 -

OundpdepeHynpys dhopmyny (4.2.7), nonyyaem
/T(Inr/1nri)[1/(<5r)], 0 < r < 1,

f =
2(2) 0 B NMPOTUBHOM Clyuae.

(4.2.8)

Mpumep 4.2.2. B npegnonoxeHnax npumepa 4.2.1 onpegennmm
(a) qyHkuuio pacnpegeneHus c¢.B. Z, (b) QyHKLUIO NAOTHOCTU C.B. Z.

PeweHwne, (a) N3 cooTHOLWEHMNSA
FT() =

Mbl BuAnM, 4to P(T >80) = 0, Tak yTo P(0 < Z < =80) = 0. MMo3Ttomy B cuiy hopmyIibl

(4.2.7)
FQ z < v80,
<1—[(1nr)/(1nri)]/80, v8 <z <1,

[, o 1.
(b) angpdepeHumpya GyHKUMIO pacnpefeneHns us n. (a), Noayyum

fz (z)= UI/80)/(1/6z), v80<z< 1,
' 0 B MPOTMBHOM C/lyu4ae. y

Fz(z)



Tenepb Mbl o6pallaeM BHMMaHWe Ha OfHO CTaHAapTHOe MPUIOoXeHWe, Kacatolieecs
NnopTMens PUCKOB: OMpefeNneHne BeNUYMHbI HavyallbHOro MHBECTULMOHHOTO oHaa Ans
nopTgens CTpaxoBbiX AOroBopoB. Mbl 6yAeM MCNONb30BaTb MOAENb WMHAWBUAYASbHbIX
PUCKOB M HOpPMa/bHYH annpokcuMaunio (cMm. ob6ecyxaeHue B pass. 2.4).

Mpumep 4.2.3. Mpeanonoxum, 4to kaxagoe n3 100 He3aBUCUMbIX KL,

* WMeeT BO3pacT X,

* MOABEPXEHO MOCTOAHHOW MHTEHCMBHOCTW CMepTHoCTH, [r= 0,04,

* 3aK/I0YNI0 AOrOBOP CTpaxoBaHWUs C BbINAaToi 10 eMHWL, B MOMEHT CMEepTH.

CTpaxoBble BbINAaTbl NPOU3BOAATCHA U3 CPeLCTB MHBECTULMOHHOIO (hoHAa, Npuyem
S = 0,06. Paccuntaem MUHUMAaNbHY BeMYMHY oHAa h B MOMeHT t = 0, 4yTOObI CpeacTB
N5 CTPaxoBbIX BbIMAAT Ha Clyyvai CMepTu Kax[oro u3 ctpaxosateneil okasanocb focra-
TOYHO C BEPOATHOCTbIO Npubn3mMTensHo 0,95.

PeweHune. Ana Kaxgoro nuua

bt = 10, t~ O, V=V, t~Q, Z=10>t, T"O.

Ey,qu CUNTaTb, YTO CTpaxoBaTenn KakMmM-nn6o o6pa30M nepeHymMmepoBaHbl, Hanpumep,
HOMepamu 3aK/0UYeHHbIX C HUMW LOroBOPOB. Torga B MOMeHT t = 0 HacTodlWwaa CTon-
MOCTb BCEX MPEACTOAWNX BblNaT paBHa

100

s:'{£zi’

roe Zj siBnseTcs HaCTOsAWEN CTOMMOCTbH B MOMEHT BpeMeHu t = 0 TOI BbINAaThl, KOTO-
pyto npuaeTcsa Npou3BecTM B MOMEHT CMepTu Nnua ¢ HOMEpOM j .

Lnsa Toro 4tobbl NoAgcUYMTaTh CpeAHee 1 AMCNEepCUto, 3aMeTM, 4TO C.B. Z paBHa Cay-
YaliHON BeNNYMHE, ABNAIOLLEACA YMHOXEHHON Ha 10 HacTosLeli CTOMMOCTbIO 6eccpou-
HOro CTpaxoBaHWsA Ha cfyvail CMepTu C BbINJaTON pasMmepa efuHuua. Ons nNoCTOAHHOM
MHTEHCUBHOCTU HAYUCNEHNA MPOLEHTA S 1 NMOCTOSHHON MHTEHCUBHOCTU CMEPTHOCTM 1y aK-
TyapHas HacToflasn CTOMMOCTb 6ECCPOUHOr0 CTPAX0BaHMS XU3HW C BbINAATON BeNYNHbI

efinHMLIA paBHa
roo

Ax= [ e~&e~Rftrdt = —
Jo i+ 0
Takum 06pas3om, N5 Hawero npumepa

BO=1on, =10 =4, US=10Y.. 1000042 06) =25

nD[Z =09.
Ncnonb3ys 3Ty 3HAYEHMS CpefHero v AUCMepPCcUn KaxAoro u3 cnaraembix B CymMme S,
Mbl NONYYUM
E[5] = 100(4) = 400, D[S] = 100(9) = 900.
Heobxofnmas MMHMManbHas BefiMunHa h QoHga onpegenseTcs M3 COOTHOLWEHMS
P(S"h) =0,95

NN, 410 3KBUBA/TIEHTHO,

= 0,95.



MprMeHss HOPManbHYO annpPoKCcUMaLMiol), Mbl MonyyYaem2)

H = 1,645, h = 449,35. v

3ameyaHusa. 1. PasHuua MexAay HayalbHbIM Kanutanom, paBHbiM 449,35, 1 marte-
MaTUYECKMM OXMAAHWEM HACTOAWe CTOMMOCTM BCeX nnaTtexei, paBHbIM 400, cocTas-
naowas 49,35, aenseTcs puckoBoi Hagbaskol n3 rn. 1. Hag6aBka Ha O4HO MO COCTaB-
nset 0,4935, nnn 4,935% Ha Bbinnaty pasmepa 1, unn 12,34% akTyapHOU HacTosllei
CTOMMOCTW.

2. OTOT npumep, TaK e Kak npumepsl 2.5.2 n 2.5.3, ncnonb3yetr mMofenb WHLUBU-
LyanbHblX PUCKOB M HOPMa/ibHYHO annpokKcuMMauuio pacnpegeneHus c.B. S. B npume-
pax, OTHOCALLUXCA K KOPOTKUM BPEMEHHbIM WHTepBasam, MosiHble MOCTYM/IEHNS, PaBHbIe
OXMWJaeMbIM BblMnaTam MNAKC pUcKoBas HafbaBKa, ONpPefensinucb Tak, Y4To6bl C 60/b-
LUO/ BEPOSTHOCTbIO MPEBOCXOAUTb CYMMY BbinfaT. B paccMoTpeHHOM npumepe ¢ 60/b-
UMM UHTEepPBaNOM BpeMeHW MOJIHble NOCTYMNEHUS NAKC NPOLEHTbl Ha HUX NPU 33faHHON
MPOLEHTHON CTaBKe onpefensnnch Tak, YTobbl X XBaTano AN NOKPbITUA BbiNAaT No fo-
rosopaM. HauyanbHblli Kanutan B pasmepe 449,35 nokpoeT meHee yeM 45% 0XXMAaeMblX
B KOHLE KOHL0B BbINMAT, paBHbIX 1000.

3. Ha puc. 4.2.2 nokasaH rpauk BenMUYnHbl PoHAa 3a MepBble 2 rofa nNpu Takol
CXeMe BbIMNAT, YTO B KaXXAblI M3 MOMEHTOB BpemeHun 1/8, 7/8, 9/8, 13/8 n 15/8 npowuc-
XOAWUT 0fjHa CMepTb, @ B MOMeHT 10/8 nMpoucxonAat ABe cMepTU. B npomexyTkax mexay
CTPaxoBbIMW BbiNjaTaMu, KOTOPble Ha rpafuke COOTBETCTBYIOT pa3pbiBaM, rpaguk no-
KasaTenbHbIli. OH nNpefcTaBnseT pocT oHAa, cooTBeTCTBYOWMI 5 = 0,06.

4. Mofo6HbIX CXeM BblMaT 6ECKOHEYHO MHOTO0, U Y KaXkol cBOW rpaguk. Kak yucno
CTPaxoBbIX BbINAAT, TaK 1 MOMEHTbI BPEMEHM, KOTfa 3TW BbiNaaTbl MPOUCXOAAT, BAUSIOT

ATo ecTb nonaras d((/i - 400)/30) = 0,95, rae ® —pyHKLUUA CTaHJAPTHOrO0 HOPManbHOro pacnpe-
neneHuna. — MNpum. pes.
B KauecTBe NPUGAMKEHHOTO K UCKOMOMY 3HauyeHuto h. — Mpum. peg.



Ha oHA. Hanpumep, ecnn BMECTO CXeMbl, U306paXKeHHOI Ha puc. 4.2.2, cemb BbINaat
npoun3oiigyT OAHOBPEMEHHO B CaMblil MepBblii MOMEHT, pasmMep oHAa Ccpa3y XXe Cokpa-
TnTca go 379,35 u 3atem BO3pacTeT f0 427,72 K KOHLY BTOpPOro roga.

MprBefeHHbIE NPUMEPLI UNKOCTPUPYHOT TPY pPas3NnyHblie CayYaiiHble COCTaBaALLLMe
KOHCTPYKL MW MOJENu PUCKOB, a MMEHHO, MPOU30AET UM HeT cTpaxoBas Bbinnarta, Ka-
KOB OyJeT ee pa3mep M B Kakoe Bpems OyaeT npou3BefeHa Bbinnarta, ecv OHa Npon3oi-
fet. B npumepe 2.5.2 nmenacb nuLib HeonpeaeneHHOCTb, NPOU30NAET BbinaaTa, UAN HET.
B npumepe 4.2.2 umenacb HeonpefeneHHoOCTb /iMWb OTHOCUTENIbHO BPEMEHW BbINNaThl.
B 3Tux mMopenax uHble HEONpPeLeneHHOCTN He paccmaTpusanuce. B npumepax 4.2.1, 4.2.2
n 4.2.3 Mbl He paccMaTpuBany BO3MOXHOCTb TOr0, YTO YBEIMUEHWE KanuTana MOXeT npo-
MCXOAUTb 3@ CYET HAYUCNEHUS MPOLEHTOB C HEAETEPMUHUPOBAHHOW NPOLLEHTHOM CTaBKOWA.

4.2.2. CMellaHHOe cTpaxoBaHue

CTpaxoBaHue Ha LO>XKWTUWE HA CPOK N NeT Mpeanosiaraet BbIMaaTy Mo UCTEYEHUN N
NeT B TOM N TONIbKO B TOM Cny4ae, Koraa ctpaxoBaTesib 6y,qu XWB MO nNpoLwecTsun n net
C MOMEHTa 3aK/Il04YeHna CTPaxoBOro Aorosopa. Ecnu Bbinnauyneaemas CyMMa coCTaBnsaeT
eanHugy, 10

T~ n,
T >n.

EAVHCTBEHHbIM 3/1EMEHTOM HEOMNPEeAeneHHOCTM B CTPaXOBaHUW Ha AOXWUTUE SABNSETCA
(haKT, NPon30i4eT UM He MPOU30IAeT CTpaxoBas BbiniaTta. Pasmep M Bpems npousBe-
[AEeHMa BbiNMaThl MPW YCNOBMM, YTO BbiM/aTa NPON3oWAEeT, onpeaeneHsl 3apaHee. B Bbipa-
XeHun Z = vnY BeNMuYMHA Y SBNAETCA WHAMKATOPOM COObITUS «[A0XMTME A0 BO3pacTa
X + n». OTa BENMYMHA NPUHUMAET 3Ha4yeHMe 1, eCnm cTpaxoBaTe/b AOXMBET 4O BO3pac-
Ta X + N, 1 3HayeHne 0 B MPOTUBHOM Cnydvae. [ na 0603HaYeHUS aKTyapHOI HacToslei
CTOMMOCTM CTPax0oBaHMUS Ha AOXWUTMWE HA CPOK N fIeT MMeeTca ABa cMMBOna. B cTpaxoBom
KOHTEKCTE 3T0 BefnumHa AX.i,. Mbl YBUAUM B CNeAYHOLLEi rNaBe, YTO B KOHTEKCTE aHHY-
NTETOB Ta Xe BennmymHa 0603HavyaeTcs yYepe3 NEX. ITO pasrpaHUYeHUe BbIMOMHAETCS He
CNMLWKOM CTpOro. Ymutatenb A0MXKEH 6bITb FOTOB K N1060I M3 hopMm 3anucu,

AxL = E[Z\ = vnE[Y\ = vnnpx

D [2\ = v2nD[Y] = v2nnPx ngx = AXi, - (Ax.M)2. (4.2.9)
CwMellaHHOe CTpaxoBaHWe Ha CPOK N neT npegnonaraeT BbINAaTy AM60 NO CMepTU
cTpaxoBaTens, MM60 MO JOXUTUWU UM A0 UCTEYEHUA N-NIeTHero cpoka, B 3aBUCUMOCTU OT
TOro, YTO CAYy4YMTCHA paHblie. Ecninm pasMmep BbiNaaTbl — eAMHULA W €CiM BbiNaaTbl Ha
cnyvain cmepTu NPoOM3BOAATCSH B MOMEHT CMepPTU, TO
t~on, T"n,
t>n, T >n.
AKTyapHas HacToslwas CTOMMOCTb 0603HavaeTcs yepe3 AX.W, MOCKONbKY AN CMeLlaH-
HOro cTpaxoBaHus bt — 1, No NpaBuny MOMEHTOB Mbl MMEEM
E[z)m = E[Z]1@]S.

Kpowme ToOTO,
D [Z] —2A x-ni —(AXx")2. (4.2.10)



Takoe CTpaxoBaHME MOXHO paccMaTpuBaTb KakK KOMOMHaLMK CTpax0oBaHWA Ha Ciydal
CMepTV Ha CPOK N /1eT M CTPaxOoBaHUSA Ha AOXMWUTUME Ha CPOK N fIeT — B KaXA0M cny4ae
c Bbinnatoil pasmepa 1. MycTb Z\, Z2 n Z3s — cny4vailHble BeNNYMHbI, 0603HavatoLKe
HacTOALLYH CTOMMOCTb AOroBOpa CPOYHOr0 CTPaxOBaHWS, CTPaxOBaHUS Ha JOXUTUE U
CMeLLaHHOro CTpaxoBaHWA COOTBETCTBEHHO, B KaXXAOM M3 KOTOPbIX CTpaxoBas Bbinjarta
NPOU3BOANTCA B MOMEHT CMepTU nnua (k). N3 npeablgywux onpeseneHnin Mbl UMeem

T/™n T™n,
T>n T>n
(4.2.11)
(4.2.12)
(4.2.13)
(4.2.14)
Cov(Z1,22) = -E[Z']E[Z2]= -AI*Ajn (4.2.15)

MoacTtaHoBka opmyn (4.2.5), (4.2.9) n (4.2.15) B (4.2.13) npuBOAUT K (hopmyne AnA
~D[Zz] B TepMUHaX aKTyapHOI HacTOsAWEN CTOMMOCTM AN CTPax0BaHMA Ha C/ydvain cmep-
TW Ha CPOK M NeT W A5 CTpaxOBaHUS Ha AOXUTUe.

MocKonbKy  aKTyapHble  HacTosAuwiMe CTOMMOCTM  MOMOXWTENbHbI,  BEMYUHA
Cov(Zi,Z2) oTpuuatenbHa. 9T0 MOXHO 6bIN0 NOHATL 3apaHee, NOCKO/AbKY OfHa Benu-
ynHa 13 napbl Zi U Z2 Bcerfja Hynesas, a gpyras nonoxutenbHas. C gpyroii CTOPOHbI,
KO3(D(hMLMEHT KOPpensiymm Mexay c.B. Z\ n Z2 He paBeH —1, NOCKONbKY 3TU BEIMYUHbI
He CBA3aHbl NMHEWHOW 3aBUCMMOCTbIO. BecnomHum ynp. 1.23(c).

4.2.3. OTCpOYEeHHOe CTpaxoBaHue

CTpaxoBaHue, 0OTCPOYEHHOE Ha TN IeT, NpeAnosiaraeT BbINaaTy cpasy nocne cMepTu
CTpaxoBaTena TO/IbKO B TOM C/y4vae, C/i OH YMPET He paHblle, YeM 4yepes3 M neT nocne
3aK/IK0YEHMNA CTPaxXxOBOro AOroBopa. BoinnauynBaemasi CymMa M CpPOK, Ha KOTOPbIA 3aK/t0-
YeH AOroBop, MOryT 6bITb NHO6LIMM M3 06CYXKAaBLUIMXCA Bbile. Hanpumep, 6eccpoyHoe
CTpaxoBaHWe Ha Cny4ail CMepTW, OTCPOYEHHOE Ha T /IeT, C BbINAaTOW B MOMEHT CMepPTK
CTpaxoBaTeNna CyMMbl, paBHOI egnMHuMLE, ONpeAensieTcs COOTHOLIEHUSMU

T >mm,
T m.

AKTyapHas HacTofllad CTOMMOCTb TaKOro cTpaxoBaHus 0603HayvaeTcs yepes T\Ax n paB-
Ha

Mpumep 4.2.4. PaccMOTpUM 6GeccpoyvyHOe CTpaxoBaHMe Ha cayyali cMepTu, OTCpo-
YeHHoe Ha 5 neT, ¢ BbINAATOl B MOMEHT cMepTu nuua (X). VIHTEHCUBHOCTbL CMepTH L



Ans atoro nuua pasHa 0,04. Mpu 6 = 0,10 gna pacnpegeneHna HacTosALWEA CTOMMOCTM

BbINAThI
(a) nogcunTaem matematuyeckoe oxupgaHue, (b) nogcunTaem gUCrepcuto,

(c) BbinMwem gyHKuuto pacnpegenedns, (d) moagcumTtaem megmaHy .

PeweHune.
(a) Ans Npon3BONbHBLIX L, 1 6

5AX= I e-ste-*Rdt = -/1— e~5ifl+sl
Jb R+ &

Moatomy gns x= 0,04 n $= 0,10
5|/Ax = (2/7) 807 = 0,1419.
(b) Mo npaBuay MOMEHTOB
opn =. e-5004+0,2°) 4  lid=
LJ 0,04+0,20 49

(c) Kak n B cnyyae 6eCCpOYHOro CTpaxoBaHMA Ha Cly4yail CMepTuW, pelleHune BbiTe-
KaeT M3 rpamka CBsisn Mexay c.B. Z u T. [na OTCPOYEHHOr0 Ha T NeT [orosopa

CTpaxoBaHWs 9TOT rpauk NpUBEAEH Ha puc. 4.2.3.

Puc. 4.2.3. CBs3b Mexay ¢.B. Z n T ANA OTCPOUEHHOro 6eccpovyHOro
CTpaxoBaHMA Ha cnyvall cmepTu

XoTs T — HenpepbiBHas cnyyaiiHas BeNMYMHa, Z SBNASeTCA CAy4valiHO BeNUMHOIN
CMELIaHHOro TUMa CO «CryCTKOM» BEPOSTHOCTHOM Macchbl B TOUKe 0, MOCKO/MbKY CO6bITUE

Z = 0 cOOTBETCTBYET COGbITMIO T <1 T.
Mpn 06WMX NPELMNONOKEHUAX O CMEPTHOCTY W MPU MOCTOAHHON UHTEHCUBHOCTU Ha-

YMCNEeHNS MPOLEHTA Mbl UMEEM:
e ans cobbitma Z =0

Fz(0) = P(T"T) = Frim); (4.2.17)
eqNa 0<z<vVT
Fz(z) =P(Z"z) =P(Z=0)+P(0<Z”z) =P(T"m) +P(o<vT"2)
P(TAm) + P(T > Inz/lnw) = Frim) + 1- Fr(\n z/ \nv); (4.2.18)

e 4ns z >vm
Fz{z) = 1 (4.2.19)

B 9TOM nNpumepe OTCPOUYEHHOTO Ha 5 IeT 6eCCPOYHOro CTpaxoBaHMs Ha cnyyait cMepTy ¢
R =004 1 G= 0,10



e B cuiy opmynsl (4.2.17)
Fz{0) = FT(5) = 1- e~°2=0,1813;

e cornacHo opmyne (4.2.18) gns 0 <z <vb
Fz{0) = FT{5) + 1- = 1- e~02+ r004/0'10 = 0,1813 + r0%4; (4.2.20)

e no opmyne (4.2.19) ana z > v5
Fz(z) = 1

IpaduKk 3TOW hYHKLMWU pacnpefeneHns npusedeH Ha puc. 4.2.4.

(d) N3 puc. 4.2.4 nan u3 dopmynbl (4.2.20) Mbl NoAy4YaeM, YTO MefMaHa fABNseTCA
peLleHnemM ypaBHEeHUS
0,5 = 0,1813 + r04.

Takum obpasom, = 0,0573. T
3ameyaHunda. 1. B aTom npumepe Hambonbluee 3HaYeHWe €.B. Z, Npu KOTOPOM MN0T-
HOCTb pacnpejgeneHuns c.B. Z HeHynesasi, paBHo e-0,1" = 0,6065, 4TOo cooTBeTCTBYET
3HayeHuo T = 5.
2. PacnpegeneHune c.B. Z B 3TOM Npumepe aCUMMETPUYHO U CUNLHO CMELLEHO BMNpaBo.
Ero MOJIHAA Macca cocpefoToyeHa B uHtepsane [0, 0,6065], ero cpesHee paBHO 0,1419,
HO ero MefuaHa paBHa Bcero nuwb 0,0573. 3Ta aCMMMETPUA CO CMELLEHVEM B CTOPOHY
60MbLUNX MONOXUTENbHbIX 3HAYEHWUIA ABAAETCA TUMUYHOW LN MHOTMX pacnpegeneHuit
BE/IMYUH CTPax0BbIX BbIMJaT BO BCEX 06/1aCTAX CTPaxoBaHUS.

4.2.4. CTpaxoBaHVe C U3MEHAKOLWNMUCA BbINiaTamu
O6wyt mogens, onpegensemyto qopmynoi (4.2.1), MOXHO MCNONb30BaTb B 60/b-
LUMHCTBE MPUMOXEHNA. Mbl UCNONMb30BaNN ee NPUMEHWUTENbHO K A0roBOpaM CTPaxoBa-
HWS XKWU3HW C MOCTOSAHHBIMK BbinnaTamMmu. OHa MOXET TaKXe NMPUMEHSTbCA K JOroBopam
CTpaxoBaHWsA, B KOTOPbIX Be/iMYMHA BbINaAT Ha CAy4vaid cMepTu nM6O Bo3pacTaeT, 60
ybblBaeT B apuPmMeTMUYEeCKO NporpeccMm B TeYeHWE BCErO CPOKa AelCTBMA CTPaxOBOro
[0roBopa MAM YyacTu 3TOr0 Cpoka. TakKoi CTpaxoBOW MPOAYKT 4acTo npeasaraetcs B Ka-
4ecTBe AOMNOSIHNTENILHOTO MOKPbITUS, KOTAa OCHOBHOWM CTpaxoBol AOroBop obecneunBaeT



BO3BPAT MEPUOAMYECKN BbINNAUYMBAEMbIX MPEMUI B MOMEHT CMEpPTU MM KOTfAa aHHyU-
TeT COAEePXMUT rapaHTMIO TOTO, YTO BbiNAaTbl 6YAyT COOTBETCTBOBATb OFOBOPEHHON B HEM
HauyanbHOW nNpemuu.

BeccpoyHoe cTpaxoBaHWe Ha clyyail CMepTU C eXKErofHo yBennumsaloleiics cTpa-
XOBOW BbINAATOW, COFNAacHO KOTOPOMY BbIMaynMBaeTcs 1 B MOMEHT CMepTW B TeueHue
MepBOro rofa, 2 B MOMEHT CMepTW B TeUeHUWe BTOPOro rofa v Tak fanee, XapakTepusyet-
cA cneayroWwuMn QyHKUUSAMK:

bt =[£ + Ij, t~O, vt=vl, t"0, Z=[T+IWT, TAO,

roe L J o603HavaeT uenyro yacTb Ymncna.
AKTyapHas HacToAu|as CTOMMOCTb [N Takoro CTpaxoBaHWsa 0603HauaeTca uepes

(TA)X n paBHa
pa0
2] - J\o L*+ LJyttPx Bx(t) dt.

B oTAuuMe OT cyyas CTPaxOBaHMS CO CTPaxOoBbIMMW BbiMjaaTaMu, paBHbiMKW 0 u 1, npu
CKOPPEKTUPOBAHHON MHTEHCUMBHOCTY HAYMCNEHMS NPOLEHTa MOMEHTbI BbICLIEro nopsaka
He paBHbl aKTyapHOI HacTOfLEA CTOMMOCTU. DTU MOMEHTbl MOTYT OblTb BbIYNUC/EHDI
HENoCpPeACTBEHHO C MOMOLLbIO UX onpeaeneHuii.

YBennyeHnUs CTPaxoBoii BbINIaTbl, OFOBOPEHHbIE B CTPAaXOBOM [0OrOBOpe, MOTYT Mpo-
UCXOAMTb Yallle UK pexke, YeM OfMH pa3 B rog. [,ns 6eccpoyYHOro CTpPaxoBaHWs Ha cnyvaii
CMepTW CO CTPaxoBoit BbINNATOI, yBenuumuBaioLleiics T pas B rof, BbiNiaTbl COCTaBSA-
0T 1/T B MOMEHT CMepTW B TeYeHWe MepBoro M3 T WHTEPBaNOB, Ha KOTOpble pastuT
rog, 2/T B MOMEHT CMepPTU B TeYeHWe BTOPOro Takoro MHTepBana W T.4., YBeMumuBasch
Ha 1/T B KaXfblil nocnegytowuii UHTepean. s Takoro CTPaxoBaHWUs XU3HU

Lin+ i n Z = T>o
m m
AKTyapHasi HacTosL,as CTOMMOCTb — 3T0
(1"A)YX=E[Z.

MpeaenbHblii cnyyail npy m —»00 AN8 6ECCPOYHOr0 CTPaxoBaHWs Ha cnydvali cMepTu
CO CTPaxoBOW BbIN/JATON, yBeNUUMBalOLWeiics m pas B rof, SBASETCS CTpaxoBaHUEM C
BbIMNATON CyMMbl t B MOMEHT cMepTh t. COOTBETCTBYHOWME QYHKLUN UMEIOT BUS

bt = t, 0, Yyr=yb, 0, Z=TvT, T"O0

B 9TOM cnyuae akTyapHas HacTosulas CTOMMOCTb 0603HavaeTcs uepes (1A)X.

Takoe 6eccpoyHoe CTpaxoBaHWe Ha ciay4yaih CMepTU C HENpPEepPbIBHbIM YBENNYEHWNEM
pasmepa BbiMaaTbl 3KBNBa/IEHTHO MHOXKECTBY 40r0BOPOB 6€CCPOYHOr0 OTCPOUEHHOIO CTpa-
X0BaHMWA Ha ciyyain CMepTu € NOCTOSAHHbLIMMW BbiNnnaTaMu. 3Ta 3KBMBASIEHTHOCTb MOKa3aHa
rpaguyeckmn Ha puc. 4.2.5, rae o6nactb Mexay npsmoin bt = t n ocbto t NpeacTaBnseT go-
roBOPbl CTPaxoBaHWA MO BCEMY BPEMeHU NpeAcTosALW el XU3HU. Ecnn 06begUHUTL UH(K-
HUTe3nManbHble o6nactul) no BepTukanu ANA (UKCUPOBAHHOIO t, MonyvaeTcs Bbiniata
B MOMeHT t. Ecin 06beAMHWUTL UX MO FOPM3OHTaNU ANA (UKCUPOBAHHOIO S, TO MOAy-
ynTCca B6eCcCPoYHOe CTpaxoBaHWe Ha Cny4yaill cMepTu, OTCPOYEHHOE Ha S /IET, NpK pasmepe
BbInnaTbl ds.

O6nacTn «6eCKOHEYHO Manoi» WupuHbl. — MNpuM. pea.



Puc. 4.2.5. CTpaxoBaHue C HENPePbIBHO YBENMUMBaAKOLLENCA BbINNATOM

M3 3Toli 3KBUBANIEHTHOCTU chefyeT, YTO akTyapHble HacTosAW e CTOMMOCTM A5 YKa-
3aHHbIX CTPax0OBaHWI paBHbl. VIX paBeHCTBO MOXET ObiTb A0Ka3aHO TakKXe CnefyroLium
obpasom. \

Mo onpepéneHuio

p OO

{IA)X= 1/ tvltpx vx(t) dt,
Jo

W, UHTEPNpeTUpys t NOA 3HAKOM WMHTEerpana Kak UHTerpan oT Hyns Ao t Ha puc. 4.2.5,
Mbl VMeeMm

(iax=r wn &YMPH) d

Ecnn Mbl M3MEHMM NOPAAOK WMHTErpUpPOBaHUS U AN KAXKAOT0 3HAYEHUS S MPOUHTErpu-
pyem Mo t OT s A0 x, TO MOAy4YMMm, cornacHo dopmyne (4.2.16),

poO  roo

AAX— 1 1 ytxBxydtcs— | sAxck
Jo Js Jo

Ecnun no TaKOMY [0roBopy C yBe/IMYEHNEM pa3mepa BbiNatbl TO pa3 B rog Bbinaata
Ha CﬂyanI CMEepPTN Mpom3BOoANTCA TONBbKO B Ciy4ae, €C/im CMepPTb HacTynhna He nosg-
Hee, Yem 4epe3 n netT C MOMEHTa 3aK/Ilo4YeHna aorosopa, To 3TOT AOroBOp Ha3blBaeTCA
[OrOBOPOM CTpaxoBaHMs Ha cnyyail CMepTW Ha CPOK N NeT CO CTPaxoBoii BbINNATOM,
yBenMumBaloLleiica T pas B rog.

B HEKOTOPOM CMbICNe NPOTMUBOMOJIOXKHBIMM K AOroBopamM CTpaxoBaHUA Ha cnyqa|7|
CMEPTN CPOKOM Ha N JIeT C eXXerogHo yBeI'IVI‘-II/IBalOLLLeVICFI BbINNaTOW ABNAKOTCSA A0roBopbI
CTpaxoBaHMA Ha Clyyail CMEPTU Ha CPOK N NeT C eXKEerogHo yMeHbluaoLleica cTpa-
X0BOIi BbINNATOIA, COrMacHO KOTOPbIM B MOMEHT CMEpTU, Npou3oLleLlel B NepBblii rog,
BblMn1a4ynBaeTca cymma n, B MOMEHT CMEPTH, I'IpOI/I3OU.Ie,U'LIJEI7I BO BTOpOI7I rogq — cymma
n—1imn T.4., TaK 4YTO BbiN/1aTa CTAaHOBUTCA HyI'IEBOI\/JI Nno OKOHYaHWUM Nn-ro ropja. TaKomy
[IOr0BOPY COOTBETCTBYHOT PYHKLUN

in-[t\, tan, t . Lyt —m),

bt = < vt=v , t> 0,

;Cn,
10, t>n, 10, >n

T
m
T



)

Bwug ctpaxoBaHus

BeccpoyHoe cTpaxoBaHMe Ha Cyyaii cmepTm

CTpaxoBaHuWe Ha CMy4ail CMepTy Ha CPOK T
net

CTpaxoBaHWe Ha [JOXXMTUE HA CPOK N feT

CwmellaHHoe CTpaxoBaHWe Ha CPOK M neT
CTanOBaHI/Ie Ha CPOK N NIET, OTCPOYEHHOE
Ha m nert

CTanOBaHI/Ie Ha CPOK 1 JIET C eXXErogHo
YBENMNYNBaOLWENCA BbINNaTon

CTpaxoBaHWe Ha CPOK N NIET C eXerogHo
YMEHbLLIAOLLENcs BbINaaTol

BeccpoyHoe CTpaxoBaHMe C BbINNATOV,
yBennuuBatoLLelics m pas B rog

@)

dyHKLMA BbINAAT bt

1

1, t™n

0, t>n

0, tAn

1, t>n

1

I, m<tArn+ T
0, tArm t>n+ MM
[f+ 1], t~n

0, t>n
n~W>t”"n

0, t>n
\tm + 1j

3ameuaHue, bt, vt n z< onpegeneHbl Tonbko ansa t A 0.
*|-li MOMEHT paBeH aKTyapHO HacToALleli CTOMMOCTU MPU UHTEHCUBHOCTU HAYMCNEHWUSA MPOLEHTa, PaBHOM UCXOAHOW UHTEHCMBHOCTW HauWCneHUs
NPOLIEHTa, YMHOXEHHOM Ha j. 3Ta BeanumHa o603HavaeTcs Yepe3 3A ans j > 1. B aToM cnyyae gucnepcus o603HavaeTcs yepes 21 —A2.

~BblYNCNNETCA HEMOCPeACTBEHHO M3 onpegenenus, E [Z]]

(©)
DYHKUNA
[LVICKOHTK-
poBaHusa Vit
vt
VE
vn
I/, t~n
un, t>n
vl
vl
vl
u*

(@) )
®YHKLWSA HacTosLL el

CTOUMOCTW Zt
vl

t/, tNn

0, t>n
0, t~n
vn, t>n
t/, t~n
vn, t>n

vl, m<tArn+m
vn, tAm t>n+m
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AKTyapHas HacToAwasa CTOMMOCTb TaKOro A40orosopa CTpaxoBaHUa — 3To

3TOT A0roBOp ABASETCA NPOTMBOMOMOXHBLIM K OrOBOPY CTPaxoBaHWA Ha Cayvai cmepTu
CPOKOM Ha N fiIeT C eXEerofHo yBenmuumsarloLeiics BbINAaToli B TOM CMbICNe, YTO CyMMa
nx QYHKUMA BbINNAT ABNAETCA MOCTOAHHOM M paBHOW N + 1 Ana cpoka B N feT.

B T1a6n. 4.2.1 npuBoANTCA CBOAKA PE3yNbTaTOB HACTOSALLEr0 pa3fena. B nepsom cTon6-
e COLEpPXUTCS Ha3BaHWe CTPaxOBOr0 MfaHa, fanee JawTcs PYHKLUMW BbIMAaT U Auc-
KOHTUPOBAaHUS, KOTOPbIE OMNpeAeNAoTCsa B TEPMUHAX NPOAOMKMTENbHOCTY NpeacTosLL el
XM3HU CTpaxoBaTens Ha MOMEHT 3aKN4eHMa 4OroBopa CTpaxoBaHMsA. 3aTeM YyKasblBa-
eTca (YHKLMA HacTosAWel CTOMMOCTM, KOTOpas BCerfja nosy4vyaeTcsi Kak Mpov3BefeHue
OBYX Mpeabiaywnx GyHkumii. B natom ctonbue npeactaBneHo 0603HayYeHue ANS aKTy-
apHO HacTosAWel CTOMMOCTU, NPUHATOe B MeXAyHapoAHOU cucTeme akTyapHbIX 060-
3HayeHnil. CuMBON B nocnefHem CTon6Le, OTCbINAKWMIA K NOACTPOUHOMY NPUMEYaHUIO
K 3TOW Tabnuue, yKasbiBaeT, MOXET N AN BblYUCNEHUS MOMEHTOB BbICLUUX MOPSAKOB
NMPUMEHATLCSA MPaBUIO MOMEHTOB.

4.3. CTpaxoBble BbIN/aTbl, NPON3BOAMMbIE B KOHLE roga cMepTu

B npegbigylwem pasfene Mbl pacCMaTpuMBany MOLENN CTPaxOBaHUS XW3HU, B KOTO-
pbIX BbiNAaTbl MPOW3BOAWUAUCL B MOMEHT CMepTW. Ha npakTuke 60MbLWIMHCTBO BbiNaaT
NPOM3BOAUTCA B MOMEHT CMEpPTW, TaK UYTO MPOLEHTbI HAYUCAAOTCA LO TOr0 MOMEHTa,
KakK Bbinnatbl 6yayT peanbHO NPOU3BEAEHbI. DTU MOAeNN POPMYINPOBASIUCE B TEPMUHAX
c.B. T, NPOJOMKUTENBHOCTN NpPeACTOAW el XMU3HN CTpaxoBaTeNa Ha MOMEHT 3aK/wuye-
HWS CTPaxoBOro forosopa. Ho B 60MbLINHCTBE NPAKTUUECKUX MPUIOXEHWUA CTPaxoBaHus
XU3HW caMoii TOYHON UH(opMaLmeli 0 pacnpefeneHnn c¢.B. T sBAseTca Tabauua cmepT-
HOCTW, B KOTOPOW MHOpMaLus gUCcKpeTM3MpoBaHa. Ha camom fene aTo — MHGpopmanms
0 c.B. K, nowarosoil NpoAoAXMTENbHOCTM NPeACTOALLEN XN3HN CTpaxoBaTens B MOMEHT
3aK/H0YeHUs A0roBOpa CTpaxoBaHUs, KoTopas fBiseTcs QyHKUMeR oT c.B. T. B aTom u
B C/leAyIOLLEM pa3jesie Mbl YCTPaHsieM 3TOT HeAOYeT, CTPOSi MOAENN CTPax0BaHUS XU3HU,
B KOTOPbIX BEIMYMHA U BPEMSA BbINAAT Ha CAyvail CMEpTW 3aBUCST TOMbKO OT Ymcia non-
HbIX NIeT, MPOXUTbIX CTpaxoBaTe/fleM C MOMEHTA 3aK/Ilo4YeHUs 4O0roBopa A0 MOMEHTa ero
cmepTu. Mbl 6yeM Ha3biBaTh Takue [OroBOpbl CTPaxoBaHWa 4Or0BOpaMu C BbinfaTaMmu,
OCYLLECTBASAEMbIMMU B KOHLE roga cmMepTMu.

Hawa mogens hopmynmpyetcs B TepMUHAX MOLIArOBOA MPOAOMXUTENbHOCTY Mpea-
CTOsAWEN XMN3HW cTpaxoBaTens. ®yHKumMs Bbinnat bk+i v GyHKUNS AUCKOHTUPOBaHUS
Vk+i COOTBETCTBEHHO SIBASIOTCS BENNYMHOWN BbiNAaTbl U KOIPPUUMEHTOM AUCKOHTMPO-
BaHWA, OTHOCALWMMUCA K Nepnmogy OT MOMeHTa Npou3BeAeHUs BbiNaaTbl Ha3aj 40 MOMeHTa
3aK/l0YeHNa 4OroBopa, ecay nolaroBas NPoOAOAXKMTENbHOCTb XXMU3HWM CTpaxoBaTens pas-
Ha K, T.€. OH yMupaeT Ha K + 1-M rogy ¢ MOMeHTa 3aK1l04YeHUs CTPaxoBOro AOroeopa.
HacToswas, Ha MOMEHT 3aK/Il0O4YeHUst [OroBopa, CTOMMOCTb 3TOW CTPaxoBOW BbINAaThI,
o603Havyaemas yepes z"+i, onpegenseTcsa Gopmynomn

Zk+i —bk+iVk+i- (4.3.1)

Ecnu ncxoanTb M3 MOMEHTA 3aK/OUYeHUs [OroBopa, TO HOMEp CTPaxoBOro rofa, Korpga
MPOUCXOANUT CMepTb, paBeH 1 NAOC MollaroBas NPOAOMKUTENIbHOCTb MPeACTOSLLEN XIn3-
HU cTpaxoBaTens K. 3To cnydvaiiHas BenMuuHa, onpegeneHHas B pasg. 3.2.3. Kak u B



npegbigylulem pasgene, Mbl ynotpe6nsem gns cnyyvaliHON BeIMUMHbI, 03HaYaloLLen HacTo-
AWYI CTOMMOCTb zk+1, CAMBON Z.
O nsa cTpaxoBaHWA CPOKOM Ha M NeT Npu BbiNaaTe pasmMepa 1 B KOHUE rofja cMepTu

fl, A=0,1,...,n —1,
Ok+1- <
10 B NPOTUBHOM Clyuae,

Vk+1 = VK+1

B NMPOTUBHOM Cny4ae.

AKTyapHas HacToslas CTOMMOCTb /15 TaKOro CTpaxoBaHus 3afaetcs (hopMynoi

n—1

= E[] = VK+1KP* <P*4%e (4.3.2)
K—0

3aMeTuM, YTO CUMBON AN aKTyapHOM HAcTOsLiell CTOMMOCTU CTPAaxoBOW BbINAaThl, MPo-
M3BOAMMOI B KOHLIE rofla CMepTW, NMPUHATLIA B MeXAyHapoAHOW CUCTEME aKTyapHbIX
0603HaueHN, coBnajaeT ¢ COOTBETCTBYIOL MM CHMBOMIOM A/s Cy4yas CTPaxoBoii Bbinja-
Tbl B MOMEHT CMepTU 3a UCKMIOUEHWEM TOro, UTO y6MpaeTcs YepTa CBEpXY.

MpaBUNO MOMEHTOB, C COOTBETCTBYIOLUMU WU3MEHEHUSAMMU B 0G03HAUEHUAX, TaKXKe
BbINO/HAETCSA A1 CTPAX0BbIX BbINMAT, OCYLLECTBASAEMbIX B KOHLUE rofa cMepTu. Hanpu-
mep, ANS CTPaxoBOro 40roBOpa Ha CPOK M NeT, pacCMaTPUBABLLEr0oCs Bhille,

W, 2} = 2ALn - MET)2> rfe 2ALln\ = e~ LLIC+1)KPx AX+kK-
K=0
B pa3a. 3.5 BbIBOAATCA PeKYPPEHTHbIE COOTHOLLEHUS A1 0XUAAEMbIX MPOAO/KUTENbHO-
CTel XXU3HW, KOTOpble Aanee UCMOb3YHTCA A8 BbIYNCNEHNA UX 3HAYEHUI. PeKyppeHT-
Hble COOTHOLUEHUS LS aKTyapHbIX HACTOAWMX CTOMMOCTEN CTpaxoBaHWA Ha (HMKCUPO-
BaHHbI CPOK MOXHO BbIBECTU anrebpanyeckn n3 cooTHoweHnsa (4.3.2):

n—i n— n—i
Axmh N 'V kPx Ux+k —VQX b U kPx Ax+k = VQX + VPx N 'V k—iPx +1Cx+k
k=0 k=1 k=1
n—2
= vgx + vpx jPx+i gx+\+j = vgx + vpx . (4.3.3)
>=0

UTo6bl paBeHCTBA (4.3.3) BbIMOMHAANCHL NPU N = 1, Mbl NMONOXUM w= 0 Ans BCeEX X.

3ameuyaHue. Ecnn npoBoagunace cenekuusa, To B popmyne (4.3.3) BCe X B MHAEKCAX
LOMKHBI 6bITh 3aK/I0YEHbl B KBaJpaTHble CKOOKM.

Mpumep 4.3.1. Ha ocHoBe WnntocTpaTuBHON Tabnunubl cMepTHOCTU npu i = 0,04
onpefennM MaTeMaTuyeckoe OXWAaHWe M LUCNEPCUI0 CMy4YaliHOW BENMUYNHBI, PaBHOI Ha-
CTOALWEN CTOMMOCTU CTPaxoBaHMa Ha cpoK 10 fieT ¢ BbINAATON pasmepa 1, Npon3BOANMOL
B KOHLe rofia CMepTW CTpaxoBaTens, KOTOPbIA 3aKK4YMUA AOTOBOP CTpaxoBaHUs B BO3pa-
cte 30 ner.



PeweHue. OTNPaBNAACb OT HAYaNbHOTO 3HAYEHUS = 0 v ucnonb3ys Gopmyny
(4.3.3), NpUHMMAalOLLYI0 ANS HALLEero ciydyas Bua

MNOHAIL0-* VHB0+K + AP30+k N 30+*+i HO+1) T ~ o 01...,89,
Mbl Mofiyyaem, gsuradcb oT Bo3pacTta 40 Kk Bospacty 30 ner,
N300 = 0,01577285 wn D [Z] = 0,01271978 - (0,01577285)2 = 0,1247099.

3TV 3HaueHNs GbIM MOMYYEHbl C MCMOAb30BAHMEM Tabnulbl, MOCTPOEHHON B pasfgene
«YNpaKHEHNA C UCMONb30BAHMEM KOMMblOTepa» rn. 3. T
Mogenb /15 [0roBopa 6eCCPOUHOr0 CTPAXOBaHMUS, 3aK/HOUEHHOTO C IMLOM (X), MOX-
HO MOCTPOWTb, YCTPEMUB N K BECKOHEUHOCTU B MOfENN CTPAxXOBaHUs Ha CPOK n neT. [N
aKTyapHOl HACTOALLEN CTOMMOCTU Mbl MOMYYUM QOpMYy
00
AX = Y2 vk+1kPx gx+ke (4.3.4)
k=0

YMHOXaa 06be yactn gopmynbl (4.3.4) Ha Ix, nonyyum

00

IXAX = £ > * +1<x+*. (4.3.5)

k=0
dopmyna (4.3.5) oTpaxkaeT paBeHCTBO B MOMEHT 3aK/lOYeHUsA [OroBopa CTpaxoBaHUS
BbIP@XKEHWUA ANA CYMMbl 3TUX aKTyapHbIX HacTOAWMX CTOUMOCTeR ana Ix nny, 3acTpaxo-
BaHHbIX B BO3pacTe X, W ANA Be/IMYMHbI, HA KOTOPYI YMeHbLIaeTcs POoHA B pe3ynbrarte
oXugaemblx cMmepTeld Ix nuuy,.

BbipaxeHue
oo

5> ‘“+Y+* (4-3.6)
K—F
COOTBETCTBYET TOW YacTW (POHAa B MOMEHT 3aKN04YeHMsA 4OroBopa cTpaxoBaHus, Kotopas
BMeCTe C MpOoLeHTaMM1, NOMyYeHHbIMU NpY NpejnonaraeMoii NMpoLeHTHOM cTaBke, obecre-
YWUT CTPaxoBble BbIMAaTbl B CBA3W C OXXUAAEMbIMW CMEPTAMM MOC/e r-TO CTPaxoBOro roga.
BennunHa (4.3.6) npu npegnonaraeMoil NPoLEeHTHOW CTaBKe B TeueHue I NeT faeT

00
£E>*-1+Y +p 4.3.7)

K=r
0XUAaemMylo BeNUYMHY CPeAcTB MO UCTEYEHUM I CTPaxoBbiX fieT. CpaBHEHMe Bblpaxe-
Huit (4.3.7) n (4.3.5) NokasbiBaeT, YTO 3Ta BeAMYMHA paBHa IXHAX+. PasHuua mexay
3TO BENNYNHON N (DAaKTUYECKMM pa3mepoM (hoHAa 06BLACHAETCSH OTKIOHEHMAMMK YuUcna
npousoLeaWwnX CMepTeil 0T Yncna oxugaemblX cMepTeil (B COOTBETCTBMM C NPUHATON Ta-
6n1Leli CMEPTHOCTM) U OTK/IOHEHWUAMM pPeanbHOro NPOLEHTHOro 40X04a OT MPOLEHTHOrO

foXoda Npu npegnonaraemoli NPOLUEHTHON CTaBKe.

Mpumep 4.3.2. M'pynna n3 100 nmy B Bo3pacTte 30 netT yupexxgaeT QOHA 4N15 BbiNNa-
Tbl B KOHLE roja cmMepTy Nt060ro u3 y4acTHUKOB CyMMbl 1000 BbIGpaHHOMY YUYaCTHUKY U3
ymMcna oCTaBLMXCA B XUBbIX. OHWM NPUXOAAT K B3aMMHOMY COralleHNi0 BHECTU B OHA
CYMMy, PaBHYK aKTyapHOI HacTosAWell CTOMMOCTM 6ECCPOYHOro CTPaxoBaHWUs, BbIUKC-
NEHHY0 Ha OocHOBe MnntocTpaTuBHON Tabnuubl CMEPTHOCTU C NPOLEHTHON CTaBKON 6%.



Y4yacTHUKMK, AN KOTOPbIX HUKAKAA CTpaxoBas KOMMaHWA He MPOBOAW/IA CeeKkuuto, pe-
WalT NUCNO0Mb30BaTh 3Ty TabanLy B KaYeCTBE OCHOBbI CBOEro naaHa. ®akTuyeckuii onbIT
3TOro (hoHAa nokasbliBaeT, YTO NMPOUCXOAMT OfHA CMePTb B KaXAbll BTOPOW U KaxAblin
NATbIA rofbl. MPOLEHTHbIA AOX04 cOCTaBnseT B nepBblii rog 6%, BO BTOPOM U B TpeTuii
rogbl 6,5%, B YeTBepPTbIA U B NATLIN rofbl 7%. KakoBa pasHuL,a MeXa4y 0XWAaeMblM pas-
MepoM (poHfAa, onpeaensieMbiM B Havane ero AeATe/IbHOCTU, U ero peanbHbIM 3HaYeHUEM
K KOHLY nepBbIX 5 net?

PeweHune. CornacHo gorosopeHHoctn, 1000/130 = 102,4835, Tak yTo npm 100 yyacT-
HMKax (POHA MMeeT B Hauyane CBOeil AeATenbHocTU cvmmy 10248,35. Oanee, A-ili =
0,1287194 wn 135//30 = 0,9915040.

Onsa 100 nuy Bo3pacta 30 oxupaemas BennYMHa poHAa no npowecTsum 5 net co-
cTaBuT

(1000)(100)-~- = 12762,58.
30
O603Haunm uepe3 Fk BennumHy (hoHAa K KOHLY CTPaxoBOro roga ¢ HoMepom K. AunHa-
MUKa peanbHOro goHaa OyfeT cnefytoLe:

Fq= 10248,35,
F1= (10 248,35)(1,06) = 10863,25,
F2 = (10863,25)(1,065) - 1000 = 10569,36,
F3 = (10 569,36)(1,065) = 11256,37,
F4 = (11256,37)(1,07) = 12 044,32,
F5= (12 044,32)(1,07) - 1000 = 11887,42.

Takum 06pa3om, UCKoMas pasHuua coctaBut 12762,58 —11887,42 = 875,16. IT0T pe-
3ynbTar 06beAMHSET OMbIT MHBECTMPOBAHMUA U CMEPTHOCTM 3a 5-neTHUin nepwod. Mpwu
WHBECTUPOBAHUU [0XO0Abl MPEBLICUAN 3aNaHUPOBaHHbIE HA YPOBHe 6%. C gpyroi cTopo-
Hbl, MOTEPU 3@ CYET CMEPTHOCTU OKazanucb 60NbLUE: BE CMEPTU MO CPABHEHUIO C YMCIOM
0,8496. NHTepnpeTaumsa aTUX pe3ynbTaToB B TEPMUHAX B3aMMHOI0 BAUAHUSA pasfnNyHbIX
(haKTOpPOB, TakWMX, KaK WMHBECTULWMOHHbIA [OXOA U YPOBEHb CMEPTHOCTU, fBASETCA Mpo-
(heccnoHanbHO 0693aHHOCTLIO aKTyapus. T

Mbl BbIBE/IN PEKYPPEHTHbIE COOTHOLWEeHMUS (4.3.3) 419 aKTyapHOI HacTosLLei cToumo-
CTW CTPaxoBaHMA Ha Cly4ail CMepTu CPOKOM Ha n feT anrebpanyeckumm metogamu. Xots
3TW COOTHOLWEHNA 6yAyT cnpaBefnuBbl ANA aKTyapHOW HacToswel cToumocTu 6eccpou-
HOro CTpaxoBaHWA Ha cny4ali cMepTu, NOCKO/bKY 3TO NpefenbHbIl cnyyali cTpaxoBaHus
Ha N neT Npu N —> 00, Mbl YCTAHOBMM WX He3aBUCUMbIM 06pa3om, YTOObI NPOUANOCTPU-
poBaTb BEPOATHOCTHbIE MeTOAbl [OKa3aTeNbCTBa.

PaccmoTpum BblpaxkeHne Ax, obpauiascb K ero onpegeneHuio E[Z] = E[u”*)+1].
[ns ypobcTBa unTtatens nepenuiueM ero B BuAe

Ax = E[Z] = E[vK{x)+11K(x) Z 0],

X0TA 3Ta 3anncb M30bITOYHA, NOCKO/bLKY BCA BEPOATHOCTHAas Macca pacnpefeseHus C.B.
K(x) cocpefoToyeHa Ha MHOXECTBe HeOoTpuLUaTeNbHbIX LefbiX YMCEeN.

BenuunHy E [Z] MOXHO BbIYUCAWUTL, paccMaTpuBas cobObiTUe, 4TO AuUo (X) ympeT
B nepBblil rog, T.e. K(x) = 0, n ero AonosHeHue, cobbiTMe, 4TO MLO (X) MepexuBeT
nepsbiit rog, T.e. K(x) A 1. Mbl MOXeM 3anucatb

E[2\ = WvK™ +11K(x) =0]P[K(x)=0] + E[vk”® +11K(x) > 1P Ne ) ~ 1]. (4.3.8)



B 3TOM BblpaXX€HWUW Mbl MOXEM CAenaTb Clefytoline o4eBUAHbIE 3aMeHbI:
E[r*a+11K (x)=0 =v, PJ[if(a;)=0=0gx un ¥[K(X)*.I] =px.

[na Toro yto6bl HaliTW BbipaXeHWe A5 OCTAaBLUEroCs COMHOXMWTENSA, NepenuiuemM ero B
BUae
E[vK [X)+11K{x) > 1] = VE[v{K*)+1>+11K(x) - 1> 0].

Tak Kak c.B. K(x) sBfiseTCcs MOLWAaroBoi NPOAO/IXUTENbHOCTLIO NPEACTOsLLe XU3HN
nmya (x) npu ycnosum K(x) ™ 1,70 c.B. K(X) —1 goMmKHa ObITb MOLIAroBoi Npoaon-
XUTENbHOCTLIO NPeACcTOoAW e XU3Hn nuua (x + 1).

Ecnn Mbl XOTMM MCMNOMb30BaThb Te XXe BEPOATHOCTU A5 YC/NOBHOTO pacrnpeAeneHus
c.B. K{x) —1 npwu ycnosun K(x) ~ 1, Kak ecnu 6bl C CaMOro Havyana paccmaTpuBanoch
AnUo Bo3pacTa X + 1, Mbl MOXeM Hanucatb

EMWJC(*)+i)+i jJKdp _i~o] = Ax+l (4.3.9)
W, NOACTaBNB 3Ty BeNnUnHy B (4.3.8), nonyunts
Ax = vgx + vAx+1px. (4.3.10)
MpepgnoxeHune

(pacnpegeneHne NPoOAOMKUTENLHOCTY NPEACTOALLEH XU3HU Nl Bo3pacTa
X + 1, C KOTOPbIM 3aK/Il0Y€EH [OrOBOP CTPaxOBaHWS B HACTOALMIA MOMEHT)

= (pacnpegeneHune NPoAoIKUTENbHOCTU NPeACcTOsALLel XNU3HN
Auua Bo3pacTa i + 1 B HACTOALLMIA MOMEHT, C KOTOPbLIM
3aK/M0YeH 0r0BOP CTPaxoBaHUA 1 rof ToMy Hasan)

obcyxganocb B pasf. 3.8. B TepMMHax CefeKUUOHHbIX Tabnuy npaBas 4acTb paBeHCTBa
(4.3.9) 6ypeT mmeTb Bug A *+i. B cooTHoweHun (4.3.10) KaKAblli CUMBON X [O/MKEH
6bITb 3amMeHeH Ha \x].

3ameTum, 4to (4.3.10) ABndeTCA TaKoW e 00paTHON peKyppeHTHONW hopMYoii, 4To
n (4.3.3), a UMeHHO hopMynoi Bmaa

n(x) = vgx + vpxu(x + 1).

VIMEHHO HauyanbHOe 3HayeHue onpefenset, 6yAeT NM ee pelleHWe akTyapHO HacTosLel
CTOMMOCTbIO 6ECCPOYHOro CTpaxoBaHUA Ha Clyvail cMepTW WAWM aKTyapHON HacToslei
CTOMMOCTBIO CTPaxoBaHUSA Ha CPOK M feT. Ta e pekyppeHTHas opmyna nonyyaercs
M AN aKTyapHbIX HACTOALWMX CTOMMOCTEN CMELUaHHOro CTpaxoBaHWs CPOKOM Ha M feT,
r4e HayasbHbIMU 3HAYEeHUAMMU ABMAETCA CTOMMOCTb B MOMEHT I.

AHanuns cooTHoweHnsa (4.3.10) cnoco6CTBYeT MOHMMAHUIO MPUPOAbI BEMUYUHBLI AX.
Mocne 3aMmeHbl pXx Ha 1 —@x ¥ yMHOXeHus obeux yacTei Ha (1 + i)Ix cooTHOLWeHME
(4.3.10) MOXHO nepenwucaTb B BUAE

IX(1+ i)Ax = IXAX+1+ dx{1 —yax_| i). (4.3.11)

LN COBOKYMHOCTM CNYyYaiiHOTO AOXMWTUS 3TO COOTHOLWIEHWE MMEeT CNefytoulyto WHTep-
npeTauuto. BmecTe C NpoUeHTaMuW 3a MepBblii TOA4 BenMYMHa AX, YMHOXeHHas Ha Ix,
cpeaHee 4Mcno NuL, AOXMBLUUX 40 BO3pacTa X, AaeT BENWUMHY AX+1, YMHOXEHHYIO Ha
IX 1, KpOME TOro, BEMMUMHY 1 —AX+i, YMHOXEHHYIO Ha uncno dx nul, cMepTb KOTOPbIX
0XUfaeTca B TeueHWe 3TOro roga. Takas BelUUYMHA A5 KAXKAOW 0XWAAeMOR CMepTw,



gx(1 —Ax+1), Ha3blBaeTCA rofoBO CTOMMOCTbLIO CTpaxosaHus. BenuumHa Ax+l Ka-
caeTcs LOXWBLUMX W YMEPLW KX, B TO BpeMA Kak BenynmHa 1 —Ax+1 KacaeTcd TONbKO
YMepLUUX.

[ensa Ha Ix n 3aTem BblumTas AX +gx(l —Ax+i) n3 obenx vacteii popmynbl (4.3.11),
Mbl MOSly4yaem

Axji Ax=iAx ox{l Axfi). (4.3.12)

MHaye roeops, pasHuLUa MeXxay akTyapHbIMW HAcTOALMMMWU CTOMMOCTAMW ANA NUL, BO3-
pacta X fieT u Bo3pacta X + 1 ieT paBHa NMPOLEHTaM, HAYMNC/NEHHbIM Ha aKTyapHYl0 Ha-
CTOALLYIO CTOMMOCTb B BO3pacTe X MUHYC rognyHas CTOMMOCTb CTpaxoBaHUA B 3TOT rof.

[pyroe BblpaxeHne gnga Ax MOXHO NoAyyuuTb u3 qopmynbl (4.3.10), 3aMeHUB pX
Ha 1—Qgx, YMHOXMB 06e 4acTW Ha VX W NeperpynnupoBaB ee 4YneHbl. B pe3ynbTate Mbl
nonyyaem

VX+1AX+1 - vXAX = -v x+1gx(1- Ax+1),

nnu
AVXAX = -vx+1gx(1- Ax+1).

Cymmupys oT X =y 40 00 (CM. MPUOXEHUe 5), Mbl MONyYnUM

-VYAy= -ATV + M- A*+i)
x—y
W, Takum o6pasom, 00
ay=" x+l-v* - axti).

X—y
3T0 BblpaXXEeHMe MOoKasblBaeT, YTO aKTyapHas HacToswas CTOMMOCTb AN BO3pacTa y
paBHa CyMMe HacTOSILLMX CTOMMOCTE B MOMEHT y FOA0BbIX CTOMMOCTE CTpaxoBaHUs no
BCEMY BpeMEeHU MpeAcTosALLel XU3HM CTpaxoBaTens.

CMelllaHHOe CTpaxoBaHWe Ha CPOK N NeT C BbINNATOW pasMepa efMHULA B KOHLE roja
CMepTu ABNseTCA KOMOMHauMeli pacCCMOTPEHHOIO B 3TOM pa3fiene CTpaxoBaHWA Ha CPOK
M neT U CTPax0BaHWA Ha AOXMUTUE HA CPOK M JIET ¢ BbINaToOl pa3mepa eauHnLa, KoTopoe
obcyxzanoch B npeAblayLiemM pasfene. Takomy [0roBopy COOTBETCTBYIOT (YHKLUK

bk+1= 11 k=0,1,...,
VK+1, k=0,1,... ,n -1

Vk+1 = ~
vn, k=n,n+1,...

VK+1, K =0,1,...,ra--1
vn, K=n,n+1,...

AKTyapHas HacToslas CTOMMOCTb paBHa

-
AXm—”" AV kPx Ux+k ™ nPx' (4.3.13)
fc=0

BeccpoyHoe CTpaxoBaHWe Ha Ciyyail CMepTW C eXEerofHO yBe/lMumnBaioLLeiics Bbinia-
TOI, KOrfa BbiNnauymMBaeTcs K + 1 eAWHUL, B KOHUe K + 1-ro roja AeicTBus 4oroBopa,



ec/ CTpaxoBaTeNlb yMPeT B 3TOM CTPaxOBOM roAy, UMeeT crefytolime (yHKLUM BbinaaT
M AUCKOHTUPOBAHWSA W CNyyaliHylo BENMUYMHY HACTOsL el CTOMMOCTHU:

bk+i —K + 1, K=0,12,...,
Vk+i = vK+1, K=0,12,...,
Z=(K +I)vK+1, K =0,1,2,....

Ero akTyapHasa HacTtosu,as cToumocTb 0603HavaeTca vepes (1A)X.

CTpaxoBaHMe Ha CPOK N NeT C eXEerofHo yMeHbllatolWencsa BbiNiaTo B Te4YeHue
Nn-NeTHero nepuofa npegycMatpmBaeT BbiNaTy B KOHLe roja CMepTu, paBHyl N —KkK, rae
K — YMC/I0 MOJIHbIX NET, MPOXUTbIX CTpaxoBaTe/seM C MOMeHTa 3aK/l4YeHUs 40rosopa.

CooTBeTCcTBYHOLWME PYHKLUN MMEOT BUA
K=0,1,... ,n —1,
K=n,n+1,...,
A=0,1,...,
K =0,1,..., n —1,
K=nn+1,...

AKTyapHasi HacTosuiass CTOMMOCTb [N 3TOr0 CTpaxoBaHUsi 0603Ha4yaeTcs CUMBOJIOM
T )ixX

Puc. 4.3.1. CTpaxoBoii LOroBop CPOKOM Ha 8 fneT
C ©XErofiHo YMeHbLLIAOLLECa BbINIaToM

Kak n gnsa noroBopoB, B KOTOPbIX BbiM/aTbhl MPON3BOAATCS B MOMEHT CMepTu (CM.
puc. 4.2.5), cTpaxoBaHWE C €XerogHo yBenuuMBatoLLENCA BbINAaTol, NpPoOM3BOAMMON B
KOHLe rofa CMepTu, 3KBUBAIEHTHO KOMOGMHaLMN AOFOBOPOB OTCPOYEHHOr0 CTPaxoBaHUA



Ha cnyyali CMepTu C MOCTOSIHHBIMM BbiNaTaMuW pa3Mmepa eanHnLa. AHanorM4yHo, CpoUHoe
CTpaxoBaHWe C eXerofHo YMeHblUaloLlencs BbiNaaTo 3KBUBaNEHTHO KOMOMHauun cTpa-
XOBbIX JOF0OBOPOB C MOCTOAHHbLIMU BbIiNfaTaMn U pasHbIMU CpOKaMu AeNcTBUA. PUCYHOK
4.3.1 nnnocTpupyeT cKasaHHOe AN CTPaxOBaHWA Ha 8 NeT C eXerofHo yMeHbLualoLelics
BbIMNATOMN.

Ha puc. 4.3.1 nzobpaxeH rpauk QyHKUMM BbinaaT 6~+1mKaxablil efUHUYHBIN
KBajpaTt npefcTaB/ifieT [Or0OBOP OTCPOYEHHOro CTpaxoBaHMA CpokoM Ha 1 rog. Korpa
OHW 00bEeAWHATCSA NO BEPTUKaAW, NOy4arTCA AOr0BOPbl OTCPOUYEHHOr0 CTpaxoBaHWS
CPOKOM Ha 1roj 1 c yMeHbllaoWMMucs Boinnatamu. Korga ksagpatbl 06beUHAIOTCA M0
ropu3oHTanu, NoNy4varoTCA CPOUHbIe 40r0BOPbLI CTPax0BaHUA C NOCTOAHHLIMW BbliNaaTamu
pasHoOl ANUTeNbHOCTU. Takue BEPTUKa/NbHble U FOPU3OHTaNbHbIE CNOCO6LI 06beANHEHUS
TakXe nokasaHbl Ha puc. 4.3.1.

ToT (haKT, YUTO aKTyapHble HaCTOsLIMEe CTOMMOCTM KOMOUHALMKN LOTOBOPOB CPOYHOIO
CTpPaxoBaHUsA C MOCTOSHHbIMKW BbiNjaTaMW W aKTyapHble HacTosWwMe CTOMMOCTU KOM6U-
Hauun LOroBOPOB CPOYHOr0 OTCPOYEHHOrO CTPax0BaHWUA PaBHbl, MOXXHO BbIpa3uTb aHa-
NUTUYeCcKN. Tak, COrnacHoO OnpegeneHuto,

- (= !
(DAYkm = 22 (n - K)vk+lkpxgx+k = ~ (n ~ k)(vkkPx)(vgx+k) = ~ (n ~ k)k\iK,
K=0 k=0 k=0
(4.3.14)
4YTO COOTBETCTBYET CYMMWPOBAHUIO NO BEPTUKANN.
Mpoun3Beas NOACTAHOBKY N —K = B hopmyny (4.3.14), Mbl nony4mm
AN
(DAYIm=J2 E
*=0 j=0
MeHss NopsALOK CYMMUPOBAaHUS, Mbl MOAYYUM
n—n——
X 1 i1) vk+1kPx Ax+kK
j=0 K=o

W, cpaBHMBas cymmy no /r ¢ (4.3.2), MOXeM 3anuncaTb

3=0

B Tabn. 4.3.1 npuBegeHa cBogka MYHKLUWUIA U 0603HaUYEHWIT 415 9/IEMEHTAPHbLIX AO0Tr0-
BOPOB CTPaxoBaHWs, B KOTOPbIX BbINAaTbl NPOU3BOAATCA B KOHLE FOAa CMepTy.

Mbl 3aBepllaemM 3TOT pas3fieNl CBOAKON PEKYPPEHTHbLIX COOTHOLLEHWI ANA aKTyapHbIX
HaCTOAWMX CTOMMOCTEl CTpaxoBaHUA ANa CAyyas, Korga Bbinaatbl NPON3BOAATCSA B KOH-
Lie rofla CMepTu. PacCMOTpUM NpUBeAEHHbIE HUXE COOTHOLWEHUS (a)-(g), pacnoNoXeHHble
B TOM MOpsiZiKe, B KAKOM COOTBETCTBYIOLLME BUAbI CTPAaXOBaHUS BXOAAT B Tabn. 4.3.1. Ans
KaXXA0r0 M3 MepeyncnieHHbIX B Tab/auLe BUAOB CTPaxoBaHUS MPUBOAUTCS PeKYPPeHTHOe
COOTHOLUEHMEe, 06/1aCTb M3MEHEHUS MEepeMeHHO W HayanbHOe YCroBMe. 3HAUYEHUS aKTy-
apHbIX HACTOSALWMX CTOMMOCTEN cnefyeT BblYMCAATb, HAYUMHASA C HAMMEHbLUEro Bo3pacTa,
npvBeAeHHOro B TabnuLe CMepTHOCTM, W [0 BO3pacTa y WK LU



)
Bupa cTpaxoBanus

(a) beccpo4Hoe cTpaxoBa-
HWe Ha cny4yai cmepTn

(b) CTtpaxoBaHue Ha cny4ai
CMEpPTU Ha CPOK N feT

(c) CmewwaHHoe
CTpaxoBaHue Ha CPOK N feT

(d) CtpaxoBaHue Ha CpoK n
NIeT, OTCPOYEeHHOe Ha Tm /et

(e) CTpaxoBaHue Ha CPOK N
JIET C €XeroaHo
yBenuYMBaoLLeiics
BbINnaTom

(f) CTpaxoBaHue Ha CpoK n
NIeT C eXerogHo
yMeHbLUatoLLencs BbinaaTon

(9) BeccpouHoe
CTpaxoBaHMWe C eXKerofHo
yBenmumBatoLLencs
BbINnaTom

2

)
dyHKUMA Bbinnat bk+i

1
1, K
0, K
1
1, K
0, K
K
Ar+l,
0,
71—,
0,
Ar+l,

=0,1,...,n—L,
=nn+1,...

= TmT+1,...,
Tn+n—1,

=0,...,Tn—1,

= T+n,...

k=20,1,..., n—1,
nn+1,...

=
1

k=10,1,..., 7,
K= T7,71+1, ...

A=10,1,...

PYHKUNA
OUCKOHTUPOBaHNA VK+\

VK+1L

VK+1

ufc+l, «

Vn,

vk+l

VK+1

vk+l

VK+1l

K

®

0,1,..., 7i—,
7,71+1, ...

4
DYHKUMA HacTosLel
CTOMMOCTU Zk +1

VK+i

vk+l, k= 0,1,..., 7i,

0, K= T7,71+1, ...
vk+l, k=0,1,...,71-1,
v, K =n, 7141, ...

Vk+1, K = 77, 771+1, ...,

T11+71—1,

0, k=0,..., T,

K=T++n,...
(fc+1)ivfe+l,

k=20,1,... ,Tr-1,
0, K=n,71+1,...
(Nn—K)VK+T,

K=0,1,... 71,
0, kK =T7,L71+], ...

(Ar+lu*+1, A= 0,1,...

3amevaHune. BennumHbl bk+i, VK+\ 1 zk+1 onpefenstoTcs TONbKO ANs HEOTPULATENbHBIX LEbiX 3HAYeHUN K.

‘ CnpaBef/MBO npasuno MoMeHTOB U D[Z] o6o3HauaeTcs yepes 2A —A2.

AT1paBMIO0 MOMEHTOB HE BbINOJIHAETCA.

(5)
AKTyapHas
HacToALan
CTOMMOCTb

AX

AXn

Ax\n\

m|n”~s

(1A)x

{DA)Im

(1A)X

(6)
MOMEHTBbI
BbICLLUMX
nopsiiKoB

*



(@) Ax =vgx + vpx Ax+1,x = 0,1,... ,wu- 1, m Aw= 0.

(b) 4:5FTI = Wx + VP JIX+1:JRT+DI> * = 0,1,.... Y- 1, UA1] = 0.

() Ax-.M = v+ vpx Ax+1- (LW, x=0,1,... ,y —1, n -4y5 = 0.

(d) y-x\nAx —0 + vpxy_(X-j-i)jn<dx+i)% 0,1,...,2 1,uon-Ay Ay.w*

n Mhv=il=s + VP* + VPX *=Q01,-»,Y- 1,
nyn)a= o-

E DA)<Y=[ = (Y-"Wx+vP* (AL i*x+D)I'®=0QI,---,Y-1,n(IM)J5 = 0.

(9) (/M)* = [vgx + npxJla:+i] + vpx (1A)X+1, 1 = 0,1,... - 1L,n(MU=0.

3ameyaHunda. 1. B atom pasgene 060CHOBaHbl TObKO cOOTHOoWeHUs (a) u (b). CooT-
HoweHus nn. oT (c) Ao (g) 060CHOBbLIBAKOTCA aHaNOTMYHbLIM 06pa3oM.
2. Bce cemb COOTHOLUEHW MMEeKT BUA

n(x) = c(x) +vpxu(x + 1),

rae c(x) —3agaHHasa QyHKUMA, onpedeneHHas B 06nacTW onpejeneHUs COOTBETCTBYIO-
LLero COoOTHOWeHMA. Ha a3blke anddepeHunanbHbiX YpaBHEHUA BCeM ceMu (opmynam
COOTBETCTBYET OAHO Y TO XX€& OLHOPOLHOE ypaBHeHMe u(x) = vpxu(x + 1). OHo aBnseTcs
NINHENHBIM, HO €ro Ko3()@uUMeHTbl HEMOCTOAHHbI.

3. MockonbKy c(x) = vgx gns (a), (b) n (c), cooTBeTCTBYIOWME aKTyapHble HacTo-
AliMe CTOMMOCTU MOAYYaTCA U3 OLHUX U TeX Xe PeKYPPeHTHbIX (opMy, pasnuyato-
LMXCS TONbKO HavaNbHbIMU 3HAYEHUAMMU.

4.4, COOTHOWEHNS MeX Ay CTPaxoBbIMMW 4OFOBOPaMU C Bbinaatamu
B MOMEHT CMeEPTM U B KOHLE roga CMepTHu

Mbl Ha4YHEM U3yYeHMe 3TUX COOTHOLUEHMI C aHanM3a akTyapHO HacTOoALLeid CTOUMO-
CTW A5 goroBopa 6ecCpoOYHOro CTpaxoBaHUs Ha caydvail cmepTu, No KOTOPOMY NPOM3BO-
ANTCA BbiNfaTta pasMepa eauHULA B MOMeHT cMepTu. B cuny gopmynbl (4.2.6)
rQ M 00
nx = vipxBx(t)dt = [ v\pxflx(t)dt+ / vttpxfix(t) dt.
Jo Jo J1
3aMeHa nepemMeHHbIX s = t —1 BO BTOPOM WHTerpane gaet

rco

tPx Bx(t) dt+ v J/ vss+ipx Hx(s + I)ds. (4.4.1)
o

Ha ocHoBe AaHHbIX arperaTMBHon Ta61‘II/IU|bI CMEPTHOCTU
«+iPx Bx(s + 1)=Px sPx+1p(x + s + 1),

n BTOpOe cnaraemoe B hopmysne (4.4.1) ectb vpx Ax+1. Ha OCHOBE [AHHbIX CENEKLNOH-
HOI TabNuLbl CMEPTHOCTM BTOpOe craraemoe B qopmyne (4.4.1) ectb vp[x]A[x}+\. Bos-
Bpawanch K (4.4.1) n nonb3yscb 0603HAYEHUAMU U3 arperaTMBHbIX TabauL, CMepPTHOCTH,
nonyvaem -i
Ax = ; vpx Rx(t) dt + vpx Ax+1 = A1j, + vpx Ax+i. (4-4.2)
0

MprvHMMan o0A4HO M3 cornawleHnii 0 opme YHKLUUN CMEPTHOCTU B MPOMEXYTKaX Mexay
LenbIMKU TOUYKaMu, KOTopble 06cyxdanuce B pasfg. 3.6, uHTerpan B (4.4.2) MOXHO BbIpa-
3UTb Yepe3 3HaAUYeHUA PYHKLMI U3 AUCKPETHOWN Tabnuubl CMEPTHOCTHU.



B npeAnonoXeHUU paBHOMEPHOCTW pacrnpefeneHs MOMEHTOB CMepPTU BHYTPU Kax-
AOro rogu4YHoOro BO3pacTHOro UHTepBana UMeem

tPyRy(t)=qy, 0"t ny=0,1,...,
YTO MOXHO MOACTaBUTbL B hopmyny (4.4.2), nonyums

Ax =gxJ Vidt+ vpxAx+l = Avgx + vpx Ax+1. (4.4.3)

BennunmHa x B 3TOM COOTHOLWIEHWM MPUHMMaET 3HavyeHua 0,1, ...,bl —1, a HayanbHOE
3HayeHue ALl paBHO 0.
Ecnn Mbl YMHOXWUM 06e YacTu peKyppeHTHOW gopmynsbl (a) Ha i/6, To mony4ymum

| | éb )
NAX = Bvex bvpx T A AX+HI .

Mockonbky opmMynbl (a) n (4.4.3) BbIpaXXalT OLHY U TY Xe PeKYPPEeHTHY (opmyny,
MMelT 04UHAKOBYO 061aCTb U3MEHEHUS X U OAMHAKOBbIE HaYaslbHble 3HaueHMs 0 B TOUKe
W, senmumHa (i/w)Ax asnaetcs peweHuem ans (4.4.3) n

AX = YA X. (4.4.4)

B npeAnonoxeHUn paBHOMEPHOCTMW pacnpejeneHns MOMEHTOB CMePTU BHYTPU FO4UUHbIX
BO3PaCTHbIX MHTepBanoB opmyny (4.4.4) MOXHO 6bin10 6bl yragate. Bo3geincTene npeg-
MOMOXeHUS 0 PaBHOMEPHOCTU COCTOUT B TOM, YTO BbINaaTbl pa3mMepa 1, NpoOM3BOAMMbIE B
MOMEHT CMepTu, 3KBMBANEHTHbI BbiNnatam pasMepa 1 B rof, Npou3BOAUMbIM HENPEPbIB-
HO B TeYEHMWe BCEro roga, B KOTOPOM NpousoLna cMepTb. ECAM yunTbiBaTh MNPOLEHTHI, TO
BbINNaThbl pasMepa 1 B rof, NpoM3BOAMMbIE HENPEPLIBHO B TeYEeHWe BCErO rofa, B KOTOPOM
npousollfa CMepTb, 3KBUBANEHTHbI BbliNaaTe CyMMbl i/5 B KOHLE 3TOro rofga.

ToxpaecTso (4.4.4) MOXHO MOAYYUTb, UCMONb3YS CBOWCTBA CAy4YaiHON BENWYMWHBI
«MPOAO/IKUTENbHOCTb NPeACTOALLEN XU3HU» B MPEAN0N0XeHN PABHOMEPHOCTU pacnpe-
feneHnsa cMmepTeli B roOAMYHbIX BO3PACTHbIX MHTepBanax, Kak ato genanocb B pasfg. 3.6.
Bocnonb3oBaBwucsk opmynoin (3.6.1), mbl 3anuwem T = K + S. Mbl 0TMevanu, 4To
B MPeAnofioXXeHUU PaBHOMEPHOCTWU pacrpefeneHns cmepTtell B FOAUYHBIX BO3PACTHbIX
uHTepBanax c.B. K #n 5 He3aBMCUMbI U C.B. 5 MMeeT paBHOMepHOe pacnpejesneHne Ha
eAVUHUYHOM WHTepBane. B kauecTBe cnefCcTBUIA U3 3TUX HabMOAEHWNIA MoayYaeM, 4TO C.B.
K+ 1un 1—5 Takxe He3aBUCUMbI U C.B. 1 —5 uMeeT paBHOMeEpHOe pacnpejenieHne Ha
eAUHUYHOM UHTepBane. B ToxpgecTse

Ax = E[vT] = E[vk+1{1 + *)1_s]

Mbl MOXXEM BOCMO0/1b30BaThCA HE3aBUCUMOCTLIO C.B. K +1 n 1—5 Aanga BblyMcneHus marte-
MaTU4YEeCKOro oXXnaaHumsa npon3BefeHnda Kak nponsBeneHnda mateMaTtndecKmnx 0>|<|/|,an|/||7|,

E[vk+1(1 + r)1"5] = E[vk+1]E[(1 + r)1-5]. (4.4.5)

MepBbIli COMHOXWTENb B NpaBoil yacTu paseH AX.MocKonbKy ¢.B. 1—5 umeeT paBHOMep-
HOe pacnpefefieHne Ha egUHUYHOM VHTepBane, A9 BTOPOro COMHOXMUTENA CrpaBes/ivBo
paBeHCTBO

E[(L+i)1.S]=J (I+iildt=1

Taknm 06pa3om, B NpPesnoioXKeHMN paBHOMEPHOCTH pacnpefenieHns CMepTeli B FOAUYHbIX
MHTepBanax Mbl cHoBa Mmeem Ax = (i/6)AX.



MycTb rofnyHble UHTEPBanbl PaséuTbl Ha T NOAbIHTEPBASIOB PaBHOW ANUHbLI. AHa-
NOTUYHbIE paccyX/eHUsi, OCHOBaHHbIE TaKXe Ha MPearnosoXeHUn 0 paBHOMEPHOCTU pac-
npegeneHns cmepTeli B rofMuYHbIX BO3PaCTHbIX MHTEPBasax, MOXHO NMPUMEHUTb ANS [0-
Ka3aTeNbCTBa TOFO, YTO aKTyapHas HacToslLas CTOMMOCTb 6eCCPOYHOr0o CTPaxoBaHWs Ha
cnyyvali CMepTU C BbINNaToil pasmepa efuMHMLA B KOHLE TOr0 U3 3TUX T MNOAbIHTEPBaoB
roga, B KOTOpOM NpoK30LLIa CMEPTh, paBHa

4">= A, 446

3TN coobpaxeHMs BKpaTLe U3N0XeHbl B yrp. 4.19.

B pa3f. 3.6 Mbl Takxke 06CyXaanu npefnonoXeHne 0 MOCTOSAHCTBE WHTEHCUBHOCTY
CMEPTHOCTM Ha pasHbIX FOAUYHbLIX BO3PACTHLIX MHTepBanax. COOTHOLIEHME MEXAY aKTy-
apHbLIMU HACTOALMMU CTOUMOCTAMU AN GECCPOUHBIX 4OFOBOPOB CTPaxoBaHUs Ha Cyyai
CMEpPTU C BbiNjaTamMmy B MOMEHT CMEPTU M B KOHLIE FOfa CMepTV Mpu TakoM Mpennosoxe-
HUK SABNAOTCA NpeaMeTom ynp. 4.19. MoCKoNbLKY M3 NpeanonoXeHns o rnnep6oanyHocTL
(YHKUAN 0OXUTUS CNefyeT, UTO WHTEHCUBHOCTb CMEPTHOCTM Ha FOAWYHOM BO3PACTHOM
WHTepBane y6biBaeT (CM. ynp. 3.27), 9TO MPeAnosioXKeHWe He YacTo OKas3blBaeTCs peani-
CTUYHBIM MPUMEHUTENBHO K Ye/I0BEYECKMM XU3HAM. Kpome TOro, OHO NPMBOAMUT K Gosee
C/OXXHbLIM COOTHOLLEHMAM, Ha KOTOPbIX Mbl He 6yfeM O0CTaHaBNMBAThLCA.

MepeiigeM K aHann3y O0roBopa CTPaxoBaHWs Ha Clydail cMepTy Ha CPoK n NeT C exe-
rofHO YBENUYMBalOLLEiCcs BbINAATOW, NPMYEM BblnaaTa NPOU3BOAUTCS B MOMEHT CMEPTH.
Lns Takoro orosopa HacToslias CTOMMOCTb CTPaxoBoil BbINNaThl UMEET BUJ

Z=ilr+® T>T«<n,
O, T n
Mockonbky [T + 1) = K + 1, Mbl MOXeM BOCMN0/1b30BaTbCA COOTHOWeEHNEM T = K + S u
nonyunTb
2 _ ((K + I)vK+1vs~1, T <n,
lo, T"n
Echm W — HacToAwWaa CTOMMOCTb CTPaxoBOi BbiMAaTbl 418 4OroBopa CTpaxoBaHWA Ha

cnyyail cCMepTM CPOKOM Ha m /IeT C eXerogHo yBenuuuBalollelics BbINNaToii, npuuem
BblNaTa NPOU3BOAMTCA B KOHLE roga CMepTu, TO

w = ((K+Il)vK+lvs-\ K =0,1,... ,n —1,
10, K=nn+1,..
Vimeem
Z=W(1+1)1_s n E[Z] = E[W (I + t)1-s]
Mockonbky c.B. W ABnsfetca ¢yHKuued tonbko ot ¢B. K -hlmces K+ 1u l1—S
He3aBUCUMBbI,
E[Z] = E[W] E[(I + r)1"5] = [1A)\.M 1.

Pe3ynbTaThbl N9 GECCPOYHOIO CTPAxXOBaHMA Ha Cly4vail CMepTU U AN CPOUYHOro CTpaxo-
BaHWS Ha cNyvaii CMepTW C yBeMUYMBAIOLLENCS BbINMATON, B KOTOPLIX BbINaTbl NPOW3BO-
ASTCS B MOMEHT CMepTMW, NONYyUYeHHbIe B NMPenon0XeHUN paBHOMEPHOCTW pacnpeeeHus
cMepTeit B TOAMYHbIX BO3PAaCTHbIX MHTEPBasiaxX, BECbMa MOX0XM,

Ax = -AX n (M)A = - (1IA)1. .



Lna Toro utobbl 06HaPYXUTb MPUYMHBLI 3TOFO CXOACTBA, PACCMOTPMUM OB6LLYIO MOAENb.
B cuny hopmynbl (4.2.2)
Z = bvT- (4.4.7)

[na nByX yKaszaHHbIX Bbille TUNOB CTPax0BblX ALOrOBOPOB ObIN MCNOMb30BaHbI Cleayto-
LWue ycnosus:

e VT=VT,

e BeMYMHA bT fiBASeTCA PYHKUUEN TONbKO NUWWb Lenoi yactn c.B. T, MOLIaroBoi

NPOLO/MKUTENLHOCTW NPEACTOALLER XN3HN K.

BbinucbiBas nocnefgHee CBOWCTBO B BuAe bT - T+1, Mbl MOXeM 3anucatb opmyny
(4.4.7) pna aTUX LOroBOpOB B BUAE

2 = bK+iVT = BK+1VK+1(1+ T)1_S,

E[Z] = E[bif+1wdf+1(] + »)1-s]. (4.4.8)
B npegnonoXeHWM paBHOMEPHOCTU pacnpefeneHnst CMepTeil B FOAMYHbBIX BO3PACTHbIX
WHTEepBanax Mbl MPUXOAUM K HE3aBMCUMOCTM C.B. K M S MK TOMYy, 4TO C.B. 1—5 Takxe
MMeeT paBHOMepHOe pacrpedeneHue. Mo3aToMy Mbl MOXEM MepenncaTb paBeHCTBO (4.4.8)
cneayroumum o6pasom:

E[Z] = EBk+1vk+1]E[(1 + r)1"5] = E [b*+1r +1]j » (4-4.9)

Mpumep 4.4.1. Haligem aKTyapHY HacTOSILLYIO CTOMMOCTb U JUCMEPCUI0 AN CMe-
laHHOro ctpaxoBaHus Ha 30 neT ¢ BbiNnaToil pasmepa 10000, cornacHoO KOTOPOMY Bbl-
nnata Ha cayyali CcMepTWM NPOU3BOAMTCSH B MOMEHT CMepTW, NpuYeM AOroBOP 3aKOUeH ¢
35-IeTHUM MYXUYMHOW. Bocnonb3yemca MinntocTpaTUBHOM Tabnuuein cMepTHOCTU M Npea-
MOMI0XXEHNEM O PABHOMEPHOCTW pacrnpefeneHus CMepTeil B FOANUYHbBIX BO3PACTHbIX MHTEP-
Banax u 6ygem cumtatb, 4to i = 0,06.

PeweHwve. Ans goroBopa CMeLIaHHOro CTpaxoBaHua vT ¢ v T. [103TOMY Mbl He Mo-
XeMm cpasy Bocnofib3oBatbecs popmynoit (4.4.9). BcnomuHas gpopmyny (4.2.11), koTopas
npescTaBnseT CMeLaHHOe CTpaxoBaHWe B BMAE CYyMMbl CPOYHOrO CTPaxoBaHWA Ha chy-
yail CMepTu M CTPaxoBaHUS Ha LOXUTUE, Mbl NPUMeHUM GopmMyny (4.4.9) K KOMMOHEHTE,
OTHOCSLLeCA K CPOYHOMY CTPax0BaHUKD Ha Cly4yail CMepTu, a 3aTeM paccyMTaeM 4acTb,
OTHOCALLYIOCA K CTpaxoBaHWIO Ha JoXuTue. Bocnonb3oaswuce gopmynamm (4.2.12) un
(4.2.10), mMbl HalifjeM aKTyapHYt HacTOoAL Y CTOUMOCTb

M135:301 = \ Ak30i + /1357 = (1,0297087)[0,06748179] + 0,1392408 = 0,208727
1 aucnepcuio
D[Z] = ~34, - (A35:3)2 = 0,0309294 + 0,0242432 - (0,208727)2 = 0,011606.

Ons BbinnaTbl pasmepa 10000 mmeem 10000436301 = 2087,27 n (10000)2D[Z] =
1160600. T

Mpumep 4.4.2. Ana 50-neTHero ctpaxoBaTens HalfeM akTyapHY HaCcTOSLLYIO CTO-
MMOCTb [Or0BOpa C YMeHbLUaloLWenca BbINAaTON CPOKOM Ha 5 neT, a UMEHHO C BbliNnaTow
5000 B MOMEHT CMepTW, ecnu cMepTb Mpou3oinaeT B nepeblii rog, 4000, ecnm cmepTb
npon3oieT BO BTOPOI rog, M Tak ganee. Bocnonb3ayemcs MnnwcTpaTUBHON Tabnuuen
CMepPTHOCTU U NpPeSnonoXKeHMeM 0 PaBHOMEPHOCTW pacnpeeneHns CMepTeid B rofuYHbIX
BO3PaCTHbIX WHTepBanax u 6yfem cumtatb, 4to i = 0,06.



PeweHwne. Obpawaacb Kk Tabn. 4.2.1, Mbl BUAUM, 4TO

b_ (5- IALL *~ 5,
* \0, t > 5,

ABNAETCA (hyHKLI'VIeVI TONIbKO OT K, Ll.eI'IOI\/'I vyacTtu t, N, 3HaA4YNT, Mbl MOXeEM nepenncatb 3T0
Bblpa>XeHne B Buae
= I5-k, k=0,1,2,3,4,
* [0, K> 4.

®YHKLUMA AUCKOHTUPOBaHUSA ecTb VE. [Mo3ToMy
4
(ZM )" = j{DA)Jog = (1,0297087) £ (5 - AOMN1*P50 950+*
*:0
i 4
= (1,0297087) — V (5 - k)vk+1d50+k = 0,088307.

Takmum o6bpasom, 1000(EM)gO™ = 88,307. T

0ns TOro 4ToGbl BbIPa3nMTb CTOMMOCTY ANS AOTOBOPOB CTPaxOBaHMSA, COFMAcHO KOTO-
pbIM BbiNaTa NPOW3BOAMTCS B MOMEHT CMEPTU W He sBAseTcs (yHKUMein oT K, uepes
CTOMMOCTW [/ [OrOBOPOB, COF/laCHO KOTOPbIM BbIM/aTbl NPOM3BOAATCA B KOHLE roga
CMEepTH, Heo6XoaNUM [OMONHUTENbHLI aHanu3. PaccMOTpUM A0roBop G6eCcCPoYHOro cTpa-
XOBaHWs C HEMPEpPbIBHO YBENMUYMBAIOLLE/C BbINATOW, NMPUYeM BbinjaTa Mpou3BOAMTCSA
B MOMEHT cMepTW. Takue JoroBopbl MoApoGHO 06CYXAanuch B pasd. 4.2 U aHanu3 ux
(YHKLUMM BbINNAT NPOBOANTCS Ha puc. 4.2.5. COOTBETCTBYIOWNE PYHKLUM UMEIOT BUf,

bt =1t t>0, M, =t/, t>0, zt = tvl, t> 0.
Ons Toro uto6bl Haiitn (1A)X, 3anuiem
Z = (K+ S)vK+s = (K + I)vK+s - (1 - 5)t;K+1(l + r)1-3
(K+ 1)n*+1(1 + i)1_S - vK+1(l - S)(1+ i)1_S.

bepa martemaTuyeckme 0XupgaHwus, B NPeAnonoXeHUU paBHOMEPHOCTU pacrnpepenieHus
cmepTeﬁ B NOANYHbIX BO3PaCTHbIX MHTEPBasax nosyvyaem

E[Z] = E[{K + 1)u*+1JE[(1 + i)1_s]- E[u*+1]E[(1 - 5)(1 + T)1_s]

= (Mei- A eE[(I-S)(I +0: S}

Mbl MOXEM YNpPOCTUTb MOCAEAHUA COMHOXMUTENb HEMOCPEACTBEHHbIMU BbIUMCIEHUSAMMU,
MOCKO/bKY C.B. 1 —5 pacnpefeneHa paBHOMEpHO,
r B [
E[(1 —5)(1 + i)1.S]= / u(l +i)udu = (Ds)* = -’
JQ

+ i i
~ P '
Takum obpa3om, Mbl nonyyvyaeml)

(1A)X= 5 O--.-) -

1"B cnepytouieii hopmyne (M ganee) d — cTaBKa fUCKOHTa. — MpuM. peg.



4.5. AngpdepeHyumanbHble ypaBHEHNSA ANA CTpaxoBaHuA
C BbiMnaTaMn B MOMEHT CMeEPTU
B cnyyae cTpaxoBaHMs C BbiMjaatamu, NPOM3BOAUMBLIMU B MOMEHT CMepPTH, MOXHO
BbIBECTU COOTHOLLEHWS, aHa/lOTNYHble PEeKYPPeHTHbIM. ONupascb Ha HUX U MPUMEHNS
MeTofbl MaTEMATMUYECKOr0 aHanm3a, Mbl Npugem K anddepeHLnanbHbIM YPaBHEHUSM.
LOna poroBopa 6ecCPOYMHOro CTpaxoBaHUSA Ha cnyyali CMepTu ¢ uyom (X) MMeeM

JoAX = -B(x) + Ax[6+ fi(0} = 8AX- B{X){\ - Ax), (4.5.1)

4YTO ABNSETCA HENpepbiBHbIM aHanorom gopmynbl (4.3.12). Ncnonb3yemble 34ecb 060-
3Ha4yeHUs nogpasymeBaroT NpYMeHeHWe AaHHbIX U3 arperaTuBHbIX TabnuL, CMEePTHOCTMW.
[okasaTenbcTBa BblHECEHBI B ynp. 4.21.

C apyroi CTOpOHbI, ypaBHeHMe (4.5.1) MOXHO NMONYUYUTb M3 ONpPefeeHNs BeIMUMHbI
AX, Mob3yscb YCMOBHbIMKW MaTemMaTU4YecKUMU OXMAAHWUAMMU, KaK 3TO [enanoch paHee
ana Ax:

Ax = E[uT] = E[vT\T~h]P(T~h) + E[vT\T>h\P{T>h). (4.5.2)
[anee,
P(T~.h) = hgx u P (T>h) = hpx (4.5.3)
M ycnoBHas MyHKLUUA NAOTHOCTU C.B. T npu ycnosun T ~ h umeer Buj
hih) _ tPxBjx + t)

FT(h) hgx
o] B NMPOTMBHOM Clyuyae.
Takum obpasom, rH !,
E[vT\T~h} = vi tPxKX + t) dt. (4.5.4)
Jo hQx
Kak 3To genanocb paHee Ans Ax, 3anuem
E[vTIT>h]= vhE[vT~hIT - h> (0] = vhAx+h. (4.5.5)

MoacTtaHoBka opmyn (4.5.3), (4.5.4) n (4.5.5) B (4.5.2) naet

Ax= f VItPx~ X+ " dthgx + vhAx+h hPxe (4.5.6)
Jo hQx
YMHOXasa 06e yactn hopmynbl (4.5.6) Ha —1, npu6asnas K HUM Ax+h n gensa Ha J1, mMbl
nonyunm _ Ax = T fHvipxu(x+ pdt+ Ax+hy— YhhPE - (4.5.7)
li 1f}hltP +tdt—df51 K x + t) dt
Aanee, dim o VItPX )ydt = Efq ylpx K x + t) T K x)
fn-— = AP0 T K+ s

Mepexoas k npegeny npu h —0 B (4.5.7) 1 BOCNONb30BaBLWUCL 3TUMU ABYMA Npejesib-
HbIMW COOTHOLUEHUSIMW, Mbl NONY4YMM ypaBHeHue (4.5.1),

g;AX: -y (x) + Ax[fi(x) + £].

PeleHuns aToro auddepeHUnanbHOro ypaBHeHMS onucaHsl B ynp. 4.22,



4.6. 3aMeyaHud N nuTepartypa

B MoHOrpadusax no CTpaxoBaHWI0 XW3HW, YKa3aHHbIX B MPUI0XeHUU 6, coaepxar-
ca Apyrue cnocobbl BbIBOAA (DOPMYN AN aKTyapHOW HacTosilieil CTOMMOCTU 40r0BOPOB
CTpaxoBaHus Xu3HU. B kHure [Jordan 1952] MHTEHCUBHO MCNO/b3YHOTCA KOMMYTaLMOH-
Hble (DYHKLMW, KOTOPbIE COCTaBNANN OCHOBY aKTyapHbIX BblYUCNEHUA [0 nocnefHel veT-
BepTun 20 B.

B 3Tux MoHOrpausax yaensnocb Mano BHUMAHUS MOHATUIO «NPOAOKUTENbHOCTb
NpeacToALel XU3HU» CTpaxoBaTens Kak cny4valiHOn BenuuuHe. [0 HefaBHero Bpeme-
HW uccnefoBaHMe U U3MI0XKEHWe 3TOr0 MOHATUA Ha3blBaNoCb Teopuell UHAUBUAYANbHbIX
puckos. B kHure [Cramér 1930] copepXuTtca feTanbHOe U3N0XeHUEe uAei, N3BeCTHbIX K
MOMEHTY ee HanucaHusi. B kHurax [Kahn 1962] n [Seal 1969] npuBoguTCS UcyepnbiBato-
wasa 6ubnuorpausa Kak nccnefoBaHuii, Tak M 0630pHbIX paboT 3a CTONETHUIA Nepuog,.

C 1970-x rr. NposiBAANCSA UHTEpPEC K aKTyapHbIM MOLENsM, B KOTOPbIX KakK Npojos-
XWUTENbHOCTb MPeACTOALLE XXU3HM, TaK U NPOLEHTHAA CTaBKa CYMTaINCh CAyYalHbIMK
BeIMYMHaAMKU. DTU BOMPOCHI M3y4yalTca B rn. 21.

YnpaxHeHusa

Mbi 6y,qu npeagnonaraTtb, €C/In HE OroBOPeEHO MPOTMBHOE, YTO CTPaxoBble BbIMN/laTbl MPOU3-
BOAATCA B MOMEHT CMEPTU N YTO KaK MHTEHCUBHOCTb HayduUCNeHUA NPOUEHTa 0, TaKk 1 3KBUBa-
NeHTHbIe el npoueHTHaA CTaBKa i 1 cTaBKa ANCKOHTa d, nocTosiHHbI.

K pasgeny 4-2
4.1. Mokaxute, uto AXx = p/(p + 6), ecnmn /i(x) = L ANsA BCeX X, TAe L, — NOIOXKUTENbHas
KOHCTaHTa.

4.2. Nyctb p(x) = 1/(1 + x) gns Bcex X > 0.
(a) MpoBegnTe MHTErpMpoBaHMe MO YacTAM U MOKaXuTe, Y4TO

(b) Bocronb3yliTech BblpaxeHWeM M. (a) 1 nokaxuTe, uTo dAx/dx < 0 gns Bcex X > 0.

4.3. MokaxuTe, uto dAx/di = —v(1A)x.

4.4, TToKaXXnTe, YTO BbIPXEHUA ANA ANCMEPCUM HACTOALLEA CTOMMOCTM CMELLaHHOro cTpa-
X0BaHWA Ha CPOK N feT ¢ BbINAaTol pasmepa efuMHuLA, onpegeneHHble B opmynax (4.2.10) u
(4.2.13), TOXKAECTBEHHDbI.

4.5. Myctb Z\ n Zi —cnyyvaiiHble BeNNUYNHbI, BBEAeHHbIe B hopmyne (4.2.11).

(a) MokaxwuTe, yTo lim,,-to Cov(Zi, Z2) —1iT,,_too Cov(Zi, Z2) = 0.

(b) BbiBeanTe HesiBHOe ypaBHEHWe /19 CPOKa N, NPY KOTOPoM MUHUMKU3MpyeTcsa Cov (Ai,Ar).

(c) BbiBeguTe hopmyny agns muHumyma B n. (b).

(d) ¥npoctute hopmynsl B n.n. (b) n (c) gna cny4vasi, Korga MHTEHCUBHOCTb CMEPTHOCTU
ABNAETCA NMOCTOAHHOW P.

4.6. MpeanonoXnm, YTo CMEPTHOCTb onucbiBaeTca popmynon Ix —100—x ana 0~ x ~ 100
N 4YTO MHTEHCUBHOCTb HauyuUC/NeHNA npoueHTa paBHa 6 = 0,05.

(a) Bbluncnute A\O.M.

(b) OnpegennTe aKTyapHY HacTOAILLYI CTOMMOCTb CTpaxoBaHUA CPOKOM Ha 25 neT ¢ Bbl-
nnaToi B ciyyae cMepTu B MOMeHT t, paBHoi ht = e°'05i, Ans nuua, Bo3pacT KOTOPOro B MOMEHT
3aK/l4YeHns gorosopa paseH 40 neT.

4.7. PaccmaTpuBas pyHKUMIO foxnTusa MyaBpa ¢ w = 100 ni = 0,10, BbluncnmTe

(a) "30:T51>

(b) AMcnepcuio aKTyapHO HaCTOSILLEA CTOMMOCTM BbINNAT B MOMEHT 3aK/04YeHUA 40rosopa
n3 n. (a).

4.8. Ecom &t = 0,2/(1 + 0,05t) u Ix = 100 —x gna 0~ x ™ 100, To BbluMCAUTE



(a) aKTyapHyl HacToALLYH CTOMMOCTb WM JUCNEPCUI0 HACTOSALLe CTOMMOCTW BbinaaT ANs
fjorosopa 6eccpoYHOro cTpaxoBaHWs Ha Ciay4ai cMepTu, 3aK/IlOUYEHHOro B BO3pacTe X JieT,

O (1A)X

4.9. (a) MokaxunTe, 4To AX ABNSETCA NPOM3BOAALLEN PYHKLUMENR MOMEHTOB C.B. T , Npogon-
XUTENbHOCTU MPeACTOsALLE XMU3HU nuua (X), BbIUUCIEHHOA NPU MHTEHCMBHOCTU HauuCeHUA
npoueHTa —b.

(b) MokaxwuTe, UTO ecnu c.B. T MMeeT ramma-pacnpefesnieHne ¢ napamerpamu a u B, 1o
Ax= (1 +S/R)~a.

4.10. Nyctb bt =t, fix(t) = (i n St = Spana scex t > 0. BbiBeNTe BblpaXeHUs 4/1s

(@ (IA)X=E[bTvT], (b)D[bTVT].

4.11. MycTb Cc.B. Z ABNSIETCS HACTOSILLE CTOMMOCTbIO CTpaxoBaHWsA Ha cny4vali cMepTu ¢
BbINAaTOl pasmepa efjuMHuLa B MOMEHT cMepTu ana nvua (x). Ecnn 6 = 0,05 n Bx{t) = 0,01, To

(a) HalignTe BbipaxeHue AN GYHKLUM NAOTHOCTU C.B. Z,

(b) nocTpoliTe rpadnk hyHKLUN NAOTHOCTM C.B. Z,

(c) BbluncnuTe BennumHbl Ax = E[Z] n D[Z].

4.12. MycTb c.B. Z sIBASIETCSA HaCTOsILLell CTOMMOCTbIO CMELUIAHHOI0 CTPaxoBaHUsSl Ha CPOK
n ner (cMm. pasg. 4.2.2). BblpasuTe (PyHKUMIO pacnpegeneHns c.B. Z B TepMUHaxX (PyHKLUK
pacnpegeneHus c.B. T.

4.13. NycTb ¢.B. Z onpefeneHa, Kak B ynp. 4.12. Ecnn S = 0,05, Bx(t) = 0,01 u n = 20, TO

(a) HaManTe hyHKUUIO pacnpeaeneHns c.B. Z,

(b) nocTponTe rpadmk yHKUMKN pacnpegeneHns c.e. Z,

(c) Bbluncnute Ax-.ni= E[Z], ncnonb3ysa pacnpegeneHne c.B. Z [yKasaHue: BOCNOMb3yhTeChb
[ONOoSTHEHUEM K (hYHKUMUW pacnpeaeneHus).

K pasgeny 4-3

4.14. Ana Ix = 100 —x npn 0~ x ~ 100 n i = 0,05 BbluncANTe

(a) Ai0:25i> (b) (1A)40

4.15. MokaxwuTe, uto Axiw, = Al, LU+ vmmpx Ax+m:n_m\npy m < n, u faiTe CNOBECHYO
MHTepnpeTaunio aToro pesynbraTta.

4.16. Ecnu Ax = 0,25, Nix+ro = 0,40 un = 0,55, TO BbluMcNNTE

(a) (b) ™x:LL

4.17. (a) OnuwunTe BbINAaTbl N0 4OFOBOPY CTPaxoBaHMS, aKkTyapHas HacTosl,asa cTOMMOCTb
KOoToporo BbipaxaeTcs cumBonom (1A)x:uh-

(b) Bbipa3nTe aKTyapHYyH HacToOsLY CTOMMOCTb M3 M. (a) C MOMOLLbK CUMBOJIOB, NpuBe-
[eHHbIX B Tabn. 4.2.1 n 4.3.1.

4.18. B ycnosusax npumepa 4.3.2 nycTb EK 0603HavaeT oxunaaemblii pasmep ¢oHaa vepes K
NET NoCne ero yYpeXxaeHns 1 cpasy Xe nocne BbiNaaTbl B CBA3M CO CMePTbI0 YUYaCTHMKA, NPUYeM
Eo = (100)(1000/130) = 10248,35.

(a) HaumHana ¢ popmynbl (4.3.10), BbiBEAUTE NPSIMOe PEKYPPEHTHOE YpaBHEHME

Ek = 1,06Ek-i —100 000 fc-i|C30-
(b) Ncnonb3yiiTe peKyppeHTHY hopmyny mn3 n. (a), 4Tobbl NnpoBepuThb, 4TOo EN = 12 762,58.

K pasgeny 4-4

4.19. PaccMOTpMM BPEMEHHYHO LIKay, pasbuTylo Ha MHTepBanbl AAUHbI 1/T, eanHuULEN B
KOTOPOW SIBNsSieTCS OfMH rof. PaccmaTpuBaeTcs [OroBOp 6eCCPOYHOro CTpaxoBaHMA Ha crydal
CMepTW C BbIMNIATON CyMMbl pa3mepa 1 B KOHLe TOro M3 yKasaHHbIX WHTEpPBasoB, B KOTOPOM
npouvsoLuia cMepTb. MycTb K 0603HAaYaeT YMC0 MOJHbIX CTPAX0BbIX NIET, MPOXMUTbIX O MOMEHTA
CMepTU, U NYCTb ] — YMUC0 MOSIHbIX MHTEPBAIOB A/IMHbI 1 /T, MPOXUTbIX B TOM 04y, B KOTOPOM
HacTynuna cmepTb.

(a) KakoBa (hyHKLMS HaCcTOsILLEen CTOMMOCTM /151 TAKOro cTPaxoBoro gorosopa?

(b) BbiBeguTe hopmyny, aHanornunyw dopmyne (4.4.2), gna aKTyapHOW HacTOsILEA CTOM-
MocTn AKX ) Takoro crpaxoBaHusl.



(c) MoKaXnTe ¢ NOMOLLbIO anrebpanyecknx BbIKNAAO0K, YTO B MPEeANON0XKEeHUN PaBHOME|
HOCTW pacnpefeneHUs CMepTeil B rofuYHbIX BO3pacTHbIX nHTepBanax AlT>= (i/i*T")AX.
4.20. NMoKaxuTe, 4TO B MNPeNONOXKEHUN HEU3MEHHOCTU MHTEHCUBHOCTN CMEPTHOCTM B MNpo-

MEXYTKe MeXAY UenbiM1 Bo3pacTamm
(04] .

ro,M*0=-Inft«. « i+ “-m
K pasgeny 4-5

4.21. (a) MokaxnTe, 4TO cooTHOoWeEHMe (4.2.6), BbINMMCAHHOE HA OCHOBE arperaTvBHbIX Ta-
611l CMEPTHOCTU, MOXHO MepenucaTb B BUAE

1 e
X ==mmmmmie- - vvvpon(y)dy, x"O.
xPo Vx JX pon(y)dy
(b) MpoanddepeHumnpyinTe popmyny n. (a), 4Tobbl NoNyunTb hopmyny (4.5.1),
ndA

= \u(x) + 5\AX- u(x), X 0.

(c) Bocnonb3oBaBLUUCH TOW YKe TEXHUKOM, MOKaXnUTe, 4YTO

B =N+ + P{X+ - B(x),  XA"O.

4.22. PewnTe gudepeHynanoHoe ypaBHeHue (4.5.1) cnegyrowummn cnocobamm:
(a) ucnonb3yiiTe MHTerpupyroLWmnii MHoxuTens exp[—J X[S -- R{z)] dz], 4yTo6bI NoNyunTHL

Ay=j\(x) exp \] [6+ R{z)]dz" dx,
(b) McnonbayliTe MHTErPUPYIOLLNI MHOXUTENb €~6X, YTOGbI NONYYUTb
B(x)vx Y1 —Ax)dx.

K pas3ninyHbim Temam rnasbl

4.23. HainguTe akTyapHYl HacTOSILLYK CTOMMOCTb ANA [OroBopa ABOMHOM CTPaxoBOW 3a-
WKnTbl A0 Bo3pacTa 65 neT, KOTOpbIA npegycMaTpvBaeT BbiNaaTy B pasMepe ABYX efuHWUL, B
cnyyae cMepTu [0 65 neT v BbINAaTy OfHOW efuHULbI nocne 65 feT, Nob3ysacb 0603HAYEHUAMM
Tabn. 4.3.1. Mbl npegnonaraeM, 4YTo BbINaaTbl MPOM3BOASATCS B KOHLE roga, B KOTOPOM MpPOun30-
Lna cMepThb.

4.24. CTpaxoBOW JOroBop 3ak/u4eH B Bo3pacTe 20 fieT CO CneaytoLleil CXeMoit BbInnaT Ha
cnyyaii cMepTu, NPOU3BOANMbIX B MOMEHT CMepPTU:

BospacTt BbIinnaTbl Ha cnyyali cMepTy
20 1000
21 2000
22 4000
23 6000
24 8000
25-40 10000
41 n 6onee 50000

BblumcnnTe akTyapHYH HacTOsILLYH CTOMMOCTb, OMMpasch Ha VnawcTpaTMBHY Tabnuuy
CMEePTHOCTU, B MPeSNOI0XKEHUN PAaBHOMEPHOCTU pacnpefeneHns cMmepTeil Ha KaXaoM FoANYHOM
BO3pacTHOM WMHTepBasne u npu i = 0,05. [YkasaHue. O6paTHas pekyppeHTHas dopmyna ans
aKTyapHOW HacTosLeil cToumocTn 6yfeT BKAOYaTb hyHKLMIO ¢(X), KOTopas CTPOMTCA, Ucxoas
N3 NpPMBEAEHHON Bbille Tabnmubl.]



4.25. (a) OnpefennTe, 6yfeT NN MNOCTOSAHHbIW POCT UHTEHCUBHOCTW CMEPTHOCTU BANATH Ha
AX Tak e, KaK TaKol Xe pOCT UHTEHCUBHOCTW HauMCAeHNsI NPOLeHTA.

(b) MoKaxuTe, YTO ec/v BEPOSITHOCTb CMEPTU (X+N YBeNIMUMBAETCA U CTAHOBUTCS PaBHOM
FxH1 + ¢, To BeMMumnHa AX Takxke yBenmumuBaetcs Ha cvn+Inpx(1 —-Az+n+i)-

4.26. AKTyapHasi HacTosiLLasi CTOMMOCTb AN MOAMMULMPOBAHHOIO AOroBOpa CTpaxoBaHus
Ha [OXXUTWe C BbINIaTon pasmepa 1000, 3aK/IOYEHHOrO C ANLIOM B BO3pacTe X JieT CPOKOM Ha
n net, paBHa 700, ecnu B cnyyae CMepTy B TeYeHWe NepBbIX N €T NpPeAycMOTpPeHa BbinnaTa,
paBHas 3TOW aKTyapHOI HacTosALel cToMMocTH, nam 650, ecnn BbiNaaTbl He NPefyCMOTPEHO.

(a) BbluMcnuTe aKTyapHYH HaCTOSILLY CTOMMOCTb A8 MOAMMULMPOBAHHOIO [OroBopa
CTpaxoBaHMA Ha JOXWTWe C BbinaaTol pasmepa 1000, 3aK/KOYEHHOrO C /MLOM B BO3pacTe X
NeT CPOKOM Ha N NeT, eCNn B Cyvyae CMepTW, HacTYNMBLUERA B 3TOT Nepuof, HeobxoguMo Bbinia-
TMTb 100 K% aKTyapHOW HacTOsILEeA CTOUMOCTN.

(b) Ansa poroBopa cTpaxoBaHUA Ha fOXMWUTMe U3 N. (a) HaMgUTe AUCMEePCUI0 HaCTOoALL el CTo-
MUMOCTM B MOMEHT 3aK/Il0UYeHNs AOroBopa B TeEPMUHAX aKTyapHbIX HAcTOAWMX CTOMMOCTEN 4NN
[OroBOpPOB CTpPaxoBaHMs Ha A0XWUTUE U AOrOBOPOB CPOYHOr0 CTPaxOBaHMS Ha cly4vail cMepTu.

4.27. MpousBoanTenb 060pyA0BaHMA MPOJAET CBOK MPOAYKLMIO C NATUNETHEN rapaHTu-
eli, cornacHo KOTOpOoi NoKynaTento BO3BpaLlaeTcsa CyMMa, NPonopLuoHanbHas nepBoHavabHoM
NPofaXXHOW LeHe, ecnn 060pyfoBaHmMe BblgeT U3 CTPos B TedeHue 5 netT. Hanpumep, ecnm no-
JIOMKa NpouCXoAnT Yepes 3| n1eT nocne npuobpeTeHuns, To Bo3BpaLaeTca 25% nNpojaXKHoM LieHbl.
V3yyeHune CTaTUCTUKWN NOKa3sbIBaeT, YTO BEPOATHOCTb NOOMKMW HOBOIO 060pyA0BaHUA B TeUeHMe
nepsoro roga pasHa 0,2, B TeueHWe BTOPOro, TPeTbero 1 4eTsepToro rogos — 0,1 B Kaxablii 1
B TeyeHue naToro roga — 0,2.

(a) Mpeanonaras, 4ToO MOMEHTbI NMO/IOMKM PaBHOMEPHO pacnpejeneHbl B KaX40M FOAUYHOM
WHTepBase, cyMTas ¢ MOMEHTa MOKYNKKW, OnpeAennTe AOM0 NMPOAAXHON LieHbl, KOTopas paBHa
aKTyapHOIi HACTOsILLLeIA CTOMMOCTU TaKoil rapaHTun. CumTalite, uto i = 0,10.

(b) Ecnn 6bl OroBOpeHHbIN B rapaHTUX BO3BPAT fleHer OCYLLeCTBAANCA B BUAE CKUAKMN Ha
NPOAaXHYH LIeHY HOBOro 060pyfoBaHus ¢ NATUNETHeN rapaHTuein, U3MeHUNCS Nn 6bl 0TBET Ha
Bornpoc n. (a)?

4.28. Mpegnonoxum, 4to c.B. T(X) MMeeT NAOTHOCTb

. - N . .
n 5—0,05. MokaxwnTe, 4To f{t) = w7 e~ V200 t>0

(@) Ax = 2e°'125[1 - ®(0,5)] = 0,6992,

(b) Ax = 2e_0,5[1 - P(1)] = 0,5232,

(c) D[Z] = 0,0343, rge Z = VT,

(d) £2’5= 0,7076 [ykaszaHue: BOCnonb3yliTecb puc. 4.2.1],

(e) VI* = 0,6710 < 0,6992 = Ax.

4.29. O606wWunTe BbIBOA yNp. 4.28(e), NpoBepus, 4To ecnn 5 > 0, To ve* A Ax. [YkasaHue.
Bocnonb3ynTecb HepaBeHCTBOM MeHceHa u3 pasg. 1.3 npu n" > 0.]

4.30. na 6eccpOYHOro CTpaxoBaHUSA Ha ciay4ail cMepTu Bbinnata bt pasHa 0 unm 1 gns
kaxgoro t A 0. NMpoBoAsA BbIYUCNEHWUS 41 MHTEHCUBHOCTU HAYMCNeHNa npoueHTa &

(a) BbIpasnuTe PYHKLUNIO ANCKOHTMPOBAHNUS B TepMUHax St,

(b) Bblpa3uTe c.B. HacTosiWEel cTOMMOCTM Z B TEPMUHAX C.B. T,

(c) nokaxuTe, 4To Z3 NPV MHTEHCUBHOCTWU HauyMCNeHUA npoueHTa St paBHa Z Npw UHTeH-
CUBHOCTM HauyucneHnsa npoueHTa jSt.

Ynpa>KHeHUsA ¢ UCMob30BaHMEM KOMMbOTepa

4.31. PacwupbTe Bawy MnnwCTpaTMBHYO Tabanuy CMepTHOCTW, BBEAS B Hee NMOCTOSIHHYHO
MPOLEHTHYIO CTaBKYy I W 4acTOTy CTPaxoBbiX BbINAaT T. Bblo 6bl N0E3HO BKIKUYUTL B Hee
TaKXXe paccyMTaHHble NpW 3TUX AaHHbIX 5, d* T\ i*T\ d n v.

4.32. Bbluncnute Habop BeNuMUMH iMgi, n = 1,2,..., 100, npu i = 0,06, BOCMONb30BABLLMNCH
npsMo peKyppeHTHOI dopmynoin (3.5.20). [YkasaHue. O6paTtuTech K ynp. 3.25 wuavM BOCNoNb-
3yiiTeCb COOTHOLLEHWEM = 1+ véfn]

5 - 1855



4.33. (a) MoacTtaBnAs faHHble N3 Bawel VinawcTpaTuBHOM Tabnnubl CMEpPTHOCTKU B 0bpart-
HYI0 peKyppeHTHyl dopmyny (4.3.10) npu noaxogsliemM HayarbHOM 3HayeHWMU, BbluMCAUTE
1000/1* gna x ot 13 go 140 npu npoueHTHOM cTaBke 0,06.

(b) CpaBHMTe NOMy4YeHHble BaMW 3HAYEHWUS CO 3HAYEHUAMMW, NPUBELEHHLIMU B MPUIOXe-
Hum 2A.

4.34. (a) Bocnonb3yiiTecb hopmynoli (4.3.3) 1 Baweid MInnocTpaTUBHOW Tabnuued cmepT-
HOCTW ANA onpegeneHns senmumH AMo-LL n 2720 200 MPU * = 0,06.

(b) KakoBa gucnepcus cny4daliHoli BEIMUYNHBI HACTOALLEA CTOMMOCTY A8 CTPaxoBoro Aoro-
Bopa Ha cpok 20 neT ¢ BbinsaTo pasmepa 100000, 3aka4YeHHOro ¢ nvuom (20)?

4.35. (a) Wcnonb3ysa anrebpanyeckne UauM BEPOSATHOCTHbIe COOOpaXeHWs, MPOBepbTe Cle-
OYIOLY0 06paTHY peKyppeHTHYK (GOopMyny ANs CTPaxoBOro A0roBopa CPOKOM Ha N neT ¢
BbINIaTon pasmepa 1:

AXn=MX Y nPxQ&+M"bVPXAx+1rhe

(b) OnpegennTe Nogxofsaliee AN UCNONb30BAHUSA B 3TO (DOpMYy/ie HayanbHOe 3Ha4eHue.

(c) Ncnonb3ys Bawy WnntocTpaTuBHYH Tabnuuy cmepTHocTu npu i = 0,06, BblumMcnnte
aKTyapHYH HacTOALLY0 CTOMMOCTb /1 CTPaxoBOro fOroBopa, 3aK/tUYeHHOro CPoOKoM Ha 10 net
¢ nMuyamn BospactoB X = 13,..., 130 nerT.

4.36. (a) Bocnonb3yiiTech peKyppeHTHbIM COOTHOLIEeHVeM M. (g) U3 3aKNI0UNTENBHOR YacTu
pasa. 4.3 v Baweli MinnocTpaTUBHOW Tabnuueidi cMepTHOCTU A8 BbluucneHns (1A)2&npwu i =
0,06.

(b) N3meHUTe peKkyppeHTHyk dopMyny mM3 n. (a) Tak, 4T06bl MOAYYUTb PEKYPPEHTHYIO
dopmyny ana (IA)X, n onpegennTe nA Hee HadanbHoe 3HAYEHNeE.

(c) NsameHnTe pekyppeHTHyt dopmyny u3 n. (b) Tak, 4To6bl NOAYYUTb PEKYPPEHTHYIO
dopmyny ans (1A)X, n onpegenuTe ANa Hee Haya/lbHOE 3HAYEHMeE.

(d) BbiBeauTe 4YacTHble cnydau ¢opmyn nn. (b) v (c) B NpefnosioXeHUN paBHOMEPHON
pacnpefieNeHHOCTU CMepTel Ha rofMYHOM BO3PacTHOM MHTepBase.

4.37. Bocnonb3yiTecb Ballein MinnwctpaTuBHOl Tabnuueli CMepTHOCTY 411 MPOBEPKM YuC-
NeHHbIX peweHnii nn. (a) n (b) npumepa 4.2.4. [YKasaHue. BblbepuTe B pacnpegeneHnmn Merikema
3HayeHus napameTpoB b = 0,00 n A = 0,04, BosbMuTe i = €010 —1 1 NpUMeHNTEe PeKYPPEHT-
Hyto popmyny n. (d) u3 3aknUUTENbHOW YacTn pasg. 4.3. NMOMHUTe, 4TO cTpaxoBas Bbinnara
B npumepe 4.2.4 NpoM3BOANTCA B MOMEHT CMepTu.]

4.38. (a) MpumeHAna anrebpanyeckme M BepOSITHOCTHbIE COO6PaXKEHUS, NPOBEpPbTe cnemy-
loLLYyt0 06paTHYI0 PEKYPPEHTHYO POpMYy ANA aKTyapHOW HACcTOsLLeA CTOMMOCTU CMeLLaHHOro
cTpaxoBaHusa [0 Bo3pacTa y C BbinaaTtamu pasmepa 1, B KOTOPOM BbINaarta Ha Cayvan cmepTu
OCyLLLeCTB/IAETCA B MOMEHT CMEpPTH:

A Xiy-x\ = XTL+ VPXAr+ly-(x +ni> *=01...,y —L

(b) OnpepenuTe Nogxoasiiee AN UCNOSb30BaHMS B 3TON hopMyne HavyasibHOe 3HayeHue.

(c) Bocnonb3yiiTecb Balleid MnnwCTpaTUBHOM Tabnumuen CMEPTHOCTM M NPEANOSIOXKEHNAMU,
4YTO pacnpefefieHne cMepTeil B KaXOM FofM4YHOM BO3PacTHOM WHTepBasie paBHOMEPHO U i =
0,06, 4NA BbIYMCNEHUSA aKTyapHOR HacTOoALLEel CTOMMOCTU CMeLLaHHOM0 cTpaxoBaHUs L0 Bo3pacTa
65 ¢ BbInnaTaMu pasMepa 1, B KOTOPOM BbinjaTa Ha clyyail CMepTy OCYLLeCTBSETCA B MOMEHT
CMepTU, ecnn AOroBOp 3aK/yaeTcsa ¢ NLOM Bo3pacTa X = 13,..., 64 neT.

(d) MpumMeHan anrebpanyeckne UM BEPOATHOCTHbIE COOGPaXEHNS, MPOBePbTE CeAYIOLLYI0
06paTHYI0 PeKYpPpPeHTHYI0 hopMyny ANA akTyapHOW HacTOsALeid CTOMMOCTU CMeLLaHHOro cTpa-
X0BaHWA Ha CPOK N fieT ¢ BbiMJatamu pasMepa 1, No KOTOPOMY Bbinnarta Ha cny4ali cMepTu
OCYLLLeCTBNAETCA B MOMEHT CMepTU:

Ax:n\ = efa-jl + VInpx{1 - Vpx+n —jax+lnl) + VP* A x+l:n\, X=10,1,...,W—1.

4.39. MycTb c.B. Z ABNAETCA HACTOALLENA CTOMMOCTbIO CMELUAHHOr0 CTPaxoBaHUA CPOKOM
Ha 20 neT ¢ pasmepom Bbinaat 100 000, no KOTOpPOMY BbIN/iaTa Ha cayyai CMepTu NPoM3BOANTCA
B MOMEHT cMepTu. PaccumTaliTe cpefjHee u Aucnepcuio €.B. Z Ha OCHOBe 3akoHa Melikema ¢
napametpamm A = 0,001, B = 0,00001, ¢ = 1,10 n S = 0,05 n3 Bawei WVnnwocTpaTnBHom
Tabnuubl CMepTHOCTH.



CTPAXOBbLIE AHHYUTETbI

5.1. BBepeHue

B npeablayuieli rnaee Mbl paccMaTpuBany BbiNiaThl, 06YCNOBNEHHbIE HACTYMNEHUEM
CMepTH, UYTO MpefycMaTpPMBaeTCs Pas/IMYHbLIMKU BUAAMU CTPaxoBaHWUS XMU3HU. B HacTo-
slleli rnaBe Mbl 6yAeM U3y4yaTb BbINAaTbl, 06YCNOB/EHHbIE JOXMTNEM, YTO MpedycMaT-
pUBaeTCs PasNMYHbIMK BUAAMMN CTPAXOBbIX aHHYUTETOB. CTpPaxoBbiM aHHYMTeTOM Ha-
3bIBaeTCA Cepus BbINAAT, NMPOM3BOAUMbIX HENPEPLIBHO MU 4Yepe3 PaBHbIE MPOMEXYTKU
BpeMeHU (Takue, Kak Mecsl, KBapTan, rof), noka faHHoe nuuo xueol). Beinnatbl mo-
ryT 6bITb BPEMEHHbIMU, T. €. MPOVN3BOANTLCSA ONpPEAeNIEHHOe KONMYECTBO NeT, UK MOXN3-
HEHHbIMW. BbinnaTbl MOryT HauMHaATbLCSA Cpa3y WAW, HanNpoOTUB, aHHYUTET MOXET 6bITb
OTCPOYEHHbIM. BbinnaTtbl MOTYyT NMPOM3BOAUTLCS B Hauase (aHHyMTeTbl MpeHyMepaHo)
NN B KOHLUE (aHHYMTeThbl NOCTHYMEPAHAO) YNOMSAHYTbIX Bblllie MPOMEXYTKOB.

MocKonbKy B TEOPUWU NPOLEHTA MCCNeAyoTCcS (DUHAHCOBbIE aHHYUTETbl, YMTaTeNb
[O/I)KEH BblTb 4,0 HEKOTOPOW CTEMEeHW 3HAKOM C TEPMUHONIOTME, 0603HAUEHUAMU U Teo-
puveii aHHYUTeToB. Teopusi CTPAxOBbIX aHHYMUTETOB MOX0Xa Ha Teoputo PUHAHCOBbLIX aH-
HYWTETOB, HO B Heil YC/IOBMEM BbIMMaTbl BbICTYNAET AOXUTME A0 ONpPeAeNneHHOro cpoka.
JT0 ycnoBue BCTPeYanoch B M. 4 B CBA3M CO CTPaxOBaHWEM Ha AOXWTUE W BbINAATOM Ha
cnyyail 4oXnTunA.

CTpaxoBble aHHYUTETbl UrpaldT BaXHYHK POSib B OMepaulusx CTpaxoBaHMs XXWU3HWU.
Kak Mbl yBUAUM B cneaytoLleli rnase, NpuobpeTeHne 40roBopa CTpaxoBaHMs XXU3HU Mpo-
NCXOANT 0ObIYHO HA YC/IOBUSIX BbiMaThl CTPAXOBLIMKY aHHYMTeTa NpeMuid, a He OfHOM
eANHCTBEHHOI npemun. Cymma, BbinaaymBaemas B MOMEHT HACTYNNEHNS CTPaxX0oBOro CNy-
yasi, MOXeT OblTb Mpeo6bpa3oBaHa C MOMOLLbIO CMeLnanbHOro CornaleHns B HEKOTOPbINA
CTpaxoBOW aHHYUTeT 415 BblrogonpuobpeTaTens. HekoTopble BUAbI CTPAXOBaHUS XU3HN
CYLLECTBEHHO pa3BMBAOT 3TO COOOpPaXKeHMEe U BMeCTO KPYMHOW eUHOBPEMEHHO CyMMbl,
BbIN/a4YMBaeMoli Ha cnyyait cMepTun, nNpefycMaTpuBaloT onpeaeneHHble BUAbl Nepuoanye-
CKMX BbIMAaT. ATO MOTYT 6GbiTb, HANPUMeEpP, €XEMECSAUHbIE BbIMaThl TOMY W3 Cynpyros,
KOTOPbIV MepeXun Apyroro, AW CTPaxoBaTesnsM, BbllIeAWUM Ha MEHCUIO.

AHHYUTETbl UTPaloT elle 60/ee BaXKHYIO PO/ib B MEHCUOHHBLIX cMcTeMax. Tak, MeHcu-
OHHas Ccxema MOXET pacCcMaTpuBaThCA KaK cucTema NpMoBpeTeHns 0TCPOYEHHbIX CTpa-
XO0BbIX aHHYUTETOB (BbIN/javyMBaeMblX MOCME BbIXOAAa Ha MEHCUI), NNaTol 3a KOTopble
SBNS€TCA ONPefeNneHHbI BUJ CPOYHOr0 aHHYMTeTa, 06pa3oBaHHOro B3HOCAMMW B MEHCU-
OHHYIO CUCTEMY B Te4eHue mepuofa TPyaoBOl AeATeNbHOCTU. DTOT CPOYHbIA aHHYUTET
MOXXEeT COCTOSITb M3 B3HOCOB MEpPeMeHHO BeIMUYMHBI U UX pPasmMep MOXET 3aBUCETb He
TO/IbKO OT TOr0, Kakoi HauucnseTcs NPOLEHT, UAM OT AMHAMMUKU CMEPTHOCTW, HO U OT

AanbHelilem noj aHHYMTETOM MOHMMAEeTCs Kak Cepus BbiNnaTt, Tak W AOroBOp, COrNacHo KOTO-
poMy 3Ta cepus BbIMnaT ocyliecTBasetcs. — [puM. peg.



pasHbIX ApYrux MakTopoB, TakUX, Kak yBennuyeHue 3apaboTHOW NnaTbl WU BbIXO U3
MEHCMOHHOW CXeMbl MO WHBIM MPUYMHAM, YEM CMepTb.

CTpaxoBble aHHYWUTETbl UrPal0T BaXKHYO PONb TakXe B CTPaxoBaHUMW Ha chiyyaii no-
Tepu TPYLOCMOCO6HOCTU B CBA3W C NPOWM3BOACTBEHHON TPABMOMN MW NMPOMECCUOHANbHbBIM
3aboneBaHnem. lMpn cTpaxoBaHUM Ha ciayyail moTepu TPyAOCMOCO6HOCTW CredyeT pac-
cMaTpuBaTbh BO3MOXHOCTb NpeKpalieHns BbINaaT npyu BOCCTAHOBEHUW TPY[OCNOCO6HO-
cTu. Mpwn BbINAaTax TOMY M3 CYnpyros, KOTOPbIA Nepexusn Apyroro, BbINAaTbl MOryT
NMPeKpaTUTbLCA MO 3aKNH0YeHUN HOBOrO Hpaka.

B HacToAwWel rnase Mbl NOCTynaeMm TaK e, KaK B /. 4, W Bblpakaem HacTOALLYIO
CTOMMOCTb aHHYUTETHbIX BbINAaT KakK PYHKUMIO €.B. T, KoTOpas 0603Ha4aeT NPOAOIKM-
TeNbHOCTb MPEeACTOALeA XMU3HU Nuua, NoAyyarLlero aHHyuTeT. Mbl CMOXeM U3yyaTb
CBOICTBA pacnpefeneHuns cnyyaiHoi BeNMYMHbI 3TON HacToAleld cToumocTn. Ee marte-
MaTM4Yeckoe OXMWAaHWe, No-NpeXxHeMy Ha3blBaeMOe aKTyapHOW HacTosLed CTOMMOCTbIO,
MOXHO BbIYNCNATb PasHbIMK Cnocobamu, NCNONb3ys MO0 MHTErpMpoBaHMe MO YacTaM,
NN6GO CyMMUPOBAHME MO YacTAM B 3aBUCMMOCTU OT TOr0, KaKOe MHOXEeCTBO BbINnaT pac-
CMaTpMBaeTCsH — HEeMNpepbIBHOE MW ANCKPETHOE. Pe3ynbTaT 3TUX BbIUMCEHWIA fonycKaeT
MoJsie3Hy0 UHTEPNpeTaLunio 1 NPMBOAMT K MHOMY MeTOAY pacuyeTa akTyapHbIX HACcTOALLMX
CTOMMOCTeW, KOTOpbI/i Ha3blBaeTCA MeTOLOM TeKYyLUX NnaTedKei.

Kak 1 B npeAblAyLinx rnaBax, NOCBALWEHHbIX CTPaxX0BaHWUIO XXU3HW, eCIN He 0roBope-
HO MPOTWBHOE, Mbl ByJeM npegnonaratb, 4TO 3(PeKTUBHAA TO40Bas MPOLLEHTHAsA CTaB-
Ka i (unm cooTBeTCTBYlOLWaA € MHTEHCMBHOCTb HayMCNeHWa MpoLeHTa 6) NOCTOAHHA.
B 6onblieii yacTn HacTosweld rnasbl Mbl OyAeM ONMPaTbCA Ha JaHHble U3 arperaTUBHbIX
Tabnuy cMepTHOCTM U BGydeM crneyvanbHO OTMeyaTb Te CUTyauuu, e MCrnoib30BaHue
CeNneKLMOHHbIX Tabany CMepPTHOCTU MPUBOANT K APYTUM pe3y/bTaTam.

B 60/bLUMHCTBE NPUIOXEHWUIA, pa3BUBAEMbIX B HacTOALLel rnase, BbiNAaTbl NO aH-
HyuTeTaM NpoAOo/IKATCA, NOKAa NNLO COXPAHAET onpefeneHHblil ctatyc. OfHaKo NoTeH-
LuanbHble NPUNOXKEHUA PACCMATPUBAEMO TEOPUM CYLLLECTBEHHO LWnpe. OHa MOXET Npu-
MEHATbCA K /1I060MY MHOXECTBY NepuoAMYeckUX BbIMaT, OCYLLECTBIEHUE WU Heocy-
L ecTB/EHNE KOTOPbIX 06YCMOB/IEHO CYyYaiHOCTbI0. MpUMepbl HEKOTOPbIX TaKMX Npuso-
XEeHW cogepxkatcs B MocneAyoWmnx rnaeax, B KOTOPbIX paccMaTpuBaroTCA Mogenu ans
rpynn nuy uam Mofenu Bbl6bITUA MO MHOTUM MPUYMHAM.

5.2. HenpepbiBHO BbIN/a4yMBaeMble CTPaxoBble aHHYUTETbI

Mbl HauHeM paccMOTPEHME C aHHYUTETOB C HempepbIBHbIMK BbiNjaTamun (Henpepbis-
HbIX aHHYMTeTOoB) pasmepa (MHTeHcUBHOCTM) 1 B rofl). KoHeyHo, 3TO abCcTpakTHas Mo-
[enb, HO OHa NMO3HaKOMMT Hac C MaTeMaTU4yecKMMU MeToAamu, a € MPakTUUYECKON TOUKK
3peHus 6ygeT XopowuM NpuBAnMXeHMeM ANs aHHYUTETOB C eXXeMeCAUYHbIMU BbiMaTaMu.
BeccpouHbIli (MOXKM3HEHHbIW) CTPaxoBoii aHHYUTeT NpefycMaTpuBaeT BbiNnaTthl 40 MO-
MeHTa cMepTu. M03TOMy HacTofAWasa CTOMMOCTb BCEX BbIMAaT paBHa Y = ana T ™Q
roe c.B. T 0603Ha4aeT NMPOAO/KUTENBbHOCTL NPeACToAW el XuU3Hm nuua (x). OyHKUUA
pacnpegefneHna c.B. Y MOXeT OblTb NofyyeHa uM3 GyHKUUU pacnpeneneHms c.B. T cne-
aywoowmm obpasom:

ATIpUMEHUTENBHO K HEMpPepbIBHbIM BbiNfaTaM Mbl 6yfem ynoTpebnaTb TEPMUH «UHTEHCUBHOCTbY,
4TO6bl NOAYEPKHYTb, YTO peyb WAET O NIMHENHON (YHKUUKM pocTa (CM., Hanpumep, MOACHeHWe nocne
opmynbl (5.2.4), a Takxke pasf. 13.1 n 13.4). — MNpum. peg.



P(Yy<y)=P(aT)<y) = P(1L - vTY ~Sy) = P(uT>1 -Sy)
In(l - Sy)

Fy (v)
=P T>
OTctoga Mbl MoJlyvaem crefyrollee BblpaXKeHne A8 (PYHKLUW NAOTHOCTU C.B. Y :

d d_ f—In(l —Sy)
fy(yl=Jdy1yl1 =-~F r(----n-(-s—---y-))

M [-M 1-W ) O<y<ij. (5.2.2)
1—Sy a

dyHKUMA pacnpegeneHnsa c.B. Y 3aBUCUT OT pacnpejeneHus c.B. T, HO JO/MKHA 6bITb

noxoxa Ha PYHKUUIO pacnpegeneHuns, nokasaHHyo Ha puc. 5.2.1(a) B KOHLe 3TOro pas-

Jena.

AKTyapHasa HacToflas CTOMMOCTb 6€CCPOYHOr0 CTPaxoBOro aHHymuTeTa C HeMpepbIB-
HbIMY BbliNfatTamum 0603HaYaeTCs Yepes ix, rae MHAEKC X CnpaBa yKasblBaeT, YTO AeicTBue
aHHyuTeTa npekpawaeTca B MOMEHT CMepTu nunua (X) U 4TO pacnpegeneHue c.B. T(x)
MOXET 3aBMCeTb OT MH(popMaLmMn, JOCTYNHOI B BO3pacTe x. lNpu ncnonb3oBaHMM arpe-
raTUBHbIX Tabnuy CMEPTHOCTU (PYHKLMA NAOTHOCTU C.B. T UMeeT BUA tpxR(x + t), n
aKTyapHY HacTOALYH CTOMMOCTb MOXHO paccymMTbiBaTh No opmyne

1»00

nx = E[Y] = J/ afl tPx K x + t) dt. (5.2.3)
(o]
WHTerpmupya no yactam u nonaraa f(t) = &\, dg(t) = tPx + t)dt, g(t) = ~tpx u
df(t) = vldt, mbl nonydaem
0 poo
ax = VIitPx dt = | tExdt. (5.2.4)
Jo Jo

MOXHO cuMTaTb, YTO 3TOT MHTErpas OMUCbIBaeT MTHOBEHHbIe BbiMaTbl pasmepa 1dt,
Nnpou3BogMMble B MOMEHT BPeMEHU t, AUCKOHTUPOBAHHbLIE B COOTBETCTBUMU C Hayucnse-
MbIMW MPOLEHTAMW K MOMEHTY BpeMeHu O C MOMOLLbIO YMHOXEHUA Ha BeINYMHY vl a
3aTEM YMHOXEHHble Ha BENNYMHY tPX, YTOObl y4ecTb BEPOATHOCTb TOFO CAYYanHOro co-
6bITUSA, YTO BbIM/AAaTa NPOU3BOAUTCSH B MOMEHT BPeMeHM t. DTO akTyapHas Hacrofuwas
CTOMMOCTb 6€CCPOYHOro CTPaxoBOro aHHyuTeTa B hopme TeKyl KX nnatexein. B obuiem
cnyyae TeXHMUKa TeKYLMUX NnaTexen 4Na onpefieneHns akTyapHO HacTOAL el CTOMMOCTH
(AHC) aHHyuTeTa faeT gopmyny

pooO

AHC — V1P[BbiNnaTta NPON3BOAUTCA B MOMEHT BpeMeHM t]
0 X [MHTEHCMBHOCTb BbIMNAAT B MOMEHT BpemeHu t] dt.  (5.2.5)

Mepenuwem opmyny (5.2.4), Bbigenssa Ty 4acTb UHTerpana, Kotopas OTHOCUTCA K W3-
MeHeHM0 t oT 0 go 1. Mbl nonyynm
1*1 roc »00
ax = V1tPx dt + vttpx dt = ax.T\+ vpx vip x+ids - axj\+ vpxax+i. (5.2.6)
Jo J1 Jo
Mcnonb3oBaHHOE 34ecb 0603HaUeHMe ax.j\ 418 aKTyapHOW HacToALWed CTOMMOCT BBOAUT-
cs HUxe B popmyne (5.2.11). BoipaxeHue (5.2.6) aBnseTca npumepom 06paTHOIN pekyp-
PEHTHO (hopMynbl, BNepBble NosBUBLUEACA B pa3s. 3.5 n 60/1ee nogpo6HO Uccnef0BaHHON



B pa3g. 4.3. 3gecb u(x) = ix, c(x) = n d(x) = vpx. HayanbHbIM 3HaYE€HUEM, KOTO-
poe ncnonb3yeTca B Cny4vae 6eCCpPOUHOro CTPaxoBoro aHHyuTeTa, asnsetcs hw= 0. Ans
BbIYMC/IEHNA BE/INMYMHBI C(X) MMEeTCA HECKO/bKO cnoco6oB. MpocToi cnocob — ncnonb-
30BaTb popmyny Tpaneuuum Ana BbIYUCAEHUSA MHTerpana

. ) + Vpx
azil = / v*Pxdt = Jj vipxdt =
Jo 0

Opyroli noaxof, OCHOBaHHbLIA Ha NPEAMONOXEHUU O PaBHOMEPHOCTW pacnpeaeneHus
MOMEHTOB CMEpPTM B KaXAOM TrOAMYHOM BO3PacTHOM WMHTepBane, paccMaTpuWBaeTcs B
pasg. 5.4.

M3 TeopuU CMOXHbIX MPOLEHTOB M3BECTHO, UYTO

1= <#]-l-vb.

JT0 COOTHOLLEHME MHTEPNPETMPYeTCSA CleAytol MM 06pasoM: eUHUYHbIA KanuTan, nHee-
CTUPOBAHHbI B HACTOSLW WA MOMEHT, MPUBOAUT K rOL0BbIM MPOLEHTHbIM BblNaaTaM Beu-
UMHbI < OCYLLLECTBNSAEMbIM HEMpPEepbIBHO B TeUeHMe t NIET, NOC/e Yero OHW NpekpallalTes,
a WHBECTUPOBaHHas CyMMa BO3BpallaeTcsi MHBECTOPY. DTO COOTHOLIEHWE CrpaBea/iMBoO
ANs BCeX 3HAUYEHMWIl t 1 NO3TOMY BbINONHAETCA ANS CAYYANHON BENUYUHbI T :

1= 6aT]+ vT. (5.2.7)
Beps mMaTemMaTMuyeckue OXMAAHMS, Mbl NOAYUYUM
| = Sax + A x. (5.2.8)

3Ty (hOpMYyNy MOXHO MHTEpPNpeTMpoBaTh TaK e, Kak MpuBefeHHYH Bblle. KanuTtan
pasmepa 1, MHBECTUPOBAHHbLIW B HACTOAL MU MOMEHT, aeT rOA0Bble NPOLLEHTHbIE BbiMa-
Thbl, BE/IMYMHA KOTOPbLIX paBHa <§ OCYLLeCTBASEMbIE HEMPEPLIBHO, NOKa NMLO (ar) XWBO, a
B MOMEHT CMepTU 3TOrO /1MLa OHM NMPeKpaLLaloTCA U BbINIaY4MBaeTCa CyMMa BeIMUYMHbI 1.

Lns Toro 4to6bl, paccmaTpmBas CTPaxoBO aHHYWUTET C HeMPEePbIBHbIMU BbiNjaTamu
B YC/TOBUSX Halleli MOAeNn, NU3MEePUTb PUCK, CBA3AHHbIA C OTKIOHEHUSAMU B CMEPTHOCTH,
Mbl AO/KHbI paccMoTpeTb D[4"]. B aTom cnyuae

1-viIn bFm'l AX-(AX2

o (5.2.9)

HeTpyAHO 3aMeTWTb, YTO, TaK Kak 1 = 6™ + vT, To D[<5a" + v1] = 0. Takum obpasom,
AN KOMOGUHALUKW HenpepbiBHOIO CTPaxoBOr0 aHHyuTeTa C FO4OBbIMW Bbinfatamum 5 u
CTpaxoBaHMA Ha cly4vail CMepTW C BbINNATON BeIMYMHbLI 1 B MOMEHT CMEPTU YKa3aHHbI
BbIlLe PUCK OTCYTCTBYeT.

Mpumep 5.2.1. B npeanosioXXeHnn, 4TO UHTEHCUBHOCTb CMEPTHOCTU L, U UHTEHCUB-
HOCTb HAYMCNEHWS NPOLEeHTa & MOCTOAHHbI, BbIYUCIUM

(a) ax = E[ayj], (b) D[4jrj], (c) BepoATHOCTb TOrO, YTO &jrj NPeB30NAeT ax.

rco rco i
PeweHue. () iix = /[ vbtpxdt = / e-Sie-BRtdt = )
Jo Jo O+ fj,
(b) Ax=1- 5ax = S+ i’ 2AX = 98 + fi Mo npasuay MOMEHTOB U
N )\ 2

%+ \o +fi



u/s

— toPx

T

MepeiieM K PpacCMOTPEHMIO CPOYHBLIX W OTCPOYEHHBIX CTPAaXOBbIX aHHYMTeTOB. Ha-
cToslLas CTOMMOCTb C/y4yaiiHOi BENMUMHBI, Bblpaxatoleli BbINAaTbl MO CTPaxoBOMy aH-
HYUTeTY CO CPOKOM BbINAAT N NeT (CPOUHOMY aHHYUTEeTY) C eXerofHbIMU Bbiniarta-
MU pasmepa 1, oCyLLecTBASIEMbIMU HENPEPBIBHO, MOKA MO (X) XMBO,HO He 6onee n fieT,
“MeeT BUA

0ONT <n,

.2.10
- (5.2.10)

PacnpegeneHve c.B. Y B 3TOM Cny4yae ABNAETCA pacnpefesieHNeM CMeLIaHHOro Tuna.
B yacTHOCTW, MakCuManbHOe 3HayeHue C.B. Y He NPeBOCXOAUT BEAUUYUHbI N BepoAT-
HOCTb cobbiTus {T ~ n}, Korga c.B. Y paBHa P(T~n) = npx, nonoxurtenbHa. Tu-
nuYHas PyHKUMA pacnpefeneHns Takoi cnyyvaiHoi BeNMUYmMHbI nokasaHa Ha puc. 5.2.1(b).

AKTyapHas HacToAlas CTOMMOCTb CTPax0BOro aHHyuTeTa CO CPOKOM BbinMfaT n feT
0603HayaeTCs Yepes axi U paBHAeTCA

Qx'.n] — — I A\ tPx t)dt  dw npx- (5.2.11)
VHTerpupoBaHue no yactam faet

(5.2.12)

370 aKTyapHasa HacToslaa CTOMMOCTb CTPax0BOro aHHyMTeTa CO CPOKOM BbINaart n Jier.
B Hee BXOAAT MIHOBeHHas BbinaTa pa3mMepa 1dt, nponssogmMmas B MOMEHT BPEMEHMU t,
OVCKOHTUPOBaHHaA B COOTBETCTBMU C HAYMUC/AeMbIM MPOLLEHTOM K MOMEHTY BpemeHn O
MocpeAcTBOM YMHOXEHUS Ha BENMYMHY v1, a 3aTeEM YMHOXeHHas Ha tPx, 4Tobbl y4yecTb
BEPOATHOCTbL TOr0, YTO BbINaaTa NPON3BOAMTCA B MOMEHT t, npuyem t nameHserca ot O
fo n. locne MOMeHTa N BbIN1aTbl HE NPOU3BOAATCA, TaK YTO BEPOATHOCTb 3TUX BblIMat
paBHa HYy/l0.

3[ecb NpuMMeHsAeTcA Takasa Xe peKyppeHTHas qopmyna, kKak B (5.2.6), ¢ n(x) =

M C TaKoM Xe (PyHKLMeRn c(x), KoTopas, Kak Tenepb BWAHO, eCTb 3nech

n =y —X EAUHCTBEHHOE, YTO Ham Haj0 M3MEHUTb, —Haya/bHOe 3HaYeHue: B KayecTBe
Hero Mbl ucnonbsyem u{y) — = 0. Apyras gopma peKyppeHTHOW dopmynbl Ans
CTPaxoBOro aHHyMTeTa CO CPOKOM BbIMaT n sIeT paccmaTpusaeTcs B ynp. 5.7.

Bosspauwasice kK hopmyne (5.2.10), 3ameTum, 4TO

(5.2.13)

rae
0N T <n,

5.2.14
T™n ( )



B dopmyne (5.2.14) c.B. Z ABNAETCS HAcCTOsALULE/ CTOMMOCTbIO CMELIaHHOTO CTPaxoBaHUs
CPOKOM Ha n feT. MoaTomy

A i
E[F] —ax-u—E LA (5.2.15)

D[Y]= LY = UxT J AXim)2 . (5.2.16)
B TepMuHax HACTOALWMX CTOMMOCTel aHHyuTeToB popmyna (5.2.16) nmeeT Buj
Y] = 1- 2S2a*™ - (1~ Sa*™)2 = |(a*TO- 2axm) - (ax.T)*

AHann3 B cnyyae 6eccpoYHOr0 CTPAax0oBOro aHHymTeTa, OTCPOYEHHOrO Ha N feT,
aHanoruyeH. CnyyaiiHaa BefiMumMHa Y , paBHas ero HacTosLell CTOMMOCTH, onpesenseTcs
thopmynoii

Y =/ 0=9T- ¢T, 0~ T <mn, (5217
AT—sl= @1 — T>n.
34ecb C.B. Y MOXEeT NpuHMMAaTb 3HA4YeHud, He npesocxopgauive (1/6) —iw, = vr/5, a
BEPOATHOCTb TOr0, YTO OHA NPUHUMAET 3HAYeHUe, paBHOE Hy/o, paBHa P (T ~ n) = ngx.
TunnyHaa GyHKLKNA pacnpegeneHunsa nsobpaxeHa Ha puc. 5.2.1(c).
Torpa
noC
njax = E[¥] = / wvna-~ tPxv(x + t)dt
Jr
poo poo

= Nas] n+sPxp(x + n + s)ds = vnnpx / &S] sPx+n +n + s)ds,
Jn Jo

0TKyAa
njlix —nA~x ax+n. (5.2.18)

MOXHO NPUMeHUTb APYroi MoAxod, 3aMeTKB, YTO MO ONpeAeneHuto C.B. Y
(Y ans 6eccpo4HOro CTPaxoBOro aHHYyUTeTa, OTCPOUEHHOTO Ha n /eT)

= (Y ans 6eccpoyHOro CTPaxoBOT0 aHHYWUTeTa)
—(Y AN cTPaxoBOro aHHyMTeTa CO CPOKOM BbIMAaT n feT).

B3sB maTemMatnyeckue OXugaHus, Mbl MNOMYYUM
™" —& ™\ e (5.2.19)

[ns TOoro yto6bl NPOBEPUTL PE3ynbTaT, MOAYYEHHbI METOAOM TeKYLUX NAaTexei,
MOXHO NMPUMEHUTb UHTErpUpoBaHMe Mo YacTAM. MOCKOMbKY aHHYWTeT 6yaeT Bbinjaun-
BaTbCA C MOMEHTA N MpW YCMOBUM, YTO NNLO (X) JOXMBET 40 3TOr0 MOMEHTa, €ro akTy-
apHyl0 HacTOALLYI CTOMMOCTb MOXHO 3anucaTb B BUAE

p oo poc
miix = [/ vipxdt= / tExdt. (5.2.20)
Jn Jn

Y1066l NONYYUTL 06PATHYIO PEKYPPEHTHYIO (POPMYNY AN OTCPOYEHHbIX aHHYUTETOB C
n=y—x > 1, 3aMeTUM, 4TO Yy HacC OTCYTCTBYET Y/IeH, COOTBETCTBYIOL NI UHTerpany no
t ot 0 go 1. Takum obpasom, AN n(x) = y- x\iix Npu BO3pacTax, MeHbLINX YEM Y, Mbl
nmeem c(x) = 0 n d(x) = vpx. B KauecTBe HayanbHOro 3Ha4YeHNA Mbl BO3bMeM n(y) = Wy.



Ouncnepcuto ¢.B. Y AN8 OTCPOUYEHHOr0 aHHYMUTeTa MOXHO BbIYMCANTL, Hanpumep, Ta-
KWM Croco6oMm:
/+00
B[Y] = J/ﬂ tpx fi{x + t)dt-{n\axf

— N nPx | (B'sl) $Px+n “h M“h s) ds (nldx)

(NpUMeHsieM MHTEerpupoBaHue Mo YacTaMm)

poo 2 foo
~V nPxJ 2 sPx+n d>S (n|Ax) — nPx J iv A )sPx-f-n ds (n[flx)

2
— nPx~x+n  Ux+n)  (nj*x) - (5.2.21)

Lpyroit BbiBOg 37Ol hopmynbl cocTaBnsgeT ynp. 5.37.

MepelifeM K aHann3y cTpaxoBblX aHHYUWTETOB C rapaH TMPOBAHHbLIM NEPUOJOM Bbl-
nnaT n neT. 3TO 6GECCPOYHbIN CTPaxOBOW aHHYUTET C rapaHTUel BbiNaaT B TeYeHue
NnepBbIX N /1eT, HacTofAWwad CTOMMOCTb BbINaaT Mo KOTOPOMY MMeeT BUJ,

Y = TS* U’ (5.2.22)
T>n.

TunuyHas (QYHKLUA pacnpegeneHns TakoW CNy4vyailHOW BelnYUHbI M306pakeHa Ha
puc. 5.2.1(d), KoTopblil OTpaXkaeT CMelLlaHHY NPUpoAYy 3TOro pacnpefeneHns U NoKasbl-
BaeT MUHVMaNbHOE 3HAYEHME N BEPXHIOK FpaHb C.B. Y , KOTOPble paBHbl COOTBETCTBEHHO
%i n (5.

AKTyapHasa HacToAlaa CTOMMOCTb TaKOro aHHyuTeTa 0603HavaeTca yepes 6”=j. 10T
CUMBOJT BbIGPAH 4N14 TOro, YT06bl NOAYEPKHYTh, YTO BbiNAAThl NPOAO/MKAKTCSA 4O MOMEH-
Ta max[T(a;),n]:

pn poo
“flo = EP1 = / “nitPxv(x + t)dt + ] afl tPx v(x + t) dt
n

Jo
poo

nux arn + J/I‘I aJ tpx v(x + t) dt. (5.2.23)

I'IpOBe,qﬂ MHTErpnposBaHue no 4actam, Mbl NOYyHUM

/+00

AL = an\+ i VAP dt- (5.2.24)

JT0 — aKTyapHas HacToswas CTOMMOCTb B (popMe TeKyLMX MaaTexein, NocKonbKy B

MOMeHTbI BpemeHn 0T O 40 n BbiNAaTbl rapaHTMPOBaHbI, a B 60nee NO34HNE MOMEHTbI

BPEMEHM BbIMAaTbl NPOM3BOAATCS MPU YCNOBMM, YTO NNLO (&) LOXWIO A0 3TOF0O MOMEHTA.
[anee, nepenuwem Y B BUAe



B 3Toli 3anucu Y SBNAETCS CYMMOW MOCTOSIHHOM all M CAy4aiHOoin BENWYMHbI, COOTBET-
CTBYHOLLEA aHHYWUTETY, OTCPOYEHHOMY Ha n fieT. Takum obpasom,

AX-.n\ = + n|0i
= i + NEX ix+n [cornacHo (5.2.18)]
= an\ + (ax —ax-n) [cornacHo (5.2.19)]. (5.2.25)

[anee, nockonbky D[y —ii"] = D[F], ancnepcma gna cTpaxoBOro aHHyuTeTa C rapaH-
TMPOBaHHbIM MEPUOAOM BbINAaT N NeT paBHa AMUCNEPCUU aHHYUTeTa, OTCPOYEHHOTO Ha M
neT, BbiNucaHHol B hopmyne (5.2.21).

O6paTHasa pekyppeHTHasa dopmyna ana a"=j ¢ PUKCMPOBAHHbIM N-NE€THUM MEPUO-
[lOM rapaHTUpOBaHHbIX BbIM/aT paccmaTpuBaeTcsa B ynp. 5.9.

AHanoroMm QyHKumum »N

Sjii= / (L+r)n *dt
Jo

13 TEOPUW NPOLEHTA B TEOPUM CTPAXOBbIX aHHYUTETOB SBASETCA (hYHKLMUS

sm T =/"—7r - dt (5.2.26)
né&x JO n—t&x+t

KOTOpas BblpaXkaeT aKTyapHYK HAKOMJEeHHY CTOMMOCTb K KOHLY fepuoja AeicTsus
CTPaxoBOro aHHyMTeTa CO CPOKOM BbINAAT N JIeT U C eXXEerofHbIMN BbiNiataMn BenNyu-
Hbl 1, KOTOpble OCYLLECTBAAOTCA HENPEPbIBHO A0 TexX Mnop, noka nmuo (x) Xuso. Takas
HaKomneHHas (4acTo roBopsAT, YTO OHa HakonneHa 6narogaps NPoLeHTaM U A0XKUTUID)
CTOMMOCTb MMeeTCa K MOMEHTY JOCTMXKEHMA Bo3pacTa X + n Mpu YCNOBUKU, UTO ANLO (X)
[OXWBET [0 3TOr0 BO3pacTa.

Mbl nony4daem BblpaxeHue ans dax/dx, gndhepeHunpys MHTerpan B COOTHOLEHUN
(5.2.4) n npegnonaras, 4To COOTBETCTBYIOLME BEPOSATHOCTU B3ATbl U3 arperaTuBHbIX Ta-
611l CMepTHOCTH:

A ¢ 00 /I Q \ roc

— ax=J vt[jfatPxJ dt = J vHPxbIx) - B(x +t)]dt

— AX —3Ax)ax (1 "e)*
Takum o6pasom,
~ a x = [fJ-(x)+S]ax - 1. (5.2.27)

WHTepnpeTauus dopmynsl (5.2.27) TakoBa: CKOPOCTb U3MEHEHUS aKTyapHOI HacTosLei
CTOMMOCTU C BO3pPacTOM paBHa KOMMOHeHTe (/(X)iix, CBA3AHHOW CO CMePTHOCTbIO, N/HOC
KOMMOHeHTa Oiix, CBA3aHHAaa C HaYUC/eHNEM NpPOoLeHTa, MUHyC 1.

Mprumep 5.2.2. Mpesnonoxms, 4To BEPOATHOCTH GepyTCS U3 arperaTMBHON Tabanubl
CMEPTHOCTK, Hailgem opmMynbl 4ns

) a4 _ a

ax axW’ (' axnax'
PeweHne, (a) Paccyxpgas Tak Xe, kak npu BbiBoge hopmy bl (5.2.27), Mbl nofyvaem

®:n\ Axim — @ s B = [N Ny (1 nx)°

C)



(a) BeccpoyHbIit aHHYMTET (b) AHHYMTET CO CPOKOM BbINAaT N neT

(c) BeCCPOYHbIA AHHYWTET,

(d) AHHIXI/ITeT C rapaHTUPOBaHHbIM
OTCPOYEHHbIVN Ha'T NeT 0

nepmnoaom Bblirinart nnet

Puc. 5.2.1. TunnmyHble PyHKUUN pacnpegeneHmns
CNyYalHbIX BEIMYMH HACTOALWMX cToMmocTen Y

Tabnuua 5.2.1. CBoAKa pe3ynbTaToB ANA HEMNPEpPbIBHbIX
CTPaxoBblX aHHYUTETOB C UHTEHCUBHOCTbLI BbiNaaT 1 B rog

Bupg aHHynTeTa CnyuvaiiHas Benn4nHa

AKTyapHasa HacTosL,as
HacTosweh ctonmocTtn Y

ctoumocTb E[Y]
paBHSieTCS BEIMUMHE

BeccpouHblii cTpaxoBoii

r oo

n !
aHHyNTeT al) T~O ox — 1~ Xt
CTpaxoBoii aHHYUTeT co s> 0NT < ] - 1 U tPx dt

X:njy ~ X
CPOKOM BbINAaT N neT oG T A7 Jo
BeccpoyHbIli cTpaxosoi Q 0~ANT <Ti roo
aHHYUTeT, OTCPOYEHHbI A A nFAxanl = j 0V tPx dt
Ha i net (%yi ~ b In
CTpaxoBOi aHHYWUTET ¢ N, 0<T<n roo
rapaHTUpoOBaHHbLIM . m/ VitPxdt
nepuoAomM BbinNaaTt N ner Oyj, W~ 7 Jn

JAononHnTeNbHbIE COOTHOLLEHNA

1= 5ix 4 Ax
1= Oéx4H+ AXn
njUx — QX 0,x:n\

Ix+t

- _ax:n\ = (In";‘t*) I dt

né& x Ja X+n

B Tabn.
TETOB.

521 npmeeneHa CBoAKa pe3ynbTatoB ANA HEMNPEPbIBHbIX CTPax0BblX aHHYWU-



Ha puc. 5.2.1 n3o6paxkeHbl TUNUYHbIE PYHKLUMN pacnpeeneHns AN HeCKONbKUX BU-
[lOB HEMPEpPbIBHbIX CTPax0BbIX aHHYUTETOB, KOTOPbIE UCCMEL0BaNNCL B HACTOSLLEM pas-
nene. TpegenbHble 3HaYeHWA M TOUYKM pa3pbiBa NOKasaHbl 1160 Ha 0A4HOM, NMMGO Ha 06enx
0CHIX.

Mpun Fy{0) = 0, E[Y] = /0°[1 —Fy(y)} dy aKkTyapHYl HacTOALLY CTOMMOCTb C.B. Y
MOXHO HarnsagHo nNpeAcTaBuMTb Kak 06/1acTb, pacnonoXeHHYH0 Bbllle rpahuka QyHKLMK
r = Fy{y), HWKe npamoil r = 1 u npasee npaMoil y = 0. OTa WHTepnpeTauusa ge-
MOHCTPUPYET CBA3b MeX/Ay aKTyapHOW HacToslell CTOMMOCTbH, NONYUYEHHON ncxoas u3
onpeseneHuns aToin cnyvyaliHOM BENMUYUHbBI, U aKTyapHOI HacTosALWel CTOMMOCTbIO B hopme
TEKYLMX nnaTexe.

5.3. CTpaxoBble aHHYUTETbl C JUCKPETHLIMW BblNaaTamu

Teopunsa CTPaxoBblX aHHYUTETOB C IUCKPETHbIMU BblMaTaMWN (ANCKPETHbLIX aHHyUTe-
TOB) MOX0Xa Ha TEOPUIO CTPAxXOBbIX @HHYUTETOB C HEMPEPbIBHLIMW BbiNjaaTaMu, TO/b-
KO MHTerpanbl 3aMeHATCA CyMMaMu, MOfbIHTErpasbHble BblpaXXeHus — cnaraeMbimu,
a AnddepeHuymansl — pasHOCTAMU. [ NA HENpepbiBHbIX aHHYWTETOB He CYLLeCcTBOBANO
pasnuunii MeXxay BbiNaaTaMy B Havane M B KOHLE MAaTeXHbIX NepuogoB, T.e. MeX-
[y aHHyuTeTamu MpeHymMepaHAo M MOCTHyMepaH[o. [nd aHHYUTETOB C AUCKPETHbIMU
BbiMjaramun 3TO pasiMyme CyLUleCTBEHHO, U Mbl HAYHEM M3/10)KeHWe C aHHYUTeTOB npe-
HyMepaH/0, NMOCKONbKY OHW UrpalT 60/ee BaXHYI PONb B aKTyapHbIX MPUIOXKEHUAX.
Hanpumep, 60MbLWNHCTBO UHAMBUAYANbHbBIX [OrOBOPOB CTPAXOBAHMUSA XU3HU NOKYNaKT-
CA 33 CYeT aHHyuTeTa NpeHyMmepaHo, 06pa3oBaHHOro NepuosMyYeckn BbiNaauynBaeMbiMy
NpeMusmMu.

PaccMOTpUM aHHYWUTET, COracHO KOTOPOMY B Hadane KaX/[oro roga, noka anuo (x)
XWBO, BbINnaynsaeTcsd cymma pasmepa 1. Ero o6bl4HO Ha3biBalOT 6GeccpoyHbiM cTpa-
X0BbIM aHHyWTeTOoM npeHymepaHzo. CrydvaiHas BenuYMHa HacTofLWed cToumoctn Y
0N Takoro aHHyuTeTa 3ajaetca opMmynoh Y — , Te cnyyvainHas senuunHa K
SBNAETCA MOLIAroBON MPOAO/MKNTENbHOCTBIO MPeACTOALLEN XU3HM Nnua (X). 3HayeHuns,
KOTopble NPUHUMAET cnyyaliHas BennymHa Y, AUCKPEeTHbl U u3MeHaoTca oT &] = 1
0o &“ ]|, BennumnHbl, KoTopas MeHble I/d. C BenuyuHol &jr”™ cBf3aHa BEPOATHOCTb
P(K —k) = KkPx SX+kKe

PaccmoTpuM Tenepb ax, aKTyapHYH HacTOALLYH CTOMMOCTb 3TOTr0 aHHyuUTeTa:

[o]e]

(5.3.1)
k=0

NocKonbKy P (K = K) = kpxax+k- [MpUMeHas cyMMupoBaHue no yactam (CM. npunoxe-
Hue 5), rae Af(k) = «px Ax+k = kPx ~ k+iPx U g(K) = N NCNONb3YySA COOTHOLLEHUA

Aa(k) = O07pyi = vk+l u f(k) = —kPx >npeobpasyem dopmyny (5.3.1) K Bnay

00

(5.3.2)

o]0}

(5.3.3)



BbipaxeHue (5.3.3) saBnseTCcAa akTyapHOW HacTosWeld CTOMMOCTbIO B (POpMe TeKyLlux
nnatexei 6ecCPOYHOro CTPaxoBOro aHHymMTeTa NpeHymepaHo, rae kPx sBAseTCA Bepo-
ATHOCTbIO BbiNfaTbl pasmepa 1 B MOMEHT K.

HauynHasa ¢ cymmbl n3 gopmynsl (5.3.2), Mbl nony4vaem

00 00
X = 14 22 v k+1lk+lpx = 1+vpx 22 v kkpx+i = | + vpxax+i. (5.3.4)
k=0 k=0

370 Npumep 06paTHOW PEKYPPEHTHON (GopMy bl, BNiepBble YNOMSHYTOM B pa3s. 3.5 u no-
ApobHee paccmaTpuBaBLleiics B pa3g. 4.3 n 5.2. 3gecb n{x) = ax, c(x) = 1un d(x) = vpx.
HayanbHbIM 3HaYeHMEM, KOTOPOE AO/MKHO MPUMEHATLCA B Ciyyae 6eCCPOYHOro CTpaxo-
BOrO aHHyWTeTa, AB/AETCA = 0.

M3 cooTHoweHms (5.3.1) mbl nofyyaem nocnefoBaTenbHO

ax =E [(lI-vK+1)/d\ = (I-A x)/d (5.3.5)
ax —aodi ~ &DAX, (5.3.6)
1= dax +Ax. (5.3.7)

3Ty opmyny cnepyet CpaBHUTL C ee HenpepbiBHbIM aHanorom (5.2.8). ®opmyna (5.3.7)
MokKasblBaeT, YTO CyMMa pasMmepa 1, MHBeCTUPOBaHHas B HAcTOALWMIA MOMEHT, obecreun-
BaeT BbINNaTbl pasmepa d eAMHWL B Hayane KaXAoro roga, noka nmuo (a;) >KnWeo, noc
BO3BpaT CyMMbl pasmepa 1 B MOMEHT cMepTu nuua (a;).

dopmyna 4na AUCNepcumn BbIFNAAUT TakK:

1 —vK+1 D[,,*«] _ % - (JJ1))’ (639
d P cP

(cp. ¢ (5.2.9)).

CnyuyaiiHas BeNMUYMHA, paBHas HACTOALLE CTOMMOCTM (CPOUHOr0) CTPAXOBOr0 aHHYy-
MTeTa NpeHyMepaHAO CO CPOKOM BbIMAAT N JIeT C €XEerofHoW BbinnaToi pasmepa 1,
BblpaXKaetcsa opmynoi

Y =/ “ky-N” QN K <,
an\> K A A%

Ee akTyapHOI HAcTOsLLE CTOMMOCTbLIO SBsieTCS

n—1
axn — A A kPx Qx+k "b Gjji nPx' (5.3.9)
k=0
MprMeHss cyMMUpoBaHWe MO 4acTaMm, cooTHoweHue (5.3.9) MOXHO npeobpa3oBaTb K
BUOY n—1
ax-.n\="2v kkPx, (5.3.10)
k=0

YTo ABMAETCS aKTyapHOMW HacTOsLLe CTOMMOCTbIO B (JOpMe TeKYLLMX NiaTexei.

OTaenss nepBoe cfnaraemMoe ¥ BbIHOCS COMHOXMUTeNb VPX, Mbl NofyyaeM 06paTHyto
PEKYPPEHTHYO hOpMYNy AN CPOUYHOIO aHHYWUTETa MPeHyMepaHo, BbiNaaynBaemMoro o
Bo3pacTay = X + I

ax N = 1+ WxaxH-y-(x+)\- (5-3-11)



JTa peKyppeHTHaa hopmyna Ana akTyapHbiX HACTOALWMX CTOMMOCTEl coBnagaeT ¢ hop-
mynoii (5.3.4), 3a UCKNOYEHNEM TOr0, YTO 34eCb Mbl MCNOMb3YEM B KauecTBE HayanbHOro
3HayeHusa ay.g = 0.

Mockonbky Y = (1 —2Z)/d, rge

Z=/vAl+> 0N K <IT
\</1 K >n,

SBNAETCA CNyYaliHON BeNMUMHONM HacTosLLel CTOMMOCTM CMeLaHHOro CTPaxoBaHus C Bbl-
nnatoi pasmepa 1 B KOHLLe rofja CMEPTW CTPax0oBaTens UIn Mo UCTEUYEHUN CPOKa feiicTBuA

[lOroBopa, MMeem " i i i_n
’\x:n\——& RFLEJ——& nlx.n\ {g?f%]

(cp. ¢ (5.2.15)).
3T0 COOTHOLUEHME MepenncLIBaeTCs B BUAE

1= dax7a4 Axram (5.3.13)
L ns BbluMCNeHUS LMCNEPCUU Mbl MOXEM BOCMO/b30BaTbCA COOTHOLLIEHUEM

B[Y] = M . (5.3.14)

[ na 6eccpoyHOro cTpaxoBoro aHHynTeTa NpeHyMepaHLo, OTCPOYEHHOro Ha n e,
C BbINaToON pasmMepa 1 B Hayane Kax4oro roga, noka amuo (x) »KMBO, Ha4MHas ¢ Bo3pacTa
X + n W ganee, cnyvaiiHas BeNMYMHa HACcTOALWEN CTOMMOCTM Y BbipaXkaeTcs (opMynol

v - (0, 0 <n,

N aKTyapHaa HacTtosdlWwad CTOMMOCTb UMeEET BU[

Y] ~ nmi& —n$x ax+n (5.3.15)
—0%  Axn (5.3.16)
00
= bP* (5-317)
(cp. ¢ (5.2.18)-(5.2.20)). K=n

O6paTHasi peKyppeHTHas opmyna AN OTCPOYEHHOr0 aHHyuTeTa NpeHyMepaHAo ¢
n =y —X > 1 coBnagaeT C COOTBETCTBYHLLEA GOPMYNoin AN HENPEPLIBHOrO clyyas,
rge c(x) = 0 n d(x) = vpx. MIameHeHne COCTOUT B TOM, YTO B KayecTBe HayanbHOro
3HAYeHUs1 Mbl UCMNOMb3yeM aKTyapHYH HACTOSALLY0 CTOMMOCTb aHHYUTeTa NpeHyMepaHao
uy) = ay.

[vcnepcuto €.B. Y MOXHO BblYMCNSATH Tak Xe, Kak 3aTo genanock B hopmyne (5.2.21),
M Mbl MPUXOAUM K BblpaXKeHUHo

= (2/d)v2nnPx{ax+n - 2ax+n) + n\2ax - (n|ax)2. (5.3.18)

MepeiifileM K pacCMOTPEHUI0 CTPaxoBbiX aHHYUTETOB NpeHymMepaHAo C rapaHTuMpo-
BaHHbLIM MEPMOAOM BbiNAAT N feT. ITO CTPAXOBON aHHYWUTET, NO KOTOPOMY FapaHTupy-
tOTCS BbIMNAThl MO MEHblUel Mepe B TeYeHMe n neT. HacTosALed CTOMMOCTbIO BbinaaT no
3TOMY aHHYMTeTy SIBASETCH ChyvaiiHas BenMYMHa



B aTtom cnyuae 00
Ocm\ ~ E[Y] = i nQx "b A VYot-1l kPx Qx+ki (5.3.20)
/r=n
M 3TO BblIpaXK€HME MOXHO Mepenucatb, BOCMO/b30BaBLUNCL CYMMUPOBAHNEM MO YacTsM,
KaK aKTyapHYl HacTOSILLYI CTOMMOCTb B (DOPMe TeKyLLMX nnaTexen
00

®n\ = N Y KPxe (5.3.21)
3TO MOXHO nepenucatb B BUAe K=
&nl “ X X\

AKTyapHas HakonjeHHas CTOMMOCTb K KOHLY CpOKa leiCTBUS CTPaxoBOro aHHyuTeTa
NpeHymepaHA0 CO CPOKOM BbIMAaTbl M €T WU C eXerogHbiMy BbinjaaTamu pasmepa 1,
KOTOpble MPON3BOAATCA, NOKa MU0 (X) XXMBO, 0603HaYaeTca Yepe3 sx5]. dTa BeNNUYNHA
BblpaXkaeTcs cnegytowieii Gopmynon:

Sxni= -£p = X| E ’ (5.3.22)
n» £ Q Nn—K-"X+K
KOTOopas aHanorm4yHa opmynam gns B TEOPUM MpOLEeHTa.

CoobpaxeHns, N3N0XEHHbIE Bbllle 418 aHHYWUTETOB NPeHYMepaHLo, MOXHO UCMOMb-
30BaTh 414 aHHYUTETOB NOCTHYMepaHAo0, Korga BbinnaTbl NPON3BOAATCA B KOHLE NaaTex-
HbIX NepuoaoB. Hanpumep, AN 6ecCPOYHbIX CTPAXOBbIX aHHYUTETOB MNOCTHYMepPaHao
cnyvaliHas BeMUYMHA HACTOAWEA CTOMMOCTM paBHa Y = a”. B aToM cnyuae

00

0x = E[Y] —" “KPx Ux+K O,y (5.3.23)
KO
W, NPUMEHSA CYMMUPOBaHUe No YacTAM, Mbl MOAYYUM aKTyapHYH HacTOAL Y CTOMMOCTb
B (hOpMe TeKyLUX nnaTexe: 00
ax = T,v\px. (5.3.24)
k=1
MockonbKy c.B. Y paBHaeTca (1 —vK)/i = [1 —(1 + i)vk+1]/i, B39B MaTemaTuyeckue

oXunpgaHund, Mmbl nonyvymnm
pa= E[Y] = "~ < (5.3.25)

ATy hopmyny MOXHO nepenucaTb B Buae 1= iax+ (1+ i) Ax. Ee cpaBHeHue ¢ (hopmynoi
(5.3.7) nokasblBaeT, YTO MPOLEHTHbIe BbiNAaTbl BEIMYMHbI i MPOU3BOAATCA B KOHLE KaX-
[oro rofa, noka nmuo (A) >XXMBO, M YTO B KOHLLE rofja CMepTU JO/MKHbI ObiTh BbiNAaYeHbI
MPOLEHTbI BEIMYMHbI i BMECTe C OCHOBHOI CYyMMOIA, paBHOl 1. 3Ta (hopmMyna BaXxKHa Ans
Hanoroob6n0XeHus nMyLlecTBa. [ na KaAoW eAUHULbI MMYLLECTBA ONpeaennM iax Kak
MMYLLECTBO B MOXXM3HeHHOM BnageHun m (1 + i)Ax = 1 —iax Kak ocTaToOK, KOTO-
pblil, ecnu OH npeAHa3HavyeH Ans 61aroTBOPUTENbHOW OpraHu3auuun, BbIBOAUTCA U3-NOS
Hanoroo610XeHuns.

AHann3 npoymx BUAOB aHHYMTETOB MOCTHYMEPaHALO MPOBOAWUTCA aHanorMyHo. Tak
Xe, Kak 3To Aenanocb B c/lyyae aHHYMTeTOB MpeHyMepaHfo, onpedenserca cnydaliHas
BE/IMUYMHA HACTOSALLEA CTOMMOCTU. D OPMYNbl AN aKTYyapHO HAcTOoAWed CTOMMOCTU Bbl-
BOJATCA U3 ee onpefesieHns U ¢ NOMOLLbI0 CYMMUPOBaHMA NO YacTaM. Kpome TOro, Mo>Ho
NoNy4nTb GOPMYynbl ANS AUCNEPCUidi aHHYUTETOB MOCTHYMepaHao.



Tabnuya 5.3.1. CBoAgKa pe3ynbTaToB ANA LUCKPETHbIX CTPAXx0BblX aHHYNTETOB
Cc BblNnnataMu pasmepa 1 B Havyane Kaxpjoro roga (aHHyuTeTbl-NpeHyMepaHpo)
N B KOHLE Kaxpjoro roga (aHHyMTeTbl NOCTHYMeEpPaHAo)

Bua aHHywTeTa CnyuaiiHag BenMunHa AKTyapHas HacTosLLas
HacTosLLein cToumocTn Y cTonmocTb E[Y]
paBHSETCA BENMYMHE

BeccpoyHbIii CTPaxoBOi aHHyMTeT 00
MNpeHymepaHao K~”0 nx = N KPx
k=0
00
lMocTHymMepaHio aw K MO0 Ox N N MV ke
k=1
CTpaxoBoil aHHYMTET CO CPOKOM BbIMAaT n feT
A | 0MNK <n r—
eHyMepaHa0 < N axonl = N AN
PeHyMepara i, KA7 pant= Ty
n
N
RoctHymepargo Lali 0 AK < genl = A AV fopx
[og, K ~n 1
BeccpouHblli CTPaxoBO aHHYUTET, OTCPOYEHHbIA Ha N neT
[NpeHymepaHao ro, 07 K<m :OM
nj*a: — A
“H KA | "
lo, ONK <Ti 0
rocTHymepaHao . nlas = NN v o«px
ia’—adl> K A n k=n+1
BeccpouHblii CTPaxoBOli aHHYWTET C rapaHTMPOBaHHbLIM NEPUOLOM BbINIAT T eT
i, 0O"K<T
[NpeHymepaHzo
n jam 0" K <n n k
OCTHYMepaH/0 1, Kb, = + 2s . v kPx
Ng K>n KN +i
JononHutenbHble COOTHOLLEHNS
1—dax qu] A-x-.n] — VO-xrl ~ 4X:n—lb
—Vix flg) njix = Qx ~ax:n)
1= dax-ni+ Ax-, Ox., = an] “Pax  Oxnlj
n—1 .
ax:n\ = 1+ 8 ™= e VIVE F o an—k *_X_tf
- ﬁﬂ - A +1) 1><-\.—n.

AXn = vax:m —ax:n,

Mpumep 5.3.1. Boinuwem hopmMy/ibl 419 MaTEMATUYECKOTO OXXUAAHWUA U AUCTIEPCUN
CNyyYaliHOW BefIMYMHBI HACTOSALLEeA CTOMMOCTM CPOYHOTO CTPaxXOBOro aHHyWTeTa MOCTHY-
MepaHzo.

PeweHune. HauHem c onpefeneHns cnyyanHom BeMYMHbI HACTOALWE CTOMMOCTM 418
CTPaxoBOro aHHymTeTa MOCTHYMePaHA0 CO CPOKOM BbIMAaT M NIET:

y _/°kl=(1“r;KJ1> 0~MK<n,
lara= (1- vn)/i, KA*n.

BBefem ABe HOBble C/lyyaliHble BEMNYMHbI



(1 +ivk+l, 0~MK<n, 2 _JO° 0/AK<T
zii =

n zi2 —\
|0, K > n, lun, K ~n

3ameTtum, uto Y = (1 —Z\ —Z2)/i gna scex K. B3AB MaTeMaTU4YeCKUE 0XMULAHUSA, Mbl
nosy4unm My _ sy l-u +tiMU-"U

%
3T0 MOXHO nepenucaTb, Kak Mbl YXe genanu npu sbiBofie gopmynel (5.3.13), B Buge
1= iaxm + iA%-N+ Ax-.T- BbluucneHme gucnepcumn nNpoBoAUTCS crefytowmm obpasom:

N - D[Zi+Zz2] _ D[*i]+ 2Cov(Zi,Z2) + P["r]
i2 i2
HanomHum, uto D[Zi] = (1 + nN2[2A%Nw - (~ A)2] v D[Z2] = v2nnpx(l - nPx)- Tak
Kak Z\Z2 = 0 gns Bcex K, 10 Cov(Zi,Z2) = -(1 + O6beanHAA 3Tn
hopmynbl, nony4vyaem
iyl _ @+ »)2[2xx:ni ~ (Ax-h2] ~ + DNMAeanpg + ri2nnpa(l —npx) n

5.4. CTpaxoBble aHHYUTEeTbI C BblMJlaTaMU T pas B roj

BbinnaTbl CTPaxoBbIX aHHYUTETOB Ha NPaKTUKe YacTo OCYLLECTB/SIOTCS eXXeMecauHo,
eXeKBapTaNbHO UM Kaxable nonroga. CornacHo MeXxayHapoaHoW cucTeMe aKTyapHbIX
0603HauYeHNit, akTyapHas HacToswas CTOMMOCTb CTPAxOBOr0 aHHYWTeTa C eXeroAHbIMU
BbiNfaTaMn pasmepa 1, OCYLLeCTBASEMbIMU OYepefHbIMK B3HOCaMK pasmepa 1/T B Ha-

yanie Kakgol m-ii yactu roga, noka nuuo (x) >XUBO, 0603HAYaeTCA CMMBOJIOM

Mbl Ha4HeM aHanu3 pacnpefefieHns C.B. Y , HACTOALEN CTOMMOCTM CTPaxX0BOr0 aHHY-
nTeTa NpeHyMepaHAo, Koraa BbinaaTel NPOM3BOAATCA T pas B roj, Bbipasve Y B TepMu-
HaX MPOLEHTHOWM CTaBKWU U ciyyaiHbiX BennuuH K u J = [(T —K)T\. CumBon «[ J* B
BblpaXKeHuun Ana J 0603HavaeT HanbosbLUee Lienoe YMCOo, He NMPeBOCXOASALLEe YKA3aHHOTO,
TaK 4To J ABAAETCH YMNC/OM LefblX NPOXUTBIX T-X YacTell rofa, B KOTOPOM MpomsoLuna
cMepTb. ANa aHHyuTeTa NpeHyMepaHAo B TeYeHWe Kaxaoro u3 K MosHbIX NpOLWbIX neT
npon3BefieHO T BbINAaT, a 3aTem J + 1 BbinnaT pasmepa 1/T B rog, Korga npousoLunia
cMepTb. Takum o6pasom,

mE+J 1 o I _ vK+(J+I)/m
Y= jV_O VT = AT, W = 1 — (4D
AKTyapHas HacToslias cTtoumocTb E[Y], KOTOpyl MOXHO onpeAenuTb, MO/Mb3YACh
ynp. 4.19, umeet BUfg 1 (7
Ey!=4”)=- 5P5-- (S-4-2)

BbipaxeHue B qupme TEKYLNX nnaTexem, KOTOpOoe MmMeeT BUA CyMMbl aKTyapHbIX Ha-
cToAWMX CTOMMOCTE YKa3aHHOT O Bblllle MHOXeCTBa BbliNn1aT UMeEeT BU[
00

4m) = 5> fnW *- (54-3)
li=0

CHoBa nonb3ysacb opmynoi (5.4.1), Mbl nonyyaem

pL,*-H->-»>/~] -(nry 544,
13 (1> (di»))2 = 1



Lna Toro 4to6bl NOAYYUTHL Pa3MYHbIE COOTHOLLIEHUS MEXAY aKTyapHbIMU HACTOSALLUMM
CTOMMOCTSAMU AN CTPaxoOBblX aHHYWUTETOB C BbiMjaTamu LW pa3 B rof M C eXerogHbiMu
BblMiatamun, yaobHo nonb3oBaTbCa cooTHOWeHnAMKN (5.3.7) n (5.4.2):

| = dax+ Ax=d~aW + Aiml (5.4.5)

3TN COOTHOLLEHWA MOKa3blBAlOT, YUTO MHBECTMPOBaHWe CyMMbl pa3mepa 1 obecneunsaeT
NMPOLEHTHYIO BbINIaTy B Hayane KaXAoro nepuoja HauucneHms npoLeHTa nac Bo3Bpar
CYMMbl pasmepa 1 B KOHLe TOro nepuoja, Korga npoucxoauT CMepThb.

M3 aBYX cnaraembixX B MpaBoi yactu gopmynbl (5.4.5) Mbl nonyyaem

MonyyeHHble COOTHOLIEHNS MOXHO MHTEPNPETUPOBATh CeaytoL M 06pa3oM: Takoii cTpa-
XOBOMW aHHYMUTET C BbiNjaTaMy T pa3 B rof 3KBUBANEHTEH PAAY BbiNjaT BEAWUYMHbI, paB-
HOW HacToAWel CTOMMOCTM (PMHAHCOBOFO aHHyMTeTa Ha CPOK OAMH rof, N0 OAHOMY B
Hayane KaXjoro roga, noka fuLO XWBO, C BO3BPATOM CYMMbl, BbiM/la4eHHOl 3a OCTa-
TOK rofa CMepTu Mocfe TOro MHTepBana ANuWHbI 1/T (MeCcsA4YHOro, KBapTanbHOro WM
MonyrofoBoro), B KOTOPOM CMepTb Mpou3owna. 3TOT BO3BpaT pPaBeH PasHOCTU MexAay
CTOMMOCTAMU 6ECCPOYHOro PUHAHCOBOro aHHymuTeTal) ¢ BbinnaTaMuM T pas B rofj, Ha-
YMHalOLWEeroca B KOHLe MHTepBana AAMHbI 1/T, B KOTOPOM MpouM3oLLfia CMepTb, W aHa-
NOTUYHOTO aHHYMUTETa, HaUYMHAKLWErocs B KoHUe roga cmepTu. C Apyroil CTOPOHbI, Mbl
MoXxeM B cuny qopmynbl (5.4.2) BbinucaTb COOTHOLLEHME

(5.4.7)

MHTEpNPeTaunto KOTOPOro Mbl OCTaB/IAEM YUTATENIO.

3ameyaHue. B Teopumu NpoLeHTa BbIUNCIEHUS HACTOSLW e CTOMMOCTM aHHYUTETa, Y
KOTOPOro nepuofbl MeXAy BbiMaaTaMu U nepuofbl GakTUUECKOro HauuCeHUs NPOLEeH-
Ta VMEKT PasHyl A/IMHY, CBOAATCS K BbIUMC/EHWUIO HACTOAWEA CTOMMOCTM aHHyuTeTa
C NNaTeXHbIMU Nepuojamy 1 Nepuofamu (HakTUYECKOro HauyMcneHus MpoLeHTa ofuHa-
KOBOW ANWHbI cnefyloWwnMn ABymMs crnoco6amu. Mepeblii COCTOMT B 3aMeHe BbIMAaT, CO-
OTBETCTBYIOLIMX HEKOTOPOMY MEpMOoAYy HauMcneHMst NpoLeHTa, Pa3oBOi 3KBUBANEHTHOA
BbINAaTOM (NpU 3a4aHHOW NPOLEHTHOI CTaBKe) B Hauyane MMM B KOHLE paccMaTpuBae-
MOro nepuofa. BblpaxeHue 415 akTyapHOil HacTosllell CTOMMOCTM GECCPOYHOro CTPaxo-
BOrO aHHyuMTeTa C BbiNjataMu T pa3 B rof, npueeaeHHoe B gopmyne (5.4.6), saensetcs
pacnpocTpaHeHMeM 3TOro MeToAa Ha MHOXECTBO BbINaT, 06YCNOBAEHHbIX CAyYaiHbIMU
co6bITUsMM. C Tex Mop, KakK KanbKynaTopbl, rAe nokasaTenbHas QYHKLMUS BblUMCASETCS
MPOCTbIM HaXaTUEM KNaBWULWWIW, 3aMeHUAN TabauLbl NPOLEHTOB, AN COrfacoBaHUs nepu-
OfI0B BbIMAAT ¥ NepPUOA0B HAYNCIEHWS NPOLIEHTa CTan NPeAnoYTUTENbHLIM BTOPOI MeTog,
KOTOPbI/ NCNONb3YeT IKBUBANEHTHYIO 3P EKTUBHYIO NPOLEHTHYIO CTABKY B KaXblli ne-
puog BbinnaT. PacnpocTpaHeHMe 3TOro BTOPOro MeToAa Ha GeccpoyHble CTPaxoBble aH-
HYUTeTbl C BbiNaaTaMyW T pa3 B rog onupaeTcs Ha Tabauubl CMEPTHOCTM N5 NepuoaoB
ANVHBE 1 /T W Ha 3KBMBANEHTHYO 3 (eKTUBHYIO MPOLEHTHYIO CTaBKYy A/S nepuoaa Anm-
Hbl 1/T. VIcXoAs M3 3TOro, A1 pacuyeTa akTyapHOW HacTosLWeld cTOMMOCTM 6eCCPOYHOro
CTPaxoBOro aHHyMTeTa C BbiNjaTaMi T pas3 B rof, MOXHO NMPUMEHSATb PEKYPPEHTHbIE CO-
OTHOWeHMs pasf. 5.3. JLOCTOMHCTBO 3TOr0 BTOPOr0 MOAX04A COCTOMUT B TOM, YTO, Hapagy

Mo nosogy onpefeneHnst 6ecCPOYHbIX (PUHAHCOBLIX aHHYUTETOB (PeHT) cM. KHury: [epbep X
MaTemaTunKa cTpaxoBaHus XusHu. — M.: Mup, 1995, pa3g. 1.6. —Npum. pea.



C NPesnosoXeHNeM 0 paBHOMEPHOCTU, KOTOpoe ByAeT B fanbHelleM LeHTpanbHbIM A8
HaLLero M3N0oXeHus, OH NO3BOJISET UCMOJIb30BATb APYTMe NMPEeLNOIOXEHNA OTHOCUTENIbHO
pacnpefeneHus cmepTeil B KaXAOM FofM4YHOM BO3PaCTHOM WHTepBasne, Takue, Kak npea-
MOM0XEHWe 0 NOCTOSAHHON UHTEHCMBHOCTU UMM 3aKOH CMepTHOCTM Meiikema.

MpegnonoXxum Tenepb, YTO pacnpefeneHve MOMEHTOB CMEPTU B TEYEHUEe KaXK[oro
roANYHOro BO3PacTHOro MHTepBasia paBHOMEPHO. OTO 03HAYaeT, YTO C.B. S WMEeT pas-
HOMepHoe pacrnipefeneHue Ha otpeske (0,1) u, Takum o6pasom, c.B. J paBHOMEPHO pac-
npegeneHa Ha MHoxecTBe uenbix yucen {0,1,...,7T —1}. B ynp. 4.19 nokasaHo, 4TO
Torpga

T _ _in —s.(lm) n
™ x | X’

n B cuny hopmynbl (5.4.6) Mbl Meem
s{m) - 1
= &ji ~ax A (m) (5.4.8)

®opmyna (5.4.8) nokasbiBaeT, YTO aKTyapHas HacToAl,as CTOMMOCTb CTPAxOBOro aHHy-
nTeTa NpeHyMmepaHAo C BbiMfaTaMy T pa3 B rof ABASeTCA pasHuLUel mexay

(@) akTyapHOli HacToAlei CTOMMOCTbIO CTPaxoBOr0 aHHyuTeTa MpPeHymepaH4o, Bbl-
nnayMBaemMoro OAWH pas B rofj, KaXxAoil rogoBoil BbiNAaTbl KOTOPOro AOCTATOYHO
LNa onnatbl (PMHAHCOBOrO aHHyuUTeTa Ha Ccpok 1 rof c Bbinfatamu pasmepa 1/1
B Hayane Kax4oro nepuoja gnvHol 1/17, n

(b) akTyapHOI HacToOALLeA CTOMMOCTbLIO CTPaxoBaHMA C BbINJaTON B KOHLE roga cmep-
T, paBHOW KO3hpuumeHTy npu Ax. MOXHO NOKa3aTb, YTO B NPEANO0XEHUN paB-
HOMEPHOCTU pacnpejeneHuns cMepTeli B KaXXA0M rogM4yHOM BO3pacTHOM MHTepBane
3TOT KOIPDULUEHT ABNAETCA aKTyapHOW HAKOMMEHHON CTOMMOCTbIO YKa3aHHbIX
BbIM/aT BEMUYUHBLI 1 /T AN WHTepBanoB ANMHbI 1 /T nocne MoOMeHTa cMepTu. Cm.
BblpaXKeHne B KBaZpaTHbIX CKobKax B ynp. 5.15.

MoacTtaBnas 1—dax smecto Ax B (5.4.8) 1 3ameyas, 4uTo = d, Mbl MONyYUM
thopmyny, B KOTOpPYl 6yAyT BXOAWUTb TONbKO (PYHKLUWW, CBA3aHHbIE C aHHyuTeTamu, a
VMEHHO, 1-,<7>0-00N s(m)-1

a(m - 1 Si] aax) - >)aN & _ 3\ I 549y,
Yz - d(m) - STl Ox dmy ° 1 j
[pyroli Wnpoko npumeHsemoin hopmynon senseTcs
T —1
a(m) (5.4.10)
2m

3TOT pe3ynbTaT MOXHO NOMYYMTb, Mpegnonaras, 4to MyHKUMS u*+09Y”») b+{yT)Px aB~

naeTca NuHelHol noj ana j = 0,1,2,..., T —1. B 3aTom cnyuae
m—1 - TO—1
_ ” B * = _ _ _ _
£ 4,7 fctUmwW rl'rﬂ.)l? £ o 1o 5 JVKKPX + — VK+1k+IPx
3o j=0
T
= VkkPx - (VkkPx - Vk+1k+iPx) £ ~2

3=0 T

= VKKPXx - ~2~~(yKkPx ~ yk+1k+iPx)-



Takum obpasom,

) oT—- )
W= m RO Gimypx
k=0 j—Q
_AOO Ir\n-i*rﬁo, i N m-1
= *'zl'o,vkkPx “om l!o,(VKKPX - vk+1lk+iPx) =ax - om

3aMeTUM, 4TO 3TO NpPeAno/oXKEeHWMEe He COBMNAagaeT C MNPeAnon0XKeHUEM NUHENHOCTM
(hYHKUMN tPX, KOTOpPOe BbiTeKano 6bl N3 pABHOMEPHOCTU pacnpefeneHns cMepTell B Kax-
[IOM rogM4HOM BO3pacTHOM MHTepBane. ocnenoBaTesibHOE MPUMEHEHWE NPeANO0XEHNS
0 paBHOMEPHOCTW pacnpefefieHns cMepTeil B KaX4o0M rofW4HOM BO3PaCTHOM WMHTepBane
NPMBOAUT UMEHHO K TakKMM COOTHOWeHUusM, Kak (5.4.5). MI3BeCTHO TakXe, 4TO (hopmy-
Nbl, NoayYeHHble 3 (5.4.10), Npn BbICOKOW NPOLEHTHON CTaBKe U HU3KOM KoadduumeHTe
CMEPTHOCTM MOTYT faBaTb MCKa)XXeHHble 3HAYEHWUS CTOMMOCTE aHHYWUTETOB, Hanpumep,
Takue, 4To > a7 (cm. ynp. 5.50). Mo 3Tum npuymHam cooTHoweHus (5.4.8) n

(5.4.9) npegnaratoTCA B Ka4yecTBe 3aMeHbl LUMPOKO Mcnonb3yemoit opmynbl (5.4.10).
Lnsa yno6ecTsa 3anucu 6ygem npeactasnate opmyny (5.4.9) B Buae

= a(m)ax - R(m), (5.4.11)
roe ‘
a(m) = 4mym i (5.4.12)
MR - 1 i j(m)
Bm)="n \— = «—nj( /e (5.4.13)

3ameTum, 4to a(m) 1 R(m) 3aBUCAT TO/ILKO OT M U OT NPOLEHTHON CTaBKU N He 3aBUCAT
0T BO3pacTa. fanee, gna T = 1 cooTHoweHue (5:4.11) ABndeTCs TOXAECTBOM, B KOTOPOM
a(l) = 1m /3(1) = 0. Kpome TOro, R(m) sABnsfetrcs KO3IpHOULMEHTOM MNpU cnaraemom, oT-
BETCTBEHHOM 3a MpekpatieHue Bbinnat, B gopmyne (5.4.8). N03TOMy MOC/MEfHIO MOXHO
3anucartb B BuUAe

am) = -~ax-B{m)Ax. (5.4.14)
Pa3noxeHue B paf sennuuH a(T) u B(m) paccmatpusaeTca B ynp. 5.41.

Mpumep 5.4.1. Ha ocHoBe MnntoCcTpaTuBHbIX Tabauny, CMePTHOCTU C 3PEKTUBHOW
MPOLEHTHON CTaBKON B 6% BbLIYMCANM aKTyapHYH HacTOALWYH CTOMMOCTb GECCPOYHOro
CTPaxoBOro aHHyuTeTa MpeHymepaHAo C Bbinnatoi pasmepa 1000 B Mmecsl Ana vua,
BbIXOAALLEr0 HA NEHCUK B 65 neT, Nonb3ysacb CooTHoWweHMAMM (5.4.9) n (5.4.10), a Takxe
CTaHfapTHOe OTK/IOHEeHMWe, NoMb3ysAcb cooTHoWweHueM (5.4.4).

PeweHne. Nmeem
a(l2) = 412 12

S I(\12212) 1

(1,02721070)(0,97378368) = 1,0002810,

R(12) 0,46811951,

0,45833333.

3ameTum, 4yto a(l2) = 1, a BenuumHa R(12) oyeHb 61m3ka K uucny 11/24, kotopoe
BO3HMKAaeT Npu TPagULMOHHOM NPUBAVKEHUN.



Monb3ysicb WnnwcTpaTuBHON Tabnuuelk CMEpPTHOCTM, OCHOBAHHOW Ha qopmyne
(3.7.1), npu 3h(heKTUBHON NPOLEHTHOIN CTaBKe 6%, Mbl NOMyYyaem

Q5 = 9,89693, b= 1 —c¥b = 0,4397965.

[anee, 12 O0C4gg21 MOXHO BbIYUCAUTL CRefyHOLWMUM 006pa3oM: MUCXoAs M3 (opMmynbl
(5.4.11), mbl Meem

12000[a(12)465 - /3(12)] = 12000[(1,0002810)(9,89693) - 0,46811951] = 113179,
a ucxogsa m3 gopmynbl (5.4.10) —

12000”&65 - ~ = 113263.

Oucnepcua c.B. 12000F = 12000(1 —r;n:+(H+1)/12)/c?(12) paBHa

N ) DL D, - GHAY

1200054 2{E [M*+1)(1 + n2(1-(-/+i)/12] - (E[r/*+1>(1 +

d(12) -
120004 2 . .
9> ) XYOE[(1+H)WAT+,/J- (1w )i}
(206 442,14)2[(0,2360299 x 1,055458268) - (0,4397965 x 1,02721069)7]
1919 074 762.

370 03HauaeT, YTO CTaHAapTHOE OTKNOHEHWe OT HacTOosLLeil CTOMMOCTM BbiNaaT OTAENb-
HoMy nuuy cocTtasnseT 43 807, UTo cnefyeT CpaBHMBATb C aKTyapHOW HacTosLiel CToun-
MOCTblo, paBHOW 113179. v
Ons CPOYHBIX N OTCPOYEHHBLIX aHHYWTETOB MpPeHyMepaHAo C Bbinjatamy m pa3 B
rof, Tak)Xe MOXHO MPOBECTU BCE PACCYXAEHUA, HAUMHAsA C aHanu3a ciydalHblX BENUYUNH.
O[fiHaKo ecny Mbl XOTUM NWb HakTU QOPMYNbl ANA aKTyapHbIX HaCTOSLLUX CTOMMOCTEN
TakKuX aHHYUTETOB, Mbl MOXEM HauyaTb C COOTHOWeHns (5.4.14), oTKyaa cnefyeT, 4To

aldh=gM - -Exaglp = - B[T)Ax- nEx[a~ax+n - B(m)Ax+n]
= g )axm-B(m)Akm (5.4.15)

1 aHanorn4yHo
nf4m = a™ nfax - B(m)n\Ax. (5.4.16)

Ecnm xe nexogutb m3 (5.4.11), 1o

i = Q(m)ai”m- B(m)(1- nEXx), (5.4.17)
Sa.m) = a(m)n\ax - B(m)nEx. (5.4.18)

O6paTHbIEe PEKYPPEeHTHbIE (OPMY/bl ANA aHHYMTETOB C BbiNJaTamMy L pa3 B rof
MOXHO MOMYyYNTb HEMOCPEACTBEHHO, U YMTaTeNlo NpeanaraeTcs cgenatb aTo B ynp. 5.16
ONS aHHyWTeTa NpeHyMepaHZAo c BbinnaTamu W pa3 B rog. OaHako 6onee nNpsMbIM MOA-
X0[0M 6bIN0 Gbl WCMOMb30BaHUE PEKYPPEHTHLIX COOTHOLIEHWI pasf. 5.3 U nepexon oT



KOTOPbIMU COBPEMEHHOe 06LLECTBO CTPEMUTCS YNpaeasaTb. DTO NPOM3OWI0 B pe3y/bTa-
Te rno6ann3alnm 5KOHOMUKM, TEXHONOTUYECKUX AOCTUXEHWA N MONUTUYECKUX NEpPEMEH,
KOTOpbIE M3MEHWUAW MONUTUKY FOCYaapcTB.

Mpu nepepaboTke 6a30BOr0 yye6HNKA HEBOSMOXHO peann3oBaTh BCO COBOKYMHOCTb
3TUX M3MEHEeHWIA. Hallu Lenu 3Ha4MTeNnbHO CKPOMHEe, HO, KaK Mbl Hajeemcs, OHU pea-
NUCTUYHBI. HacToslee n3gaHue SBNSETCS HEKOTOPbIM LLIArOM HEMpepbiBHOIO Mnpouecca
npuBeAeHUs QyHAaAMeHTaNbHbIX MOMOXEHWIA aKTyapHOW HayKu B COOTBETCTBME C M3Me-
HAOWKUMNCA peanusmMu.

Bo BTOPOM M3A4aHMM NOYTU B KaXKAOM pasfene Mpou30LLN U3MEHEHUs B 0603HaYe-
HUSIX U B MOf6Ope M3naraemMoro Matepuana. MiMeeTcs TakxXe psj BaXKHbIX M3MEHEHWU no
CPaBHEHWIO C MEepBbIM M3AaHUEM, KOTOPble HEOBXOANMO MepPeUncinTb.

1. Mbl He WCMONMb3yeM KOMMYTALMOHHbIe (YHKLMWMU, KNacCM4yeckoe opyaue akTyap-
HbIX BbIYWUC/IEHWNIA. DTO peLieHNe NMPUHATO B CBSA3W CO BCe YMeHbLUIAOWMMUCS Mnpe-
VMYLLECTBAMU 3TUX (YHKLWIA BO BpeMeHa, KOrja npoLeHTHbIe CTaBKM Y4acTo pac-
CMaTpMBAlOTCA KaK ChydvaliHble BEIMYMHBLI WKW KaK [eTePMUHUPOBAHHbIE Nepe-
MeHHble, W pacnpefeneHune CyyaliHON BeNMUMHbI MPOAOMKUTENBHOCTM Nepuoga
00 MOMEHTA BbIGbITUS MOXET 3aBUCETb He TONbKO OT AOCTUFHYTOro BO3pacTa.
HauuHas ¢ rn. 3, Mbl CHabXaeM TEKCT YNPaXHEHUAMU, UNTIOCTPUPYIOLUMU aK-
TyapHble BbIYMCNEHUS, B KOTOPbIX MCMO/b3YHOTCH PEKYPPEHTHbIE (DOPMY/bl; 3TK
BbIYMCNIEHNS MOTYT GbiTb Peanu3oBaHbl B BUAE NPOrpaMMHOro npogykta. OfHa-
Ko pa6oTy Mo NPUMeHeHUo GyAyLUIUX NPOrpaMMHbIX NMPOAYKTOB Mbl, ECTECTBEHHO,
OCTaBNISIEM UMTaTENIO.

2. M3n0XeHne Teopuu MonesHocTu Tenepb He orpaHuWuMBaeTCcs NepBoii rnaBoii. Mbl
MPUBOAUM TPUMepPbI, KOTOPble MOKAa3blBalOT, KaK MOXHO MCMO/Mb30BaTh TEOPUHO
MONMe3HOCTU AN NOCTPOEHWS afileKBaTHbIX MOJENei ANs Npemuii n pesepeBoB, OT-
NNYHBIX OT 06bIYHBLIX MOJenei, B KOTOPbIX HesIBHO MpejnonaraeTcs AWHeRHOCTb
(YHKLUUM MONE3HOCTW.

3. B nepBom n3gaHUuM KHUIM Mbl, KaK NPaBWao, NpW pacCMOTPEHWUU CNyYaiHbIX Be-
JINYUH NOTEpPb OFpaHUYMBAEMCS WUX MepBbIMW ABYMsS MOMeHTaMU. B HacTosiem
u3faHuK, cneays AOCTUXKEHUSIM, pPeasin3oBaHHbIM paHee MPUMEHUTENbHO K (-
3MKe U K CTaTUCTUKe, Mbl pacCMaTpMBaeM (YHKLUMM pacrnpefeneHus u QyHKuum
MAOTHOCTM 3TUX CNyYalHbIX BEIMYMNH.

4. OCHOBHOIi MaTepuan, Kacalowuiics pe3epBoB, NpefCTaB/eH Tenepb B ABYX rNnaBax.
370 no3BonseT AaTb G0/see MOMHOE U3M0XEeHWEe TEOpPUM Pe3epBOB B CTPaxOBaHUM
XN3HW 06LLEro BUAA C MEPEMEHHbIMW NPEMUSMU W BbINaTamu.

5. B nocnegHue rofbl NpoBOAWINCHL CYLLECTBEHHble aKTyapHble MCCnef0BaHNs COB-
MECTHbIX pacnpefeneHnii HECKONMbKMUX CNyYaiHbIX BEIMYMH NPOAOIKUTENBHOCTH
npefcTosiUe XU3HW, KOTOpble He NpeAnonarainuch He3aBUCUMbIMU. DTW UcChe-
[0OBaHWs 0Kasanu BAWSHWE Ha TNaBbl, MOCBSLLEHHbIE aKTyapHbIM QYHKUUAM ANS
rpynn nuL, v TeOpUU BblGLITUS NO HECKONbKUM MPUYMHAM.

6. Ecnu cnyyvaiiHble BENMYMHBI, ONUCHIBAIOLLME NPOAOHKNTENBHOCTD NEPUOAa A0 MO-
MEHTa BblObITUS MO Pa3fIMUHbIM MPUYMHAM, He SBNAOTCSA He3aBUCUMbIMMW, TO B
TEopUU BbIGLITUS MO HECKOMbKUM MPUYMHAM MNOTEHUMANbHO MPUCYTCTBYIOT Ce-
pbe3Hble NPO6/IeMbl OLEHKM U HTepnpeTauuu. Bo BTOPOM M3aHUM 3TN NPoG/embl
MOsSICHATCSA.

7. B HacTosuleM M3AaHWM 6Gonee KOMMAKTHO M3M0XeHbl MPUTOXKEHUS TEOpUW Bbl-
6bITUS MO HECKONbKUM MpuuYMHaM. B 3ToM 6a30BOM Yy4yeGHUKe Mbl He MbITaeMcs
nokasaTb T€ W3MEHeHMs B popMynax A/s BbINAAT, KOTOPble CBA3aHbl C 6GbICTPO
MEHSIOLLEeiCs NMEHCUOHHON NPaKTUKOWM U C rocyAapCTBEHHbIM PerynnpoBaHuemM.



aHHYUTETOB C €XEeroAHbIMW BblMflaTaMW K aHHyuWTeTaM C BblifataMu T pas3 B rofg mno-
CcpeAcTBOM coOoTHoweHmnn (5.4.11), (5.4.17) n (5.4.18) Nnn 3KBMBANEHTHbIX COOTHOLLUEHWI
(5.4.14), (5.4.15) un (5.4.16).

PacnpefeneHue HacTosLell CTOMMOCTM BbINAaT CTPAXOBOr0 aHHYyMTEeTa MOCTHYMepaH-
[0 C BbINjaTaMu T pa3 B rof MOXHO MCCNefoBaTh MO aHaNOrny € TeM, KakK 3T0 AenaeTcs
4N aHHYWTETOB MpeHyMepaHAo. Hanpumep, cnydvaiiHas BeM4YMHA HACTOSLLEA CTOMMO-
CTM Y [Ana 6eccpoyvHOro CTPaxoBOro aHHyuTeTa NOCTHYMepaHAO C BbinaaTtamMy T pas B
rog 6yneT UMeTb BUf

. 1_ vK+(JI/m)
Y=4Db A = () - (5.4.19)
3T0 NpUBOAUT K cnegytoweli hopmyne, aHanornyHon qopmyne (5.4.5):
/ HWA
l=iax+ (1+i)Ax=r(td 1)+ (1+ YNEr)- (5.4.20)

CMbICN 9TOTO COOTHOLUEHMSI COCTOMT B TOM, YTO WMHBECTMPOBaHHas cymma pasmepa 1
[aeT MPOLEHTbI B KOHLIE KaX40ro neprofa HauncneHus npoueHTa, a TakXe BO3BpPaT IToiA
CYyMMbl pasmepa 1 ¢ NpUUMTAaOLWMMUCS NPOLEHTAMK B KOHLE TOro nepuofa HauucneHms
MpoLeHTa, B KOTOPOM MpPOM30LLIa CMepTb.

05 BblUMCNEHWS aKTyapHbIX HAcTOALWMX CTOMMOCTeli aHHYUTETOB MOCTHYMepaHgo
MOXHO MPMCNoco6nuTb POPMY/bl aKTyapHbIX HACTOSALWMX CTOMMOCTEN COOTBETCTBYHOLLUX
CTPaxoBblX aHHYWTETOB MpeHymMepaHAo. Hanpumep,

aw =aMm _ a(t) = ni(t) _ 1 (1 _ nEx) 5420

5.5. AHHYNTeTbl NPeHyMepaHLo0 N aHHYUTETbI NOCTHYMepaH[o0
C KOPPEKTUPYIOLWNM NNaTexom

B OMCKpeTHbIX aHHyuUTeTax Ka)kjas BblnaaTa Npou3BOAUTCS N16GO 3a NocneaytoLwunin
BPeMeHHOI nepuof (aHHYWUTET NpeHyMepaHo), Nnbo 3a npeablaywuii (aHHYUTET NOCTHY-
MepaHao). B cBA3M € 3TUM MOXET BO3HUKHYTb BOMPOC KOPPEKTUPOBKY BbIMAAT, OTHOCA-
L MXCSA K nepuofy, B TeyeHWe KOTOPOro NpoMCXoAauT cMmepTb. Hanpumep, Nnpeanonoxum,
4TO MOKYMKa AOroBOpa CTPaxoBaHUS Ha Cayvail CMepTu OCYyLLecTBAsIETCS MOCPEACTBOM
€XEerofHbIX BbiNaaT NpeMun, KOTOpble NPOU3BOAATCA B Havase Kaxoro ctpaxoBoro ro-
pa. Ecnu cTtpaxoBaTenb ymupaeT depes O4MH Mecsil, MOC/e OCYLLeCTB/IEHUA eXerogHom
BbINAaTbl MPEMUN, MOXET MPeACTaBAATLCA NPaBUIbHbLIM BO3BPATUTL BbIMIAYeHHYHO Mnpe-
Muto 3a 11 mMecsLeB, KOTOpble CTPaxoBaTe/lb HE MPOXWA B TOM CTPax0BOM FOfly, B KOTOPOM
OH yMmep. BoT gpyroi npumep, CBfi3aHHbI/ C MEHCUOHHBIM aHHYUTETOM MOCTHYMepaHao,
npeanonaratoWmMM exerofHble BbinnaTbl. EcAn nuuo, nonyvawoliee aHHyuTeT, ymupaet
3a OQUH MecAl, [0 faTbl OYEpefHOro nnatexa, MOXeT MpefycMaTpuBaTbCA 3aK10uu-
TeNbHbIA NNaTeX 3a 0AUHHAALATMMECAYHbIA Neprod, KOTOpbI/ MU0 NPOXKUI0 C MOMEH-
Ta nocnefHel BbinnaTbl. ONpeaenMm cHavana MoAXOAAW WA pa3Mep KOPPEeKTUPYHLLEero
nnatexa B TaKUX Cayvasx.

PaccMOTpuM nepBbllii U3 YNOMSAHYTbLIX Bbille ciyyaeB. CTpaxoBaTe/b YMUpPaeT B MO-
MEHT BpeMeHn T mocne BbinaaTbl B MOMEHT K MOMHON CyMMbl €XerofgHoi npemuun pas-
mepa 1. Mpeanonoxmm, 4To npemMmns «3apabaTbiBaeTcs» CTPaxOBLMKOM C MOCTOSIHHOM
WHTEHCUBHOCTbIO B TeYeHUe rofa C MOMeHTa ee BbiNnaTbl. B 3TOM cnyyae MHTEHCUBHOCTb



3apabaTbiBaHMA NPeMUN C ONpegdenseTca M3 CoOOTHoweHus cdjj = 1. Ecnu 3apabaTbiBa-
HVe npekpauiaeTcs B MOMEHT CMepTW, TO K 3TOMY MOMEHTY 3apaboTaHa cymma cSfz K\,
a cymma

st-k\_ ak+\-T\

L+ i)T~K —est_kj= 1L XA +i)T~K .
n n
He 3apaboTaHa n fo/xHa 6bITb BO3BpalleHa. CnyyaliHas BeNMYMHa HacToOALEN CTOMMO-
CTM B MOMeHT 0 BCeXx MnJaTexxeil 3a BbIYETOM BO3BPALLEHHON CyMMbl UMeeT BUf

yT _vk+l

rak+i-t\ _ » 1 (55.1)

Y = azgf —v ~ a7 i

ail
B TOomM cnyuae, Korga exerofHaa BbinnaTta paBHa 1, akTyapHasd HacToAuw,as CTOMMOCTb
BbINaaT B MOMeHT 0 o603HayaeTcs cumBosiom alln

a« =E[@" = E §an ) (5.5.2)
=da
Takoil cTpaxoBOW aHHYWUTET NpeHymepaHfo, npegycMaTpuBaloLiMii BO3BpaT vacTu npe-
MWW 38 Nepuof BPEMEHN MeXY MOMEHTOM CMepPTU U KOHLLOM nepuoga, K KoTOpoMy OTHO-
CUTCA NOCNeAHAA nofHas obblyHasa BbiNaaTa, Ha3blBAETCA aHHYUTETOM MpPeHyMepaHao ¢
KOPPeKTMPYLWNM NNaTe>XX0M.

Mbl MOXeEM pacnpocTpaHuTb NPUBeLEHHbIE Bbllle CO06paxXeHUs Ha aHHYUTETbI, B KO-
TOPbIX BbIMAaThbl OCYLECTBAAKTCA Yalle, YeM OAMH pa3 B rof. Kak n B pasf. 5.4, BBefileM
BennunHy J — [(T —K) T\, KoTopas paBHa YMCAY MOHbLIX NPOXUTLIX NEPUOAOB ANNHbI
1/7T ropas nocnefHwii rof XXun3sHu, Tak uto K+ (J+1)/m —T sBnseTca ANNHOW nepuoja,
3a KOTOpbIA 6yaeT npousBefeH Bo3BpaT. VIHTEHCMBHOCTL 3apabaTbiBaHUSA onpepgenseTcs
13 COOTHOWeEHMA cdyy”?j = I/m. Paccyxgas, Kak u Bblle, NONy4Yaem

V--nT1) Tf aK+(J+1)/m-T\
K+{J+I)/ml ma |/m|
_ a&n) B _ VK+{J+1)/m Y wT (M)
+(j+i)/m\ d(m) dmL ' T °* (5.5.3)

B Cnydae Korga eXerogHble BbinaTbl COCTaBMAOT 1, aKTyapHaa HacTtoAwWwaa CTOMMOCTb
BbIMaT 3a BbIYETOM BO3BpPaTa COCTaBUT

i 2T 1
43 i 4 (5.5.4)

Monb3yscb cpeaHum uyneHoMm dopmynbl (5.5.3), Mbl MofydYaem ANs Hee APYroe BblpaXe-
HYe:

W T VK+(J+1)/m- e VT _ vK+(J+I)/m-
d(m) d(m)
yT _ yK+(J+1)/m
= éalm) - E d(m) (5.5.5)

BTopoe cnaraemoe B NpaBoi 4acTu 3TOM hOpMynbl — aKTyapHas HacToslas cTOMMOCTb
Bo3Bparta. NpumMeHas coobpaxeHus, U3N0XKeHHbIe B ynp. 4.19, Mbl UMeeM
Ax- A™

E a0 (5.5.6)



B npeAnonoxeHn paBHOMEPHOCTH pacnpefeneHns MOMEHTOB CMEPTU B KaXK4OM roguuy-
HOM BO3pacTHOM WHTepBafe 9TO BblpaXKeHWe NPUHUMAET BUJ

i fl
d(m)V<s  i(m)

a{mp = a(m _ ! L (5.5.7)
dm) O Fe-ni .

MepelijemMm K WM3M0XKEHWIO NapanfiefibHO Teopun ANA aHHYWUTETOB MOCTHYMeEpaHAo.
MpeanonoXxum, 4To NMLO, Nonyvaroliee aHHYUTeT, yMUpaeT B MOMEHT T Mocne nosnyde-
HWA nocnefHero o6bIYHOro naaTexa BeNMUYUHbl 1/T B MOMEHT BpeMeHn K + J/m, rge
J = [(I1—K)T\. BenunHa T —K —(J/m) sBAsETCA ANNHONA nepuoda, 3a KOTOPbIii
TpebyeTca KOMNeHcauus B BUAE LOMNOMHUTENbHOrO nnatexa. MpefnonoXum, 4To Kax-
Obll nnaTex 3apabaTbiBaeTCA CTpaxoBaTesieM € NOCTOAHHON UHTEHCUBHOCTLIO B TeYeHue
nepuoga AnvHbl 1/T rofa, NpejLlecTBYIOWero aToMy nnarexy. B 3aTtom cnyvae WHTEH-
CMBHOCTb 3apabaTbiBaHuUs nnartexa C 3afaeTca coOTHoWweHnem csi/T = 1/T. Ecnu 3a-
pabaTbiBaHWe MpekpalwiaeTcs B MOMEHT CMepTU, COOTBETCTBYIOLLEHA BbINIATON B MOMEHT
CMepTu ABNAETCA Ta YacTb CNefyroLLero niarexa, Kotopas 6bina 3apabotaHa K 3TOMy Mo-
MEHTY M KOTOpas OMpefensertcs cooTHoweHneM csT-K-(j/m)l= AT=K-(j/m)\/(mNImUs
HacToswas cToMMOCTb B MOMeHT O BCex maaTexei paBHa

V = Sﬁr'k"(/\]vlm_ﬂ _ > (TI'I)N yK+J/m _yT - VT a;;)> (5 5 8)
K+J/m\ m§-|-7’A|| K4y m i(m) i(m) : ~

B cnyuae, Korga eXxerofHo BbinnaynmBaeTcs cymma 1, akTyapHas HacToswas CTOUMOCTb
Ha MoMmeHT 0 Bcex nnatexeli 0603Ha4aeTcs cMMBOAOM axT> Mpu T = 1 BepXHWI MHAEKC
B 3TOM 0603HayeHuUn onyckaetcsi. Takum o6pasom,

1 Xl

i(™ 4(T)
Monb3yack cpegHnm yneHom qopmynbl (5.5.8), Mbl nonyyaem Ans 3TOMN aKTyapHON Ha-
CTOALLEA CTOUMOCTU APYroe BblpaXKeHue:

yK-\-J/m —yT yK-\-J/m —yT
E =4T1)+E i) (5.5.10)
BTopoe cnaraemoe B npaBoli yacTu hopmynsl (5.5.10) aBnseTcs aKTyapHOW HacTosLlein
CTOMMOCTbIO 3aKNOUYUTENIBHOTO YaCTUYHOro nnatexa. [onb3yack coobpaxeHuamu, uns-
NIOXXeHHbIMK B ynp. 4.19, Mbl UMeeM

yKA-JjT _yT @+iy/TAW _ Ax
i((™
B npefnosioXeHn pPaBHOMEPHOCTW pacnpefeNeHns cMepTeil B KaX4oM rofUM4YHOM BO3-
PacTHOM MHTEpBase 3TO BbipaXeHue NPUHUMAaeT Buj

aiT) = E (5.5.9)

(1) = E[agn)

+J/m[ * r'T )

(5.5.11)

i
rm)  <k™ s; X
TaKoi CTpaxoBOil aHHYUTET NOCTHYMEPaHA0, NpefycMaTpMBatO WMl YaCTUYHbIE BbINAAThI

3a Mepuof BpeMeHN MeXay MOoCnefHEeiA MonHoW BbiNnaToli U MOMEHTOM CMEepTM, Ha3blBa-
eTCA aHHYMTEeTOM MOCTHYMEPaHA40 C KOPPEKTUPYIOLMM MNaTe>KOM.

No =aim>+ T (5.5.12)



dopmynsbl (5.5.3) n (5.5.8) npeactaBnaTca Hanbosee yao6HbIMU 415 NOCNEAYOLLLEr0
N310XeHUs. TIPOMNKOCTPUPYEM 3TO CefyHOLUM NPUMEPOM.
Mprvmep 5.5.1. CpaBHUM AUCMEPCUN CAYYANHbIX BEUYMH HACTOALLMX CTOMMOCTEN
aHHYWUTETOB MOCTHYMepPaHA0 M NPeHYMepaHA0 C KOPPEKTUPYHOLIMM NAaTeXOM.
PeweHune. Ana aHHYWTETOB NPEHYMEPAHA0 C KOPPEKTUPYHOLLMM MAaTeXoM MMeeM
1 D[«r] AX- (Ax)2
(™ (d(m))2 (d(m))2

B cuny dopmynbl (5.5.3). 1N aHHYUTETOB MOCTHYMEPaHAO C KOPPEKTUPYHOLIUM nnaTe-
YXOM MMeeM

1—V D[ T] _ 2AX- (Ax)2

i(T) (i(m))2
B cuny ¢opmynbl (5.5.8). Mockonbky 6onbwe, yem d Nnn, TO4YHee, =
a(m) (I _(i)Ym5gucnepcnsd aHHyuTeTa NOCTHYMEPAHAO C KOPPEKTUPYIOLUM MNaTeXxXom
0Ka3blBaeTCA MEHbLUe. v

5.6. 3ameyaHuna n nuTepartypa

B pa6oTe P. Teitnopa [Taylor 1952] npeanoXxeHbl HOBble (POPMY/bl, aHANOrNUYHbIE
topmyne (5.4.6). AHanu3 pacnpegeneHuii CTOMMOCTE aHHYWUTETOB MpoBoAuNcs B pabo-
Tax [Boermeester 1956], [Fretwell, Hickman 1964] n [Bowers 1967]. O630p 3TuUX nccnepo-
BaHWA cogepxuntca B ctaTbe [McCrory 1984]. Mepé [1962] npeanoxmn meToAbl pacyeTa
CTOMMOCTM aHHYUTETOB, UCXOAA HEMOCPeACTBEHHO M3 MapamMeTpoB B ycnoBum Meiikema.
Mo noBogy NpUMeHeHUs B aKTyapHON Hayke, B YaCTHOCTW B KOHTEKCTE aKTyapHOI HacTo-
AlWeldl CTOMMOCTU CTPaxoBblX aHHYUTETOB, (DYHKLMU Lenoi yactu yucna \t] cM. cTaTbio
[Shiu 1982] n o6cyxaeHue 3TOl cTaTbW. AHHYUTETbI C KOPPEKTUPYIOLW MM NAaTeXO0M BO3-
HUKanu, SBHO UK HesBHO, B paboTax [Rasor, Greville 1952], [Lauer 1967] u [Scher 1974],
a Takxe npu o6CcyXaeHun aTux pabor.

YnpaxHeHunA

K pasgeny 5.2

5.1. MoNnb3ysacb MpenosioXXeHWeM O PaBHOMEPHOCTW pacnpejeneHUs CMepTeil B KaXkaoMm
rof4YHOM BO3pacTHOM UHTepBasie u VinnwcTpaTuBHON Tabnumuein CMepTHOCTUN NPpU 3PHEKTUBHOA
rofloBO NPOLLEHTHO cTaBke 6%, BblYMUCAUTE

(a) oro, “so, eso, (b) D[ayJ gns x = 20,50,80.

[Yka3aHune. Bocnonb3yiTecb cooTHoweHnsamu (5.2.8), (5.2.9) n (4.4.4).]

5.2. Vicnonb3ys 3HayeHuUs, NonyyeHHble B ynp. 5.1, BblUMCAUTE CTaHAAPTHOE OTK/IOHEHWE U
KO3t uumeHT Bapuauyuu cr//i cnegyowmnx cnyvyanHblX BeIMYUH HACTOALWMX CTOMMOCTEN:

(a) NHAMBMAYaNbHbIX aHHYNTETOB, 3aK/II0OUYEHHbIX Muamn BospacTta 20, 50, 80 neT, ¢ Henpe-
pbIBHbIMK BbiNaTamu pasmepa 1000 B rog,

(b) rpynnbl 13 100 aHHYMTETOB, 3aK/MOYEHHbIX Muammn Bo3pacTta 50 NeT, ¢ HenpepbIBHbIMU
Bbinnatamu pasmepa 1000 B rog.

5.3. MokaxuTe, 4To BennMuuHy D[4”] MOXHO BblpasuTb B Buge (2/<5)(ax — &x) —ax, rge
aKTyapHas HacTosILLas CTOMMOCTb 2/iX COOTBETCTBYET MHTEHCUBHOCTM HAUUCIEHNS MpoLeHTa 25.

5.4. Bbluucnute Cov(5an, vT).

5.5. Ecnnm npumeHseTca AeTEPMUHUCTUYECKUIA NOAXOA4, TO COOTHOweHue (5.2.27) MOXHO
paccmaTpuBaTbh B KauyeCTBe MCXOAHOM TOUKW ANA pasBUTUSA TeOpUU CTPaxoBbiX aHHYMUTETOB C



HenpepbIBHbIMY BbiniaTamu. Mpu TakoM NOAX0Ae Mbl HAUMHAEM C COOTHOLLIEHW
ei;;: [M(v) + s\av - > x"~y<uw, iy =0, w"y.

(a) Bocnonbayiitecb UHTerpupyowmm MHoxutenem exp{—L, [u(r) +5] dz} gns Toro, 4To6bI
pewnTb 3TO AnddepeHynanbHoe ypaBHeHe n nonyuntb opmyny (5.2.3).
(b) Bocnonb3yiiTecb MHTErPUPYHOLLMM MHOXUTeNEM e~Sy, UTo6bl MONYYUTb COOTHOLLEHME

e~6(y~x)ity p(y) dy,

M faiTe 3TOMY COOTHOLLEHWIO C/IOBECHYIO igHTepripeTaLuio.

5.6. Mpeanonoxum, 4To p(X + 1) = 4 N YTO MHTEHCUBHOCTb HAYWC/IEHUS MPOLEHTa PaBH
S ana scex t N 0.

(a) Mpegnonaras, uto Y = &\, 0 T, BbiBeguTe hopmMyny Ans yHKLUUU pacnpegeneHus
CB. Y.

(b) Mpeanonaras, 4To

Y _/ATi0 0T <,
T>n,
BbIBeAMTe POPMYNy ANa PYHKUUW pacnpefeneHns aToi cnyvyanHol BeNUUMHbI.

(c) Mpegnonaras, 4To

y fO, o~T <m,
—vm, T ~n,
BbIBeAuTe Popmyny A8 DYHKLUUW pacnpefeneHns aToi cnyvyanHol BeNUUMHbI.

(d) Mpeanonaras, 4To

y _ /b OA~T <7
[aT], A
BbiBegMTe hopMyny Ana QYHKUUW pacrnpefeneHuns 1ol CnyyvaiiHOM BeMUMHBI.

5.7. Paccmatpuas nHterpan /0'+1 vitpx dt 1 pasbnas ero 061acTb MHTErpupoBaHns agy-
Ms pasfinyHbIMK crnocobamm (CHayana Ha UHTepBasbl 0T 0 4o 1 M oT 1 o n + 1, a 3aTemM Ha
nHTepBasbl 0T 0 40 n MOT n o n + 1), BbiBeAMTE 06PaTHYO PEKYPPEHTHYIO hopmyny ANs aH-
HyuTeTa C (OMKCUPOBAHHbLIM N-IETHUM CPOKOM BbinnaT. Kakoe HayanbHOe 3HauyeHue nogxoaut
LANS 3TOW (hopmybl?

5.8. PaccmaTtpusasa uHTerpan vhtpxdt n pa3busas ero 061acTb MHTErpMpoOBaHUs Ha
MHTepBasibl 0T n o n+1 noTn + 1 go 00, BbiBEAMTE 06PATHYHO PEKYPPEHTHYIO hopmyny Ans
6eCcCpOYHOro CTPaxoBOro aHHyMTeTa ¢ PUKCUMPOBAHHBLIM M-/IETHUM MEPUOLOM OTCPOUKK. Kakoe
Haya/lbHOe 3HaYeHVe NOAXOAUT ANSA 3TON opMySibl?

5.9. O6beguHUTe pesynbTaT ynp. 5.8 ¢ COOTHOLWIEHVEM B MepBOW CTpoke opmynbl (5.2.25)
1 BblBeAUTE 06paTHYIO PEKYPPEHTHYIO opmMyny Ans nu(x) = a—j. Kakoe Ha4yanbHOe 3HayYeHue
NnoaXoAUT Ans 3TOR hopmy/bl?

5.10. MNycTb UCMonb3yeTcs arperatusHas Tabnuua cmeptHocTw. MNposepbTe hopmyny (5.2.6)
BEPOSTHOCTHLIMU MeToAaMu, Ans Havana nepenvcas gopmyny (5.2.3) B Buge

Wix = E[itat] = E[0TY0AT <1]P(0AT<1)+E[05=11 TP (1/T).

K pasgeny 5.3
5.11. lMoKaxuTte, 41O
Wan] = D [47] = T>[vK+1]/d2.

5.12. [JlokaxuTe cnefytoLive COOTHOLLEHUS U faiiTe X MHTepNpeTauuto:
(@) &x;m = 1$xQ@>x+1:mi (D) N\AX —m(AXITI Ax')fd> nEx.



5.13. Bocnonb3oBaBlincb cooTHoweHmem (5.3.13), AoOKakuTe cneayrtoLlee COOTHOLLEHUE U
faviTe ero cfI0BECHYIO MHTeprnpeTauuio:
Ax'.n\ = véx-.n] ax:n—1I
5.14. BbiBefnTe LpYyroe BblpaXeHue Ans gucrnepcun n3 npumepa 5.3.1, HaumHaa ¢ npeg-
cTaB/ieHns

[(ani)2, K=n,n+1,..

K pasgeny 5-4
5.15. B npeanonoXxeHWM paBHOMEPHOCTU pacnpegenieHnss CMepTeil B KaXAOM FO4MYHOM
BO3PacTHOM MHTepBaJsie YyNpPoCTUTE BblpaxeHune

(€))] rm—

fe+l x A/ \ = ((mm)
E KPx V Y (j/mpx+k I/mQx+k+j/m)s,_,jj_,s/-
K~0 j=0

4yToOblI MCNONBL30BaTh €ro Npu NMHTepnpeTauun gopmynbl (5.4.8).

5.16. PaccMOTpMM CPOYHbIN CTPaxoBOl/ aHHYUTET MPeHyMepaHAo C BbinjaTtamMu T pas B
rof U paaMepoM exerofHblx Bbinnat 1. MycTb BO3pacT Avua, Noay4vawollero aHHynTeT, paBeH X
N CPOK AeACTBMA aHHyuTeTa Y —X JeT.

(a) Bblpa3nTe aKTyapHYy HaCTOSALLY CTOMMOCTb TaKoro aHHyuTeTa B (hopMe TeKyLux nna-
Texell B BUAE CYMMbl aKTyapHbIX HaCTOSILLMX CTOMMOCTEN BbINaaT 3a MepBblii rof 1 3a ocTaB-

wueca y —x —1 nert.
(b) Bbipa3nTe aKkTyapHyt HacTOALLYI0 CTOMMOCTb BbINAaT 3a NepBbIi rog B TepMuHax a(T)
n (M) B NpefnonoXKeHUN PaBHOMEPHOCTW pacrnpefeneHns CMepTeil B KaXA0M FOfMYHOM BO3-

pacTHOM MHTepBane.
(c) Haiignte Bug dyHkumnii ¢(x) n d(X) B peKyppeHTHOM COOTHOLLUEHUW ANS1 TAKOr0 aHHyu-

TeTa N yKaKuTe HayanbHOe 3Ha4YeHue.

5.17. Bocnonb3oBaBWMWCb COOTHOWweHMeM (5.4.10), BbiBeAguTe Apyrve BapuaHTbl opMyn
(5.4.17) n (5.4.18).

5.18. MokaxunTe, 4To aHanorom opmynbl (5.4.6) ANA aHHYUTETOB MOCTHYMepaHAo 6yaeT
COOTHOLLIEHME

/
,(T) - ) : + i — (1 H--—-2-
o jfm) @+ DAX—(1H-=
M UTO B NPeAnonoXeHNn paBHOMEPHOCTU pacrnpeesieHns cMmepTeil B KaXA0M rouyHomM BO3pacT-
HOM WHTepBasie OHO NMPUMET BUA ()

"R =—sh® TP i) Ax

5.19. MNokaxuTe, 4To aHanorom gopmynbl (5.4.7) 4NA aHHYUTETOB NOCTHYmMepaHAo GyaeT

COOTHOLLEHUNe , A7) (T
(tf)y _ 1 (1 + r( )/T)Ag( )_ (t) _ (7)) n(T)
ax — — “ o0l u551 n x
M 4TO B MPEANOJIOKEHUN PaBHOMEPHOCTUN pacnpefe/ieHns cMepTeli B KaXXAOM Frogu4yHOM BO3pacT-
HOM MHTepBasie OHO NMPUMET BUL (T)

471) = a(T)ax +

5.20. (a) Bocnonb3ynTecb cooTHoweHneMm (5.4.3) Kak MCXO4HOM TOUKOWN AoKasaTe/NbCTBa

1* “(ro) -
TOro, 4YToO limm_»o00 CLx = Q@xm

(b) Bocnonb3yiiTecb cooTHoLeHMeM (5.4.10) 1 cooTHOLLIEHMEM M3 N.(a) ANA AoKas3aTeNbCTBa
TOro, Yto ax =ax + 1/2.

5.21. Bocnonb3oBaBLUNCL TPAAULMOHHBLIM NPUbAnXKeHMEM, 3aaHHbIM dopmynon (5.4.10),
npoBepbTe ClefytoLne COOTHOLUEHNS:

(a)a't)-ax+™~ "™, (b)ya™ “ aXw+*"(1-nEx), (c)naitr) - ax+2 n E x.



5.22. (a) BbiBeguTe BbipaxeHue gns B TepMuHax $25;4q).

(b) Ha ocHoBe MnntocTpaTUBHbIX TabamL, CMEPTHOCTM € 3(h(heKTUBHOM FOA0BOIN MPOLEHTHOV
CTaBKoOl 6% BblYMCANTE

W A M sfi,.

5.23. AKTyapHas HacTosilas CTOMMOCTb CTaHAapTHOro CPOYHOro CTPaxoBOro aHHyuTeTa
yBeNMYMBAKOLWMMCA pasmepomM BbInnaT 418 nuua (X), Takoro, 4to

e rofoBas Bblnnarta B NepBbili rof paBHa 1, BO BTOPOR rof pasHa 2 U T. 4. 40 3aBepLuatoLLeit

BbIN/aTbl pasmepa n B M-i rog,
e BbIMAaTbl, NPON3BOAATCA TN pa3 B rof NpeHymepaHao,

0603HayvaeTca cumosiom (la

(a) BbinuwunTe cnyyaiiHyo BeNIMYMHY HACTOsILLEN CTOMMOCTU Y AN TaKOro aHHyMTeTa Kak
(PYHKUMIO cny4vaniHbix BennyumH K n J.

(b) MoKaxnTe, YTO COOTBETCTBYIOLLYH aKTyapHYH HacTOSILLYH CTOMMOCTb MOXHO Mpea-
CTaBUTb B BUAE

K\ax-~LU
5.24. AKTyapHasa Hactosiwas cToMM@Th CTaHAAPTHOIO CPOYHOr0 CTPAaxXOBOr0 aHHyuTeTa ¢
YMeHbLLAWLWNMUCA BbIiNaTaMu 4nsa nuy, , TAKOro, 4To
» rofjoBas BblIMfaTa B NepBblii rog paBHa N, BO BTOPOI rog paBHa N —1 u T.4. Ao 1 B n-i
rog,

 BbINAaTbl NPOM3BOASATCS T pa3 B rof NpeHymepaHso,

0603HavaeTcs cumBoaiom (Z?a)N.

(a) BbinuwinTe cny4valiHyto BeIMYMHY HacTosILWEel CTOMMOCTU Y ANA TaKOro aHHyMTeTa Kak
(byHKUMIO cnyyaliHbix BennumH K n J.

(b) MokaxnTe, YTO COOTBETCTBYHLLYI0O aKTyapHYK HaCTOSILLY CTOMMOCTb MOXHO npej-
CTaBWTb B BUAe n

P ol

5.25. MycTb B ynp. 5.23 yBenuuyeHne rogoBbixX BbINAaT He NpekpaLlaeTca B Bo3pacTte M + X,
HO NPOAOMXKAETCA Ha YPOBHe M A0 Tex Mop, noka Anuo (K) XuBo. B aToM cnyyae akTyapHas
HacToslWasa CTOMMOCTb 0603HavaeTcss cumBoniom (In]a)im=.

(a) BoinuwnTe cny4valiHylo BeIMUMHY HaCcTOsILLEA CTOMMOCTM Y [AN1A TaKOro aHHymnTeTa Kak
(PyHKUMIO cny4danHbix BennumH K n J.

(b) MokaknTe, 4YTO COOTBETCTBYIOLLYI aKTyapHYK HaCTOSILLYI CTOMMOCTb MOXHO npea-
CTaBUTb B BUJe n_i

kiai m
k=0

5.26. MpoBepbTe paBeHcTBO 6(la)w, + TvT = iw, rae T o0603Ha4YaeT NPOAOSIKUTENBHOCTb
npeacroswelt XxunsHu nmua (X). Bocnonb3yliTecb 3TMM paBeHCTBOM ANs JoKasaTenbCTBa ToOro,
uyto 5(1&)x + (IA)X = &x, rge (14)x sBNseTCca aKTyapHOl HacTOsILLeA CTOMMOCTbIO CTPaxoBOro
aHHyuTeTagnsa nuua (X), NpyM KOTOPOM BbINIaTbl MPON3BOASATCA HEMPEPbIBHO C MHTEHCUBHOCTLIO
t B rog B MOMeHT BpemeHu t.

5.27. MNonb3ysacb paBeHCTBOM —a N, NOKaXuTe, YTO B NPeAnosIOKEHUN
paBHOMEPHOrO pacnpejesieHnsi cMepTeld B KaX40M FOAUYHOM BO3PacTHOM WMHTepBase
-(m_ >
r(r) (d an)) vinPx/ix

K pasgeny 5.5
5.28. BbiBegute crefytowme popMy bl U gaiiTe UX CNOBECHYIO MHTEPNpeTauumio:
(@ 1= +AX (b) 1= + Ax, (c) S™ = (J/i(m))a,:in,



(d) &™> = {5/d")ax.”, () &<“>= (1 + i)l/m°afl
5.29. Nyctb H(M) = &im" —aim\ [okaxwuTe, 4yto H(M) O n _ILi_%OH(T) = 0.
Ko BceM Temam rnasbl

5.30. Ana 0™t~ 1 B npeAno/loOKeHUN PpaBHOMEPHOIO pacnpeaeneHns CMepTein B KaXX4oM
roAn4YyHOM BO3PacTHOM MHTepBase MNOKaXxuTe, 4YTo

fa) &xt = ax A0 ) gax = v (@4 itax- TN
I\ e @ 0% N\ a N\t tax
© '-«>+. - Y ~ {a*- 1} (d) N+t - T = t’\ Ax ~ 1- tgx m

5.31. BbiBeguTe opMy/bl 418 CTPaxoBOro aHHyuTeTa NpeHyMepaHgo Ans amua (X) ¢ Ha-
YanbHOl BbINAATON pasMepa 1 1 C eXXerofHbIMWU BbinaaTaMu, YBeNNUYMBaKOLWUMUCS

(a) Ha 3% OT NepBOHaYanbHOW rO40BON BbIMAATHI,

(b) Ha 3% oT BbINMaTbl 3a NpeabIAyL N roa,.

5.32. Bbipa3uTe BENNYNHY (Dé)x:% B BM[e MHTerpana n goKaxumTe qopmyny

aj(D (X:n\ = Qx:n\'

5.33. BblBeAnTe BblpaXxeHune Ana akTyapHOW HaKOMeHHOW CTOMMOCTW K Bo3pacTy 70 neT
ONA aHHYUTeTa CO C/MeAyoLWmnMMN NOMECAYHbIMU BbINaaTaMm:

¢ 100 B KOHUe Kaxpaoro mecsiua B Bo3pacte oT 30 go 40 ner,

¢ 200 B KOHUE Kaxaoro mecsaua B Bo3pacTte oT 40 go 50 ner,

e 500 B KOHUE KaxAoro mecsita B so3pacte oT 50 go 60 ner,

¢ 1000 B KOHUe Kaxzoro mecsua B Bospacte oT 60 go 70 nert.

5.34. BbiBeanTe YNpOLLEHHOE BblpaXeHWe A8 aKTyapHOl HacTosLell CTOMMOCTY foroBopa
CTpaxoBaHWA Ha Cryyail cMepTW Ha CpoK 25 neT, 3ak/aueHHoro ¢ nuuom (35), BbinaaTa Mo
KOTOPOMY NPOU3BOANTCA HEMOCPEeACTBEHHO B MOMEHT CMepTU 1 paBHa Sj], ecin cMepTb HacTynaeTt
B BospacTe 35+ 1, 0~ t N 25. [laiiTe CNOBECHYIO MHTEpPNpeTaymMo NoayyYeHHOro pesynbraTta.

5.35. BbiBeanTe yNpoLLeHHOE BbipaXeHWe ANA aKTyapHOl HacToALWel CTOMMOCTY fOoroBopa
CTpaxoBaHMA Ha cny4yain cMepTW Ha CPOK M fIeT, 3aK/IH0UYEHHOro ¢ AnMuom (X), Bbinaara no KoTo-
pOMYy MpPOM3BOAUTCA B KOHLE roja CMepTu 1 paBHa ecnn CMepPTb HacTynaert B rof K + 1,
0" K <n. [aliTe CNOBECHYIO MHTepnpeTaymio MoNy4eHHOro pesynbTara.

5.36. BbiBeguTe ynpoLieHHoe BblpaXKeHne Ans (7a)’\ A —(/a)" .

5.37. PaccMOTPUM OTCPOYEHHbIN Ha M fIeT CTPaxoBoli aHHYMUTeT C HeNpepbIBHbIMUK Bbinia-
Tamu, CoCcTaBAALWMMUY 3a rof CyMMy 1, Kak CTpaxoBOW [OroBOp C BEPOATHOCTbIO CTPaxoBOro
cyyast nMpX W co cnyvaliHoii BeMUYUHOW noTepb ViAW, CnydaliHas BenmuuHa T uMmeeT (yHK-
umto nnoTHocTy tPX+n ux(n +i). Bocnonb3yiTech COOTHOWeEHMEM (2.2.13), 4T06bI NOKa3aTb, 4YTO
aucnepcusa BbinaaT NO TaKOMy JOr0BOpPY paBHa

\'/ZnnPXﬁ an36x+n P ey 2 X (Axem)2,

1 NpoBepbTe, YTO 3TO BbIPaXKEHME CBOAUTCA K Mony4vyeHHOMY B hopmyne (5.2.21).
5.38. BbINuLwINTe ANCKPETHbIM aHanor gopmynbl ANa gucnepcun ms ynp. 5.37.
5.39. PaccMOTpMM WHAWKATOPHYIO Cy4YaliHyl0 BEIMUUHY /*, KoTopas onpefesieHa cnegy-

IowmmM obpasom:
T(X) ™K,
h @ T(X) < K
MokaxwuTe, 4uTO
(a) HacTOALWAs CTOMMOCTb CTPax0BOro aHHyMTeTa 414 nua (X) ¢ eXXerogHbIM1 Bbinaaramu
bk Ha goXxxmTume o Bo3pacTa x + K, K = 0,1,2,..., MOXET OblTb NpeACTaB/eHa B BUjE

£ VK bk Ik,



(b) B [iifc] —KPx, j ~  Cov(ij, Ik} —kPxjQx, j *
- 00 1 0o 0o
() D 'YAV bklk = YAy kPx kQx H'2 A A~ bj bk kpx jOx *
k=0 A k=0 k—0j<k
5.40. JoKaxuTe cnefylolie COOTHOLLEHUS, TAe NeBblii BEPXHUI UHAEKC 2 yKa3biBaeT Ha
TO, UTO UHTEHCMBHOCTb Ha4YunC/IEHNA NPOLEHTA paBHa 20

(@) AX=1- (Zéi —d2) 2ax, (b) D[vK+1] = 2d(ax —2ax) —d2{a2 - 2ax),
(c) Dlarq”r] = -(ax - 24x) - (ax - 28X).

5.41. (a) Pa3noxuTte B psig no cTeneHsiMm S KoappuuymeHTol a(T) 1 B(T).

(b) Kakoit Bng npuobpetatoT pasnoxeHusa n. (a) npy T = 00?

5.42. Bocnonb3oBaBLUUCL HEPABEHCTBOM MeHceHa, MOKaXnTe, 4To

(a) ax < a’e\;li, (b) ax < an], x <w—L1

5.43. MycTb g(X) sBNsieTCA HeoTpuuaTenbHOU PyHKUMeR, a X — cnyyaliHO BeNUYMHOW ¢
(byHKUMen nnoTHocTK /(). OBOCHYITe HepaBEHCTBO

/OO g(x)f(x)dx > kP[a(X) £ K], k> Q

=00

1 BOCNO/Mb3YiTeCh 3TUM HEPaBEHCTBOM A/1Si [OKA3aTe/IbCTBA COOTHOLLIEHWIA
ax A al-|P(ay |~ al-]) = al-|P (T '~ ex).

5.44. Cymma pasmepa 1 ucnonb3oana Ha npuobpeTeHne KOM6UHNUPOBaHHbIX BbINAT, COCTO-
AWMX N3 eXEerofHbIX BbINJaT pasMepa 7, MPOM3BOAALLMXCA HeMpepbIBHO, Moka mMuo (X) >XMBO,
N CTPaxoBoil BbIMNNAaTbl pasmepa J HenocpejcTBEHHO B MOMEHT CMepTW 3TOro nuua. BeinuwmnTe
cnyyaiHyto BE/IMUNHY HaCTOSALLE CTOMMOCTU TaKMX KOMOMHUPOBAHHbLIX BbINMAT U BblpaXeHue
ONA ee MaTeMaTUYeCKOro OXWUAaHUsa 1 AUCNepcun.

5.45. B npefnofio)XeHUM PaBHOMEPHOCTU pacnpefesieHnss CMepTeil B KaX[OM TOfUUYHOM
BO3PacTHOM MHTepBasie, BOCNONb30BaBLUNCL VNaCTpaTUBHOW Tabnuuein cMepTHOCTM 1 Npegno-
JIOXUB, YTO 3a(h(PeKTUBHAA rofoBas NPOLEHTHasA CTaBKa CcoCTaBnseT 6%, BblUMC/INTE

(a)do2d (b) (c) 30]402)-

5.46. Myctb AXLUKN axm — aKTyapHble HACTOALLME CTOMMOCTH, BbIYUC/IEHHbIE MPU

* TMNPOLEHTHOI cTaBKe i A5 NepBbIX M feT, N < T, "

* MPOLEHTHOI cTaBke i' 4na ocTaBlimxca T —I feT.

JoKaxuTe crefytoLine COOTHOLLEHUS C MOMOLLbIO anreGpanyecknx BbIKNaAoK U faiTe ux cno-
BECHYIO UHTepnpeTaumio:
(a) Axnw= 1—daxin—vnnPx dl aM+n;m_n|, (b) A'xjn = 1—d' a%jn\ + (d' —d)axni-

5.47. lNMoKaxuTe, 4TO

— - = -v(/a)X) Tpe (1a)x ~ )g’)‘tvitpx,
i
N faiTe CNOBECHYI0 MHTeprpeTaLuio 3TOro COOTHOLLEHUS.

5.48. MNoKaxute, 4TO NOCTOSHHOE YBE/IMYEHNE UHTEHCUBHOCTH CMQBTHOCTM OKa3sbl
KOe e BJINSHWE Ha BesIMUMHY ax, Kak NMOCTOAHHOE yBe/InyeHne NHTEHCUBHOC

npoueHTa, HO 3TO He BEPHO ANs Be/IMUMHBLI &*m\ KoTopas BblUMCAseTcs no gopmyne a(m)
B{m).
5.49. MokaxuTe, yTto a(T) —R(M)d =

5.50. MokaxuTe, yTo ecnn gx < (r"/2)2, To NpnbAMXKeHNe
ee(m) . Tn 1. A
ax.m —ax:n 21 ( _ nEx)

B YaCTHOM ciydae N = 1, T = 2 NPUBOAUT K HEPaBEHCTBY



5.51. PaccMOTpUM cneayloLuii NopTdenb aHHYMTETOB NPeHyMepaHao, KOTopble Bbinaadn-
BalOTCA M3 CPeACTB MEHCUOHHOIO (hoHAa:

BospacTt Uucno nny, KOTopbIiM BbINIauynBalOTCA aHHYUTETbI

65 30
75 20
85 10

B KaX[OM aHHYyWTeTe eXerofHble BbINaaTbl COCTABASAT BeNUUHY 1 1 Npou3BoasaTca Ao
Tex Mop, NoKa Nuuo, nonyvawLliee BbiNAaThl, XMBO. [pu NpouUeHTHON cTaBke 6% 1 Ko3ddu-
LMeHTe CMepPTHOCTU, OMpeAesieHHOM B MOCTpaTUBHON Tabnuue cMepTHOCTU, A1 HacToALLUel
CTOMMOCTY 06513aTe/IbCTB MEHCUOHHOrO (POHAa HalignTe

(a) matemaTtuyeckoe oxuganue, (b) gucnepcuto, (c) 95-t0 NepceHTUNb pacnpegeseHns.

B n. (b) u n. (c) npegnonaraeTcs B3aMMHas He3aBUCUMOCTb /ML, M3 paccMaTpuBaemMoro
noptdens.

Ynpa>kHeHns € UCNoNb30BaHMEM KOMMbHOTEpa

5.52. (a) Ana Bawei VinnwcTpaTMBHOM Tabnuubl cMepTHOCTU Npu | = 0,06 BbIYMCIUTE aK-
TyapHY0 HaCTOSALLY CTOMMOCTb CTPaxoBOro aHHyMTeTa NPeHyMepaHAo C eXXero4HOW BbINAaToin
pasmepa 1 gnsa sBo3pacTtoB ¢ 13 go 140 ner.

(b) CpaBHUTe NOMyYeHHble 3HAYEHUS CO 3HAYEHUAMM, NPUBEAEHHbIMU B Tabnuue 2A.

5.53. Ansa Baweli innocTpaTMBHOI Tabnuubl cMepTHOCTM npu i = 0,06 BblUMCINTE aK-
TyapHYyl0 HacTOALLYH CTOMMOCTb CPOYHOFO CTPaxoBOro aHHyMTeTa NPeHyMepaHAo C eXerogHol
BbINaaToin pasmepa 1 go Bo3pacTa 65 neT 415 Bo3pacToB ¢ 13 fo 64 neT.

5.54. Monb3ysAcb Bawlein MInnocTpaTUBHON Tabnuueii CMePTHOCTY M NPeANON0XKEHNEM O paB-
HOMEPHOCTUN pacnpefefieHNUs cMepTel B KaXK0M roAn4YHOM BO3PacTHOM MHTepBane, npu r = 0,06
BbIUMC/INTE, MPUMEHSS pe3ynbTaTbl yAp. 5.7, aKTyapHYK HaCcTOSALWYK CTOMMOCTb CTPaxoBoro
aHHynTeTa CoO CPOKOM BbinaaT 10 NeT ¢ eXerogHoi HenpepbIBHOW BbinnaTol pasmepa 1 ans
Bo3pacToB ¢ 13 fo 99 ner.

5.55. (a) K dyHKLMAM, B onpefesieHne KOTOPbIX BXOAAT NPOLEHTbI, BBIYUC/IEHHBIM U COXpa-
HEHHbIM B Balleil MinnocTpaTuBHOM Tabnuue cMepTHOCcTH, fo6aBbTe a(Tn) u B(m). ObpaTuTech
Kynp. 4.31.

(b) Onpegenute a(12) n /3(12) npu i = 0,06 1 cpaBHWTe BallX pe3ynbTaTbl C pe3ynbTaTaMu,
npusefeHHbIMU B npumepe 5.4.1.

[3ameuaHune. Ona NonyyvyeHWs TOUHbIX Pe3y/bTaTOB NPU MasibiX MPOLEHTHbIX CTaBKax Mbl
npegnaraem Mcnonb3oBaTb psgbl U3 ynp. 5.41]

5.56. Monb3yscb Bawen MnncTpaTUBHOM Tabnuueli CMEPTHOCTU U NPEANONOXKEHMEM O paB-
HOMEpPHOCTU pacnpefeneHns cmepTeil B KaXA0M rogUYHOM BO3pacTHOM MHTepBane, npu i = 0,06
BbIYMC/INTE aKTyapHYH HACTOSLLYH CTOMMOCTb CPOYHOr0 CTPaxoBOro aHHyuMTeTa C eXerogHol
BbINnaaToli pasmepa 1, Npon3BOAMMON HeNpPepbIBHO, ANA BO3pacToB ¢ 13 o 64 neT.

5.57. MycTb Y SABNAETCA CNyYallHON BENMYMHOW HACTOALWEA CTOMMOCTUN CTPaxoBOro aHHy-
nTeTa co CPOKOM BbInnat 10 neT ¢ eXerogHoM BbINNATON pasmepa 1, NPON3BOAVUMOI HENpPepbIB-
HO, HauMHasa ¢ Bo3pacTa 60 neT. Monb3ysicb Balled MnnocTpaTUBHOW Tabnuued CMepTHOCTU U
npesnosioKeHVEM O PaBHOMEPHOCTU pacnpefeneHns cMepTeli B KaX40M rofM4YHOM BO3PacTHOM
nHTepBane, npu i = 0,08 BblUNCAINTE MaTeMaTMUECKOe OXMAaHUE U UCMEPCUID C.B. Y.

5.58. MycTb Y ABASETCS C/AyYaiiHOW BE/IMUYNHON HACTOSLLENA CTOMMOCTU CTPAxoBOro aHHy-
nTeTa NpeHymMepaHAOo C eXerofHol BbINNaTton pasmepa 1, NpoM3BOAUMMOIA MOMECAYHO A0 BO3-
pacta 65. Ha ocHoBe Balleil VinnwcTpaTuBHOM Tabnuubl CMEPTHOCTY B MPEAMNON0XeHUN paBHO-
MEPHOCTW pacnpefenieHnsi cMepTeil B KaXAoM FOAMYHOM BO3pacTHOM WHTepBane npu i = 0,05
BblUMCINTE MaTeEMATUYeCKOe OXuiaHue u gucnepcuto c.e. Y .

5.59. Bocnonb3oBaBLwWnCh nntocTpaTuBHOM Tabnunuein CMepTHOCTU, B MPeANO0I0OXKEHNN paB-
HOMEPHOCTM pacnpejeneHns cmepTeid B KaXX40M FOAMYHOM BO3pacTHOM MHTepBane npu i = 0,07

o
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HETTO-NMPEMINI

6.1. BBegeHune

B rn. 4 n 5 mMbl 06CyX4anu akTyapHble HacTosLLMe CTOMMOCTM BbinaaT Mo pasnuy-
HbIM JOrOoBOpaM CTpaxoBaHWUs XWU3HU M aHHyuTeTam. B HacTosleil rnaBe aTu coobpaxe-
HUS 06beAMHAIOTCA ANA OonpefeneHUs pasmepa BbinaaT CTPaxOBOro aHHyuTeTa, 4oOCTa-
TOYHOro ANa nNpuobpeTeHUs UM QUHAHCUPOBAHUA CTPaxXOBbIX BbiNaaT MO CTPaxoBOMY
[LOroBOPY MM aHHYUTETY. Ha npakTuke LOroBOpPbl MHANBUAYA/IbHOTO CTPaX0OBaHUSA XU3-
HW 0ObIYHO OMAAaYMBaKTCA CTPAxXOBbIM aHHYUTETOM MNPeMWiA, pasmep KOTOPbIX yKasaH
B CTPaxoBOM [0roBope, 6pyTTo-npemusamu. BpyTro-npemun obecneuynBaroT CTPaxoBble
BbINaTbl, Pacxoibl N0 3aK/YEHUI0 U 06CNYXMBaHUIO CTPaxoBOro LOroBopa, a Takxe
npubbiNb U CPefcTBa HA KOMMEHCALMIO B CNy4aB BO3MOXHOIO He61aronpuATHOro pas-
BUTWUA COOLITUIA. B HacToslen rnase B pacyeT 6yAyT NPUHUMATLCA TOMbLKO BbINAAThbl U
npemMun, a U3LepXKu, AOX0Abl UM pe3epBbl Ha MOKPbITAE HEGNArONPUATHBLIX CAyYainHo-
CTeil paccmaTpuBaThCA He ByayT.

CornacHo rn. 1, onpegeneHne cTpaxoBoil NpeMmn TpebyeT NPUHATAS NpuHUMNa pac-
yeTa npemuin. Mpumep 6.1.1 nnnCTpUPyeT NPUMEHEHME TPEX TaKUX NPUHLUNOB. Bce
OHW OCHOBaHbl Ha BAWAHWMK, KOTOPOE OKa3blBAeT CTpaxoBaHWe Ha KanuTan KOMMNaHUu-
CTpaxoBWwmKa. KnwoyesblM MYHKTOM B MOAENMPOBAHUM 3TUX MPUHLUMOB ABNAETCA CNYy-
YyaillHasa Be/MYMHA, paBHasf HACTOSALLEN CTOMMOCTM MOTepPb CTPAxOBLLMKA HA MOMEHT 3a-
K/I0YeHMs LOroBopa, ecny pasmep npemuin rkcupoBaH B gorosope. MpuHuun | TpebyerT,
4YTOObl BEPOATHOCTb MONOXUTENBHOCTU CAYYalHON BENNUUHbBI, ONUCLIBAIOLLLEA NOTepK, He
NpeBOCX0Au/a 3apaHee OroBOPeHHOM BennUmnHbl. MpuHymnbl Il 1 11l ocHOBaHbI Ha OXuUAa-
eMoli Mose3HOCTU KanuTana CTpaxoBLiMKa, KoTopasa obcyxjanach B pasj. 1.3. Mbl yBu-
AWM, 4TO NpuHUUN |1, KOTOPbIA oNUpaeTCca Ha NNHERHYIO (YHKLUIO NONE3HOCTU, MOXET
6bITb MepedopMynnpoBaH Kak TpeboBaHe paBeHCTBA HY/II0 MAaTEMATUYECKOr0 0XuaaHus
BE/INYMHBI MOTEPb.

Mpumep 6.1.1. CTpaxoBL KK cO6UpPaeTCs 3aKNOUYUTL 4OFOBOP C ANLLOM Bo3pacTa Q
nowarosas NPoOAOMKUTENbHOCTb MNPEACTOALLENR XU3HN K KOTOpPOro onpeaensercs gyHkK-
uueli BepoaTHoOCTe = 0,2, k= 0,1,2,3,4. CornacHo gorosopy, CTpaxoBLLMKOM ByaeT
BbiNnayeHa CymMma pasmepa 1 B KOHLe rofa cMepTu, a cTpaxoBaTesb 6yfeT BbinfavymBaTb
CTpaxoBylo NMpemMuto P B Hayane KaXAoro roga npu ycnosuu ero A0XWUTuUA A0 3TOr0
MOMeHTa. Halgem pa3mep exerofHol npeMun P, KOTOPbI/ ONpeaensetca corfacHo cre-
LyOWNUM NpUHLMNam:

(@) MpuHumn I. P aBnsfeTcA HaMMeHbLUel eXerofHoN npemMuen, Takoi, 4To BepoAT-
HOCTb MONOXUTENbHbIX (PUHAHCOBLIX NOTEPb CTPaxoBLLIMKA He npeBocxoanT 0,25.

(b) MpuHymn Il. P ABnsieTca Takol eXerofHoW npeMnen, YTo CTPaxoBLYUKY, MpUMe-
HAOLWEMY (YHKLMWIO NONe3HOCTU u(x) = X, ByaeT 6e3pa3nnMyHo, NPUHATb AN He
NMPUHATbL COOTBETCTBYIOLW M PUCK HA CTpaxoBaHMe.



(c) MpuHuwn I11. P aBnseTcs Takoi exerofHoON NpemMuein, YTo CTPaxoBLLUKY, NpuMe-
HAIOLWEMY (YHKLUIO MOMe3HOCTN n(x) = —e~°'1x, byaeT 6e3pa3nnyHoO, NPUHATb
MW He NPUHATL COOTBETCTBYHIOLLMI PUCK HA CTpaxoBaHue.

[N KaXgoro n3 aTux Tpex cnyyaes Mbl 6yaem npegnonaraTb, YTO CTPaxoBLL MK paboTaeT
C 3(b(heKTUBHOI rofgoBOI NPOLEHTHOW cTaBkoi r = 0,06.

PeweHwne. Ans K = K un ANsS NPOM3BO/MLHON NpemMunm P HacTosAwas CTOMMOCTb
(hMHAHCOBbLIX NOTEPb HA MOMEHT 3aK/MOYeHUs Aoroesopa paBHa 1(k) = vk+l —Paw” =
1+ P/d)vk+l —P/d, k = 0,1,2,3,4. CooTBeTCTBYHOLWas Cny4yaiHas BeMYMHa NOTEPL
—370 L = vK+1 —Pa-w”.

(a) Mockonbky I(k) yb6biBaeT ¢ pocTOM K, TpeboBaHwe npuHumna | 6ygeT BbINOA-
HATbCA, ecnn npemus P TakoBa, 4To v2 —Pa™ = 0. B 3TOoM cny4dae uHaHCOBbIe NOTEpH
NONOXUTENbHbI TOMLKO Npn K = 0, 4To umeeT BepoATHOCTbL 0,2 < 0,25. Takum ob6pasom,
Ana aToro npuHuymna P = 1/%1 = 0,45796.

(b) Cnepysa popmyne (1.3.6), Mbl Mem npemuto P, Takyto, 4to u(w) = E[u(w —L)].
CornacHo npuHumny I, u(x) = x, n Mbl umeem w = E[w —L] = w —E[L]. Takum
obpasom, npuHuun Il sKBUBaNeHTeH cneaytollemy TpeboBaHUIO: NpemMusa P JOMKHa Bbl-
6upaTtbCcs Tak, YT0ObI BbIMNONHANOCHL paBeHCTBO E [b\ = 0. B paccmatpruBaemMom npumepe
Mbl Tpebyem, 4TO6bI

4
5>*+1 -Paw])P(K =kK) =0, (6.1.1)
J5=0]

O0TKyfa BbiTeKkaeT, 4to P = 0,30272.
(c) CHoBa ucnonb3ysa gopmyny (1.3.6) n yHKUMIO nonesHocTM u3 npuHumuna lll,
nonyyaem
_e-°aw _ E[_e-0,1(w-£)] _ _e-0,1wE [e01L]

Takum o6pasom, npuHuMn 111 3KBUBaNEHTEH cneaytowemMy TpeboBaHMO: NpeMus P LoXK-
Ha BblbMpaTbCca Tak, 4To6bl E[e°’1£] = 1. B paccmaTpuMBaemMoM Mnpumepe Mbl Tpebyem,
YyTOObI
4
J2exp[0,I(vk+l - PalU])]P(K =k) = 1, (6.1.2)
KO
0TKYyfa BblTekaeT, 4yto P —0,30628.
3Tn pesynbTaTbl CBefeHbl B creaytoLeil Tabnuue:

HacToswas CToMMocTb (OMHaHCO-
BbIX NMOTEPb, €C/IM NPEMMUI Paccym-

ThIBAIOTCA COMNIACHO NPUHLMMY eAL

x BeposTHocTb Ksb  O6Lwas opmyna | 1 11 11
0 0,2 nl—Péaji 0,48544  0,64067 0,63712  1,06579
1 0,2 v2- Péj 0 0,30169 0,29477  1,02992
2 0,2 V3- Paj -0,45796 -0,01811  -0,02819 0,99718
3 0,2 va - P8?, -0,89000 -0,31981  -0,33287 0,96726
4 0,2 ve- Paj, -1,29758 -0,60443  -0,62031 0,93985

Mpemusa 0,45796 0,30272 0,30628

MaTemaTnyeckoe oXxugaHue -0,43202 0,00000 -0,12020 1,00000

6 - 1855



JTa Tabnmua NokKasbiBaeT, YTO B JaHHOM MpuMepe nuua, NPUHUMAKOLLME pelleHuns
Ha ocHoBe npuHUMMOB | 1 111, yMeHblWAT CBON PUCK B TOM CMbIC/E, YTO OHU TpebyloT
O0TPMLATEILHOCT MaTeEMaTUYECKOTr0 OXMUAaHUS HACTOSLLEA CTOMMOCTU MOTEPb. v

Mpemunun, onpegensiemble COrfnacHo npuHumny I, Mbl 6yaeM HasblBaTb MEpPCEHTWb-
HbIMU npeMusmMu. XOTA 3TOT NPUHLUN Ha NepBbliA B3rN4j4 BbIFrNAAUT NPUBAEKaTENbHO,
JIerko nokasaTtb, YTO €ro Ucnonb3oBaHMe MOXEeT NMPUBECTU K BeCbMa Hey0BNeTBOPUTE b-
HbIM npemusamM. Takue cnyyaum paccmatpusaroTcsd B npumepe 6.2.3.

MpuHumn Il UMeeT MHOro NMpakTUYeCKUX NPUMeHeHWn. [na hopManbHOro M3noxe-
HWA onpejenum NoTepu CTpaxoBLiMKa L Kak Cny4vaiHyt BefIMYUHY, PaBHYK HacToALel
CTOMMOCTW BbIMAAT, KOTOPble AOMXEH MPOU3BECTU CTPaxOBLWK, MUHYC aHHYUTeT npe-
MWUIA, KOTOPbIE JO/MKEH BbINAaTUTL cTpaxoBaTenb. MpuHumn Il Ha3blBaeTCA NPUHLUMOM
3KBUBANIEHTHOCTMU, U ONpejensiollee ero Tpe6oBaHne COCTOUT B TOM, YTOObI

E[L] = O. (6.1.3)

Mbl 6yeM Ha3biBaTb NPEMUM, YA0BETBOPSAIOLWME YCnoBuio (6.1.3), HeTTOo-NpeMuamMu
NX MOXHO TakXe onpefennTb YCl0BUEM

E[HacTosAWaa CTOMMOCTb CTPax0BbIX BbINIaT]
= E[HacTOALLaA CTOUMOCTb HETTO-MPeEMU].

C nomoLbi0 MeToAoB, pa3paboTaHHbIX B r1. 4 U 5 AN pacyeTa TaKMX aKTyapHbIX
HaCTOALMX CTOMMOCTEN, 3TO ypaBHEHMEe MOXHO MPMBECTU K BUAY, KOTOPbIA fOMNyCKaeT
peleHne OTHOCUTENbHO npemuii. Ckaxem, B npumepe 6.1.1, B KOTOPOM HeTTO-NpeMuu
MOCTOSHHbI U BbINAaTbl UMEKOT BeNNYMHY 1, ypaBHeHuMe (6.1.1) MOXHO 3anucaTb B BuAe
Aqg —P'ao n nonyunTb Ana & BbipaxeHue vKbPomKorga npuHuun 3KBUBaNEHT-
HOCTU NpuUMeHseTCcs ANA OonpefeneHns BeNYWHbI €AUHOBPEMEHHON MPEMUN B MOMEHT
3aK/l0YeHUs A0roBopa CTpaxoBaHUS XMW3HW WAU CTPaxOBOro aHHyuTeTa, 3Ta npemwus
NpUpaBHUBAETCA K aKTyapHOW HacTosAWel CTOMMOCTM CTPaxoBbiX BbINAAT WU Ha3blBaeTCH
€4VNHOBPEMEHHOW HETTO-MpeMue.

Mpemunmn, pacyeT KOTOPbLIX OCHOBaH Ha npuHumne Il ¢ nokasaTenbHON PyHKUMENR No-
NEe3HOCTMW, Ha3blBAOTCS MoKaszaTeNbHbIMU NpemMusmu. Takue Npemumn ABAAHOTCSA HeMpo-
NOpUMOHaNbHLIMA B TOM CMbIC/IE, YTO MpPeMWUX MO AOrOBOPY C BbinnaToil pasmepa 10
eanHuy 6onee, yem B 10 pa3, NpeBOCXOANAT MPEMUM MO AOrOBOPY C BbiNnaTtoi pasmepa 1
(cm. ynp. 6.2). 310 cornacyetcs ¢ QYHKUMAMM MONE3HOCTU NINL, HE CKMOHHbIX K PUCKY.

6.2. HenpepbiBHaa mojenb

OCHOBHbIe MOHATUSA, NCcnosib3yemMmble Npu onpeneneHnmn I'IpeMVIVI Ha OCHOBE npuHumnna
3KBUBa/IEHTHOCTN, Mbl NPOUNNTKCTPUPYEM CHayana Ha npumepe HenpepblsHon BbiMnna-
Tbl MOCTOAHHbLIX TOAOBbIX I'IpEMI/IVI npu 6eCCp0l—IHOM CTpaxoBaHUN Ha cnyqa|7| cmMepTn C

opurnHane «benefit premium». B nepeBoge Mbl UCMOMb3yeM TEPMWUH «HETTO-Npemusi» (M B
[anbHemweM «HeTTO-pe3epB»), MOCKOMbKY pacyeT 3TOM NpeMuy B paccMaTpvBaeMoii MOAenn OCHOBaH
Ha BbinnaTtax 6e3 y4yeTa pacXofoB CTPaxOBLUMKA, OMMCaHHbIX B . 15. Cnefyst 3TOW NOTUKeE, «HETTO-
npeMusiMm» MOTYT HasbIBaTbCA U ApYrve, HanpyMep NepceHTUbHbIE, MPEMUM, HO Mbl PE3ePBUPYEM 3TOT
TEPMUH 3a NPEMUSIMU, PaCCHUTaHHLIMM HA OCHOBE MPUHLMMNA SKBUBA/IEHTHOCTY, TaK KaK B Aa/IbHeliLLeM B
OCHOBHOM paccMaTpuBalOTCA MMEHHO OHW. ObpalliaeM BHMMaHWE YMTaTeNst Ha cnegytoLime ABa MOMeHTa:
BO-NEPBbIX, B [N. 1, pa3g. 1.3 (M TONMbKO Tam), yXKe BCTPeYasncs TePMUH «HETTO-NpeMusi» (B opuUrnHase
«net premiumy» 1 «pure premiumy), NOHMMaEMbIA B HECKOIbKO MHOM CMbIC/e, YTO He NPYBeAET K Hegopa-
3yMEHUSIM; BO-BTOPbIX, 3KOHOMUCT He A0/DKEH BOCMIPUHMMATL BBEAEHHbI 3[eCb TEPMUH KaK NMPUBbIYHbIA
emy TepMUH 13 Gyxrantepckoro ydyeta. — Mpum. pes.



BbINMATON CyMMbl pasmepa 1 B MOMeHT cmepTul) nuua (k). Ans no6oii HenpepbiBHO
BbIM/1a4MBaEMOli NMpemMnn P paccMOTpuM

I(t) = vb- Pu, (6.2.1)

HACTOALLYI CTOMMOCTb NOTepPb CTPAxXOBLLMKa, €C/in CMePTb MPOM30LLIa B MOMEHT BpeMe-
HU t.

3ameTum, 4To I(t) sBnAeTcs yb6biBatowein QyHKUMEA aprymeHTa t (yHKumeir no-
Tepb), And kKotopoii 1(0) = 1, u I(t) cTpemutca K —P /S npu t —00. Ecan to aBnseTcs
MOMEHTOM, Korga I(to) = 0, To cMepTb 4O MOMEHTA to MPUBOAUT K MOSIOXMUTENbHBIM NO-
TepsM, a CMepTb MOC/e MOMEHTA to — K OTpuLaTe/lbHbIM NOTEPSAM, T.e. K Npubbinn. 3Tn
CO06paXeHUA UNNKCTPUPYIOTCA Ha puc. 6.2.1, npuBeseHHOM fanee.

PaccmMoTpuM cny4aiiHylo BeUYUHY NOTepb

L=1T) =vT- Pilw, (6.2.2)
oTBeYalLWy yHKUun notepb I(t). ECAM CTpaxoBW WK ONpeaenset BEIMUYMHY NPEeMuUN,

MCXOAS U3 NPUHLMNA 3KBUBANIEHTHOCTU, TO OHa 0603HaYaeTcs Yepe3 P(AX) 1 ya0BNeTBo-

pseT YCnoBuio
E[L = 0. (6.2.3)

N3 dopmyn (4.2.6) n (5.2.3) BbITEKaET, 4TO
Ax  P(Ax)ax —0,

nan
P(AX) = Ax/ax. (6.2.4)

3ameyaHue. B HacToslei rnaBe AN yNpoWeHWUs WU3NOXEHMS Mbl, KaK MpaBuno,
He Nonb3yemMcs cenekuuelt, a Korga oHa 6yAeT UCMoNb30BaTbCA, 6YAEM OroBapuBaTh 3TO
CreymnanbHo.

Awucnepcuto ¢.B. L MOXHO UCM0Mb30BaTh KaK Mepy M3MEHUMBOCTU BEMUNHBLI MOTEPb
no oTAeNbLHOMY 40roBopY 6ecCPOUYHOro CTpaxoBaHWs Ha Cly4vail CMepTu BCieacTBue Cny-
yaiiHoM MpPMPOoAbI NPOAO/KUTENLHOCTY NpeacTosulel »xusHuu. Korga E[L] = 0,

DL = E[L2]. (6.2.5)
Ans cnyyaiiHoii BenUUYUHBI NOTepb U3 hopMysbl (6.2.2) uMeeM

DluT —Paw]=D, . )l T)1:D_ D -D‘ Y

Dler](1+ y)' =0 - (J1)2(i +1)". (6.2.6)

Ecnu npemua onpegensercs ¢ NOMOLWbI MPUHUMNA 3KBUBANEHTHOCTU, Mbl MOXEM MC-
nonb3oBatb popmynbl (6.2.4) n (5.2.8), Oix+ A x = 1, n nepenncaTb COOTHOLLEHNE (6.2.6)

B BUAe 2i _In\2
BO =-X )~ - (6-2-7)

i)B AanbHeiilwem, ecnu BbinfaTbl NpeMuUil NPON3BOAATCS HEMPEPbIBHO, a BbINAThl Ha CyYail cMepTu
NMPOU3BOAMTCS B MOMEHT CMEPTH, TO Mbl GyeM FOBOPUTbL O HEMPEpPbIBHOW Mogenn. Ecnn npemumn Bbinna-
uMBalTCA AUCKpeTHO (1 pas B rog, cM. pass. 6.3, UNKM HECKONbKO pa3 B rof), a Bbinnata Ha cnyuvait
CMEpPTU MPOU3BOANTCA B KOHLE roja CMepTW, TO Mbl TOBOPUM O AMCKPeTHOW Mogenu. Ecnm xe npemum
BbIMJAuYNBalOTCS AWCKPETHO, a BbiNnaTa Ha ciydyail CMepTu MpPOW3BOAMTCS B MOMEHT CMepTW, TO Mbl
roBOPMM O NOJYHENpepbiBHON Mogenu. — Mpum. pes.



Mpumep 6.2.1. Boluncaum P(AX) n D[L] B NpeanonoXeHnn, 4to MHTEHCUBHOCTb
CMepPTHOCTM IBASIeTCA MOCTOSIHHOM, B = 0,04, @ UHTEHCMBHOCTb HAYUC/IEHMA NpoLeHTa 6
pasHa 0,06.

PeweHue. B cuny aTux npeanonoxeHuii ax = 10, Ax = 0,4 n 2AX = 0,25. Mpume-
Has dopmyny (6.2.4), nonyuyaem P(AX) = Ax/ax = 0,04, n B cuny (6.2.7)

~rmrl  0,25-0,16  nnr
t (0,6)2 ’ T

YunuTbiBas COOTHOWeEHMe (6.2.7), Mbl MOXXEM paccMaTpmBaTb YUCAUTENb NOCNEeLHEro
COOTHOLLIEHMS KaK AUCnepcuto notepb vT—Ax no 4oroBopy 6ecCpOYHOro cTpaxoBaHus Ha
cnyvain cMepTu € eAMHOBPEMEHHON npemueld. 3Ta gucnepcus pasHa 0,09, 1 NOTOMY CTaH-
[LapTHOEe OTK/IOHEHWE BEMUYUHbI MOTepb 4719 CTPax0BOr0 4Or0BOpa C TAKON HenpepbIBHOM
BbINMaTON npemuii 6yaeT paBHo  0,25/0,09 = 5/3 oT cTaHAAPTHOIO OTKMOHEHUS BeNu-
YMHbI NOTEPb B Cly4Yae efMHOBPEMEHHOW npeMun. JONonHWTeNbHas HeOMNpeneneHHOCTb
OTHOCUTENIbHO HAcTOsLEeA CTOMMOCTW NPEeMUanbHbIX NOCTYMNNEHU YBENUYUBAET U3MEH-
YMBOCTb MOTEPb, CBA3AHHYIO CO CAy4aliHON NpUpPoAOIA NPOAONKMTENBHOCTU NPeACcTosLLel
XU3HU.

B npumepe 6.2.1 PAX = 0,04, T.e. BennuynHa P AX paBHa NOCTOSHHON WHTEHCUBHO-
CTU CMepTHOCTWU. Mbl MOXEM A0Ka3aTb, YTO 3TO — O6LW KA pe3ynbTaT, NpUMeHsAs coobpa-
XXeHusa u3 npumepos 4.2.3 n 5.2.1. B npefnonoxeHnun, 4yTo MHTEHCMBHOCTb CMEPTHOCTH
NMOCTOAHHA, -

Ax= B n 0X = _L ,
I+ o0 fi+o

p - _ Y(r+mr1_

TaK 4yTo

nocnefHss BeNMYMHA He 3aBUCUT OT UHTEHCUBHOCTU HAYMCNEHUS MPOLEHTA WU OT BO3-
pacTa B MOMEHT 3aK/Il0YEHUS [0roBopa.

Ncnonb3ys NpUHLMN 3KBMBANEHTHOCTM B (hopMe COoTHOweHus (6.1.3), Mbl MOXeM
BbIBECTU (hOPMY/bl ANS €XerofHblX NpemMuidi Ans Lenoro psaga CTPaxoBbiX [0M0BOPOB B
HenpepbiBHOM Mogenn. BennumHa o6LMX noTepb paBHa

BIVr-PY = Z-PY, (6.2.8)

rae
. N «i ABNAOTCA COOTBETCTBEHHO (PYHKUMEN BbiNaaT U PYHKLUMERA AUCKOHTMPO-
BaHWA, onpefeneHHbIMU nepef opmynoi (4.2.1),
* P aBnfeTcs 06WMM CMMBOMOM ANS FOAOBOW HETTO-NPEMUN B HEMPEPLIBHON Moje-
m,
e Y sBnfeTCHA cnyyaliHOW BeNMYUHOI HACTOALLeA CTOMMOCTM HEMPEepPbIBHOTO aHHYy-
uTeTa, onpefeneHHo, Hanpumep, @opmynoit (5.2.13),
e Z onpepaensetca gopmynoin (4.2.2).
MpuUMeHeHWe NPUHLMNA 3KBUBAIEHTHOCTH MPUBOAUT K PaBEHCTBY

E [bxvT —PY] = 0,
W P _ MTVT\I
E[Y] -

ATN Cco06paXKeHMs UCMOMb3YTCA, YTO6Gbl BbIBECTM (YOPMYNbl ANS BEAMYMHbI FOA0BbIX
npemuii, cobpaHHble B Tabn. 6.2.1.



VIHTEepecHO NoCMOTPETb, KaK 3TN PacCyXeHNa MOryT NPUMEHATLCA K HENPEPbIBHbLIM
6eccpoYHbIM CTPaxoBbiM aHHyMUTeTaM, OTCPOYEHHbLIM Ha N fIeT, C BbinaaToi pasMmepa 1B
rog. B atom cnyyae brvr = O, T A n, U bTvT = T >n. Torga

E[67°U"] = nPx E[4)._n|v IT >7] = v nPx OX%n ix+n'

OfHaKO Ha NpaKTUKe OTCPOYEHHbIe CTPaxOBble aHHYUTETbl 0ObIYHO MpeAyCcMaTpuBaloT
onpefeneHHbl TUN BbINAAT Ha CAyYai cMepTu, ecnu oHa NPou3oLLna B NEPUOS OTCPOUKM.
OAuvH TakoW [OroBop paccmaTpuBaeTcs B npumepe 6.6.2.

Mpumep 6.2.2. Bbipasum gucnepcuto notepb L, CBA3aHHbLIX CO CMelLLlaHHbIM CTpa-
X0BaHMEM Ha CPOK M NeT, B TepMUHAX aKTyapHbIX HAcTOAWMX CTOMMOCTEN (CM. TPETbLIO
CTPOuKy B Tabn. 6.2.1).

Ta6bnuuya 6.2.1. HeTTo-NpemMunn B HeNpPepbIBHON MOAeNK

KOMMNOHeHTbI NOTEPb dopmyna s NpemMum
Bupg cTpaxoBoro nokpbITUS brvT PY,rge Y ectb P = E[bTVT]/E[Y]
BeccpouHoe cTpaxoBaHue Ha . iy AX
cnyyaii cmepTu vt T P(AX) = Clx
CTpaxoBaHue Ha cny4vaii cmepTu v @ 1 <N P(AL-N - S
Ha CpoK N net 0 “ni, T >N Giml
CMellaHHOe CTpaxoBaHMe Ha cpok  1vT @1, T <n - AXn|
n nev 1lvn Onl, T>n P( _m) = eril
BeccpoyHoe CTpaxoBaHUWe Ha « . A
cnyyvaii cMepTu ¢ h-neTHUM i\\f; rl _IT . hP (Ax) = Ax
CPOKOM BbINNaThl NpemMuiil® “hl. ax:k\
CMeLLaHHOe CTpaxoBaHMe Ha cpok  1VT @mT < i
n net ¢ h-neTHUM CPoKoMm vt alp h<Tijn hP{r*AXxn\)
BbINAaTbl NPeMunm 1vn AT >n ax
CTpaxoBaHue Ha LOXUTUe Ha 0 ®r, T<n (A 7 Aark
CPOK N nieT lu" Ol T>n Y
BeccpoYHbIi CTPaxoBOW aHHYWUTET, 0 T/™An ) A X Gx+n
OTCPOYEHHbI Ha N neT FrAayn omT >N Pimax) = em

PeweHune. Ncnonb3ys o603HayveHne ns gopmynel (4.2.11), Mbl nMeeM

DI = D wPUIETI) 1 P (AXnl)

Mcnonb3ys Tenepb hopmyny (4.2.10), Mbl nony4vaem

o a o 1+ P —(Aciiat

ACTpaxoBble [0Or0OBOpPbI, OMMCaHHble B YeTBEPTOW M B MATOW CTpoKax, NpefycMaTpuBaloT nepu-
of BbINNATbl MPeMWii, KOTOpbI KOpoYe, YeM Mepuofs, B KOTOPOM MpesycMOTPEHbl BbiMiaTbl Ha cnyuait
cMepTy.

2) YKa3aHHbli aHHYUTET He MpeAycMaTpuBaeT BbINAaT Ha CAyuyaii CMepTW, a BbiNjaTa NOCTOSHHbIX
npemMuit Mo ero ycnoBusaM OCyLLecTBAseTCS n neT. [Apyroii, BO3MOXHO 60/ee peanncTUUHbIf, BUL aHHY-
UTeTa ¢ NOCTOSHHLIMU NPEMUSMU, OTCPOUEHHLIMU Ha N feT, ONucaH B Npumepe 6.6.2.



®opmyny (5.2.15) MOXXHO nepenucaTtb B BUfe

(o0j = - B4,

0TKyJAa CnegyeT, uTo
2Ax:rfl - (Ax-.n])2
[0éx-.n])2
[Ba ToxpgecTsa, (5.2.8) n (5.2.15), MOXHO MCNOMb30BaTb AN 06HapPYy>XeHUs CBA3N

MeXAY HenpepbiBHO BbINIaYMBAEMbIMU HETTO-NpeMusmMu. Hanpumep, ncxoas m3 (5.2.8),
VMeeM

&
P(AX) = ~ -6 = izji*. = J L _. (6.2.9)
&X &X 1" AX
Mcxopa n3 (5.2.15), nonyvaem

Sax-.n] + Ax-w = 1, 6+ P (Ax-n) = -—

@\
P(Ax:rn) = ~» - - 6 = 1"“0éXfu= . (6.2.10)

Bx:n] Ax:n] 1 -~xnl

CnoBecHaa MHTepnpeTaunsa AUCKPeTHbIX aHanoros opmyn (6.2.9) un (6.2.10) paetcs B
npumepe 6.3.4.

Mpemunmn, KoTopble 06CYXAaNNCb HAMU A0 CUX MOpP, 6bIN HETTO-NPEMUSAMU; OHU OMNpe-
Lenanucb, UCXoAs M3 MPUHLMNA 3KBUBaNeHTHOCTW. [epelijeM K npuMepy, B KOTOPOM
OMUCLIBAIOTCA ABa PacCy>XAeHUs, NPU KOTOPbIX NepCeHTUNbHbIe NPeMUn Aal0T HeyAoBhe-
TBOPUTENbHbIE PE3Y/NbTaThI.

Mpumep 6.2.3. BblUNCAUM MEPCEHTUNLHYIO NPEeMUIO, Bbi6upas 25-10 MepceHTUnb,
ANna cTpaxoBaTens Bo3pacTa 55 feT M ANA cnefyroLmnx CTpaxoBbiX NAaHOB:

(a) cmewaHHoe cTpaxoBaHue Ha cpok 20 neT,

(b) cTpaxoBaHWe Ha cny4vain cMepTu Ha cpok 20 nerT,

(c) cTpaxoBaHMe Ha cny4ail cMepTu Ha cpok 10 neT.

MycTb pacyeTbl MPOU3BOAATCS B HEMPEPbIBHOW MOAENN, MHTEHCUBHOCTb HaYUC/eHNS
npoueHTa 6 paBHa 0,06 1 faHHble 0O CMEPTHOCTK 6epyTcs U3 VNN CTpaTUuBHON Tabnuubl
CMepTHOCTHU.

PeweHne, (a) BennunHa notepb 418 CMELAHHOrO cTpaxoBaHWsd Ha cpok 20 net
nMeeT BUS

£ _ (VT —-PA1iC TN 1,
~\v20-Pw, T 20

OHa ABnseTca HeBo3pacTatoLleid pyHKLmer oT T. Mo3ToMy Te 3Ha4eHus T, Npu KOTOPbIX
notepu L AOMXHbI OblTb NOMOXUTENbHBIMU Y MHOXECTBO KOTOPbIX UMEET BEPOATHOCTb
0,25, — 370 3HaueHud, KOTOpble fiexxaT HUXe yucna £y25. MNMockonbKy 155 = 86408,60 u
~70,617 = 64806,45 (4TO MOnyyaeTcs NNHENHbIM MHTepnonupoBaHmem), P (T < 15,617) =
0,25. Mo3ToMy NepceHTUNbHAA NPeMuUa ans 25-i NepceHTUIN TaKoBa, YTO NPU Held NnoTepu
npn T = 15,617 paBHbl HYNHO, a cama OHa paBHa ~15,61v%1reT7l = 0,03865.



(b) BennumHa noTepb A8 CTpaxoBaHWA Ha cayyali cMepTu Ha cpok 20 fneT umMeeT
BUL
vT—Pa,f\, T < 20,
—-PeA> T 20
3TO0 no-npexHemy HeBo3pacTalowas ®GyHkuma ot T, u nockonbky P (T< 15,617)
= 0,25, BeNMYMHA MNEpPCEeHTWUNbHOW npemun Ana 25-ii MepCceHTMAM CHOBa paBHAETCA
v15617/a15 Ll = 0,03865. KoHeuyHO, He roguTcs, 4TO6bl O4HA M Ta Xe Benu4yuHa npe-
MWW COOTBETCTBOBA/A BYM pPa3/InuyHbIM CTPaxoBbIM MiaHaM, 0CO6EHHO ecnn y4ecTb, YTO
HeTTO-NpeMns 4NA N1l paccMaTpuMBaeMoro Bo3pacTa Mo 4OroBOpy CMeLIaHHOro cTpaxo-
BaHMA Ha cpok 20 NneT MoYTU B 4Ba pa3a Bbille, YeM MO AOrFOBOPY CTPax0oBaHMA Ha cryyait
CMePTN Ha cpokK 20 neT.
(c) BennunHa notepb ANA CTpaxoBaHMA Ha cnyyali cMepTW Ha cpokK 10 neT mmeet
BUL

vT—Pan\, T < 10,

-mPaidi, T ~ 10.
Ecnn HasHauvaeTcsa HyneBas npemus, To P(L >0) = P(T < 10), 1 3Ta BEpOATHOCTb paBHa
B COOTBETCTBMMU C VINNKOCTPaTUBHOW Tabnuueil CMepTHOCTM

Ibb -mm - = 0,1281.
‘55
MoaTomy HyfneBas NpemMus ABASETCA HaMMeHbLIe HeOTPULATEIbHOW eXerofHON npeMu-
eil, TaKOM, 4TO BEPOATHOCTb (PUHAHCOBbLIX NOTEPb CTPaxoBliMKa He Bbiwe 0,25. B 3ToM
cnyvae P(L >0) = 0,1281 n P = 0 oka3biBaeTca NepCceHTUNbHON npemuei ana 25-i
nepceHTUNN. HeTTo-npemMua B 3TOM ciyyae paBHa 70% OT HeTTO-NpemMuun Ans Aorosopa
CTpaxoBaHuA Ha cpok 20 ner. T
B kauyecTBe BbIBOfa M3 PacCMOTPEHHOrO MpuMepa 3amMeTUM, 4TO NPUHLMN pacyeTa
MPEMUA, OCHOBaHHbIA Ha NEPCEeHTUNAX, NPUMEHNTENBHO K MHAWBUAYANIbHOMY CTpaxoBa-
HUIO NPUBOAUT K NMPOTMBOPEUYMBbLIM pe3ynbTataM. B ganbHeiem U310XKEHUN ero UCMosb-
30BaHue 6yLeT CBEAEHO K MUHUMYMY.
[ns 6eccpoyHOro cTpaxoBaHWA Ha c/ly4yail CMepTW, COrlaCHO OMNpejeneHunto, comep-
Xaulemycs B nepBoii CTpoke Tabn. 6.2.1,

L = vT —Pa®\, TA"NO.

®YHKUMIO pacnpefieneHuns c.B. L MOXHO HaliTW crefyloWwuM 06pasom:

(6.2.11)

npuyeM YHKLUA NAOTHOCTM 3TON CAy4vailHOW BENUYUHBLI UMEET BUA,



MOXHO cunTaTh, YTO 3TN DYHKLWUKN pacnpeeneHns NHAEKCMPOBaHbl NapaMeTpomM P.
Mcnonb3ys TEPMUHONOTUIO TEOPUUN NPUHATUSA PELLEHWUA, Mbl MOXEM CKasaTb, YTO onpeje-
NeHve npemMun P 3KBMBANEHTHO BbIOOPY pacnpefeneHns c.B. L, 3afaBaemMoro opmynoti
(6.2.11), koTOpbI/i 6YyAeT ONTUManbHbIM COFTACHO TOMY MPUMHLMAY pacyeTa NpeMuii, Ko-
TOPbIM PYKOBOACTBYETCA NULO0, NPUHUMaIOLLLEe peleHnsa. STOT NPUHLUN OTpaXaeT npea-
noyTeHve nNnua, NPUHUMAIOLLLETO PeLLeHNns.

CxemaTtnyeckoe nsobpaxeHue pyHkumm I(t), GyHKLUM NAOTHOCTU C.B. T(X) U COOT-
BETCTBYHOLLEN PYHKLMUM NAOTHOCTU C.B. L npuBefeHbl Ha puc. 6.2.1.

Puc. 6.2.1. CxemaTuuyeckoe nsobpaxeHue pyHkuum I(t)
1 yHKUK nnoTHocTm ¢.B. T(X) mn L

B kayecTBe uaawcTpauum paccmoTpum puc. 6.2.1, rge P(T ¢) = P(£>0) u aTa
BEPOATHOCTb B3ATa paBHON 0,25. MpeanonoXxum, 4to 3HadeHue P 6yaeT onpegeneHo
peweHnem ypaBHeHus Fi1(0) = 1—0,25 = 0,75. 3Ta unnwcTpaymns Mcnonb3yeT MPUH-
UMN pacyeTa NPemMWUin, OCHOBAHHbLIA Ha NEPCeHTUNAX, FAe BEPOATHOCTb MOMOXUTENbHOCTH
3HayeHus c.B. L BbibpaHa paBHoW 0,25.

M3 puc. 6.2.1 BUAHO, 4TO cobbiTMA (T~c) M (L> 0) aKBMBaNEHTHblI B TOM CMbIC/IE,
YTO HaCTyMN/eHne 0AHOr0 U3 HUX B/ieYeT 3a COOOW HacTyneHWe apyroro. [lanee, 3aMeTuM,
4YTO ec/im Lo, NpUHUMaloLLee pelleHuns, pyKOBOACTBYETCS NePCeHTUNbHbIM NPUHLUNOM
c P(E>0) = p, 10 P(T ~c) = p, rae ¢ paBHo ££., 100p-in mepceHTMNM pacnpejgene-
Hua c.B. T. Kpome TOro, B CUy 3KBMBANEHTHOCTU 3TUX ABYX COGLITUWA MPEMUIO MOX-
HO ONpefenuTb U3 ypaBHEHWSA, B KOTOPOe BXOAMT PYHKLWA NOTepb, T.€. U3 ypaBHeHUs

viT —Paféf =0, um y"? 1
(6.2.13
“fg1 *{EI'
MockonbKy P aBAsSieTCA npemuein, KoTopas obecrneynBaeT BbinaaTy pasmepa 1 B MOMEHT
£j., 3TOT pe3ynbTar MHTYUTUBHO MOHATEH. OTHOLIEHMNE 6yaeT meHble 1 ¢ Bepo-

ATHOCTbIO p U 60nblue 1 ¢ BEPOATHOCTHIO 1 —p.

Mpumep 6.2.4. 3TOT Nnpumep NpPoJo/KaeT npumep 6.2.3. lonoNHUTENbHO Npeano-
naraeTcsa, 4to cnydvaiiHas BenuumHa T(55) mmeeT pacnpefeneHve Myaspa, NAOTHOCTb
KOTOpPOro paBHa

tPbb f3-Bb(t) = 1/45, 0 <t <45



[ nsa Tpex paccMaTpuBaBLUINXCS CNYyYalHbIX BEMYUH NOTEPL BbiNMLEM QYHKLUW pacnpe-
feneHus c.B. L n onpegenum 3HayeHue napameTpa P Kak HauMeHblUlee HeoTpuLuaTesbHoe
yucno, Takoe, yto P(L>0) ~ 0,25.

PeweHue, (a) Ncnonbsya gopmyny (6.2.11) un yunTteiBas, 4To QYHKLMA pacnpege-
NeHNs MMeeT CKA4yoK B TOUKe M = v20 —P 4], cBA3aHHbIN C OrpaHM4YeHMeM Ha L npw
T ~ 20, Mbl NPUXOAUM K CeAytoLleMy CeMeincTBy DyHKLMIA pacnpefeneHus, UHLEKCMPO-
BaHHbIX napameTpom P :

‘0, _ n<y2- Patni
FI(u) = < 1 1n[(0,06y + P)/(0,06 + P)] <n<l

0,06 45 ' 11 ’
1, 1<

Ha puc. 6.2.2(a) m3o6paxeHa QYyHKLWUs pacrpefeneHns, KoTopas COOTBETCTBYET cMe-
lIAaHHOMY CTpaxoBaHWIO Ha CpoK 20 neT. ITOT PUCYHOK MO3BONSET YBUAETb Fpadinyeckm
rnpoLecc onpegeneHns Npemuii ¢ NCNosb3oBaHWEM NepCeHTUbHOTO NPUHUMNA. Mbl MLLEM
Ty (YHKUWIO pacnpefeneHns W3 ceMeiicTBa pacnpefeneHuid, WHAEKCUPOBAHHOIO napa-
MeTpoM P, KoTopas mnepecekaeT BepPTUKaNnbHYyt ocb B Touke 0,75. AHaNUTUYECKM 3TO
3HAUMT, YTO ANA ONpeaeneHns NPeMnUn Mbl pellaeM OTHOCUTENbHO P ypaBHEeHUe

FUO0)= 075 ., 1+i MP/W6+P)] =075 Ts L1,( j ~ ) = -0675,
0TKyjaa
0 O6e-0,675 1
AL = i §,d = °'06224-

B cBeTe cka3aHHOr0 Mo NoBoAY COOTHOLWeHUs (6.2.11) 3TOT pe3y/ibTaT He Bbi3biBaeT YANB-
neHus. Ecnu B kayecTBe pacnpefeneHus c.B. T BblbupaeTca pacnpegeneHue Myaspa, To
ero 25-ii nepceHTunbio 6yaeTt £425 = 11,25.

Lns cpaBHeHUsA, HETTO-NPEMUA, UK MPEMUA, pacCyMTaHHas No MPUHLMNY 3KBUBA-
NEHTHOCTW, paBHa B 3TOM MpuMmepe

) f 20(vU/45) dt + (25/45) v20
P(ASSm) = FBke - abyqr - = 04456

(b) Wcnonb3ysa opmyny (6.2.11) n yunTbiBas, 4YTo QYHKLMUA pacnpefeneHus nmeet
CKa4yoK B TOUKe U = —P A, CBfi3aHHbI/i C OrpaHUYEHMEM Ha NepemMeHHYK MoTepb Mnpu
CTPaxoBaHWUM Ha CayYail cMepTu Ha cpoK 20 fieT, Mbl MPUXOAUM K CefyHOLLEeMY CEMEACTBY
(hYHKUMWIA pacnpefeneHns, NHAEKCMPOBAHHbLIX MapaMeTpom P:

0, n< Pa,20,
25/45, —Pajo] A n A 20 —Pajo],
Fi(u) =< 1 \n[(0,06u + P)/(0,06 + P)} p
0706 45 T* - N85l < « < 1,
1, 1<

Mpadmk PyHKUMM pacnpefefieHns, COOTBETCTBYHOLLEN TaKOMYy CTpaxoBaHMIO Ha Cpok 20
neT, nokasaH Ha puc. 6.2.2(b). BennunHa npemun onpeaensieTca pelleHWeMm ypaBHEHUS
F1{0) = 0,75 oTHOoCMTeNbHO P. Monb3ydack M. (a), Mbl CHOBa nonyyvyaem P = 0,06224.



(a) PyHKUMA pacnpedeneHns c.B. L ana (c) PyHKUwa pacnpedenerys ¢.8. L ana
CMELLAHHOr0 CTPaxoBaHUs Ha CPoK cTpaxoBaHus Ha cpok 10 net, P =0,06244
20 net, P = 0,06244

(b) PyHKUMSA pacnpeseneHys ¢.B. L ans (d) ®yHkums pacnpeaenerms c.B. L ast
CTpaxoBaHus Ha cpok 20 fieT, P = 0,06244 CTpaxoBaHus Ha cpok 10eT, P =0

Puc. 6.2.2. dyHKunn pacnpegenenms c.e. L ns npumepa 6.2.4

(©) Wcnonb3ysa gopmyny (6.2.11) n yuntbiBas, 4To yHKLUA pacnpefeneHns nMmeet
CKayoK B TOYKe M = —Pa-Ll, CBA3aHHbI C OrpaHMYeHnemM Ha L npu cTpaxoBaHMU Ha CPOK
10 neT, Mbl NPUXOAMM K Clefytollemy ceMeicTBY (YHKLUMWI pacnpefeneHns, NHAEKCUpO-
BaHHbIX MapameTpom P:

0, n < —Pajjjy
35/45, —Piluy A 1 A VIO —Pa o>
Fi(u) = 1 1n[(0,06-1 + P)/(0,06 + P)] 10 A
1+ 0.06 s -PaTBl< w” 1,
l<wn

MoCKONbKY 3HauYeHUs QYHKLWIA pacnpefeneHus, KOTOpble OT/NYHbI OT KOHCTaHT,
COBMaZalT BO BCeX TPeEX 4acTaAx Npumepa, HanpawusBaeTCA MPeAnofoXeHUe, YyTo P —
0,06224, kak 310 6bI10 B nn. (a) u (b). Ho 3ameTus, uto F1{u) = 35/45 > 0,75 ans
no6oro n u3 nHTepsana (—Paw,, wl0 —Pauy), Mbl NOHUMAEM, YTO 3TO MPeAnoNoXKeHne
HeBepHo. MNMoka3aHHas Ha puc. 6.2.2(c) pyHKumMa pacnpegeneHus c¢.8. L npu P —0,06224
NOATBEPXAAaeT 3TOT BbIBOA4. O6paTtumcs K 3HavyeHuto P = 0, kak B npumepe 6.2.3. CooT-
BeTCTBYOLW A PYHKLNA pacnpeseneHus c.s. L —3aTto

0, n” 0,
35/45, 0<un "™ A0,
Fi1(n) 1 Inu
+ vi0<un1,
0,06 45

1< ny,



1 BEPOSITHOCTb TOTO, YTO C.B. L NMONOXWUTeNbHA, UMEET BUJ
P(l1/>0) = 10/45 < 0,25.

310 unnrcTpupyetca rpadukom 6.2.2(d).

Kak n B npumepe 6.2.3(C), NpMMeHeHWe NpuHLKMNa pacyeTa NnpeMunii, 0OCHOBaHHOI0O Ha
NepceHTUNAX, NpUBOAUT K P = 0, T.e. K aHOMa/lbHOMY C MPaKTUYeCKON TOYKMN 3peHUs
pesynbrary. T

6.3. QuckpeTtHaa Moj4enb

B pa3f. 6.2 Mbl 06CYXAann Teoputo Ans Ciydyas HenpepbiBHOW Mogenu. B HacTo-
AlleM pasfiene Mbl PacCMOTPUM CTPaxoBble [IOrOBOPbI C BbINAATOW Mpemuii pas B rog,
Kak B mpumepe 6.1.1, rae cTpaxoBas CyMMa BbiM/jauynMBaeTcsl B KOHLE TOro roga Aei-
CTBWS 4OrOBOpa, B KOTOPOM MpoM30oLWia CMepTb, a MepBas MPeMus BbiNjaynMBaeTcs B
MOMEHT 3aK/ll0UeHUs CTpaxoBoro forosopa. locreaytouie NpemMun BbINIauynMBalOTCA B
rOZ0BLLMHbI 3aK/NOUYEHNS CTPaxoBOro A0roBopa, eCAuM CTPaxoBaTeflb [OXMWBAeT A0 KOH-
a TOro nepuoga, K KOTOPOMY OTHOCWUTCS MpeAblaylias Bbinfata npeMun. MHOXeCTBO
eXEerofHbIX npemuii 06pasyeT CTPaxoBOil aHHYUTET NMpeHymepaHAo. dTa MOAeNb He Co-
OTBETCTBYET peanbHOli NpakTUKe, HO OHa MpeAcTaBAsieT UCTOPUYECKUI UHTepec B pycre
PasBUTUA aKTyapHON HayKW.

Mpu 3TUX NpPeanonoXeHUsX MOCTOSHHAA eXerofHas HeTTo-npeMus, npefHasHayeH-
Hasl Ha MOKpPbITWE BbiNAaTbl pasmepa 1 no 6eccpoYHOMY AOrOBOPY CTPAxXOBaHWUS Ha cny-
yaii cMepTu 0603HavaeTcs Yepes Px, rae oTCyTcTBME cumBona (J1X) 03HauyaeT, uYTo CTPaxo-
Basi CyMMa BbIN/iaunBaeTCcs B KOHLE TOF0 roja fjeiicTBMs JOoroBopa, B KOTOPOM Npou3oLLna
CMepTb. BenuunHa notepb B 3TOM J0rOBOPe CTPaxoBaHUA paBHa

L = vk+1 - Px K =0,1,2,.... (6.3.1)
CornacHo npuHuUuny aksueaneHTHoctn, E[L] = O, unan E[?A+1] —Px E[iik+1]] = 0, oT-
Kyfna A
Px=TA (6.3.2)
ox

3T0 — AMCKpPeTHbIN aHanor opmynsl (6.2.4).
Bocnonb3oBaswucek gpopmynoin (5.3.7) smecto (5.2.8) u paccyxgas aHanorMyHo To-
My, KaK Mbl 3TO fenanu npu foKa3aTenbCTBe COOTHOLWEeHUSA (6.2.7), nony4vyaem

DIT1—23"X~ (**)2 (co
- {daxy [ (6-3-3)

Mpumep 6.3.1. Boluncnum Px n D[L], ecnm
k\gx =c (0,96)fc+l, *=0,1,2,...,
rae ¢ = 0,04/0,96 n i = 0,06.
PeweHune. CHavyana BbIYNCAMM KOMMOHEHTbI NpaBoli yacTy paBeHcTBa (6.3.2):
00 - s
Ax=c£(1,06)-f 1(0,96)fc+l = 0,40, O = = 10,60.
t~o d
[anee, ncnonb3ys 310 paBeHCTBO, MOAYYUM

Px = = 0,0377.

.
O



UTto kacaetca D[L], To Bbluncaum

00
An=cA[(1,06)2]-f 1(0,96)fcH = 0,2445.

Torga

DIL]  [(0,06)(10,60)/(1,06)]2 °'2347- T

Mexgay npumepammn 6.2.1 n 6.3.1 numeetca onpegeneHHasa ceasb. [10CKONbKY ANd Chy-
yasl, OnNMUcaHHoOro B npumepe 6.3.1,

fcH
(6.3.4)

Mbl UMEEM

Ecnv MHTEHCMBHOCTbL CMEPTHOCTU MOCTOAHHA M paBHa U, TO

ne B=096, ay = 0,0408. eomeTpnyeckoe pacnpefesieHne ¢ BEPOATHOCTAMMU, 3afaH-
HbIMW COOTHOLUEHNAMMU

ABNAETCA OUCKPETHbIM BapuMaHTOM MOKa3aTe/lbHOro pacnpejeneHuns ¢ napamerpom B =
0,0408. ®opmyna (6.3.4) sABNAETCA MOCTOM MeXAy AUCKPETHLIM W HEMNpPepbIBHbIM Cly-
Yyaamu. ExkerogHas HeTTO-MPEMUSA B HENPEPbIBHOW MOAeNN, COOTBETCTBYIOLL A BeIMYUHE
Px = 0,0377 u3 npumepa 6.3.1, 6yaet paBHa P (AX) = u = 0,0408.
Mpogonxas NCnonb3oBaTh NPUHLUMN 3KBUBASIEHTHOCTU, Mbl MOXXEM BbIBECTU (hOPMY-
Nbl AN XEerofHbIX HeTTO-NPeMuidi 4NA Lenoro psga cTpaxoBbiX NNAHOB B AUCKPETHOM
mogenu. Obwasa gopmyna gns notepb 6yaeT UMeTb BUA,
Bbk+1rA I - PY,
rge
e bk-(H 1 Vk+\ 9BNSKOTCA COOTBETCTBEHHO (YHKLMeEl BbINaaT U YHKLNEA JUCKOH-
TUPOBaHUS, ONpefeneHHbIMU B COOTHOLWeHUN (4.3.1),
e P aBngetcs o6wum 0603HAYEHWEM A1 €XKErofHON npeMun, BbinnaynmBaemoi B
Havane Kaxgoro roga AeicTeusa 40roBopa B TedyeHUe nepuoja Bbinaatbl NpemMui,
MoKa 3aCTPaxoBaHHbIN XUB,
e Y aABNsieTCA TaKON CAy4yalHON BeIMYUHOM CTOMMOCTU AMCKPETHOrO0 aHHyMTeTa,
KOTOpas paccmaTpuBaeTcs, Hanpumep, B KOHTekcTe opmynbl (5.3.9).
MpumeHeHVe NpUHLMNA 3KBUBANIEHTHOCTU NPUBOAUT K COOTHOLLEHWUIO
Wbk+ivk+i - PY] =0, wwm P = E[btf+iUtf+i]/E[F].
3TN coobpaxeHUs UCNOMb3YHTCS NPU COCTaBAeHMM Tabnnubl 6.3.1, B KOTOPOI NpeacTas-
NeHbl popMybl ANa NpeMuii B clyyae CTPaxoBbiX 4OFOBOPOB B AUCKPETHOW MOfeNu.
Mprumep 6.3.2. BbiBefieM B TepMUHaX aKTyapHbIX HacTOALWMX CTOMMOCTEN Bblipa-

XeHus gnsa Aucnepcuu notepb L B ciiyyae CMELIAHHOTO CTPax0BaHWA Ha CPOK n neT (Cwm.
TPeTbio CTPOKY Tabnuubl 6.3.1).



asM|n
mHJ’

PeweHune. HauHem c 0603HaueHunii Tabnuybl 6.3.1. MycTb

z = {vK+\ AT=0,1,...,n —1,

v n, K=nn+1,...
Mbl MOXEM, CCbl/lasicb Ha TPETb CTOKY Tabnuubl 6.3.1, 3anucatb
L=2Z-PalRl-2Z)/d.

Takum obpasom,

D[L] = D[Z(1 + Px-.ru/d) —Px-.nVd\.
Ons HaxoxpaeHus D [Z] Mbl MOXeM BOCNOJIb30BaTbCA NPaBM/IOM MOMEHTOB, KaK YKa3aHo
B Tabnuue 4.3.1, 1 NoNy4YnTh

DIL] = (1 + PXn\Vd)2~Ax-m— (Ax:i)2].

M3 popmynbl (5.3.15) 1 13 BbipaXXeHW B TpeTbeil CTpoKe Tabnnubl 6.3.1 MOXXHO NONYyUYUTb
cnepyrolMe paBeHCTBa:

do'xifi] *“bAx:n] — 1) 1'bPx:n\jd — 1j dHxn\ -
Takum 06pa3om, guUcnepcus, KOTOPYI Mbl ULLEM, UMEET BUJ

Axn] ~ ("einl) (6.3.5)

{dax:ri)2

Tabnunuya 6.3.1. EXXerogHble HETTO-NMPEMMUN B JUCKPETHOW MoOfenn

Bupg ctpaxosoro

KoMMoHeHTbI noTepb

dopMynbl 4NA NPEMUN

NoKpbITUS bK+ivVK+i PY,rgeY ectb P = E[b/c+iNe+i]/E[Y]
BeccpouHoe AX
cTpaxoBaHue Ha 1vk+1 “kli* =0,1,2,...

cnyuyail cMepTy Ox
CTpaxoBaHue Ha « _

cnyuail cMepTh Ha lvil n>K =0,1,...,n —1 [D%_k *aﬁn]

CPOK N net 0 a\K=nn+1,.. ® ol
CmellaHHoe . . _

CTPaxoBaHWe Ha CPOK 1i;*+1 ®Kt|]| ArT=0,1,...,1 1 ?%Fﬂ __AX\I'R

n ner 1lvn ajil, ~ 'Ll ... S
BeccpouHoe

[F-NeTHUM CPOKOM lvk+l K=hh+1,.. ax:h\
BbINAaTbl NpeMuii

CmeluaHHoe

cTpaxoBaHMe Ha cpok  1VK+l A —0,1,...,h 1 AX 1)

n net ¢ h-neTHum 1vk+1 ah, K =h,...,7i-1 hPx\ ’
CPOKOM BbINMaThI A — ax:h\
AipemMmii lvn gjl K 7],71+

CTpaxoBaHue Ha « _

LOXWTWeE Ha CPOK N 0 i K=0,1,..n-1 P)N‘ii A

neT lvn an], K = 71 7l+ l Ueril
BeccpoyHblii « _ )
CTPaxoBON aHHYWTET, 0 7ffn- kK =0,1,...,71-1 b(max) = Ax-.n] Ux+n
OTCPOYEHHbIN Ha N ak+1-n\yM uy ~ —7L714-1, ... ex Tl

nert



Mpumep 6.3.3. PaccmoTpum 10000 fOroBOpPOB 6€CCPOYHOr0 CTpaxoBaHWUs Ha Cny-
yaii CMepTu B AUCKPETHON mogenu. MycTb T 0603HaYaeT BeIMUUHY €XErofHON npemMun no
TaKkoMy [0roBopy, a b(1r) — cnyvaliHas BeNn4YMHa NoTepb N0 OAHOMY TakoMy [LOroBopy,
paccuMTaHHas Ha MOMEHT ero 3aK/lIl04YeHNs Ha OCHOBe INMOCTPaTUBHOWM Tabnumubl cMepT-
HOCTU NP NPOLEHTHOI cTaBkKe 6% U NpU BO3pacTe CTPaxoBaTeNs B MOMEHT 3aKN04YeHUs
porosopa 35 fer.

(a) Onpegenum BennuMHy npemmun 70, Takyto, 4TO pacnpegeneHue c.B. L{70) nmeer
HyNneBoe MaTeMaTuyeckoe oXxugaHue. BoluMcnum gucnepcuio c.B. HTma).

(b) Haingem npubnunxXeHHOe 3HaYeHWe HaMMEHbLUEeil HeoTpuuaTeNbHON NPemMUn T,
Npu KOTOPOM BEPOATHOCTb TOFO, YTO NOTepu b(irb) NONOXUTENbHbI, MeHbe 0,5. Haigem
AVCNepPCUio BEMNYUHBLI b(>kb).

(c) icnonb3ys HopManbHOe NpUBAVKEHUE, HaliLeM BeIMYMHY MPEMUM TT, NPU KOTO-
POl BEPOATHOCTbL TOr0, YTO CymMMapHble notepu no 100 paccmaTpuBaemMbiM HE3aBUCUMbIM
[lorosopamM nonoXuTenbHbl, paBHa 0,05.

PeweHne, (a) CornacHo NpUHUKMNY 3KBMBaneHTHocTu (6.1.3),

m0 = 10000P35 = 10000 (85 15)09M02 = 83,62.

M3 popmynbl (6.3.3) cneayeT, 4To

Nl oo - M-50 _ 0,0348843 - (0,1287194)=
D[L(,.)] - (10000) -(£,,)* - 10 [{0,06/1,06)(15,39262)P
1831562
“ 0,7591295 “

(b) Mbl nwem BeNNYMHY NPEMUN iTh, TaKyt, 4T06bl P[X(7I() >0] < 0,5, nnn, B Tep-
MMUHax MoLaroBoi MPOAO/IKUTENLHOCTU MPpeAcTOAW el XU3Hn K

P(10 000uK+1 - b >0) < 0,5.

M3 MnniocTpaTUBHON Tabnmubl CMEPTHOCTU cnefyeT, uTo 42P35 = 0,5125101 n 43P35 =
0,4808964. Takum o06pasom, ecnu %, BblbupaeTcs TakK, 4Tobbl 10 00043 —iealy = 0, TO
P[b(w) > 0] = P (K <42) < 0,5. MNMoatomy

T( = 10 000843] = 50,31.

Bocnonb30BaBlLNCL AUCKPETHLIM aHanoroM dopmysl (6.2.6), Mbl nonyvyaem

2

BIE(Tr6)] = (FO000)2[2135- (N135)2] (i +

(1831562)(1,18567) = 2 171630.

(c) Ecnu npemus paBHa Tc, NoTepu Mo OfHOMY fOroBopy GYAyT paBHb

L{m0 = 10000"k+1 -T Tc&a” = 710000+ ™ v K+1 -



a X MaTeMaTnyeCKoe oXXunpaHmne n gncnepcmna BblHNCIAKTCA cnegyrounm o6pa30M:

E[L{vc) = (10000+ IljjAss ~y = (04287194) ~10000 + -,
U[L{*c)] = (10 O O O + [N35- (Aas)2] = (10000+ (0,01831562).
Ons kaxgoro n3 100 gorosopos notepu bi(wc) pacnpefefieHbl Tak Xe, Kak U €.B. b(TTc),
i=1,2,..., 100, u Be/IMYNHa
100
S = AL (O
i=1

ABNAETCA CYMMapHbIMW NOTepsiMK Mo nopTdento. B aTom cnyuvae
E[S] = 100E[LiTrc)].

Monb3ysacb NpesnosoXeHNeM O HE3aBMCMMOCTM LOrOBOPOB, NofyvyaeM
D[S] = 100D[L(wc)].

Lnsa Toro 4to6bl, NCNONbL3YS HOPManbHOE NPUBANXEHUE, HANTW BeNMUYUHy AT, Npyu KOTO-
poii P(S > 0) = 0,05, Mbl JONXHbI HAATU peLleHne ypaBHeHUS

0- EIS] _ 1,645,
i
10 ~E~A> 1 = .645,
g bl ]
nnn

—135[10000 + 7kc/d] + mdd
L[10 000 + 7rcrdy

= 1,645.

Takum o6pasom,

(0,1645)\J2Azb —(/135)2 + A35 -
1 - (A35 + 0,1645\/2N135 —(/135)2).
OBa ToxpgectBa (5.3.7) n (5.3.13) MOXHO MCNONbL30BaTb ANA BbIBEAEHUS COOTHOLLE-

HUIA MeXAy AWCKPeTHO BbiNnauynBaemMbiMy npemuamu. Hanpumep, ucxoas us (5.3.7), ans
[0roBopa 6eccpoyYHOro CTpaxoBaHWs Ha cnydaii CMepTu Mbl UMeeM

TT= 10000d 100,66.

dai + Ax —1, d+ Px—,, i
) O (6.3.6)
r, 1 11 dux (I
Px = —-a= —2—= m"]-
O Ut X Nt

MNcxoas n3 gopmynbl (5.3.13), Mbl MofyYaeM aHa/lOTUYHYH LLeNOYKY PaBeHCTB A1S f0-
roBopa CMeLWaHHOro CTpaxoBaHWs Ha CPOK n /eT:

1
dax-w+ Ax-n —1, d+ Px. n —

ax:n\
(6.3,7)
P L1 x 1 do,X:n\ __ dA.X:n\
rinl = —u=" - = 4
ax:n] ax:n\ 4



Mpumep 6.3.4. agnMM CNOBECHYIO UHTepRpeTaLmio cneayowmnx paBeHcTs n3 (6.3.6):

— —d 4Px, (6.3.8)

(6.3.9)

PeweHune. Mbl 6yfeM NCNonb30BaTb TEPMUH «3KBUBANIEHTHOCTb» B CMbIC/E PABEH-
CTBa aKTyapHbIX HacTOALWMX cToMMocTel. PaccmaTtpuBas opmyny (6.3.8), 3ameTumM CHa-
yana, YTo cymMmma 1B HaCTOALLMA MOMEHT 3KBMBANEHTHA CTPaX0BOMY aHHYUTETY C Bbinna-
TON BeAUYMHbI &~1 B Havane Kaxpforo rofa, noka nuuo (x) >XMBO. EAMHMYHAA CymMa
B HACTOALMIA MOMEHT TakXe 3KBMBaNeHTHa BbiNjaTe B pasMepe CTaBKW AMCKOHTa d B
Hayane KaXxAoro rofa fo Tex nop, noka nnuo (x) >KMBO, C BO3BPALLEHVEM CYMMbl pasme-
pa 1 B KOHUe rofa cMmepTtu nuua (x), T.e. 1 = ax/ax = dax + Ax. Bo3BpaleHne cymmsl
pasmepa 1 B KOHLE rofa CMepTV B CBOI O4Yepefb 3KBMBANEHTHO CTPAXOBOMY aHHYUTETY
npeHymMmepaHgo Px, BbiNnjiayMBaeMoMy 40 TexX Mop, noka nnuo (x) »xueo. Mo3atomy cymma
pasMepa 1 B HacTOAWMIA MOMEHT 3KBMBa/IeHTHA BbiNjaTaM BefiMUuHbl Px + d B Hauane
KaXXA0ro roga, noka nmuo (x) »kueo. CnegosatenbHo, a“1= Px + d, rge obe yactu pa-
BEHCTBa NPeACTaBASAOT CO60M eXXerofHble BbiNaaTbl CTPAXOBOr0 aHHYUTETa, OMNa4eHHOro
BHECEHVWEM CYMMbl pa3mMepa 1 B HACTOALWMIA MOMEHT.

UTto kacaetcs opmynbl (6.3.9), paccMoTpuM cTpaxoBaTens (X), KOTOPbIA 0famKmu-
BaeT CyMMY eAVHOBPEMEHHOW HeTTO-NPeMuUn, paBHy AX, A8 NpuobpeTeHUs Joroeopa
6ecCpOYHOro CTpaxoBaHWA Ha ciyyall CMepTW C eMHOBPEMEHHOW MpeMueint 1 CTPaxoBoii
BbiNaaToi pasmepa 1. CTpaxoBaTefib COrnaceH BbiNAa4yMBaTb NPOLEHTbI N0 3TOMY 3aimy
Brepes B pasmepe dAx B Hayajne KaXxoro rofa, noka OH >XWB, Npu YCl0BUN BO3BpaTa
CYMMbl AX U3 BblMfaTbl pasmepa 1 Ha cayvali cMepTu B KOHUe roga cMmepTu. Mo cyule-
CTBY CTpaxoBaTe/lb BblMa4ynBaeT eXXerofHy HeTTO-NpeMunto pasmepa dAx 3a CTPaxoBoii
[OroBOp C CyMMOI CcTpaxoBoi BbinnaTbl 1 —Ax. Takum 06pa3om, npu Bbinaate CyMMbl
pasmepa 1 6e3 M3bATUI MO A4OrOBOPY CTpPaxoBaHUs pasmep rofoBOW HETTO-NPeMuUn Lo0/-
XeH cocTaBnatb d Ax/ (I —AX). T

AHANOrMYHYH MHTEPNpeTauno MOXHO MPeANoXUTb A1 COOTBETCTBYHOLMX COOTHO-
LUEHWNIA, OTHOCALLMXCA K CMELUaHHOMY CTpaxoBaHWUIo, AN1S BTOPOro M NATOr0 paBeHCTB U3
COOTHOLWEHNIA (6.3.7). MimeeTcs aHanorua mexay paBeHcTBoMm (6.3.8), cOOTBeTCTBYHOLLEN
thopmynoli Ana CMeLlaHHOro CTpaxoBaHus

®cnl —Px:n\ + d
n hopmynoii

13 TeopMn HMHAHCOBLIX aHHYMTETOB.
Mpumep 6.3.5. Lokaxem opmyny
(6.3.10)

W AaguM ee MHTepnpeTaluio.
PeweHune. [okasaTenbCTBO NPOBEAEM C UCMOMb30BaHWEM Tabn. 6.3.1:

o X+n-

0TKyja cnegyet ¢opmyna (6.3.10).



WHTepnpeTauns 3akn04aeTca B TOM, YTO KakK npemMus Px.w, Tak U npemMmus nPx Bbl-
nnavymMBaloTCA B MEPUOL XMU3HU nuua (x), HO He 6onee Yem n feT. B TeyeHue aTux fieT No
06ouM 40roBOpam CTpaxoBaHWA MPefycMOTpeHa BbinaaTa Ha ciydvail cmeptu pasmepa 1
B KOHLUe roga cmeptu nuua (x). Ecnm (X) npoxuBeT fofblue, 4eM N neT, TO LOroBop
c npemueil Px.n\ npegycmatpuBaeT BbiMiaTty pasmepa 1 no MCTeYeHWM 3TOrO CpOKa, a
[oroBop ¢ nPx obecneynBaeT 6eccpoYHOE CTpaxoBaHMe Ha cry4vaii cMepTu 6e3 BbIMaThbl
KaKuX-nnbo [OMNOMHUTENbHbIX NPEMUIA, T.e. CTPaxoBaHWe C aKTyapHOI HacToAWel cTou-
MOCTbt0 Ax+n. Takum 06pa3om, pasHOCTb Px:rh—nPx SBASeTCA BEIMYMHON NOCTOSHHOWA
€XEeroAHoM NpeMumn Ans CTpaxoBaHUS Ha JOXWUTUE C aKTyapHON HacToAW el CTOMMOCTbLIO
1 Ax~n. v

Ha npakTuke BbinAaTbl N0 AOrOBOpPaM CTPaxoBaHMS Yalle OCYLLeCTBAATCA BCKOpe
rnocfie MOMeHTa CMepTu, YeM B KOHLE CTPaxoBOro roja, B KOTOPOM Mpou3oLLia CMepThb, U
Heob6X0AMMO paccMaTpMBaTb MOCTOSHHYH €XerofHyl NPeMut0 B NOAYHENPepbIBHON MO-
penn. Takue npemuu, nepevyncrieHHble B Mopsagke, Mcnonb3yemom B Tabn. 6.2.1 n 6.3.1,
o6osHauvatoTcs yepes P(AX), P (7~ M), P(Axn\), hP(Ax) u hP{Ax:n\). MonyHenpepbIB-
Hble MOJENN He HYXHbI NpY PacCMOTPEHUN JOroBOpa CTPaAxXxOBaHWS Ha JOXUTUE HA CPOK
N feT, NOCKOMIbKY B HUX He npeAycmaTpuBaloTCA BbiNAaThl Ha cny4vaid cMepTu. MNpumeHe-
HWe NPUHLMNa 3KBUBANIEHTHOCTU MPUBOAUT K (hOPMynamM, aHanorMyHbIM TEM, KOTOpble
npvBefeHbl B Tab. 6.3.1, HO B KOTOPbIX CMMBO/ A 3aMeHeH Ha A. Hanpumep,

P(AX) = Ax/ax. (6.3.11)

3aMeTuM, YTO 0603HayeHue 415 Takoi nNpeMun —He Px\ nocnegHee COOTBETCTBYET exe-
rofHo/i Npemumn, BbiNaa4ynBaemMoi HenpepbIBHO MO A0roBOPY 6ECCPOYHOr0 CTPaxoBaHus ¢
BbINMaToO pasmMepa 1 B KOHLE roga CMepTu W paBHOW Ax/&x. ECM B KaX4OM TOANYHOM
BO3paCTHOM MHTepBafie pacnpefeneHne MOMEHTOB CMepTW npeanonaraeTcs paBHOMEp-
HbIM, Mbl MOXEM BOCMO/Ib30BaTbCs 0603HaYeHNAMMN pasg. 4.4 1 3anucathb

P{Ax)=1~6Tx =\ Px’ P(A*™) = Qp*rmu P{Axm) = %P Im + Pxj,. (6.3.12)

6.4. NMpemnn, BbiNNaynBaeMmble m pas B roj

Ecnn npemun BbiNaayMBalOTCA He OAMH, a TO pa3 B Te4yeHWe rofga AeWcTBMA 4Oro-
BOpa, W MpPW 3TOM HWKaKO/ KOPPEKTUPOBKWM pasmepa BbiNaTbl Ha CAy4vaid CMEPTU He
NPOU3BOAMTCS, TO TakMe NPeMnn Ha3blBAKOTCA UCTUHHLIMM [ONEBbIMU NpemusamMu. Ye-
pe3 Px  0603HayaeTcsi UCTUHHASA NOCTOSIHHAA rofoBasi NpeMus, BbiNia4ynBaemas 4yepes
WHTepBanbl ANMHbI 1/TO B Hayane KaX4oro Takoro MHTepBana no gorosopy 6eccpoyHoro
CTpaxoBaHMA Ha cflyyail CMepTu C BbINNaToi pasmepa 1 B KoHUe roga cmepTu. CumMBon
P<T )(J1X) MHTEpPNpPeTUPYyeTCa TakNM Xe 06pa3oM, 3a UCKKYEHNEM TOFO, YTO CTpaxoBas
BbiNnaTa NPOM3BOAMTCA B MOMEHT cMepTu. OO6bIYHO TO paBHO 2, 4 nnm 12,

B HacTosiliem pasfene akUueHT GyfeT cieflaH Ha BbiNjaTe CTPax0BOro BO3MELLEHMWSA B
KOHLe CTPaxoBOro roja, B KOTOPOM npou3soLina cMepTb. B Tabn. 6.4.1 npuBefeHbl 0603Ha-
YeHUa 1 GOPMYNbl ANS UCTUHHBIX AOMEBbIX NPeMUiA No CTaHAAPTHbIM [JOroBOpam CTpa-
XOBaHUS XN3HU. DOpMYNbl 418 NPEMUA MOTYT BbiTb MOAYYEHbI MPUMEHEHUEM MPUHLMNA
39KBUBANEHTHOCTM.

B HEKOTOPbIX NPUIOXKEHUAX NONE3HO NPeACcTaBNATL MPEMUN, BbiNladynBaeMble TO pas
B TEYEHME CTPaxOBOro roAa, Kak exerofHble NPemMun, YMHOXeHHble Ha HEKOTOPbIA KO3g-

(GuyMeHT. Mbl NPOMANKOCTPUPYEM 3TO ANS b.P)EII?JPI'IDEMVII/I npu [OBOMbHO 06LEM BUAE



cTpaxoBaHua. MonyyeHHYO POpMYy MOXHO NpeobpasoBbiBaTh Tak, YTO6bI MOMyYanuch
(hopMynbl ANa NpemMuii No ApYruM LUMPOKO pacnpocTpaHeHHbIM BUAam cTpaxoBaHus. U3
nocnefHein cTpoku Tabn. 6.4.1 nveem

p(w)  Jr:n| 4
axi
Mockonbky Ax:i, — ®ct> ©°PMYJTY (6-4.1) MOXHO npeobpa3oBaTb K BUAY
p-(m)
y:3 = 6-4.2
axMm ( )

®opmyna (6.4.2) ucnonbsyetcs B crepytoleil rnape. OHa BbipaXkaeT PaBEHCTBO MeXAy
NpeMmuamu, BbiNaaynBaeMbiMy T pa3 B TEYEHME CTPaxoBOro rofa, M COOTBETCTBYIOLNMHU
eXerofHbIM1 NPeMUsMU, YMHOXEHHbIMW Ha OTHOLUEHWE CTOMMOCTEN aHHYyUTeToB. JTO
OTHOLLEHWE MOXHO 3anNuUCbiBaTb Pa3/IMYHbIMKU CNOCO6aMU, KaX bl N3 KOTOPbIX OTBEYaeT
pasnnyHbIM (hopMynam, UCNOMb3yeMbIM A5 BbIPAXEHUA CBA3N MeXay u ix.g (cm.
ynp. 6.14).

Ta6bnuuya 6.4.1. ICTUHHbIE JoneBble NnpemMun”

Bbinnata npemuii

Buf CTPaxoBoro noKpbITUs B KOHLE roga cMepTu B MOMEHT cmepTu

BeccpoyHoe cTpaxoBaHWe Ha cnyyai p(T) . ?*
cMepTM - .
P a,xm)— al
o ) .1
CTpaxoBaHMe Ha c/iy4yal cMepTu Ha piml  Aknl r>(r)y n\ _ erl;l
CPOK n neT r X1 -(rg?_I \ /1 x:n\) -(m
ax ai:nl
(™) A X\n\ R N\
CMeLlaHHoe CTpaxoBaHue Ha cpok n neT PV - -(m) Pim)(Axm) =
ay:mv ax:n\
BeccpoyHoe cTpaxoBaHWe Ha c/yyai ) Ax
CMepTK C /i-NeTHUM CPOKOM BbInnaThbl pe
npemuii T
CMelllaHHOe CTpaxoBaHWe Ha CPOK n feT p(T Ax-.n\
i1 h x: { K P AVA xOK) =
C h-/IETHUM CPOKOM BbIMNaTbl NpemMuii x:n =(m)
axin ax:h\

Mpumep 6.4.1. (a) Monb3ysacb NnntocTpaTMBHON Tabnuuein cmepTHOCTU € adhdek-
TWBHOW TOA0BOW MPOLEHTHOW CTaBKON 6%, paccuMTaeM MOCTOSIHHYK €XEerofgHyl HeTTo-
NpemMunto, BbliNfa4ynBaemMyto ¢ NOAYroA4oBOA NepmognyHoOCTbO, and 10 Q00 40roBOpoB CMe-
LlaHHOro cTpaxoBaHUsA CPOKOM Ha 20 neT, 3aKN0YeHHbIX ¢ ntamu Bo3pacTta S0 net, no
KOTOPbIM BbINAaThl OCYLLECTBAAKTCA B KOHLE CTPAxoBOro roga cmeptn (AUCKpeTHas Mo-
Lenb).

(b) OnpegenvM BeIMYMHY HETTO-NPEMUN NPU BbinaaTax, NPOU3BOAALLUXCA B MOMEH'
cMepTu (NonyHenpepbiBHAas MOJENb).

B 060Mx NyHKTax Mbl npeanonaraem, YTo B KaXAOM FOAMYHOM BO3PacCTHOM WHTep-
Bane MOMEHTbI CMEpPTW pacnpegeneHbl paBHOMEPHO.

A akTUYecKas BeMYMHA KaX/O0 [0NeBOl npemun, BbinfaunBaemoll T pa3 B TEUYEHUE CTPAx0BOro
roga, noka ctpaxosatens (i) XuB, paBHa O6patuTe BHMMaHue, uto h oTHoCcKTCs K uucny ner,
B TeYEHUWe KOTOPbIX NPOM3BOAUTCS BbiNaaTa NPeMUU, a HE K TOMY, CKONbKO pa3 NpemMus BbinaaymBanach.



PeweHune, (a) Ham TpebyeTcs HainTn BenmunHy KOOOOPAMN, B KayecTBe npefBa-
PUTENbHBIX LWAroB MOACUYMTAEM

d = 0,056603774, r<2) = 0,059126028, é-2) = 0,057428275, = 0,98564294,
i
- 1,01478151, a(2) = = 1'0002122° R(2) = ~p@ = 0,25739081,
a TakKXXe cnegyrwouime akKtyapHble HacTtoAwmne CTOMMOCTI!
0251 = 11,291832, AI0LL = 0,13036536, = 0,01154510,

20"50 = 0,23047353, A50w = 0,36083889, P 50561 = 0,03195574.

B npefnonoXeHuu, 4To B KaXK[0M rogMyHoM BO3pacTHOM MHTepBasie MOMEHTbI CMep-
TV pacnpefiefieHbl paBHOMepPHO, Tpebyemas NMpemus MOXEeT BbiTb BblYMCIEHA C UCMNOJb30-
BaHWeM qopmynbl (6.4.1) npyn £ = 50, n = 20, h= 20 n T = 2. nga 3T0ro nofcyntaem

a;g%):zul =, (2)&50:'2111"~'T0Mi %ﬂﬂ_sy) gOfi“il,\@QGi(Sg i”vﬁ‘”%@)o OP~ = 325,19.

(b) BennunHy cooTBeTCTBYHOUWYEA MPEMUM B NONYHENPEPLIBHON MOAENN MOXHO NOAYy-
YWTb, YMHOXaa 3HauyeHue, NonyyeHHoe B M. (a), Ha OTHOLIeHMe

WS020l)  50:201
A50:201 50201

B npegnonoXeHnn o paBHOMEPHOI pacnpefeneHHOCTU CMepTeid 3TO OTHOLIeHMe MpKUo6-
peTaeT BUf

(*IMN50EL  "S0201 (6.4.3)

Psao0l
YTO OKOHYaTe/lbHO NPUBOAUT K 3HAYEHUIO

10000P (2>(/150:T) = 328,68.

6.5. NMpeMnn c KOPPEKTUPYIOLWNUM NNaATEXOM

BTopbiM TUNOM [LONEBLIX MPEMUI ABNAKOTCA MPEMUN C KOPPEKTUPYWOLWMM nnaTe-
>kom1). B 3TOM c/iyyae npu HacCTYnaeHWU CMepTu BO3BpaLLaeTca Ta L0/ NPeMuun, KOTo-
pas OTHOCUTCH K BPpeMeHHOMY WHTepBany Mexay MOMEHTOM CMEPTU W MOMEHTOM cleay-
loWeli 3anfaHMpPOBaHHOM BbiNAaTbl NpeMun. Ha npakTUKe 3TO BO3MELLEHWE MOXET ocy-
LLecTBNATLCA Ha NPONOPLMOHaNbHON OCHOBe 6e3 yyeTa nNpoueHTa. B HacToAwem pasgene
Mbl YYUTbIBAEM NPOLEHTHLI Y paccMaTpuMBaeM Moc/ef0BaTeNbHOCTb BbINAaT NpeMuid, Npo-
M3BOAALLUXCA W pa3 B TeyeHWe roga AelcTBUA CTPaxoBOro AOroBopa, Kak CTpaxoBol
aHHYUTeT NpeHyMepaHAO C KOPPeKTUPYHOWMM naaTexom B cMmbicie pasg. 5.5. Ana obo-
3HAQYEHUS 3TUX MOCTOAHHBIX €XEeroAHbIX HETTO-NPEMUI C KOPPEKTMPYIOLW MM MIaTEXOM,
BblM/iaTa KOTOPbIX MPOUCXOAUT T pas B TEYEHMe CTPaxOoBOro rofa, MCMonb3yrTcs Mno-
YTWU TaKue XXe CUMBOSbI, KaK U ANS WUCTUHHbIX J0MIEBbIX NPEMWUIA B NONYHENpPepbIBHbIX
mogenax. OHU OTAMYAKTCSA TeM, YTO BEPXHUA MHAEKC T 3aK/0YeH B PUTYypHbIe, a He B
Kpyrnble CKOOKU, Hanpumep, PATA(AX). B KOHTEKCTe BO3MeLLEeHUS NPeMuli eCTeCTBEHHO
NPeanoNOXNUTb, YTO BbINAATbI Ha Cay4all CMepTM NPOU3BOAATCA B MOMEHT CMeEpPTW.

1 YMI3 NprBeaeHHOro HWXKe TeKCTa uuTaTeslb YBUAWUT, UTO 60/lee TOUHbIM SIBASETCS 60Mee A/IMHHBINA
TEPMUH «MPEMUM B MOE/IN C KOPPEKTMPYIOLLMM niaTexxom». — MpuM. peg,



AN vnnlocTpaymmn BbIBOAA (OPMYN ANS NMPEMU C KOPPEKTUPYHOLMM MNAaTeXOoM,
BbIM/aTa KOTOPbIX MPOM3BOAMTCA T pa3 B TeUEHME CTPAxXOBOr0 rofa, Mbl paccMaTpuBaem
CMellaHHoe CTpaxoBaHMe Ha cpok n neT ¢ ft-neTHUM cpokoM BbINAaThl npemuii. B cuny
MPUHLMNA 3KBUBANEHTHOCTY

hP{m]{Axm)a{™ I=A xm 7 hP{m}{AxM) = ~ . (6.5.1)
ax:h\

Bocnonb30BaBlINCL BAPUAHTOM GOpMynbl (5.5.4) AN CPOUHOTO aHHYMTeTa, Mbl NO/yYa-
emM
A d(m)
>m (6-5-2»

OTcloaa cnefyeT, 4To BeIMYMHA 0YepesHOro naaTexa npu BbinaaTe NPeMuii T pas B Foj

paBHa
1 i LArvm

- hP {m}AXM) = hP (Ax,m) - --mmv =, PXROWTT,, (6.5.3)
N B 4aCTHOM C/fiy4yae T = 1
AP~ ANTA) = [i-P(Miini)éji. (6.5.4)

®opmynbl (6.5.3) 1 (6.5.4) NoKasbIBalOT, YTO 3TN NPEMUN C KOPPEKTUPYIOLLUM NIaTEXOM
3KBUBANEHTHbI MPEMUSIM, PacCYUTaHHbIM B HEMpPEPbIBHON MOAENN, AUCKOHTMPOBaHHbIM
C y4yeTOM MpoOLeHTa K Hayany KaxpAoro MHTepBana Bbinaat. AHanoruyHble ¢Gopmysbl
MMelTCa 4NS APYTMX TUNOB CTPaxoBbiX AOFOBOPOB. Hanpumep, npu h n n, cTpemawmxcs
K 6eckoHeyHOCTK, popmyna (6.5.4) npeBpaliaeTcs B TakyHo:

P<1>(/I1) = P (1 XWIL. (6.5.5)

Kak HeTTo-npemMmnsa ¢ KOppekTupyrwmm nnatexom PAMAr), Tak M HETTO-MpemMuns B Mo-
NyHenpepbIBHOW Mogenu P (A X) BbiNnauMBaloTCs OAVH pa3 B FOf B Hauyane KaXaoro roga,
noka nmuo (x) XuBo. Kaxablii n3 3aTUX LOroBOpPOB nNpeaycmaTpuBaeT BbiNnaThl pasme-
pa 1 Ha cnyyail cmepTu nuua (x). 3TW A4Ba AOrOBOpa pa3nMyarTCcs TONbKO BO3BPATOM,
npesycMOTPEHHbIM B ciayyvae PAMM ). Takum 06pa3oM, pasHOCTb

PW(AX) - P(AX) (6.5.6)

SBNAETCA MOCTOSHHOW €XEerofHoW HeTTO-Mpemueid, BbiMAauMBaEMOii B Havane Kaxnaoro
roga, Ha NOKpbITUE yKa3aHHOro Bo3BpaTa. [lanee Mbl JOKaXEM 3TO YTBEPXAEHWEe OTHO-
CUTeNbHO pasHocTh (6.5.6).

PaccmatpuBas gopmyny (5.5.1), 3aMeTMM, 4TO CAyvaiiHas BeMYMHA HACTOSLLEN CTO-
MMOCTW BO3BpaLLaeMOi 4acTu NPeMUU paBHa

p{NAX)VTaK+i_T]|
on

rge cnydyaiHble BenMUUHbl K 1 T onpegensnuch B rA. 3. AKTyapHOIl HacTosuleli CTOM-
MOCTbIO 3TO BENUUYUHBI SBNSAETCS

VTéK+ I-T\



Bocnonb3oBasLimnck opmynoii (6.5.5), Mbl nony4vaem

VT _ VK+i!

A f1=P{AXE
©
MocTosAHHas eXerogHaa HETTO-NPeEMUA COCTaBUT, COrNacHO NPUHLNMNY 3KBUBAJIEHTHOCTHN,
BE/TMHNHY p, TWT _ , 4
P(ABM) = . (6.5.8)

00,x
dopmyna (6.5.7) gonyckaeT cefyroLy0 UHTePNpeTauuio: akTyapHas HacToswasa cTou-
MOCTb BO3BpaTa SIB/IIETCA Pa3HOCTbIO MEXAY CTOMMOCTbIO HeMNpPepbIBHONO 6eCCPOYHOI0
(hMHaHCOBOro aHHyuTeTal) ¢ rofoBoli Bbinnatol pasmepa P (AX), HaunMHatoLLerocs ¢ Mo-
MeHTa cMepTu nAuua (X), U CTOMMOCTbIO HeMNpPepbIBHOIO 6eCCPOYHOro YMHaAHCOBOIO aH-
HyuTeTa C rofoBOM BbiMnaTon pasmepa P(AX), HauMHatoLLErocs ¢ KOHUA roga cMepTu
nnga (x).
Tenepb Mbl BO3BpaLLaemMcs K cooTHoweHuto (6.5.6), rge, cornacHo (6.5.5),

pbl (Ax)- P(AX) =P(AX)5- ~ =P(AX)(j -

P(Ax)da* _6ax = P(Aa ~ - A = P{ABN). 6.5.9
(Ax) o (A=®) & { ) (6.5.9)

34ecb Mbl MCMONb30Ba/IM PaBeHCTBO (6.5.8). 3To foKasbiBaeT Halle YyTBepXJeHWe OTHO-
CUTeNbHO pasHocTu (6.5.6).

MpoBefeHHbIN aHaNn3 MOXHO PacnpocTPaHUTb Ha BbINaTbl NPEMUA, NPON3BOAALLIN-
ecs m pas B TeUeHMe CTPaxoBOr0O rofa, U Ha MHble JOrOBOPbI CTPAxX0BaHUS XU3HU, He
TO/bKO 6eccpoyHbie. B obLiem cnyyae

ptm\A) -pW (A)
ABMSETCA BEIMUMHOM NPeMUK, BbiNaayunBaemMoil T pa3 B roj, Ha NOKpbITUe BO3BpaTa.
Mpumep 6.5.1. Mpegnonoxum, 4To gorosop n3 npumepa 6.4.1(b) gomkeH npegy-
CMaTpMBaTbh KOPPEKTUPYIOLWNIA nnaTex. HacKoNbKo B 3TOM c/lyyae YBeIMUUTCS eXerof-
Has HeTTO-NpemMua?

PeweHune. ExerogHasi HeTTO-NMPEMUST C KOPPEKTMPYHOLLUM MAaTEXOM 3a efuHuLYy
CTPaxoBOro NOKpbITUA 3agaeTcsa opmynoii (6.5.2),

=?A 9 =n u
) c;0 50:201 c;0

B npegnonoXeHny paBHOMEPHOCTU pacnpefefieHns cMepTeil B KaKAOM FOAUYHOM BO3-
pacTHOM MHTepBase 3TO BblpaXkKeHWe NpuobpeTaeT BUA

(*/750:201 + ~50:201 <No_ _ AJA50:201 + P5020L A 2)
a(°0)ab0:2il-~ (00)(1-20750) a a(oo) - R(oo)(P*om +d) 6
3pecb a(oo) = = id/52 = 1,00028, R{oo) = (sp —I)/E£2 = 0,50985. Monb3yscb

APYTUMW 3HAYEHUSIMU, NPUBEAEHHbIMU B Npumepe 6.4.1, Mbl HaxoaUM

10 000 P {2}(A50:25) = 329,60.

AHenpepbiBHbIe 6eccpoyHble PUHAHCOBbIE aHHYUTeTbl (PeHTbl) onpefeneHbl B KHure: [epbep X.
MaTemaTuKa cTpaxoBaHus Xn3HU. — M.: Mup, 1995, pa3g. 1.6. PekoMmeHayeMm yuTaTento o6paTuTb BHU-
MaHue Ha qopmyny (1.6.5) ans HacTosued (TekyLleil) CTOMMOCTM 3TOr0 aHHyuTeTa. — MNpuM. peg.



Takum o6pa30M, yBe/n4eHmne FO,D'OBOVI NnpemMmnn coCTaBuUT
10 000[P<21(/TBOFE) - P (2)(J1 o200)] = 1,01,

yTO SIBNISIETCA BE/IMYMHOM TOAOBOI HETTO-MPEMUM, BbIMIauMBaemoli ABaXKAbl B rof, Ha
MoKpbITVEe BO3BpaTa. T

6.6. Bbinnatbl HAKONUTE/ILHOIO TUMa

AHanm3 B 3TOM pasgesne 6yfeT NPOBOANTLCS B TEPMUHAX EXKETrOAHbIX MPEMUIA 1 cTpa-
XOBbIX BbINMAT, MPOV3BOASALLMXCS B KOHLE rofa CMepTU. AHa/IOMMYHbIA aHann3 MOXeT
ObITb MPOBeAEH NS HEMpPepbIBHbIX Mogeneli 1, ¢ ONpefeNeHHbIMYU KOPpPeKTUBaMu, Ans
noslyHenpepbIBHbIX Mofeneid. Mpexae BCero, Mbl WILIEM aKTyapHYH HacTosILLYl CTOW-
MOCTb [J0r0BOpa CTPAaxoBaHWs Ha ciy4yali CMepTW Ha CPOK N J1ET, 3aK/IIOUEHHOIO0 C JINLOM
{X), No KOTOpPOMy CTpaxoBasi CyMMa paBHa W eC/IM CMepTb MPOU30MAET B rog ¢ Ho-
Mepom K + 1. CrydaiiHas BefiMUMHA HacTOSILLE CTOMMOCTU TaKoli BbINAaTbl HA MOMEHT
3aK/1l0UYeHUs1 CTPaxoBoro 4oroBopa paBHa

w = fVvK+1Sk+i\j = [VK+I(1+j)K+1 - vK+1]/d(j), 0~ K <n,
\o, K ™ 7]
rae HacTosle CTOMMOCTW [/1f CTPaxOBLUMKA BbIYMC/EHbI NPU MPOLEHTHOW CTaBKe i,

a d(j) sBnsieTca CTaBKOW AMCKOHTA, 3KBMBaNEHTHOW MPOLIEHTHON CTaBKe j. AKTyapHas
HacTosILLAasA CTOMMOCTb paBHa

E[W] = (A'tr,-Alm)/dU), (6.6.1)
rae BenMumHa A'km BbluMCNISieTCA NPU NPOLUEHTHONM cTaBke i' = (T —j)/(1+ j).
Ecnn i =j, 10 i' —0 n akTyapHasa HacToswas CTOMMOCTb paBHa

nAx ~ Ax. 1 —npx —AX.lW+ V npx
A - P n H P —oxm nPx On) —&x:n\ nEx ST (6.6.2)

dopmyna (6.6.2) NokasblBaeT, YTO NPU j = i 3TOT CNeynasbHbIA 4OrOBOP CPOYHOI0 CTpa-
XOBaHUS 3KBUBAJIEHTEH CTPaXOBOMY aHHYWUTETY MPEHYMepaHo CPOKOM Ha N JieT A0 Toro
MOMEHTa, NokKa (X) He MPOXWBET N JieT. [locne 3TOro AOroBop CPOYHOr0 CTPaxoBaHUs
npegycmMaTpuBaeT Hy/feBble BbiMaaThl, B TO BPEMS KaK BbIM/IaTbl N0 CTPax0BOMY aHHyU-
TeTy NPV YCNOBMU AOXUTUSA A0 N NeT 6yayT paBHbl Sja B MOMEHT BPEMEHU .

PaccmoTpum Tenmepb CUTyaLMio, KOrja nnuo (X) MOXET BblbupaTb Mexay npuobpe-
TeHWeM [0roBopa CMEeLUaHHOro CTPaxoBaHWs Ha CPOK M JieT C BbinjataMmu pasmepa 1 u
C eXerogHoli npemuein Px-n unm cosgaHmem cbeperaTeNlbHOro BK/aja Co B3HOCAMMW Be-
NYKUHbI |/BIi B Hauane KaXAoro 13 n JieT U NpuobpeTeHNeM CrelnanbHOro CPOYHOro
[orosopa cTpaxoBaHus € YMeHbLIAKLWMMUCA BbinaataMyu. CorfacHo aToMy crneunanbHo-
My [OFOBOpY CTpaxoBaHUS B C/lyvae CMepTu B rogy ¢ HOMepoM K + 1 6yaeT BbinjayeHa
pa3HOCTb

1 «LL i/54i, *=0,1,2,—1
MeXay CTPaxoBoii BbINiaToii pasmepa 1 Mpu cMellaHHOM CTPaxoBaHWM U CYMMOM, Ha-
KOMJIeHHOW Ha cbeperaTe/isHOM BKage. MPeAnonoXmm ganee, 4to Npv NPoBeaeHNN 3TUX

onepauuii Ucnosib3yeTcsl OfHa W Ta e MPOoLEeHTHas cTaBKa i. Mo cMellaHHOMY CTpaxoBa-
HUIO 1 N0 KOMGUHALUN CTeLUasibHOro A0roBopa CTpaxoBaHusa 1 cbeperaTe/isHOro BKIaga



npegycmMaTpuBalTCA 0AMHAKOBbIe BbIMAaTbl. [103TOMY MOXHO 0XUAaTb, YTO

(exxerogHasi HeTTO-NpeMns PX,Li N0 CMeLlaHHOMY CTpaxoBaHuIo)
= (exxerofHasi HETTO-NPeMMs MO CreynanbHOMY A0r0BOPY CTpPaxoBaHMsl)
+ (eXXerofHblin B3HOC B cbeperaTe/ibHbIli BKNag 1/éuw).

[ON5 NPOBEPKM 3TOr0 NPeanosioXKEeHNs PacCMOTPUM ClyYaiiHyo Be/IMUUHY HACTOSILLE
CTOMMOCTU A4/151 CreLManbHOro CPOYHOro CTPaxoBaHUS ¢ YMeHbLUAKOLLeAcs BbINIATo,

0N K <n
(6.6.3)

K ™ n.

AKTyapHas HacTosLLas CTOMMOCTb C.B. W 0603HauaeTcsi yepe3 A].:fa n sagaetcs cooTHO-
LLEHNSMU

1 Oxm\ nPx&LLL _ g
=4W] = A
] XT\ $i

[em. (6.6.2)].
E>XerogHas HeTTO-NPemMust 45 crneumnasbHOro CPOUYHOMo CTPaxoBaHUSA paBHA NO3TOMY

W, 3HAYUT,

(6.6.4)

MbI yXKe BuAenn, 4to

a Tenepb paBeHCTBO (6.6.4) faeT gpyroe pasnoxeHue ans Pxiu,. KomMMnoHeHTaMu B HeM
SIBNSOTCSA €XerofHble MNPemMnun Anst cneumanbHOro CPOYHOro CTPaxXoBaHMA U eXErogHble
B3HOCbI B cbeperaTte/ibHblii BKag 1/s’ni, KOTOpble HaKan/aMBalTCs, flaBas B CyMMe efu-
HULY MO UCTEYEHUU N JIeT.

Mpumep 6.6.1. BbiBeaeM hopMy/ibl 4711 €XXErogHON HeTTO-NPEMUM MO CTPAXOBOMY
[JOroBopy Ha cpok 20 fieT, 3aK/IKOUYEHHOMY C IMLOM (X ), COF/lacHO KOTOPOMY, e/l CMePThb
HacTynaeT B TedeHue 20 NeT, NPOUCXOANT BO3BPAT rOA0BOIN HETTO-NPEMUN

(a) 6e3 yyeTa npoueHTa,

(b) HakoMMeHHOW MpuW MNPOLEHTHOM CTaBKe, KOTOpPash MCMO/b3yeTCA B OMpeaeneHnn
BEMUYMHbI NPEMUIA.

B Ka)kgom cnyyae BO3BpaT NPeMUM OCYLLECTB/ISIETCA B AOMNO/THEHME K CTPAxoBOii Bbl-
nnate pasMepa 5000 ¥ BbINNaTbl OCYLLLECTBAAKOTCA B KOHLE TOro rofja, Korja npounsoLuna
CMepTb.

PeweHune, (a) MycTb T, 0603Ha4YaeT HeTTO-Npemuto. Torga

Ax-2) - 500047.20] + Tra(M4)*:26]



(b) MycTb b 0603HaYaeT HeTTO-Npemuto. Monb3ysack Gopmynoii (6.6.2), Mbl nony-
yaem

nbéu-Sél = 50007:201 + nb(ax.ffl - 20Ex «20]), W 20Ex «201 = 500074~.20],
Al Al
n = 5000 ab? = 5000 — .
20E x «201 20Px a 201
Ha npakTuke AO/MKHbI BO3BPaLLATHCA €XEeroAHble 6pyTTO-npemun, U B hopMynax 3To
[JO/MKHO YUMTbIBATLCS. v

MpumMep 6.6.2. OTCPOYEHHbIA aHHYUTET ANS Anua (X) C eXXerogHbIMU BblinsiaTaMu
pasmepa 1, KOTOpble Ha4YMHalOTCA B BO3pacTe x+ N, AOJ/IKEH OMayumBaTbCs NOCTOAHHbLIMU
€XErogHbIMM HETTO-NPEMUSIMU B TeYEHME Meproja OTCPOUKN. Bbinnarta Ha cnyyali cvep-
TN, HACTYNUBLUEM B TeYEHMe nepuoja BbinaaTbl NPeMUiA, COCTOUT B BO3BPATE €XerogHbIX
HeTTO-NMPEMUIA, HAKOM/EHHbIX C YYeTOM MPOLEHTa, NMPU TOM Xe NPOLEHTHON CTaBKe, KOTO-
pas npuMeHsnacb Ans pacyeta npemuun. MNpegnonaras, yYTo BbiNaaTbl Ha Ciy4vai cmepTn
NPOV3BOAATCA B KOHLE roja CMepTu, ONpeaesiM Be/IMYMHY eXXerofHOM HeTTo-npemMun.

PeweHune. NMpupaBHUBas aKTyapHYH HACTOSILLYI CTOMMOCTb €XKeroHOW HeTTOo-Mpe-
MWW T K aKTyapHOM HacTosLeA CTOMMOCTW BbINaT aHHYWUTETa, Mbl MeeM

Taxn\ = nEx x+n ‘b w(Gxn  nExsnl),

npuyem BTOpPOE c/flaraeMoe B MpPaBoOi YacTW BO3HMKAET M3 opMynbl (6.6.2). Paspelwas
OTHOCUTE/IbHO TT, NMoJly4Yaem
T = ax+n/s'nle v

6.7. 3amMeyaHua n nuTtepartypa

B ctatbe [Lukacs 1948] cogepxmntca 0630p TOro, Kak pasBuBasics NPUHLMN 3KBUBa-
NeHTHoCcTW. B nuTepaType, MOCBSLLEHHON 3KOHOMUKE HeonpenesieHHOCTeN, NpemMun, pac-
CUMTaHHbIE C MCMOJSIb30BaHMEM MPUHLMMNA 3KBUBa/EHTHOCTU, 4acTo HasblBalOT aKTyap-
HbiMK NpeMmusasmun. B paboTax Mepbepa [Gerber 1976, 1979] ob6cyXganmcb NoKasaTesibHbIe
npemMun 1 pesepsBbl. OHWU UNNKOCTPUPYOTCA NpumepoM 6.1.1, B KOTOPOM MCMO/Ib3yeTcs
npuHumn 11l. JoneBble NpemMun pas/iNyHbIX BULOB UMEKT BaXKHO0e MPaKTU4yeckoe 3Ha-
yeHue. LLlep [Scher 1974] obcyxxaan psig TeM B 3Tol 06M1acTh, a UMEHHO, CBA3WN MeXay
NPeMUSIMM B HEMpPepbIBHOM MOAENU, NMPEMUSIMUA C KOPPEKTUPYIOLMM MAaTeXOM U Mnpe-
MUSIMW B MOSyHeNpepbIBHOM Mogenu. PasnoXeHne NpeMuy B CMELLIaHHOM CTpaxoBaHUU
6b1n10 BBegeHo B paboTe [Linton 1919].

YnpaxHeHnsa

K pasgeny 6.1

6.1. MogcumTaiiTe MaTeMaTMUYECKOE OXUAAHWE U AUCNEPCUIO HACTOSLLEA CTOMMOCTM DUHAH-
COBbIX NOTepb /18 CTPaxoBOro forosopa n3 npumepa 6.1.1, ecnn npemun onpesensaoTCa, UCXOAA
13 npuHumna l.

6.2. MpoBepbTe, UTO MokasaTenbHas npemus (Cc a = 0,1) AnA forosopa CTpaxoBaHUf U3
npumepa 6.1.1, 13MeHEHHOro Tak, YTobBbl CyMMa CTpaxoBol BbinnaTbl 6bina paBHa 10, paBHAeTCA
3,45917. (O6paTnTe BHUMaHWe, 4YTO 3TO 3HayeHWe Npmb6AM3MTeNnbHO B 11,3 pa3 6onblie, Yem
nokasaTenbHas npemus LS LOroBOpa CO CTPaxoBOW BbIMAaTtoi 1, paccumTaHHas B npumepe
6.1.1.)

6.3. Bocnonb3oBaBWwuKCh NPeAnonoXeHNUAMY U3 npumepa 6.1.1, onpegenute pasmep exerosa-
HOW Npemmnun, KoTopas MakCMMU3UPYeT 0XKMAaeMyt NMONE3HOCTb A4 CTPaxoBLMKa C Ha4yalbHbIM



Kanutanom W = 10 n dyHKumelt nonesHoctn U(x) = x —0,01a:2, x < 50. [Yka3zaHue. Bocnonb-
3yiiTecb cooTHoLWeHnem (1.3.6), w —0,01w2 = E[(w —L) —0,01 (ry —L)2]]
K pasgeny 6.2

6.4. PaccMoTpumM 6ecCpoyHOe cTpaxoBaHWe Ha cayyaii CMepTh CO CTPaxoBOi BbINNATON pas-
Mepa 1 M NOCTOAHHOI Npemueid B HenpepbiBHOW Mogenn. CnyuaiiHas BenuuuHa T(x), npogon-
XWUTENbHOCTb MPeACTOALW e XM3HM, UMeeT nokasatenbHoe pacnpegenedune ¢ E[T(OK)] = 50, u
WHTEHCUBHOCTb HauucneHus npoueHta $pasHa 0,06.

(a) HailguTe exerofHyt HeTTO-NPeMUI0, CIM UCMOMb3YeTCs MPUHLNN 3KBUBANEHTHOCTH.

(b) HalignTe exxerogHyto HeTTO-NMPEMUIO, pacyeT KOTOPO OCHOBaH Ha Tpe6oBaHum P (L > 0)
= 0,50.

(c) MosTopuTe 3agayvy n. (b), npegnonaras, 4TO MHTEHCUMBHOCTb HAUYMC/IEHWA MpPOLEHTa 6
paBHa 0.

6.5. MyCTb MHTEHCMBHOCTb CMEPTHOCTU CTPOro BO3pacTaeT C BO3pacToM. [MoKaxuTe, 4To
P(AX) > fix(0). [YKasaHue. MoKaxuTe, 4To P {A X) ABNAETCA B3BELEHHbIM CPefHWM BEINYNH

Bx(t), t > 0.]
6.6. Cnegysa paccyxgeHinam npumepa 6.2.1, HailgnuTe ob6liee BbipaXeHne ANA
AX- (Ax)2
(6a4x)2
rae =R n 0 ABNAeTCA NHTEHCMBHOCTbIO HAuMCNeHUs npoueHTa ana t > 0.
6.7. Ecnn 6 = 0, noKaxute, 4To
P(Ax) = 1/°ex.

6.8. [lokaxuTe, 4TO AnWcCnepcus NOTepb MO AOrOBOPY 6GECCPOUHOrO CTPAXOBaHWsA Ha Cay-
yaii CMepTW C eMHOBPEMEHHON NpeMueli MeHblle AUCMEPCUMM NOTepb No A0roBopy 6eCCPOUHOro
CTpaxoBaHWs Ha Clyyail CMEPTU C €XErofHOM BbINAATON NpeMuii. CumTaiiTe, UTO CTPAXOBbIe Bbl-
Mnathl OCYLECTBASIOTCA B MOMEHT CMEPTW 1 YTO HETTO-MPEMUM BbINNAYNBAKOTCA HEMPEPLIBHO.

6.9. MNMoKaxuTe, 4To

K pasgeny 6.3
6.10. Ha ocHoBe WancTpaTUBHOK Tabaunubl CMEPTHOCTM U NPOLEHTHON CTaBKU 6% BblunC-
NNTe BEIMYMHY eXEerofHbIX NPemMuil B cnefytoleid Tabnuue. OTMeTbTe BCe BO3MOXHbIE HEPABEH-

CTBa, KOTOpPble BO3HMKAKT B MaTpuue pe3ynbtatos.

HenpepbiBHas mMogenb [MonyHenpepbiBHAs Mogenb  [AUCKpeTHas Mofenb

mP(*35:101) mP(35:10i) »'35:161
~(~35:301) mP("35:30i) +135:301
mP("35:8LL1i) mP("35:60i) w'35:601
P(A35) P(A39) P35

+7(735:36i) Pais01
m~(735:101) P (N35:L) P01

6.11. MNMoKaxuTte, 4TO
2M%31- PI-LU= 20.P(20]10"'4%)-
6.12. O606wmTe npumep 6.3.1, rge \Ux = (L —r)rk, Kk = 0,1 ,2 .; gpyrumMu cnosamu,
HalignTe BblpaXKeHUs1 B TepMuHax rur ana Ax, ax, Px n [AX—(Ax)2]/(dax)2.
K pasgeny 6-4
6.13. Monb3ysicb UH(OpMaLUeli, NprBeAeHHOI B npumMepe 6.4.1, BbluMcIUTe 3HaYeHUe PPl



6.14. Monb3yAcb pasnuyHbiMu opmynamu gna axf[u nu6o npegnonoxeHnem o paBHO-
MepHOCTW pacnpefefneHnss MOMEHTOB CMepPTW B KaXKJOM FrOAMYHOM BO3paCTHOM WHTepBane, 6o
topmynoii (5.4.10), noKaxuTe, 4TO OTHOWEHNe & » /& N B COOTHOWeEHUN (6.4.2) MOXHO npej-

CTaBUTb KakK BeNNYUHY, 06paTHYO K
@ 4m- B{m)PIM, (b) a(T) - B(M)(P* +d), () 1- "~ ("~ g + <
6.15. Bbluncnnte gBymMs cnocobamu, ccbinascb Ha npumep 6.4.1(b) n HenocpeAcTBEHHO,

BeNnuuHy P (2'(J150:26i)) = * 50:26]/®s50%26I" Mpu 3ToM mMcnonb3yite NnntcTpaTuBHY Tabauuy
CMEpPTHOCTW AN aKTyapHbIX HAcTOALLMX CTOMMOCTEN Kak B UACAUTeNe, TaK U B 3HAMeHaTese.

6.16. Ecnu pl ~w/Pl-28 ~ 1,032 n Px./iwi= 0,040, To KakoBO 3HaueHue PjI°?
K pasgeny 6.5

6.17. YnopagounTe no Bo3pacTaHuMio BenuunHbl P A (A 40:25i), P (" a0:25i)> P47 4025l)i
P{Ado:25]) u P*12%(Al0:25l) N 060CHYITE CBOV BLIBOA.

6.18. Mpu ycnosun, uto d / d = 99/100, Beluncaute PAIMAX)/P ~ (Ax).

6.19. Myctb P(AX) = 0,03, 1 nycTb a(hheKTUBHAA ro4oBas NPOLEHTHas cTaBKa COCTaBNA-
eT 5%. BbluncnnTe BeAUYUHY NONYrofoBON HeTTo-npemun ana 50 000 oroBopoB 6eccpoyHOro
CTpaxoBaHWA Ha caydvail cMepTu NS NWL Bo3pacTa (K) B CAyvae MPeMUil C KOPPEKTUPYHOLLMM
naaTexom.

6.20. MoKaxuTte, 4Tto

A —na > Al — A
P1T}(NXw) - P{T)(/Ixw) = p(Adw) = = P{AXT) x:7T ,T)AL =
Sal.m

K pasgeny 6.6

6.21. BoipasuTe Bennunny 1—-s1/545;20] B BUfje exxerofHoi npemun. [lainTe nHTepnpeTaLuio
NOSIy4YEeHHOro pesynbTara.

6.22. Ha ocHoBe MinnocTpaTuBHON Tabnuubl CMEPTHOCTU M NPOLEHTHON CTaBKU 6% BblUmnC-
NNTE KOMMOHEHTbI CNeAYOLWNX ABYX Pa3fNoXeHUii:

(a) 1000P0OW, = 1000(P5Qu, + P50"]), (b) 1000P50 W, = KOOOCP-"u + 1/BLY).

6.23. PaccmoTpum aHanor gpopmynbl (6.6.3) 4N HenpepbIBHOW CNy4YalHOW BENUYNHbI
"T(1 —Syl/snl), OsST < n,
wm, ( y )

_ { i T™n.
OCHOBbIBasACb Ha NPUHLKNE 3KBUBANEHTHOCTU, NOTEpPYU

L=W-Alm

MOXHO WUCMO/b30BaTh A/18 ONpefeNeHuns efUHOBPEMEHHON HeTTo-npeMun AX.A ans Takoro cne-
LumanbHOro gorosopa. MokaxuTe, 4To

n_ i ax..m-nPxam A @+ i)mAkm- 2(1+ iFALw+ (1- npx)
(@ Aftn = Axtn - . (b) E[W j [+ )" —I1]2 '

Ko Bcem Temam rnasbl

6.24. Bbipa3ute Auo P4o:25l+ (1 —"40)Pio B BM[e eXerogHoi HeTTo-NnpeMun. flainte nHtep-
npeTawluio NONyYeHHOro pesyfbTaTa.
6.25. (a) Mokaxute, 4To
1 1 ol
" T . — 65101+ d.
a65:161  *65:101
(b) KakoB BuA cOOTBETCTBYIOLWEN (hOpMY bl ANS



(c) MokaxmuTe, YTO BEMYMHA FOA0BbLIX NOCTYNAEHNA, 06ecnevyeHHbIX e4VUHOBPEMEHHON HeT-
To-npemuein pasmepa 10 000 npu ycnosuu, 4to

e BbIN/JaTbl NPOM3BOAATCA B Hauafie Kaxjoro mMecsiua, noka nuuyo (65) XuBo, B TeyeHue
nocnegytouux 10 ner,

* elMHOBpPEMeHHas NpemMus Bo3BpaliaeTcs no npowecTsun 10 neT, ecnv nuuo (65) AoXnBET
L0 Bo3pacTa 75 neT,

3aflaeTCA BblpaXKeHNnem

iooooof77rr - = 100000(0),
A“B5TOL  S65a0T
rae yepes (B) o6o3HavaeTcs 0TBeT Ha M. (b) HACTOSLLEFO YNPAXKHEHUS.
6.26. Mo cTpaxoBOMY AOr0BOPY, 3aKAOUYEHHOMY € nnuoM (35), C NOCTOSAHHLIMW NPEMUSMUA,
BblM/fla4MBaeMbIM¥ A0 BO3pacTa 65 net, NpefycMOTPeHbl

e Bbinnata BenuunHel 100000, ecnn cTpaxoBaTenb JOXUBET L0 Bo3pacTa 65 fet, u

e BO3BpaT eXerofgHblx 6pyTTO-NpeMuUil C NPOLEHTaMW, pacCYUTaHHbIMW N0 MNPOLEHTHOM
CTaBKe Ha KOHel TOro roja, Korga npousowna CMepTb, €CAN CTpaxoBaTesb He LOXMWU-
BeT 0 65 nert.

Monaras, 4TO BeAMUYNHA exerogHon 6pytro-npemun G paBHa 1,17r, rae T ABNAETCH eXerogHomh
HeTTO-NpeMuen, BbINUWUNUTE BbipaXeHue gna .

6.27. Bbluncnute ecnn 15P45 = 0,038, = 0,056 n Neo = 0,625.

6.28. [loroBop CTpaxoBaHWA Ha cny4yail CMepTW C Bbinnatamu npemuin B TedeHue 20 net
YCTPOeH TaK, YTO B C/lyyae CMepTuW cTpaxoBaTe/nto Bbinnayusaetrca 10000 nnwoc Bce 6pyTTO-
npemumn 6e3 yyeta npoLeHToB. 0N0XeHWe O BO3BpaTe NPEMU NPUMEHAETCA Kak B Nepuog Bbl-
nnatbl NpeMuin, Tak W nocne Hero. MNMpemuy BbINNAYNBAKOTCA €XErogHO, a BbinnaTta Ha cnyyai
CMEPTM NPOU3BOAMTCH B KOHLLe TOro rofa, Korga HactynaeT cmepTb. 10 [OroBopy, 3aK/it0YeH-
HOMY ¢ nuuom (X), BeNMUYMHA eXerofHoi GpyTTo-npemMun coctasnset 110% OT HETTO-MpeMuu
nntoc 25. BbipasnTe B TepMMHaxX akTyapHbIX HAacTOALMX CTOMMOCTEN W 3anuwnTe B COOTBET-
CTBYIOLWMNX 0603HAYEHNAX BENNUMHY €XErofHON 6pyTTO-NpemMun.

6.29. Bblpa3nTe B TepMMHaX aKTyapHbIX HacTOAWMUX CTOMMOCTEN M 3anuUlINTe B COOTBET-
CTBYHOLWMNX 0603HAYEHNAX BENNUYNHY €XErofHOW HETTO-NPEeMUN B HaYaNbHbIi MOMEHT 4N AOTO-
BOpa 6eccpoOYHOro CTpaxoBaHWs Ha cnyvall CMepTu, 3aK/HOYEHHOr0 ¢ NMLOoM (25) Ha cnefytowmnx
YCNOBUAX:

+ CTpaxoBas CyMMa, yKasaHHas B 40OroBope, A0/KHaA 6biTb paBHa 1 Ans nepsbix 10 net un
2 Ans BCeX MOCNeAyoUmnx ner,

e Kaxpas npemus B TedeHue nepBbix 10 neT paBHa 1/2 kax Aol npemuu, BbinnavynBaemoi
BMOCNeACTBUM,

e MpPEeMUU BbINNAYNBAIOTCSA €XEroAHo BMAOTbL 40 BO3pacTa 65 neT,

e CTpaxoBble BbIMAaTbl OCYWECTBAAIOTCA B KOHLe Frofa CMepTy.

6.30. MycTb c.B. Li 0603Ha4aeT NoTepu cTpaxoBLyMKa Ha eJMHNLY CTPax0oBblX BbiNaaT AOro0-
BOpa 6eCCPOUYHOr0 CTPAXxOBaHMA Ha CNyyYaii CMEPTH, 3aKNHOUYEHHOTo ¢ MoM (X), B HenpepbIBHOI
mogenu. MycTb c¢.B. L2 o603HayaeT notepu nuua (X) no CTPaxoBOMY aHHYWUTETY C HenpepblB-
HbIMW BbiNnaTaMu, NPUOGPETEHHOMY LEeHOW BbIMNaTbl €4UHOBPEMEHHOW MPEMUM BeAUYUHBbI 1.
Mokaxute, 4to Li = L2 1 gaiiTe cnoBecHoe NOsSICHEHWe 3TOr0 TOXAECTBa.

6.31. PaccmMOTpMM CTaHAapTHbIA [OroBOpP CTPax0BaHWA Ha Cnydall cMepTW CO CTpaxoBOWA
BbINMaToll pasmepa 1, 3aK/OYEHHbI C NMLOM BO3pacTa X, BbiMNaYMBAKOLWUM €XErofHyH npe-
muto pasmepa 0,048, B guckpeTHOli mogenn. Mpeanonoxum, 4to d = 0,06, Ax = 0,4 n AX=0,2.
MycTb L ABnfeTcA QyHKUMER NoTepb CTPaxoBLLMKAa B MOMEHT 3aK/0UYeHUs LOroBOpa.

(a) Boluucnute E[i].

(b) Bbiuncnute D[L].

(c) PaccmoTpuTe nopTdhens, cocToawmit 3 100 LOroBOpOB yKa3aHHOroO TWMa CO CTPaX0BbIMU
CYMMaMu, YKa3aHHbIMUW HUXE:



CrpaxoBasi cymmMa  Uuc/io J0roBopoB

1 80
4 20

MpeAnonoXwue, 4TO NOTEPU MPOUCXOAAT HE3aBUCMMO APYT OT Apyra W BOCMNONb30BaBLUNCH
HOPManbHbIM NPUGAVXKEHNEM, BbIYNCNNTE BEPOATHOCTb TOMO, YTO HaCcTOALLaA CTOMMOCTb A0OX04a
no nopTtento npessoigeT BennumHy 20.

6.32. Bbipa3uTe B TepMUHAX aKTyapHbIX HACTOAWMUX CTOMMOCTEN BEIMYNHY HaYyanbHOW ro-
[0BO HeTTO-NpeMun NS forosopa 6eCCPOYHOro CTpaxoBaHUs Ha cnyyali CMepTu C BbINAATOW
pasmepa 1 gna crtpaxosaTtens (X), ecniu nocne 5 feT rofosas HeTTO-MPemMua y4BanmBaeTca Mo
CpaBHEHUIO C Npemuneld, BbiNaynBaBLleinca nepeble NATb neT. CunTainTe, YTO BbINAATHI Ha CAy-
4yail cMepTW NPOU3BOAATCA B MOMEHT CMepTH.

6.33. Pewnte ynp. 6.20 NOBTOpPHO AN4 fJOoroBopa 6eCCPOYHOro CTpaxoBaHMA Ha cayyai
CMepTn € J1-NeTHUM CPOKOM BbiNaaThl NpPeMuii.

6.34. ®yHkuua I(t) 3apaetca cooTHoweHnem (6.2.1).

(a) AokaxuTte, yto I"(t) ~ 0.

(b) Bocnonb3yiiTecb HepaBeHCTBOM MeHceHa 13 pa3g. 1.3 Ana gokasaTenbCcTBa TOro, 4YTO

ecnn P = P(AX), To P(AX)  wei/ar-|.

6.35. MycTb cnyuaiiHas BennumnHa T(X) vmeeT nmokaszaTeNbHOe pacnpejeneHue ¢ napamer-
pom L.

(a) Haigute yHKUMIO naoTHocTKM c.B. L, obwas dopmyna ANA KOTOPOW npuBefeHa B
(6.2.12).

(b) MokaxwuTe, uto E[L] = (4 —P)/(u + S).

(c) Bocnonbsosaswuck n. (b), gokaxute, yto E[L] = 0 npu P = P(AX).

6.36. Mcnonbsys npegnonoxenus ynp. 6.35 npu B = 0,03 u S = 0,06,

(a) Bbluucnaute P (L~ 0) npu P = P(AX),

(b) onpepnenute P Tane, uto6bl P(L > 0) = 0,5.



HETTO-PE3EPBbDI

7.1. BBepeHue

B rn. 6 Mbl M3M10XXUNN HECKOMbKO MPUHLMMOB, KOTOPble MOFYT ObITb MCMOMNb30BaHbI
AN onpefeneHnsa HeTTo-npemun. B 06CyXXaeHUAX rA. 6 LWMPOKO MCMNO/Mb3yeTCA NPUHLMN
3KBMBA/IEHTHOCTU. COrnacHo 3TOMYy MPUHLMNY, OTHOLUEHWE 3KBMBA/IEHTHOCTU yCTaHaBN-
BaeTCsA Ha faTty, Korfga BCTynaeT B CW/Y LOATOCPOYHbI/ JOFOBOP MEXAy ABYMS CTOpPO-
Hamu, AOroBOpPMBLUMMUCS 06 06MeHe cepwel nnaTexein. Hanpumep, npu AoArocpoYHoi
CCyfie 3aeMLMK MOXET MPOM3BOAUTL CEPUI0 PaBHbIX €XEMECAYHbIX MAaTeXei, 3KBUBa-
NIEHTHbIX eAVNHOBPEMEHHOM CyMMe, BbINaavyeHHON KpPeguTOpPOM B MOMEHT Bbijaudn ccyfbl.
CTpaxoBaTteflb MOXeT BbiM/ia4yMBaTh CTPaxXOBLUNKY CEPUIO HETTO-MPEMWNIA, Ha faTy 3aK/to-
YeHUs1 AOroBopa 3KBMBA/IEHTHYIO CYMMe, BbIN/jlaunBaeMoli CTPaxXOoBLLMKOM /60 B CBA3M
CO CMEPTbHO CTpaxoBaTens, Mbo B Cay4vae ero 4OXMUTUSA A0 AaTbl 3aBepLUEHNS 4OroBopa.
DU3NYECKOE /TINLL0 MOXET KYMUTb OTCPOYEHHbI aHHYUTET Y KOMMaHUK 3a CYET BbIMaThbl
el MOCTOAHHbIX MPEMUA, 3KBUBANIEHTHbIX Ha AaTy 3aK/H0UYEHMA AOrOBOpa TEM eXeMecsiy-
HbIM aHHYUTETHbIM BblIMNaTam, KOTOpPble 3TO AMLO OyaeT NoayyaTb OT AaHHOW KOMMaHUn
C MOMEHTa, KOorga JOCTUTHET OnpefeneHHOro B JOroBope Bo3pacta. DKBMBA/IEHTHOCTb B
npuMepe C ccyfon copmynmpoBaHa B TepMUHAX HaCTOALLEA CTOMMOCTU, a B NMpumepax
CO CTPaxoBaHMEM M aHHYWTETaMW 3TO — 3KBUBAJIEHTHOCTb MEXAY ABYMS aKTyapHbIMU
HaCTOSIWMMN CTOUMOCTSIMW.

Tem He MeHee MO MPOLLECTBMM HEKOTOPOro neprofa BpeMeHU 3KBMBa/IEHTHOCTb MeX-
oy 6yaywmnmm MHaHCOBbIMU 0653aTelbCTBAMU [BYX CTOPOH OKAaXKeTCsl HapyLUeHHOA.
MOXeT CNy4ynmTbCs TaK, 4YTO 3aeMLMK [JO/KeH OyAeT MPOAo/MKaTb NiaTexu ansa no-
KpbITUA OCTaTKa [0/ra, B TO BpeMsi KaK KpeanTop Y>XXe BbIMOMHU/ CBOM 065s3aTe/1bCTBa.
B gpyroii cuTyaumm 06s13aTeNlbCTBa MOFYT OcTaBaTbCsA Y 06enx cTopoH. CTpaxoBaTenb,
BO3MOXXHO, JO/KeH 6yAeT NpoAo/MKaTh BbINAaTy HETTO-NPEMUIA, B TO BPEMS KaK y CTpa-
XOBLLMKA OCTaHETCS 0653aTe/IbCTBO BbIN/IATUTb CTPax0oBY CyMMY MO OKOHYaHWU CpoKa
[OroBOpa WM B c/lyyae CMepTu cTpaxoBaTesis. B HalleM npumepe ¢ OTCPOYEHHbIM aHHY-
NTETOM (PM3NYECKOE NIMLI0 MOXET 3aBepLUMTb CBOM MAaTeXW, B TO BPeMS KakK KOMMaHWs
eLle fOo/MKHa NPOoAOMKATb eXKeMeCSYHbIe BbINAaThbl.

B 37Ol rnaee Mbl Uccefyem NaaTeXuW B Nepuoabl BpeMeHW nocne faTbl BCTYMN/eHUS
porosopa B cuny. [na atoro Tpebyetcs 6anaHcuMpyroLlas cTarbs, 1 3Ta ctaTba 6yaeT nac-
CUBOM 151 OfHOW M3 CTOPOH M aKTMBOM ANS ApYyroi. B cnyyae ccybl 6anaHcmpyoLas
cTaTbsl ABNSETCA HenorawleHHoW CyMMOI [o/fra, akTMBOM AN KpeauTopa U MaccuBOM
4NN 3aeMlmnKa. B AByX Apyrunx caydasix, ecam muo eLle XXnuBo, banaHcupyowasa cratbs
OyfeT Ha3bIBaTbCSA pPe3epBOM. DTOT pe3epB 00bIYHO ABNSAETCA 06513aTe/IbCTBAMU, KOTOPbIe
JO/MKHbI OblTb OTpPaXeHbl B N060/ (PUHAHCOBON OTYETHOCTWU CTPAxXOBLUMKA MM KOMMa-
HUW, BbINa4YMBatoLLe aHHYUTeTbl. OH TakKXKe 00bIYHO SIBAISIETCA aKTUBOM A/151 CTpaxoBa-
Tenst WM nua, KOTOPoOMY BbIMaunMBaeTCA aHHYUTET.



MponnncTprpyem pacyeT pasMepa banaHcupytoLleli cTaTbi, 0 KOTOPO rOBOPUIOCH
BblLLIe, NPOAO/HKMB NpuMep 6.1.1 B ABYX Cnyyasx, B KOTOPbIX NpW onpeeseHny npuHLmna
pacyeTa NpeMuu KCrosib3oBanacb MYHKLUUA NONE3HOCTU.

Mpumep 7.1.1. CTpaxoBWMK 3aK/10YaeT AOroBOp CTpaxoBaHWS C BbiNaaTol pas-
Mepa 1 B KOHLe roga cMepTu B 06MeH Ha BbInnaTy npemun P B Haydane Kaxgjoro rojaa,
noka cTpaxoBaTesib XWUB. MpeanonoXnm, 4To cTpaxoBaTeflb XUB CNYCTA rof nocne 3a-
K/IIOYEHUS [OroBopa cTpaxoBaHus. [anee, NpeanosoXMM, YTO CTPAxOBLUMK UCMOMb3YyeT
npoueHTHYyt0 cTtaBky I — 0,06 1 crefyrolee nNpeanosioxXeHne 0 CMePTHOCTU B TEPMUHAX
cny4aiHon BennymHbl K :

*190 = 0,2, kK — 0,1,2,3 4.

Haigem pesepB {V, onpeaeneHHbIA COrlacHO

(a) npuHumny Il: cTPaxoBLMKY, MCMONb3YIOWEMY (YHKLUIO MONE3HOCTU U(X) = X,
6e3pa3NnNyHoO, 0CTaBNATb /I PUCK HA COOCTBEHHOM YyAep>KaHUUW, nosy4vyas npemuu pasmepa
0,30272 (13 npumepa 6.1.1), WK BbINNATUTL NEPeCTPaxoBLUMKY CyMMY iV 418 nepefayn
puvCKa;

(b) npuHumny Il cTpaxoBLMKY, WUCMOMNb3YHOWeEMY (QYHKUWIO MOMe3HOCTU W(X) =
_e-°ax, 6e3pasqIMyHo, OCTaBNATb /I PUCK HA COBCTBEHHOM YyAepXaHwuu, nonyyas npe-
mMun pasmepa 0,30628 (13 npumepa 6.1.1), unn BbINNATUTL NEPECTPaxoBLUNKY cymmy {V
ONA nepefayvn pucka.

PeweHune. YcnoBHas (hyHKLMS BepoATHOCTER Aa €.B. K nowaroBoi Mpogosku-
TE/IbHOCTW MPEACTOALLEN XM3HM npu ycroBum K A 1 3anucbiBaeTcs cnegylowmm obpa-

TS =584

HacTosiwan ctonmocTb 6yayLimx hMHaHCOBbIX NOTepb CTPAaxXOBLLMKA Yepe3 OAWMH rof no-
Cne 3aKN4YeHna gorosopa coctaenseT \L = —Pan _ 171, rge P — npemus,

onpegeneHHasa B npumepe 6.1.1.
(a) CornacHo copmyne (1.3.1), Halgem TaKyt BeNUUUHY iV, U4TO

u(w - iV) = E[u(it - iL) IK ~ 1].
CornacHo npuHumny I, n(x) = x, TaK 4To
w-iV = E[w-iL\K”A] =w-E[iL\K"I].

ViHbIMK cnoBamu, npyvHUmMn |1 3KBMBaneHTeH TpeboBaHMO, YTO6bI BennymHa \V' ygosne-
TBOpsAna ycnoeuo iV = E[iL IA";>1]. AnA aToro npuMmepa gaHHoe TpeboBaHWEe MOXHO
NpeaCcTaBUTbL B BUJE

4
iV = J2(V(k~D+L - 0,302720~7) P(K=k\KAI)
k=l
4 4

V{k~D)+IP (K =k\K >\)~ 0,30272£ & p p P(K=k\KAI), (7.1.1)
k=1 k=1

n ato gaet {V = 0,15111, KaKk NoKas3aHO B C/eaytoLlen Tabnuue.



HacToswas ctoumocTb (rog cny-
CTsi Mmocne 3aknioueHns JOroBopa) MepcnekTuBHbIEL

YcnoBHas 6yaywnx 0643aTenbcTB noTepu
K BEPOATHOCTb CTpaxoBLlnka CTpaxoBaTtens CcTpaxoBLnKa
1 0,25 V= 0,94340 P&j\ = 0,30272 0,64067
2 0,25 y2 = 0,89000 Paji= 0,58831 0,30169
3 0,25 n3 = 0,83962 P&j] = 0,85773 -0,01811
4 0,25 n4 = 0,79209 Pas, = 1,11191 -0,31981
MaTtemaTnyeckoe oxugaHue 0,86628 0,71517 0,15111

AKTyapHasl HacTosiLasi CTOMMOCTb MepPCNeKTUBHbIX MOTePb CTPaxOBLUUKA paBHa
0,86628- 0,71517 = 0,15111.
(b) BHOBb ncnonb3ys gopmyny (1.3.1) v npuHumn I, nonyyaem
_e-0,i(u—V) _ E[_e-0,i(wiX) IK>1\ = -e _0-1""E[e0"1IL\K ~ 1].
CnegoBaTenibHo, npuHumn Il skBuBaneHTeH TpeboBaHMo, 4TOObl BennumnHa {V yaosre-
TBOpsAna ycnosuio e0,1™ = E[eQ1IL\K ~ 1] wan \V = 101nE[e01lIL\K ~ 1].

B cnepytoleli Tabnvue CBeAeHbl pacyeTbl pesepBa iV , NCMO/Mb3yOLLMe NMPEMUIO pas-
mepa 0,30628 mn3 n. (c) npumepa 6.1.1.

K YcnoBHas BEpPOATHOCTb [lepCrneKkTUBHbIE NOTEPU CTpaxoBLinKa il e(onm)
1 0,25 0,63712 1,06579
2 0,25 0,29477 1,02992
3 0,25 -0,02819 0,99718
4 0,25 -0,33287 0,96726

Takum obpasom, E[e®'liL \K ~1] = (1,06579+ 1,02992 + 0,99718 + 0,96726) (0,25) =
1,01504 n & = (In 1,01504)/0,1 = 0,14925. T

B fanbHeilleM HeTTO-pe3epBbl 6yAYT OCHOBbIBATLCA Ha HETTO-MPEMUSX, ONpefesneH-
HbIX COr/TaCHO NPUHLMMNY 3KBUBaIEHTHOCTU, Kak B N. (a) npumepa 7.1.1. Takum obpasom,
HeTTO-pe3epsB2) B MOMEHT BPEMEHU t — 3TO YC/IOBHOE MaTeMaTUYeCcKoe OXuniaHue pas-
HOCTM MeX[Jy HacTosiLLed CTOMMOCTbIO BYAyLLMX BbIMAAT U HACcTOSILLEA CTOMMOCTbIO 6Y-
OyLINX HETTO-NMPEMUIA NpW YCI0BUKN JOXMTUS CTpaxoBaTess 40 MOMeHTa BpeMeHu t. Tun
pe3sepBa, HafeHHbIN B N. (b) Npumepa 7.1.1, Ha3bIBaeTCA IKCMNOHEHUNANbHbLIM PE3ePBOM.

Pasgenbl rn. 7 6yayT napansiefibHbl pasgenam rna. 6 0 HeTTo-npemusx. Mbl npeg-
nonaraeM, YTo CMepPTHOCTb W MPOLEHTHAaA CTaBKa, BblOpaHHbIe B MOMEHT 3aK/loueHUs
forosopa Ans onpegeneHns pasMepa HETTO-NMPEMUM, B fJasibHELLEM He MEHSTCA U UC-
Nosb3yrTCa ANA OnpeAeneHns HeTTo-pe3epBa, Kak 3To 6bII0 chesiaHo B npumepe 7.1.1.

7.2. HeTTo-pe3epBbl B HEMPEPbIBHON MoAgenu

OnpeaenuM HeTTo-pe3epBbl B HEMPEPbLIBHO MoAenu, ob6cyxjaBlueiicsa B pasg. 6.2, ¢
MOMOLLbI0 NMPVHLMNA 3KBUBA/IEHTHOCTHU.

PaccMOTpUM pesepBbl B TaKoii MOfenn 4nsi 4OroBopa 6ecCPOYMHOro CTpPaxoBaHuUs Ha
cNyyali CMepTM CO CTPaxoBoil BbiMnaToli pasmepa 1 M eXerogHbIMV HeTTO-MPEMUAMU

NCwm. pasg. 7.3. — Mpum. peg.
2)B opuruHane «benefit reserve». CM. NofcTpoYHOe npumMeyaHue B rn. 6, pasg. 6.1. — Mpum. peg.



P(A[X), 3aKN04eHHOTO € MM (X). COOTBETCTBYIOLLMIA pesepB /1 CTpaxoBaTess, rnpo-
XUBLLIETO eLe t feT, onpeAensieTcs, cornacHo NPUHLMMNY 3KBUBAIEHTHOCTU, KaK YC/OBHOEe
MaTeMaTMUecKoe oOXuiaHue nepcrneKTUBHbIX NOTEPb B MOMEHT BPEMEHU t NpU YCNoBUMK,
yTo NMMLOo (X) AOXKMBET A0 3TOro MomeHTa. Bonee opmanbHo, Npn T(X) > t nepcnek-
TVBHbIe MOTEPU COCTaBAT

tL=vn*)-t_P{AIxD4_ _ T (7.20)

PesepB Kak yC/0BHOE MaTeMaTUYecKoe 0XWaHWe pacCuMTbIBaeTCA Ha OCHOBE YC/IOBHOMO
pacnpegeneHnst NPOAO/HKUTENILHOCTU MPEACTOSILLER XU3HM B MOMEHT t NMua, KoTopoe
MPOLLINO CeNeKLMIo B BO3pacTe X NIET, NPU YC/I0BUM, YTO OHO fOXKM/I0 40 MOMEHTa Bpeme-
HM t. CornacHo MeXayHapo4Ho cucTemMe aKTyapHbIX 0603HaUeHNIA, 3TO MOXHO 3anucaTb
B C/leAytoLeM Buae:

*Y[X]) = ERL IT(x) >t] = E[«T<>-"IT(X) > 1] - IT{x) > 1]
= A[x}+t - P(A[X])0[X]+(. (7.2.2)

Ecnu B cnay TOro, YtTo Ha MOMEHT 3aK/IH0UYeHUS CTPaxoBOro OroBopa AOCTYMNHa TONbKO
WH(opMaLms 0 JOCTUTHYTOM BO3pacTe X, UM N0 KaKUM-N16o ApYyruM MpuynHam gas Mo-
fLenupoBaHus pacnpejeneHns NpPoLo/DKUTENIbHOCTU MPeACTOSALLEN XU3HM UCMO0Nb3YeTCA
arperaTvBHas Tabnuua cMepTHOCTU, TO YCNI0BHOE pacnpeeneHue c.B. T{x) —t coBnagaeT
¢ pacnpegeneHuem c.B. T(x +t) 1 paBeHCTBO (7.2.2) MOXHO MNepenncaTtb B BUje

tV(Ax) = Ax+t - P(Ax)ax+t. (7.2.3)
dopmynbl (7.2.2) n (7.2.3) NokasblBatoT, UYTO

(HeTTo0-pe3epB) = (aKTyapHasi HacTosiLas CTOMMOCTb 6eCCPOYHOr0 CTpPaxoBaHUs
Ha cnyyali cMepTu Ansa nuua B Bo3pacTe X + t fieT)
—(aKTyapHasl HacTosiLLasi CTOMMOCTb OYyAyLINX HETTO-NPEMUIA,
BbIN/1a4MBaeMbIX C UHTEHCMBHOCTbLIO P (AX) B rog).

BoipaxkeHus ana P(AX) n IV([Ox) cBasaHbl mexay coboii. Ecnm t = 0, dopmyna
(7.2.3) paet o™N(A4r) —0. 9T0 — cneAcTBME NPUMEHEHUST NPUHLMNA 3KBUBA/IEHTHOCTU B
MOMEHT 3aKJ/Il0UeHNs A0roBopa.

3ameyaHuMsa 06 0603HaUYeHUAX. B aToil KHWre Mbl 6yaeM ynpollaTb By Qopmyn
3a CYeT MCK/IYeHNss 0603HaYeHWA, CBA3AHHbIX C CeNeKLUMnein, Kpome Tex ciy4vaeB, Korja
UX UCMO0/Ib30BaHWE SIBASIETCA HEOOXOAMMbIM WM MOME3HbIM B KOHKPETHbIX CUTyaLusiX.
Mpn paccMOTPEHMM HETTO-pe3epBOB Mbl 6yAeM MCMoNb30BaTh cMMBON AX(t) 415 0603Ha-
YEHUS] UHTEHCUBHOCTY CMEPTHOCTU, YTOObI MOAYEPKHYTb, YTO YC/IOBHbIe pacnpesesieHuns,
ncrnosb3yemble MpU pacyeTe pe3epBOB, MOyUYeHbl U3 pacnpeaeneHns c.B. T(x).

HeTTo-pe3epB onpegesneH B pas3f. 7.1 Kak yc/ioBHOe MaTeMaTUYecKoe OXuaaHue cry-
YaiiHOl Be/MUMHBLI MOTepb. B 3TOM pasgene Mpu HaxOoXeHUW BbIpaXeHW AN TaKux
YCNOBHbIX MaTeMaTUYeCKNX OXKWAaHWI UCNONb30BasIoCh pacnpegeneHue c.B. T{x)—t npu
ycnoBum T(x) >t 1 Takasi XXe NPOLEHTHas cTaBKa M Takoe Xe pacnpegeneHue c.B. T(x),
KaK 1 Npuv ONpejesieHN HeTTO-MPEMUI COr/TacHO MPUMHLUMNY 3KBUBAIEHTHOCTM B MOMEHT
BpemeHU t = 0. HOBbIM B pacyeTax MaTemMaTU4eCKOro OXWAAHUSA SBSANOCH TO/IbKO MC-
nosib3oBaHWe MH(opMaumnm 0 LOXUTUM Anua (X) A0 MOMeHTa BpeMeHu t. VicuepnbiBato-
WMl NpMHLMN pacyeTa pe3epBOB NOTpe6oBan 6bl yveTa BCeil HOBOM MHGOpMaLLMK, Kacato-
Lelics cnyYvaiHbIX BeIMYMH NOTEPb U UX pacnpefeneHmnii, 4Tobbl OLEeHNTb 0653aTeNbCTBA,
OTHOCALLMECS K MOMEHTY BpPeMeHM, A1 KOTOPOro paccHmMTbIBaeTcs pesepsB. B rn. 7 u 8



«MpoLecc 06yYeHUsI» Ha OCHOBE HaKan/IMBaloLMXCA HaGNoAeHWIA, COCTOoSILLMIA B MOAM-
hrKauuy NpeanonoXeHniA, NP KOTOPbIX OLEHWBAETCA HeTTO-Pe3epB, MCC/e[0BaTLCS He

6ypger.
Mo aHanoruum ¢ Tem, Kak Mbl BbIBOAWAU opmyny (6.2.6), MOXHO ONpefenuTb Auc-

nepcuio ¢.B. tL cnegyowmM 06pasom:

tL =yt ~b 1+ P(AX) P(AX) (7.2.4)
a 3HaunT,
DL\ T(x)>t] = ** P ;” LVTT*)-6\T{X) >\
1+ PR % +t - (4,-w)2) (7.25)

OTmeTuM cBAA3b C hopmynon (6.2.6) 1n TOT (hakT, YTO 3TOT pe3yNbTaT CrpaBes/MB Ans
BCEX BENNYMH npemuii. OH He 3aBUCUT OT MPUHLMNA SKBUBAIEHTHOCTMU.

Mpumep 7.2.1. Mpogomkas npumep 6.2.1, Bblumcamm tV(Ax) w D[tL\T(x) >t).

PeweHune. Tak kKak Ax, ax n P(AX) He 3aBUCAT OT Bo3pacTa x, opmyna (7.2.3)
npruobpeTaeT BUS

tV(Ax) = Ax —P (Ax)ax =0, t~ 0.

B aTom cnyyae 6yayuive NpPeMuun yXXe SKBMBA/IEHTHbI OyayLLMM CTPaxoBbiM Bbinjaram,
N He TpebyeTcsi HUKAKOro pesepBa.

Kpome Toro, B aTom cnyyae chopmyna (7.2.5) cBOAUTCSH K PaBEHCTBY

2
D RL\T(x)>t\ = 2AX- (Ax)2] = D[L] = 0,25,

Kak 1 B npumepe 6.2.1. 3gecb gucnepcusa c.B. tL He 3aBUCMT HM OT BO3pacTa X, HU OT
nepuoga t. v

Mpumep 7.2.2. TlycTb CMepTHOCTb MOAYMHAETCA 3aKoHY MyaBpa, npuyem Ix =
100 —X, a npoueHTHasa cTaBka cocTaBnseT 6%. NMogcumTaem

(a) P(A35), (b) tVv(A35) nB[tL\T(x)>t} npn t= 0,10,20,...,60.

PeweHune, (a) Tak Kak Ix = 100 —x, To rPsb = 1—t/65 n tp3BR(35 + 1) = 1/65 gnsa
0™t < 65. OTcloga cnegyet, 4To

A= T vyl
oy

dt= = 0,258047.
J 5

AN
6 65

Taknm o6pasom,

P(Ass) = = 0,020266.
1- 735

(b) B BospacTe 35 + t umeem A3b+t = 4g53jj/(65 —t) n

—A3s5+t

. 1

W{AZ) = N36+i - 0,020266 | "
[anee,

23 65-t , 2=

A _du=+8

‘E_ | 65t  © 65-t




N B cnny pasBeHcTBa (7.2.5)
0,020266
BItLAT(x)>t} = 1+ ' 3540 — (A
[ (x)>t} 1 In(1,06) P435+i — (A35+1)2
MpuMeHsia 3Ty opMyy, Mbl MOAYYUM ClefytoLMe pesybTaThbl:

t  tV(A3$) B[tL\T(35)>t]

0 0,0000 0,1187
10 0,0557 0,1201
20  0,1289 0,1173
30 0,2271 0,1073
40 0,3619 0,0861
50 0,5508 0,0508
60 0,8214 0,0097

3ameTum, yto DJ[tL |T(35) > t] cxoanTca K HyMto. 3TO — CNeACTBUE TOrO, YTO CUTY-
auus CTaHoOBUTCA 6osee onpefeneHHOMN. T

B Tabnuue 13 npumepa 7.2.2 BbIUUCAAIOTCA MaTeMaTUUYECKOe OXXULaHWe u gucnepcus
YCNOBHbIX pacripefeneHunii c.B. tL Ans HeKOTOPbIX 3Ha4yeHWn t. [ns 6onee ray6okoro
NOHMMaHWUS MNPUPOAbI Pe3epBOB UCCMeLYeM 3TWU pacnpefesieHMs nojpobHee. PaHee Mbl
uccnegoBanu cnydvam t = 0 B paBeHcTBe (6.2.11), cnegytowem 3a npumepom 6.2.3. 13
thopmynbl (7.2.1) BbITEKaET, UTO

tL = vi<>**_ p(Ax)a = yT(x)-t S+ P(AX) P(AX)

(7.2.6)

Ecrm S > 0, To tL sBnsetca yb6biBawowen pyHKUmen oT T(x) —t M yaoBNeTBOpPSET
YCNoBuio i

-P(Ax)/6 <tL" 1 (7.2.7)
WMcnonb3ya puc. 6.2.1 B KayecTBe PYKOBOACTBA, MOXHO MOC/eA0BaTe/lbHO MOBTOPUTH
warun BbiBoga opmMynbl (6.2.11), 4T06bl YCTAHOBUTL C/EAYIOLLIEE COOTHOLLEHUE MEXAy
Ft(x)(1) n pyHKumeli pacnpegeneHuns c.B. tL npu ycnosumn T(x) > t, KOTOPYH Mbl 060-
3Haumm Fti(y). [Ans HEKOTOPOro 3HaYeHUs y U3 MHTepBasa, YKasaHHoro B (7.2.7), nveem

FtL(y)=P[tLAy\T (x)>1]

b S+ P(AX) P (Ax) T(x) >t
8
=p TX)—<ay+P L T(x) >t
" S+ P{AX
=P T(x) *t- -_In 0y + P(AX) T(x) >t

O .6 +P(Ax)\
PIT(x) Z t- (UtHh{In[tfi/ + P(AX]/[S + P(T1X]}

(7.2.8)
PIT(x)>t]
= 1- FT([t- (1/S) In{[Sy + P(AXV/[S + P(AX)}}} (7.2.9)
1- Fre) -

OunddepeHumpoBaHue aToli hopMybl NO Y AaeT PYHKUMIO NAOTHOCTK C.B. tL npwu yeno
BN T(x) >t: —
i, \0y+ P(AX)

(7.2.10)
[S+ P(AX)

o 1 e
TN s+ p(axiin - FTpon T



[na arperaTMBHOW MoAenn CMepTHOCTY YCNIOBHOE pacnpegeneHue ¢.B. T(x) —t npu ycno-
BuM T(x) > t coBnagaeT c pacnpegeneHmem c.B. T(x 4-t), Tak 4uTo hopmynbl (7.2.8),
(7.2.9) n (7.2.10) cBOgATCA COOTBETCTBEHHO K pPaBeHCTBaM

~n Sy + P(AX)
FEM = p T(x+1) (;n S+ P(AY) J (7.2.11)
_ Sy + P(AX)
=S-Rreen 0 gy P(AX) (7.2.12)
Sy + P(AX) (7.2.13)
[Sy + P(AX)Y S + P{AX)

Lna vnnoctpayum aTux NOHATUIA NPOLO/HKUM npumep 7.2.2.
Mpumep 7.2.3. na cTpaxoBOro 4OroBopa v Ana NpesnosfioXXeHnin 13 npumepa 7.2.2
(a) BbiBeaeM BblpaXKeHUs 4NA QyHKUUKW pacnpefeneHns U yHKLUN NAOTHOCTU C.B.
tL npwn ycnosum T(x) > t.
(b) Hapucyem rpadmKn aTUX YCNOBHbIX YHKLUMIA nnoTHocTM Npu t = 0,20,40 1 60.
PeweHne, (a) MockonbkKy B MpvmMepe 7.2.2 WUCMONb30BaHa arperatvBHas Mofesib
CMepPTHOCTK, BoOCrnosib3yemcs hopmynamu (7.2.12) u (7.2.13). B npumepe 7.2.2

lu/(65 —t) npn 0 un L65 —,

"TESHDHM) = g npu 65 —t < u

j 1/(65 —t) npu 0~ n ™ 65—,
[0 B OCTa/IbHbIX Cy4asX.

IT(35+i)(n)

Puc. 7.2.1 aBnseTtca mogugukaumeii puc. 6.2.1 ana atoro npumepa. Ha atom pucyHke
o06nacTb 3HauyeHuin c.B. T(35 + 1) pacnosiokeHa Ha ocu 1, a 06/1acTb 3HAYeHW C.B. tL —
Ha ocn y. COOTHOLLEHME MEXAY UCXodamMum crydaiHbix BenmunH T(35 +t) n jL 3agaeTca
tbyHKuymet notepb y = It{u) 1 yKasbiBaeTCA NYHKTUPHbIMW JINHUAMM, COEAUHAIOLWMMMN Ha
PUCYHKe 3HaueHMsa 1 K y. O6nacTb onpegeneHns PyHKUUN NAOTHOCTM /T(35+«) (1) nexuT
Ha ocu M, a 061acTb 3Ha4YeHUi —Ha ocu y . O6nacTb onpegeneHUs PyHKLUUM NAOTHOCTH
ftL{y) pacnonoxeHa Ha ocu y, a 0611acTb ee 3HaYeHWN i MOXXHO MPeLCTaBNATL cebe nexa-
LWeli Ha ocu, NepneHAVKYISAPHOW MaockocTu (W,y), HO ANSA MPOCTOThbl OHa M306paxkeHa
NpsiMOlA, NepneHANKYASAPHOM OcK Y, Ha naockocTn (u,y).

LOnsa onpegeneHusa ¢yHKuMM pacnpegeneHns c.B. (L Ha4yHeMm CO 3HayeHUs Yy, COOT-
BETCTBYIOLLLEr0 3Ha4YeHU0 n 13 nHtepeana (0,65—t). [na TakuMx 3HAYEHWUI y, COr/lacHo
(7.2.12),

Ko@) = 1 (~1/<5) 1n{[fly + P (A6355)_]/t[8 + P(/135)P (J135)]}

Ecrmy > 1, 1o FtL = 1.
[anee, ong 3HayeHUn y, COOTBETCTBYHOLLMX 3HaYeHUAM U M3 nHTepBana (0,65—%),
cornacHo topmyne (7.2.13),

p (A35)

INy)y="65-1tSy+P{A3b)’ s
.0 B OCTa/1bHbIX C/iy4asX.



Puc. 7.2.1. Cxematnyeckoe nsobpaxeHue gyHkuunin It(u), /r(35+t)(u) n /ii(y)

(b) Tpebyemble rpadmkm pyHKUnM naotHocTn /,i(y) ans t = 0,20,40 n 60 cocTas-
nawT puc. 7.2.2. Ha puc. 7.2.1 nsobpaxeH rpaguk Ans O4HOro 3HayeHus t. PUCYHKU
7.2.1 n 7.2.2 cBA3aHbl cnefyowmm 06pasoM: BepTUKabHas ocb Y Ha puc. 7.2.1 ABnsieTcs
ropu3oHTaNbHOM OCblo Ha puc. 7.2.2. Ta ocb, KOTOPYl Ha puc. 7.2.1 cnefoBano npea-
CTaBnsATb cebe NepreHAMKYNSPHOM MAOCKOCTM (U,y), AABASIETCA BEPTUKA/bHOM OCbi0 Ha



pvc. 7.2.2. O6paTuTe BHMMaHVE Ha KpMBble Ha MA0CKOCTM (y,t), obo3HavaloLme MUHU-
Ma/lbHble U MaKCMMasibHble BO3MOXHbIE MOTEPU, OXMAaeMble NoTepu (HETTO-pe3epB) U
0XunAaemble MOTepU MAKC CTaHAAPTHOE OTK/IOHEHMWE MOTepb. v

Tabnuue 6.2.1 cooTBeTCcTBYEeT Tabn. 7.2.1 ana HeTTO-pe3epBOB. Mbl He BK/HOUYaEM B
Hee cny4daiiHOM BenMUuHbI 6yayuwinx notepb fL 1 saBHbIX hopmyn gna DLLAT (x)>t\,
COOTBETCTBYIOLLNX Pa3INYHbIM HETTO-pe3epBaMm.

Ta6nuua 7.2.1. HeTTo-pe3epBbl B HEMPepPbIBHOW MOogenun gns Bo3pacTa Ha MOMEHT
3aK/II0UYEeHNA A0roBopa X, MOMeHTa t U CTPaxoBoi cyMMbl pasmepa 1

Bupa cTpaxoBoro nokpbl- MexayHa- ®opmMyna pacyeTa no NepcrneKkTUBHOMY MeToAy
™S posHoe

aKTyapHoe

0603HayeHue

BeccpoyHoe cTpaxoBaHue

Ha cnyudaii cmepTu tV(AX] Ax+t  P(IX)AX+E

CTpaxoBaHWe Ha Ccfyyai 5 Aoafn—iy
CMepTW Ha CpoK N neT tv{Akm) gé'” =H { ; ﬂ>
CMellaHHOe cTpaxoBaHWe '\(ﬂX-iFi) J —P(Ax:ni)éx+t.j"—{\, t< 7,
Ha CpoK M net —
11, t=n

BeccpouHoe cTpaxosaHue o _ . R
Ha cnyvaih cmeptn ¢ I'V(AX) JAXH —N-P(-Ax)iix [0 (|, t~ h,
h-neTHUm cpokom Bbinna- I Ax+t, t>h
Tbl NpemMuii
CMmellaHHOe cTpaxoBaHue X N4 BiP{Ax-n)ax it-h4> t~ h < n,
Ha cpok N neT ¢ h-neTHUM  ayaAx-gn) AxeH{K= h<t<n,
CPOKOM BbINaThl MpeMuii I ) t=n
CTpaxoBaHUe Ha [OXMW- 1
TUE Ha CpoK N neT R R R . _

tV (Ax.") I Ax+t-"t\ - H AxM)s,+t:s=i1, t=A,
BeccpouHblii  CTpaxoBoii I nl'—5|ax+t —P{MOX)a'x+t:n— t A T,
aHHYWUTET, OTCPOYUEHHBIA  tv(n\ax)
Ha N net ) ehT

7.3. Apyrue ¢opmynbl 4NS HETTO-pPe3epBOB B HENPEPbIBHOM
Mozenu

[lo cnx nop HeTTO-pe3epB OMPefensasica Kak YC/I0BHOe MaTeMaTuyecKoe OXujaHue
CNyYanHon BennMuMHbl 6yAyLIMX NOTepb M pacCMaTpuBancs NALb OfWH MeTO[ Bblpaxe-
HUSA opMyNn LN15 Pe3epBOB B HEMPEPbLIBHOW MOAeNn, & UMEHHO nepcnek TUBHbIN, COrnacHo
KOTOPOMY HETTO-pPe3epB ABMAETCA PAa3HOCTbIO MeXAY aKTyapHbIMU HAacTOALLMMW CTOUMO-
cTamMu 6yaywmMx BbinaaT v 6yAyLwmMx HeTTo-npemuii. Ha ocHOBe NepcrneKTUBHOIo MeTofa
Mbl MOXXEM f1ErKO BbIBECTU APYrue Tpu obLiue opMysbl 418 4Or0BOPOB C MNOCTOSAHHbIMU
pasMepamm CTPaxoBbIX BbIMAAT U HETTO-MPeMUiA. Mbl NpUBeeM UX AN Cnyyas CMeLlaH-
HOro CTpaxoBaHWsl Ha CPOK M NeT.

dopmyna pasHocTu npemuii gna § [Ax:n\) nonydaeTtcs U3 nepcreKTUBHON POPMY/ibl
ans tV(AXn\) BbiHeCEHMEM 3a CKOBKM ax+t.A—4-

|
X+t —N



dopmyna (7.3.1) BblpaXaeT HETTO-pe3epB KaK aKTyapHYK HaCTOSALLYH CTOMMOCTb pas-
HOCTW NpPeMWin, BbiNJaynMBaeMoli B TeHeHMe OCTaBLLErocs Cpoka BbinnaTbl. ITa pasHOCTb
nosyvaeTcs NyTeM BblYMTaHWS UCXOAHOM eXerogHoM HeTTO-MPeMUN 13 HeTTO-NpPemMmu no
[OroBOpPY CTPaxoBaHWs, 3aK/IIOYEHHOMY C IMLOM (X + t) C TeMu XKe BblnaTamu.

BTopasa topmyna nony4vaeTcss BbIHECEHMEM 3a CKOOKM B MepCrieKTUBHOW hopMyne
aKTyapHOl HacTosALLel CTOMMOCTU BYAYLLMX CTPaxoBbIX BbINaaT. Takum o6pa3om,

y (AXT) — 1~P(AXM) &6 mgpgig 1o X
o ™M_x+t:n—t\

OHa BblpaXKaeT HETTO-pe3epB Kak aKTyapHY HacTOALLY CTOMMOCTb TOM YacTu NpeacTo-
ALUX CTPAx0BbIX BbINAAT, KOTOPas He NOKPbIBaeTCcs 6yayLMMM HETTO-MPEMUSAMA, KOTO-
pble ewie npeacTouT cobpatb. 3ameTuM, yto P (AXx+i;»—\) — HeTTo-Npemusa B cuTyaumm,
Korfa 6yayuine BbiMaTbl NOKPbIBAKOTCA TONbKO 3a CHET MpemMuii, KoTopble 6yayT cobpa-
Hbl, a P (Ax-f) siBnseTcA paKTUYECKN BbIN/a4yMBaeMoi HETTO-NpeMuen. Takmm o6pasom,
P(AXn)/ P (Ax+t.n_t\) ABAAETCA YaCTbiO BYAyLLMX CTPAXOBbIX BbINAT, MOKPbIBAeMoi 6Y-
OYLUMM HeTTO-NpemMuaAMN. 3Ta hopmyna HasbliBaeTcs (hOPMYnoil onnavyeHHo CTPaxoBoil
CYMMbl MO aHanormm ¢ o6cyxgaembiM B 1. 16 cTpaxoBbIM MOKPbLITYEM, 06ecreYeHHbIM
COXpaHeHHbIMM BbinaTamn. dopMysbl, aHanornyHble gopmynam (7.3.1) un (7.3.2), cyue-
CTBYIOT AN MHOTMX BMA0OB HETTO-PE3epPBOB.

TpeTbUM BblpaXKeHUEM ABASETCA peTpocnekTWBHAA opMmyna. Mbl BbiBeemM ee 13
60nee 06LLero cooTHoweHns. M3 ynp. 4.12 n n3 opmyn (5.2.18) n (5.2.19) gna t <n —s
nmeem

KM= (7.3.2)

Ax+3-.n—8i A x+s:t\  tEx+sAx_is_ipn_s_f,
®x+s:n—8l  Ax+s:t\ tAx+s QX+$-\-tin—s—t I
MoAcTaBssA 3TN BbIPaXKEHWUs B MEPCreKTUBHY0 GopmMyny ansa sV (Ax.nY), nonyunm
sV(Aa;:ral) = Ax+S" —P (Ax:fn)ax+s.d
"btEx-\-s[AxAs+t:n tAs] P {AX-.n"Qx+s+H-.n—t—gj
= ax+s-d\ tE x+s 8+tV(Ax.n) —P(Ax:n\)Ax+s:t\e (7.3.3)

Takum 06pa3oM, HETTO-pe3epPBbl B HaYase U B KOHLIE MHTEpBana A/IMHbl t NeT cBA3bIBa-
tOTCSA CNEAYHOLNUM COOTHOLLIEHNEM

(HeTTO-pe3epB B Haydase NHTepPBa/a)
= (aKTyapHasa HacTosiLas CTOMMOCTb B Hayasne MHTepBana
CTPaxoBbIX BbIM/IAT, KOTOPble MPON3BOAATCA B TEYEHUE 3TOF0 MHTEpPBasa)

4- (akTyapHasi HacTosiLLasi CTOMMOCTb B Havasne
WHTepBana CTPaxoBbIX BbINIAT NPU CTPaxoBaHUU
Ha 4OXWTUWE, paBHbIX HETTO-PE3epPBY B KOHLE MHTEpBana)

—(aKTyapHasa HacTosiLas CTOMMOCTb HETTO-MPeMUA,
BbIM/a4yMBaeMbIX B TEHYEHUE MHTEPBAsA).

OTO COOTHOLLEHME, nepenncaHHoe B BUAe
sV (A x-.n|) + P (A x-.ni)O'x+s:n=1\ ~ Ar+s:itl tE x+ss+tv {A x-n\)> (734)

NMOoKas3bIBaeT, UYTO aKTyapHble HacToAWWne CTOMMOCTU QJI/IHaHCOBbIX pecypcoB “ 06s3a-
TENbCTB CTPaxoBLMKa paBHbI.



PeTpocnekTuBHas hoopmyna nony4daercs u3 gpopmynbl (7.3.4), ecnv nonoxunTb s = Q
3aMeTUTb, UTO, COF/IaCHO MPUHLUMMY 3KBUBaNeHTHocTn, <y (Ax-r) = 0, 1 paspewnTs no-
JNly4eHHOe paBeHCTBO OTHOCUTENLHO 1Y (AX-M). Takum obpasom,

iY(Ax.ji) — -~r\P (Ax-wiix.n —Ax#
t&x

Lanee, sx.j\ = ax.j\tEx, Tak uTo 3Ta hopmyna CBOANTCHA K pPaBeHCTBY

tV(AXn) = P (Axn\)sx.j\ —tkx. (7.3.5)
3pecb
tHx = Ag" /tEX (7.3.6)
Ha3bIBaeTCs HAKOMNEHHOW CTOMMOCTbIO CTPaxoBaHWs. 3aMeTUM, YTO
£ _ f*vssPxVx(s)ds _ fl (1 +i)1- 8lx+aiix(3)<13 (737
30 A tPx J0 Ix+t

3TO0 MOXHO MHTEPrNpPeTUPOBaTb KaK Pa3foXEeHHYI0 Ha Kaxpaoe u3 Ix+ [OXMBLUMX Nuy,
CyMMy BbINAAT Ha Cfy4vail CMepTy B COBOKYMHOCTM AOXWUTUA Mexgy Bo3pactamun X U
X + t net. Takum 06pa3om, pe3epB MOXHO paccMaTpmBaTb Kak pasHOCTb MeXAy HeTTo-
NPeMUAMM, HAKOMMIEHHbIMW C YHeTOM NPOLEHTA U pacnpefeneHHbIMU NnLLb Cpeamn AOXUB-
lWKMX Jo Bo3pacTa X + t, M HAKOMEHHON CTOMMOCTbLIO CTPaxoBaHuUs.

MbI 3aK/tovaem 3TOT pasfesl HeKOTOPbIMY cheunasnbHbIMU hopMynamMu, Bblpaxato-
LLIMMU HETTO-pe3epB N0 AOroBopy 6ecCPOYHOro CTPaxoBaHMA Ha c/y4vail cMepTu B Tep-
MWHaX OfHON aKTyapHOW (PyHKUUW. AHanornyvHble GOpMynbl UMEOT MEeCTO A8 HeTTo-
pe3epBOB MO A0OrOBOPY CMELLUAHHOrO CTPaxoBaHWS Ha CPOK M NeT, eC HeTTOo-NpeMuun
BbIMN/1a4MBalOTCA HeMNpepbIBHO B TeveHMe N /eT. TakK KakK Mbl MUCMOMb30BaNu (Gopmyny
(5.2.8), uT06bI BblpasnTb P(AX) B TepMMHax S n ix nanm Ax, Mbl MOXEM BOCMO/1b30-
BaTbCA TEMU XXe Co06paKeHMAMU, YT0ObI BbIpasuTb iY (AX) B TepMUHAX O4HOM U3 TaKuX
aKTyapHbIX QYHKUMA X, AX, P(AX) 1 BennunHbI S.

YToObl BbIpa3uTb HETTO-Pe3epB Yepe3 akTyapHY QYHKUWIO NS aHHYUTETOB, Moj-
crasum (6.2.9) n (5.2.8) B nepcnekTMBHYO opmyny (7.2.3) 1 nonyyunm

tV(Ax) = 1- Séx+t ax+t = 1- . (7.3.8)

\ & J &

[anee, nogctaBus (6.2.9) B hopMyny pasHOCTU MPEMUIA, NONYHUM
tV(Ax) = [P(Ax+t) - P(Ax)]ax+t = P{f (f x ¥)R{sX) m (7-3.9)

HakoHeL,, MOXXHO nepenucatb opmMyny (7.3.8), MCNONb3ys paBeHCTBO AXx+t = 1—bax+H,

M NONyyYnTb N n n
tV(Ax) = 1- = 4N ~-dx-. (7.3.10)

1 Ax J

Mpwy BbIBOAE TPex nocnefHUX hOpMyn UCMONb30BaNoCb COOTHoLeHMe (5.2.8), cBA3bI-
BaloLLlee aHHYWUTeT B Nepuoj BbiNnaTbl MPEMUA 1M CTpaxoBble 0653aTeNbCTBA B TeUeHUe
CpoKa CTpaxoBaHusA. Takum 06pasom, aTu POpPMY/bl FOAATCA TOMbKO ANs 6ecCpoyHOro
CTpaxoBaHus Ha clyyal cMepTn U 6eCCPOYHOro CMELLaHHOr0 CTpaxoBaHus, AN KOTOPbIX
nepuog BbiNaaTbl NpemMuii coBNagaeT co CPOKOM CcTpaxoBaHus. Kpome Toro, yactoTta Bbl-



nnatbl NPEMUA JO/KHA COBNajaTh C «4aCTOTOM» CTPaxoBbIX Bbinaar. Mbl yBUAUM, YTO
NPemMmny C KOPPEKTMPYHOLLUM M1aTeXXOM HeKOTOPbIM CreuuasibHbIM 06pa3oM yAoB/eTBO-
pAIOT 3TUM TpeboBaHUAM.

3amedaHue. XoTa B 60MbLUNHCTBE MPUIOKEHUIA HETTO-pe3epBbl HeOTpULaTeNNbHbI,
He CyLLecTBYeT MaTeMaTMUYeCKMX TEOPEM, rapaHTUpPYHLLUX 3TO CBOMNCTBO. Ha camom gene
unTaTe/lb MOXeT 06beAMHUTbL ynp. 4.2 1 copmyny (7.3.10), 4Tob6bl ObICTPO YbeanTbCS,
YTO OTpULATENbHbIE HETTO-Pe3epBbl AeNCTBUTE/IbHO BO3MOXHbI.

7.4. HeTTo-pe3epBbl B AUCKPETHON MOAeNun

O6eyxaaeMble B 3TOM pasfesie HeTTO-pe3epBbl OTHOCATCHA K BMAam CTpaxoBaHWs u3
pasg. 6.3 ¢ eXXerogHoli BbINIaTo/ NPeMUN 1 CTPaxXOBOM BbIMNIATON B KOHLE roja cMepTy.
Kak n B pasg. 7.2, MOXHO npegnonaraTtb, YTO CMEPTHOCTb OMUCbIBAeTCA arperaTtuBHON
NN CeNneKuMoHHON Tabnmueid. Mbl 6yaem BbIBOAUTL (POPMYbl ANS arperaTtMBHONO Ciy-
yasi, B KOTOPOM 0603HayeHWsi npolle. PaccmMoTpuM 6eccpoyHoe cTpaxoBaHue nuua (X)
Ha cny4dain cmepTu € BbINAaToin pasmepa 1 m HeTTo-npemueld Px. Cnefyst U3/I0XKEHUIO
pasg. 7.2, onpeAesiMM HeTTO-pe3epB iYX ANs cTpaxoBaTesis, NPOXUBLLETO K IET C MOMEH-
Ta 3aKJ/1I0UEHNS JOF0BOPa, KakK YC/I0BHOE MaTeMaTUYecKoe oXugaHue byayLimx notepb jL
B MOMEHT BpeMeHU K. Bosiee TOUHO,

»L = - P,alK,,,_tR1j (7.4.2)
Rx =E[KL\K(x) =k,k +1,...]. (7.4.2)

MepcrneKTUBHAsA hopMyna ANsi HeTTO-pe3epBa UMeeT BUJ
i = Ni+fc —Px 0,x+K" (7.4.3)

Kak 1 B pasg. 7.2, aTa (hopmyna AABASeTCHA pa3HOCTbIO MeXAY aKTyapHOI HacTosLel cTo-
MUMOCTbI 6YAyLLMX CTPaxOBbIX BbINAAT Y aKTyapHO HaCTOsILLel CTOMMOCTbIO 6yAyLINX
HeTTO-MPeMUIA.

Mo aHanorum c popmynoin (7.2.4) umeem

D[kL\K(x) =k,k +1,...] =D K(x) = K, K+ 1,..

1+ 7 Dlu[*@)- I+ 11K(x) =K, Kk + 1,... ]

= (*+7T ) “O (AN - (7A4)

Mpumep 7.4.1. B npogomxeHue npumepa 6.3.1 paccumtaem i¥x n DfALAK(x) =k,
K+1,..].
PeweHwne. 3gecb AX, ax M Px He 3aBUCAT OT BO3pacTa X, TaK YTo AX+K = AX U

KX —AXx Pxax —0, k=01 2,....

Kpome Toro, u3 cgopmynbl (7.4.4) Takxe cnegyet, uto D[KL\K(x) =k, k + 1,...] =
D [L] = 0,2347. v

dopMy bl HETTO-Pe3epBOB, CBefeHHble B Tabn. 7.4.1, COOTBETCTBYIOT HETTO-MPEMUSM
n3 Tabn. 6.3.1 1 aHa/IOrMYHbI hopMysiam HeTTO-pe3epBoB U3 Tabn. 7.2.1.



Tabnuua 7.4.1. HeTTo-pe3epBbl B AUCKPETHONW MOAenn Ans Bo3pacta Ha MOMEHT
3aK/l04YeHNs LOoroBopa X, MOMeHTa K M CTpaxoBoi Bbinnatbl pasmepa 1

Bup cTpaxoBoro MexxayHa- MepcnekTrBHasA opmyna
Jorosopa poaHoe

aKTyapHoe

0603HaYeHe
BeccpouHoe cTpaxoBaHue v , _
Ha cnyyvali cmepTm K X X+K X ax+k
CTpaxoBaHue Ha cnyuai , JAj] N - PMax+k M, K<n
CMepTu Ha CpoK N net Kxn[ 10 ' K=n
CMeWaHHoe cTpaxoBaHue X, @ - ,—P - .~ kcn
Ha CpoK N net J AX+H 1Y x<n,
BeccpouHoe cTpaxoBaHue ( .
Ha cnyyaih cmeptm ¢ hy J AX+K —HPxax+k/1-kV' Kk <n,
h-neTHUM cpokom BbINna- X 1AX+K, K h
Tbl NpemMuii
CMellaHHOe CcTpaxoBaHue (A., - e.PORar+loi. K<h<n,
Ha CPOK M fieT C /T-NeTHUM \ o+ N h”k<n,
CPOKOM BbINNaThl NpemMuii K x+ n K—n
CTpaxoBaHue Ha floXuTtune i jA N Poxha k<
Ha CpoK M neTt K X § N xpxe! A K—n
BeccpoyHblii  CTpaxoBoi jo-k~r+k ~ P(,lax)ax+k , Kk <n,
aHHYWUTeT, OTCPOYEHHbIN KY\n\ax) V- nn
Ha n net | a*+Kk>

Mpumep 7.4.2. Boipasum D[KL\K(x) =k,k + 1,...] B TepMuHaxX aKTyapHbIX Ha-
CTOSILLMX CTOMMOCTEN M HETTO-NPeMuiA AN CMELUaHHOro CTPaxoBaHWsi Ha CPOK M JieT co
CTPaxoBoi BbINaaTo pasmepa 1 B AUCKPETHON Moaenu.

PeweHne.
VK(x)-k+1 (I + -P»:a/1 _ — K(X) = KKk+1,. ,n—1
_ d | d ’ ' T '
£ i+ Pk m P)ﬁn\’ K{x) = n,n+1,...,
THkL\K (x) =k,k +1,...} = (I +~f) [ +e T -("™ +b " )2 v

Korga peub naeT He 0 6eCCPOYHOM CTPax0BaHWK Ha c/iy4aii CMepTU UK 0 CMeLLIaHHOM
CTPaxoBaHUM C NPEMUAMM, BbIN/TAYMBAEMbIMU B TeYeHMe BCEFO CPOKa CTPaxoBaHUs, Auc-
nepcuto NoTepb 6bIBaeT C/I0XKHO BbIPasuTb B OGLLENPUHATBLIX aKTyapHbIX 0603HAYEHMSIX.

dopMmynbl, Nogo6HbIE TeM, KOTOpble MOMyYeHbl B pasd. 7.3, MOXHO MOy4uTb Ans
HETTO-pe3epBOB B AMCKPETHOM Mogenu. Mbl NPOVAMIOCTPUPYEM 3TO, BbINUCAB (hopMysy
NS BEMUYUHBI iYXIW C MUHUMYMOM O6CYXAeHWi. CroBecHble MHTepnpeTauun u anre-
Gpanyeckne npeo6pasoBaHMsl aHaNorMUHbl TeM, KOTOpble GblfM MPOBefeHbl A5 HETTo-
pe3epBOB B C/lyyae HenpepbIBHOW Mogenu.

dopmMyna pasHOCTM NpemMuii —3To



dopMyna onsayeHHo CTPaxoBOW CyMMbl MMeeT BUS,

kvXin = (I- AX+KN . (7.4.6)
\Y x+A:n-A/
[na peTpocneKTUBHOW opMysibl CHaYana noayyumMMm pesynbTaT, aHanorMyHblii paBeHCTBY
(7.3.3), a meHHO, gna h < n —j

JVx-m= Ax+jAt- Px,max+jjii + hEx+j j+hVXn\ (7.4.7)

Ecnm j = 0, To nockonbKy oVx.w = 0, nvmeem
hvx:n] — ﬁé§<~{PX:n\AX'A —"x4) = Px:m\8x:b\ ~ h”x- (7.4.8)

3[ecb HaKOMMeHHas CTOMMOCTb CTPaxOBaHWsl COCTABUT b.kx — ~XAJ/NAF U BO3MOXHA
WHTepnpeTauusi B TePMUHAX COBOKYMHOCTU JOXUTUS.

PeTpocneKTMBHasi (hopMyfia HeTTO-pe3epBa Mo3BOJISieT CAenaTb UHTepecHoe Habsto-
AeHue. PacCMOTpMM fiBa pasfiMUHbIX 4OroBOPa, 3aK/IUEHHbIX C NLOM (X), KaXKAablii co
cTpaxoBoli cyMMoli pasMepa 1 B TeueHue nepBbIx h neT. 3geck h He MPeBOCXOAUT MeHbLLe-
ro 13 ByX NepuoioB BbINaTbl NPEMUiA Mo 3TUM A0roBOpaM. BbinuieM peTpocneKTUBHbIE
thopMy/nbl HETTO-pe3epBa A/ NepBoOro U BTOPOro 40roBOPOB COOTBETCTBEHHO:

MD = P()  —hkx, W = P(2) 3xa—hkx-

Torga

A - VD = (P(D - P{2))sxft], (7.4.9)
1 3Ta (HopMyna NoKasbIBaeT, YTO Pa3HOCTb [BYX HETTO-Pe3epBOB 3KBUBANIEHTHA aKTyap-
HOW HaKOM/MEeHHOW CTOMMOCTU PasHOCTU HeTTO-MpeMuia —P{2)- Mockonbky I/sxN =
Pxi|, dhopmyna (7.4.9) MoXxeT 6bITb MepenucaHa B BUAe

ALY-A(2)=P XA D) -~ () (7.4.10)

Tenepb pasHOCTb HeTTO-NPEMUI BblpaXKeHa Kak HETTO-MPeMUs MO CTPaxoBaHUIO Ha fo-
XKUTUE Ha CPOK h NeT Co CTPaxoBOi CyMMOI, paBHOM PasHOCTU HETTO-Pe3epBOB Ha KOHeL,
roga h. ®opmyna (6.3.10) siBnsieTcA YacTHbIM cny4vaem opmynbl (7.4.10) npu ryx-mi = 1
n "Vx = Ax+n. [pyroin unnoctpaymein hopmynsl (7.4.10) BNSeTCA paBeHCTBO

Px = Px:nl+ PLLLryxi (7.4.11)

TaK Kak nvx.T = 0.

Kak v B criyyae HenpepbIBHOV MOAENU, B AUCKPETHOM MOAeNM CyLLeCTBYIOT cnelnanb-
Hble (hOpMY bl ANA pe3epBOB MO AOroBOpaM 6eCCPOYHOr0 CTPaxoBaHUA Ha ciydai cmep-
TV 1 6ECCPOYHOro CMeLLaHHOro cTpaxoBaHus. Vicnonb3ys cooTHoweHna Ay = 1 —d 'y u
I/ay = Py + d, mbl nonyyaem ¢opmybl

kKva = | -déax+k- -d)yax+k=1 -~ | (7.4.12)
\ AX J X

Vo —1— Px +d. _ Px+k —Px,

ox =1 Px+rk + 4 — Px+kdd (7.413)

T/ _ i 1~ Ax+k Ax+k —AX

KVX~ 1~ ~~T-A, (7-4-14)



aHanormyHble hopmynam (7.3.8)-(7.3.10). Moxoxxasn cneymanbHan Gopmyna TakxXe UMeeT
MECTO AN151 HeTTO-Pe3epBOB M0 LOroBOPY CMELUaHHOro CTPaxoBaHUA Ha CPOK N JIeT, HO He
no NPoun3BOJIbHOMY [OTOBOPY.

CTpaxoBaHue B JUCKPETHON MOAe/N AaeT NosesHble NpUMepbl AN AeTepMUHUCTNYE-
CKUX NN 0XXKMLaeMblX ieHEXHbIX MOTOKOB, MOLEMPYHOLLMX OMepaLumu ¢ HeTTO-pe3epBamu.
OT0 nokasaHo B npumepax 7.4.3 n 7.4.4.

Mpumep 7.4.3. TpegnonoXXmnmM, 4YTo C KaxKAbIM Y/IEHOM COBOKYMHOCTU U3 /50 nuL
B Bo3pacTe 50 fneT 3ak/o4veH AOroBOpP CTpaxoBaHMA Ha ciydvali cMepTU Ha CpoK 5 neT
CO CTPaxoBOi BbinnaTo pasmepa 1000 B AUCKpeTHOW Mofenu. Mpocneanm oxugaemble
JeHeXHble MOTOKM AN 3TOW rpynnbl Ha 6ase VnnwcTpaTuBHON Tabnnubl CMEPTHOCTU C
NPOLEHTHON CTaBKON 6% 1 B KayecTBe NOHGOYHOrO pesysibTata MolyunMm HeTTO-pe3epBbl.

PeweHune. CHayana paccynTaem exerogHyw HeTTo-npemutio o = 1000
= 6,55692. BenmumHa 0XugaeMblx HaKoMIeHWi poHba ANA paccMaTpyMBaemoi rpynnebl,
onpegensoLwanca cobpaHHbIMU MPEMUAMM, HAYUC/IEHHBIMU MPOLEHTaMU U CTPaxoBbIMU
BbIN/iaTaMu, yKasaHa B crieflytoLein Tabnuue:

) 2 (©) 4) () (6) ) ®)

rog OXwujaemble OXWAAEMbIA  OXunjae- oXunjaemble OXNAaeMbI  oXngae- icoo™ U
h HeTTOo- (hoHf Ha Mblii BbiMnarbl HA  (PoHA Ha MOE YNCIo (6 (7),

npeMuy Ha  Ha4ano NpoLeHT cnyyar KOHeL, roja  AOXMBLUMX

Havasnio roga (2)u +  (0,06)(3),, CmepTu IR Ha KoHeL|,

roga 6)n-i 1000d5o+h-i  (4)h - (5),,  roma iso+h

160+b-iTr
1 586 903 586 903 35214 529 884 92 233 88 979,11 1,04
2 583 429 675 662 40 540 571432 144 770 88 407,68 1,64
3 579 682 724 452 43 467 616 416 151503 87 791,26 1,73
4 575 640 727143 43629 665 065 105 707 87126,20 1,21
5 571280 676 987 40619 717606 0 86 408,60 0,00

3aMeTuM, YTO HEeTTO-pPe3epPBbl, yKa3aHHbIe B Ta6I'II/ILI,E, COOTBETCTBYHT pe3epBam, pac-
CHYNTAHHbLIM 1O (bopmyne. Hanpumep, no npoLwuecTBuu ABYX NeT

FOOO/N g, = 20,09 wn &525 = 2,81391.

Torpa

1000 = 20,09 - (6,55692)(2,81391) = 1,54. T

Mpumep 7.4.4. MpeanonoXnm, 4YTo ¢ KaxKAbIM Y/ieHOM rpynnbl U3 /50 nuu, Bo3pacTa
50 neT 3aKk/0YeHbl JOroBOPbI CMELLAHHOM0 CTpaxoBaHUsA CO CTPaxoBol cyMMoli pasmepa
1000 Ha cpokK 5 neT B AWCKPeTHOlM Mogenu. Fpocnegum oxupaemble LeHEXHble MOTOo-
K/ NS 3TOW rpynnbl Ha OCHOBe VnatocTpaTMBHOW Tabnuvubl CMEPTHOCTU C MPOLEHTHOM
cTaBKoli 6% 1 B Ka4decTBe NO6GOYHOrO pesysbTaTa OnpeAes M HeTTO-pe3epBbl.

PeweHune. 3gecb exerogHass HeTTo-nNpemMnsa coctaeBnseT o = 1000 P50.~ =170,083.
OXxunpaemble geHeXKHble MOTOKU NOKasaHbl B CreaytoLlein Tabnuue:



1) 2)

rof oXuzaemble
h MeTTo-
npemMuu Ha
Havasno
roga
N50+h-1 T
15 223 954
15133 829
15036 638
14931796

14 818 680

g W N

3
0XMLaeMbIiA
hoHA Ha
Hayano
roga (2)a +
(6)h-I

15223954
30 741 336
47 051022
64189463
82 194 446

4

OXUAAeMbI 0XXMaaeMble
BbINfaTbl HA  (hOHJ Ha
(0,06) (3)H cnyvaii

NpOLEHT

913 437
1844 480
2823 061
3851 368
4931 667

®) (6)

0XMAAeMbIIA

cMepTn (3) H +

™

yucno

KOHel roga LOXMNBIWNX

ma KoHel

I000d6o+h-i  (4)s1 - (5)A roga lso+h

529 884 15607 507 88979,11
571432 32014384 88 407,68
616 416 49 257 667 87 791,26
665 065 67 375766 87126,20
717606 86 408 507 86408,60

oXungaemoe

175,14
362,12
561,08
773,31
1000,00

T

PucyHku 7.4.1 v 7.4.2 NoKasbIBalOT 0XXMaeMble HETTO-MPEMUN N OXKUAAeMble BbIM/ia-
Tbl Ha c/lyyail cMepTu AN ABYX MpeAblaylmx npumMepoB. B npumepe 7.4.3 oxugaembie
HEeTTO-NPEMMM MPEBOCXOAAT OXKMAAeMble BbINaaTbl Ha c/ydali CMepTu B TedeHue [BYX
NET, HO 3aTeM CTaHOBATCS MeHbLUe HUX. M36bITOK MPeMU aKKyMyNMpYeTCcs B Hayda/lb-
Hble rofbl B (hOHA C TeM, 4YTOObI UCMO/b30BaTb €r0 B Mocreaytowme rogbl, Korga oxuia-
eMble BbIM/IaTbl Ha CNy4an cMepTu Bbile. OXUAEeTCs, YTO K KOHLY NATOro roga oHg

NCTOLLMTCS.

750
700
650
600
550
500
450 .

100
50

0

1

* 0XUpaemble HETTO-NPEMUU

X oxugaemple Bbinnatbl
Ha cnydan cMepTun

| odabl

Puc. 7.4.1. Oxunpaemble HETTO-MPEMUN U OXU[AEMbIe BbiNaThbl

Ha cny4ali cmepTu ans npumepa 7.4.3

14

xoann
KB

%)
- w

0

1 2

* 0XMpaaemMble HETTO-NPeMuUn

X 0Xungaemple Bbinaatbl
Ha cny4van cMepTu

3 4 5

logpl

Puc. 7.4.2. OXugaemble HETTO-NMPEMUM U OXKUJaEMbIE BbINNATbI

Ha Cny4ain cMepTn gna npumepa 7.4.4



[Ana cnyyasa cMellaHHOro ctpaxoBaHUsa Ha CpoK 5 neT B npumepe 7.4.4 kKapTuHa NHas.
Kak nokaszaHo Ha puc. 7.4.2, oxugaemMble NMPemMUN OCTaKTCA HAMHOro 60/bLue OXuaae-
MbIX BbIMaT Ha C/Ayyail CMepPTM B Te4YeHMe BCEro cpoka. OXxupgaemblii POH[A B KOHLE
NATOr0 roja AocTtatoyveH Ans 06ecrneyeHMs BbINNAT Ha AOXWTUE MO OKOHYAHUM CpPoKa
cTpaxoBaHusa B pasmepe 1000 KaXKAOMY M3 0XULAEMOr0 Yucia JOXKUBLLKX.

MepBbIil 13 ABYX MPUBELEHHbIX Bbille AOrOBOPOB, AOrOBOP CTPaxoBaHMsA Ha cryyal
CMepTW Ha CPOK 5 NET, CAY>XUT MPMMeEPOM [J0roBopa CTpaxoBaHWSl C HU3KOW MpemMueit un
HW3KOI HAKOMUTENIbHOW KOMMOHEHTOM, B TO BPeMSl KakK BTOPOIA, CMeLLaHHOI0 CTPaxoBaHUs
Ha CPOK 5 NeT, CAY)XXWUT MpPMMeEpPOM CTpaxO0BaHMSI C BbICOKOW NMpemuer M BbICOKOM HaKo-
NUTENbHON KOMMOHEHTOM. BONbLUIMHCTBO BMAOB CTPAxX0BaHUA XXU3HU HaxoguTcss Mexay
3TUMU ABYMSA NpefenbHbIMU criydasamMu.

7.5. HeTTo-pe3epBbl B MOJIYHENPEPbIBHONW MOAeNn

B KoHUe pa3g. 6.3 6b1/10 3aMeYeH0, YTO Ha NPaKTUKe CyLLLeCTBYeT Heobxo4uMOCTb B
MOMYHENPePbIBHON MOMENN C eXeroAHbIMK HeTTo-npemusaMu P (AX), P(Axn\), P(A]..1],
hP(Ax) n b.P{AX), 4To6bl y4eCTb CMTYaLMIO, KOrAa CTPaxoBasi Bbin/iata Npov3BOaUT-
Cs1 HEMoCpeACTBEHHO Nocfe cmepTu. B aTom cnyyae B hopmynax s HeTTO-pesepsBa U3
Tabn. 7.4.1 Heo6xoanMO 3aMeHUTb A Ha A n P Ha P (A). Kpome Toro, rnaBHbIM CUMBO/IOM
NS HeTTO-pe3epBa Tenepb 6yaeT V (A), a TN CTPaxoBOro NOKpbITMA OyAeT yKasbiBaTbCA
C MOMOLLbK HUXHEro MHAEKca Npu A, Kak 1 Npu 0603HayYeHUn HETTO-Npemun. Hanpuwmep,
[151 CMEeLLaHHOr0 CTpaxoBaHWsSl Ha CPOK N NeT € /i-NeTHUM MeproLoM BbIMiaTbl NpemMuii

K<h<n,
h  k<n, (7.5.1)
1, K =n.

Ecnn npegnonaraetcs paBHOMEPHOe pacrnpefesieHne MOMEHTOB CMEPTM B TEYEHME KaX-
[Oro rognM4yHoro Bo3pacTHOro MHTepBana, 10 13 gopmyn (4.4.2) n (6.3.12) mbl nony4yaem

Iv{AxM) = B kvIM + kvxja (7.5.2)

Cy‘—IETOM 3TOro HETTO-pPe3epBbI B I'IOI'IyHerIpeprBHOVI MOJEesIn NErko paccymTaTb Ha OCHOBE
COOTBETCTBYHOLNX HETTO-PE3EPBOB B ,ql/lCerTHOVI Mozaenn.

7.6. HeTTo-pe3epBbl B C/ly4yae HeTTO-NPEMUIA, BblNadynBaeMblX
T pas B roj

B 3TOM pasjenie Mbl BbiBefieM (hOPMY/ibl A/1S1 HETTO-Pe3ePBOB, COOTBETCTBYIOLLME (hOp-
My/fiaM [/ pacCMOTPEHHOro B pasf. 6.4 ciydyasl BbINaaTbl UCTUHHBIX MPEMWA T pas B
rog. CornacHo nepcneKTUBHOMY MeTOAY, MOXHO HerocpefCTBEHHO 3anucatb GopmMyny

Ona kvx:n(’ a MMeHHO



Tenepb pacCMOTPUM PasHOCTb Mexay KV A u \VXi B 06LEeM c/lydae CMeLlaHHOro
CTPax0BaHUS C OrpaHUYeHHbIM NeproaoM BbIMaTkbl NpemMuii. Ans K < h nmeem

_ht . p N _ p(™) -nT)
K vx:n\ Kvx:n\ =~ hAx-Uax+k:h=k1l™ hr xM1 x+kM~rk\
am
— +Mnn - —
T e R M W2 EMIL L CRTRT baxing axskihz*)e Ef.g.?),\
x:h\

B npeAnonoXeHWn paBHOMEPHOCTU pacrpefeneHns MOMEHTOB CMEPTU B KaXAOM FoAmu-
HOM BO3PacTHOM WMHTepBasie paBeHCTBO (7.6.2) MPUHMMAET BUJ

o N
hv (m _hv o B 41 L0chl_J9(m)ALhI

[4m) &ax+k-TAK\ - PATTK-.Tw] }e
UneHbl, cogepXalyume 6 i, B3aMMHO YHUUTOXAIOTCA, U Mbl NONYYUM

KV N - UUxT = R{m) HP ~ i¥YXH\* (76-3)
Taknm 06pasom,

(HeTTO-pe3epB B C/ly4ae UCTUHHbBIX HETTO-MPEMUIA, BbiNJavynBaeMbIX TN pa3 B rog)
= (COOTBETCTBYHLMII HETTO-PE3epPB B AVCKPETHOW MOJesM)

+ (HeTTo-pe3epB MO AOrOBOPY CPOYHOrO CTPaxOBaHMA B AUCKPETHOW Mogenu,
3aK/II0UYEHHOr0 Ha Nepuoj BbinaaTbl NpeMuid, Ans B(m)-in oM OT NPemMuu,
BbINjaunBaemMoil T. pa3 B rof, Mo UCXOAHOMY TUMY CTPaxOBOr0 MOKPbITUSA
B MOJSTYHENPepPbIBHOM MoAenn).

AHasIOr MYHbI pe3ynbTaT MMeeT MecTO A/1si HETTO-Pe3epBOB B MOJYHeNpPepbIBHOW MO-
Jenn ANns [oroBopa ¢ BbIMaToi Npemuii T pas B rog B MPearonioXeHnn 0 paBHOMep-
HOCTW pacnpedesieHnsi MOMEHTOB CMEPTU B KaXKAOM TOAMYHOM BO3PAcTHOM WHTepBase.
CornacHo nepcrneKTUBHOMY MeTogy, Ans K < h

RV A (A x.A) = Ax+kr - (7.6.4)
Vicnonb3ys Te e pacCyXaeHus, 4To 1 npu BbiBoge hopmyn (7.6.1) n3 (7.6.3), nonyymm
RV (M{AxM) = kV (Ax:m) + R(m) hp (m)(Ax-nkva " . (7.6.5)
[Janee, ycTpemnsa B aToi opMyne T K 00, MOAYYUM /11 HENPEPbIBHOW MoAenu
iV(Ax:no = kV(AX:nu + R(o6) hP (Ax:a) KV A . (7.6.6)
BHOBb OTMETUM, YTO HETTO-PEe3ePB MO CPOUHOMY CTPax0oBaHMIO B 3TOW (hopMysie COOTBET-
CTBYET AMCKPETHOW MOJenu.

Mpumep 7.6.1. ina foroBopa CMeLLAHHOIO CTpaxoBaHUSA Ha cpok 20 neT co cTpa-
XOBOW BbIMMAToON pasmepa 1 M UCTMHHOW HETTO-NMpemueid, BbiNjauynBaeMoil aBa pasa B
rof, 3aKnrueHHoro ¢ nmyom (50), Ha ocHoBe MnnoCcTpaTuBHOM Tabnnubl CMEPTHOCTM ©
r= 0,06 1 B NPeAno/IOXKeHNMN PaBHOMEPHOCTU pacnpefesneHnss MOMEHTOB CMepPTU B Teue-
HMe KaXX[0oro rofM4yHoro Bo3pacTHOrO MHTepBasa paccuMTaeM CrefyloLe BeIMUMHbI:

@) HeTTO-pe3epB Ha KoHey, 10-ro rofa, ec/iiM BbINJATbl Ha CAy4yail cCMepTW OCYLLe
CTBNAIOTCA B KOHLE rofja CMepTu;



(b) HeTTO-pe3epB Ha KoHel 10-ro roga, ecnv BbIMAATbl Ha criyyaik cMepTu ocylie-
CTBNSAKOTCA B MOMEHT CMepPTHU.

Mpoeepum Takxe topmyny (7.6.5) ana HeTTo-pesepBa us n. (b).

PeweHue, (a) B gononHeHve K BenvyMHaMm, NOACHUTaHHbIM B rpumepe 6.4.1, Ham
HYXHbI

= 0,13678852, AG60:LL = 0,58798425, a&@Tsl= 7,2789425,

101/50:20] = JBOTSL ~ ~50:20] VB0:101 = 0,052752,
10M50:201 = 60:101 —~50:201 @800L = 0,355380.

[anee, B NpefnosioXXeHN paBHOMEPHOCTU pacrnpefesieHUss MOMEHTOB CMEPTU B KaXXoM
rogqn4yHoOM BO3PaCTHOM UHTEPBas/IE MMEEM

ogoriol = ®60:7ill —"(2)(1 —toH6o) = 7,1392299.
HeTTo-pesepB io™ i, MOXHO nogcynTaTb ¢ nomowblo dopmynbl (7.6.1):
N3o:LL, - ~50:161 “60lw, = 355822,
nnn gopmynbl (7.6.3):

1000561 + RV)PEUm loVLm = 0,355822.

(b) Ham Hy>XHbl AOMONMHUTENbHbIE BE/TMYNHBI:

\ K-LU = 0,13423835, s ) = 0,03286830,
Giize

} A%y =0,14085233,  J160:25 = 0,36471188,

p (aso-m) = . =0,03229873, NETEL = 0,59204806,
aso2u
iy (A50.y ) = ~60:101 —(~OirOi) @101 = 0,3569475,
OV 2NJ150;208) = ~60:LLIL — ®60:LL, = 0,3573937,

RB(2)PW(A50m)ioV u = 0,000446.
3Ta nocnefHAs BeNUUMHA ABMAETCA PA3HOCTLIO MEXAY ABYMSA BeIMYMHAMW, BbINu-
CaHHbIMN HernocpefCTBEHHO Nepeq Hel, Kak rnokasblBaeT hopmyna (7.6.5). v

7.7. HeTTo-pe3epBbl A1 NPEMUI C KOPPEKTUPYIOLLINM NAATEXOM

B pas3g. 6.5 Mbl 06CyannM MPEMUM C KOPPEKTUPYIOLLMM MNaTexXoM, a Ternepb pac-
CMOTPUM COOTBETCTBYIOLLNE HETTO-pe3epBbl. ANs LUeNbIX K, COrflacHO NepcrieKTUBHOMY
MeToay,

Ne ™ YAxL) = AX+K— K <h (7.7.1)

Ho, cornacHo (6.5.2), ~ oy
hp{™}(Axm) = — hP(Axm)



n, cornacHo (5.5.4),
N

{m} —
rx+k:h— ™ d(m) R
MoacTaBnas 3TU BblpaXkeHUs B doopmyny (7.7.1), NONYUUM ANS LENbIX K COOTHOLLUEHME

KV { "NMam) = —hP{AXn) *x+k:h-k\ ~ k* )- (7.7.2)

370 03HAYaeT, UTO B FOAOBLUMHbI 3aK/IHOUEHUS JOFOBOpa A/l BCEX BapMaHTOB KOPPEKTU-
PYIOLMX MaTexeld, BHe 3aBMCMMOCTM OT XapakTepa BbIMaTbl NPEMUIA, MOXHO UCMOSb-
30BaTb Pe3epBbl, paccuMTaHHble B HEMPEPbIBHO Mofesn. YCNoBue, COCTOsILLEE B TOM, UTO
K AOMXKHO 6bITb LieNbIM, MOXHO 0cNabuTb, 6epsi B KAYeCcTBe K KOHLbI MHTEPBaNOB ANNHbI
1/T, ecnv Npemun BbinsadMBaloTcs W pas B rog.

B paspg. 6.5 6bIsI0 3aMeYeH0, YTO HETTO-MPEMUST C KOPPEKTUPYIOLLMM M/IaTeXoM pas-
6uBaeTCa Ha [jBe KOMMOHEHTbI:

pbl(Ax) =P(AX)+P (~ n), (7.7.3)

rae BepxHWin nHaekc BIT ncnonb3yetcs A5 0603HaYeHUsI NPEMUM Ha MOKPbLITME Bo3BpaTa.
AHaIOrMyYHOe Pas/ioXXeHne MMeeT MeCTO A1 HETTO-Pe3epBOB. B aTOM MOXHO y6eanTbea
C MOMOLLbIO MePCrneKTUBHOIO MeTofa W topmynbl (6.5.7). [oKasaTe/NlbcTBO NMPOBOAWTCA
TaK:

KV(A*n) = P{AX) Ax+K ~ Ax+K - P(A*n)ax+k

P(AX)H +» - 5e%h _ [P{i}(/15) - p (Ax)Jax+k.

[MockonbKy
5P(AX) =P {AX),

3TO BbIPaXKEHNE MOXET 6bITb CBeAeHO K BMnay

IVVAX ) —~ P{AX)UX\k 4 P{Ax)ax\-k ~ “xHc —P(@)heHc  [Ax+k  P{AX)Ox+
= KV(Ax) - KV(Ax) = KV~ (A x)- K (Ax).

Takum 06pasom,
KV A (A x) =K/ (Ax) + KW (A*n). (7.7.4)

7.8. 3amMeyaHusa v nutepartypa

B 3Toi rnaBe npeacTaB/ieHbl CNOCOObI ONPeAeneHNsT Pe3epBOB, COOTBETCTBYHOLLME 06-
cy>XAaBLuumcs B . 6 crocobam pacyeTa npemuidi. OBCy>KaeHUe PeKYPPEHTHbIX DopMyn
Ana pesepBoB 6yaeT nposedeHO B . 8. CHaydana MCNosb30Ba/ICh MPUHLMMBLI pacyeta
pesepBoOB, 6asupyloLimecs Ha (PYHKUMSAX MOME3HOCTU WM MpUMeHsiBLUMecs B . 6. [ep-
6ep [Gerber 1976, 1979] paccMaTpuBan 3TU pe3epBbl B 60/1ee abCTPaKTHOMA NOCTAaHOBKE.
LLInpoKo mMccrnefoBasiuCb HETTO-pe3epBbl, KOTOPbIe NOAYYalTCA NpU MCNOSb30BaHUN NU-
HelHo (yHKUMM nonesHocTu. Lep [Scher 1974] w3y4dan pesepBbl, COOTBETCTBYHLLNE
HeTTO-NPEMUN C KOPPEKTUPYHOLLMM MAATEXOM, KakK JUCKOHTUPOBaHHble HETTO-pe3epBbl
B HEMpepbIBHON MOJeNN.



YnpaxHeHud

K pasgeny 7.1

7.1. OnpefennTe HeTTO-pe3epBbl AnA t = 2,3,4 1 5 No 4orosopy cTpaxoBaHusa U3 npumepa
6.1.1.

7.2. OnpegennTe 3KCNOHEHLMaNbHble pe3epBbl 4na t = 2,3,4 1 5 N0 4oroBopy cTpaxoBaHus
13 npumepa 6.1.1.

7.3. OnpepenuTte aKCnoHeHumnanbHble pesepBbl ana t = 1,2,3,4 n 5 no gorosopy crpaxo-
BaHUA M3 ynp. 6.2.

7.4. PaccmoTpuTe AOroBop cTpaxoBaHusa n3 npumepa 7.1.1 n gns ctpaxosuimka us ynp. 6.3
c pyHKuueit nonesHoctn U(x) — x —0,01a:2, 0 < x < 50, onpegenuTe Takoil pesepB bV B
MOMEHTbI BpeMeHn K = 1,2,3 n 4, yTo6bl CTPax0BLIUKY, UMEIOLEMY KanuTan Bean4uHbl 10
B KaXAbl/i nepuog, 66110 6e3pa3finyHO, OCTaBAATb AW PUCK Ha COBCTBEHHOM YJepXaHuu npu
npemun sennumHbl 0,30360 (cm. ynp. 6.3) nnn nepefaTb PUCK NepecTpaxoBliMKy, ynnatue kV
B KauyecTBe NepecTpaxoBOYHON npemuu.

7.5. PaccmoTpuTe [OroBop CTpaxoBaHMA C BbiNaaToil pasmepa 1 gns cTpaxoBaTefieil BO3-
pacTta 0 B HeMpepbIBHOW MOAeNu, UCNONb3ys cledytouine nNpeanonoXeHuns:

(i) 3aKoH cmepTHoCcTM MyaBpa ¢ W = 5, (ii) i = 0,06, (iii) npuHuun 111 npumepa 6.1.1 npu
a=0,1

(a) BbiBegnTe ypaBHEHUA, U3 KOTOPbIX MOXHO OMpefennTb BeIMYUHY 3KCMOHEHLUMaNlbHbIX
NPeMUn N 3KCNOHEHLNANLHOTO pe3epBa B MOMEHT BpemMeHM t = 1.

(b) Pewwute ypaBHeHMUs M3 N. (2) ANA YKA3aHHbIX YNCNEHHbIX 3HAYeHWI, YTOBbI MONYYNUTH
3KCMOHeHLUMaNbHble NPEMUN N IKCMOHEHUMaNbHbI/ pe3eps. A9 NOAYyYEHUA 3TUX PeLleHnii MOX-
HO MCNO0Mb30BaTb YUCNEHHbIE METOAbI.

K pasgeny 7.2
7.6. OnpefennTe nepcnekTuBHble noTepn tL no npowecTsumn t neT Ana 4orosopa CMeLlaHHo-

ro CTpaxoBaHWs Ha CPOK FaeT CO CTPaxoBoil BbINAATOW pasmepa L 45 nuua (X) B HENPEPbIBHOI
mMogenu. MokaxuTe, uTo

7.7. MepcneKTUBHbIE MOTEPU MO NPOLIECTBUU t N1ET NO HEMPEPLIBHOMY aHHYWUTETY Ha CPOK
M neT C rofoBOV BbINMaTOi pa3mepa 1, BbiNfauMBaeMomy nuuy (X), KOTOPOe BHOCUT 3a 3TO
eINHOBPEMEHHYI0 HETTO-NpemMuto, 3agaTca Gopmynoi

Bbipasute E[(L|F >t u D[tL|I > t] B TepMUHAxX aKTyapHbIX HAaCTOALLMX CTOMMOCTEN.

7.8. BblBeuTe NepcneKTUBHYO hopMyny Ans

(a) 10”™ (" 35.30!),

(b) HeTTO-pe3epBa Ha KOHel 5-ro roga [f/ia A0Oropopa CTpaxoBaHuMa Ha cpok 10 net co
CTpaxoBOi BbINNaTON pa3mepa 1 1 C eANHOBPEMEHHOI MPEMUenn, 3aKNOUYEHHOT0 ¢ nuuyom (45).

7.9. (a) Ona porosopa 6eccpoOYHOro cTpaxoBaHUSA Ha Cnyvaih CMepTW B HempepbIBHOW MO-
[len ¢ HeTTo-Npemuent, onpefeneHHo| CornacHo NPUHLUNY 3KBUBANEHTHOCTU, HaANTe TO 3Ha-
ueHne Mo = T(X) —t, Korga moTepn paBHbl Hynto. [Mpegynpexaenve. Ona 60AbWNX 3HAYEHUI
t pelleHns MOXET He CyLlecTBoBaTh.]

(b) Onpegenute 3HavyeHue Mo ana t — 20 B npumepe 7.2.3 1 BoCnonb3yiTecs puc. 7.2.1,
4yTo6bl OLEHUTL NPUEM/IEMOCTb Takoro Bbibopa.

7.10. MycTb BbIMOMHEHbI NMPeANONOXeHNa npumepa 7.2.3. HalifuTe Takme 3HayeHus t, 4to
MWUHVMaNbHbIE NOTEPU paBHbl HYNtO. MpoBepbTe pe3ynbTar ¢ MOMOLWbIO pUc. 7.2.2.

7.11. (a) MoBTOpuTe paccyxpAeHus, NpuBefeHHble Npu BbiBOAe paBeHcTBa (7.2.9), Ans
onpefeneHna PyHKLWW pacnpefeneHns cnyyaiHon BeNNYMHBI NOTEPb MO JOrOBOPY CMELUAHHOTO
CTpPaxoBaHWs Ha CPOK ra fieT B HEMpPepbIBHON MOAenu.



(b) HapucyiiTe rpaduk gns Takoro 4OroBopa CMelaHHOro CTpaxoBaHWA, KOTOPbI/ COOTBET
CcTBYeT puc. 7.2.1.

7.12. Mpopgenalite ynp. 7.11 gns cTpaxoBaHUA Ha cny4yail CMepTU Ha CPOK M fieT B Hemnpe-
pPbIBHOI MOAenu.

7.13. MpoBepbTe, 4TO YHKUMA, 3agaHHaa Gopmynoi (7.2.10), yaoBneTBOpsAeT yCNOBUAM,
HanaraeMbiM Ha OYHKLUWIO MAOTHOCTH.
K pasgeny 7.3

7.14. BeinnwnTe yYeTuipe hopmynsl ans iqV(Aao) .

7.15. Boinuwunte cemb hopmyn gna ioVxX-Ad0;2s]).

7.16. MpuBeanTe peTpoCNeKTUBHY dopmyny ana 20Y(30]|435).

7.17. MokaxwuTe, yto gna 0 <t~ T

(@) ~(Arm+il) = P{AL:L) + PxX'wy mV(Aj m+8]),

(b) V(Ayx:ms+n) = W{AIM) + mV{AZ;m+n|)-,-
W faiiTe CNOBECHYIO MHTepnpeTaLuio 3TUX BblpaXeHui.

7.18. YcTaHOBWTE, C KaKoi hopMynoi u3 pasg. 7.3 CBS3aHO clieaytollee paBeHCTBO, U faiiTe
€ro C/I0BECHYIO MHTepnpeTauunto:

78V (J130) = /4o;5i + bE0 u>V{Azo) - 20P (A 30) 440.7.

K pasgeny 7-4

7.19. BoinuwunTe yeTbipe hopmynbl Ana iNeo.

7.20. BoinuwunTe cemb opmyn gna iovo ro)-

7.21. TMokaxute, yto ana 0 < K™ T

KV:m+n|  KVX- + gvxcmi mvxemenl

7.22. Boluncnute KVx+HCA \, ecnm K < n/2, Wx-fh= 1/6 na » +a" ,, —T = 2ax+k. .

K pasgeny 7.5

7.23. Ha ocHoBe MnntocTpaTUBHOW Tabauubl CMEPTHOCTM M MPOLEHTHOW cTaBku 6% noga-
cunTaliTe BENMYNHY HETTO-pPe3epBOB U3 cieaytouier Tabnmubl (cM. ynp. 6.10).

HenpepbiBHas MonyHenpepbiBHas LvckpeTHas
mMofenb mMofenb mMofenb

ioy (-435;30i) oV (N1351) 10'%5:301
10735) ioV(A3$) 10V535

IOY(ﬂ 35,50]) Y (N135.w) 10°35:301

7.24. B npeAnonoXeHU paBHOMEPHOCTM pacnpeeneHnst MOMEHTOB CMEePTM B TeUeHMe Kax-
[0r0 TOAWYHOTO BO3PaCTHOrO MHTepBana onpeAennTe, Kakue U3 CreayoLux paBeHCTB BEpPHbI:

(@) W (AxL) = 5rvxl, (b) KW(AX) = F WX, (c) KW(Alm) =} kvam.
K pasgeny 7.6

7.25. MoKaxuTe, 4TO B NPeANONOXEHUN PABHOMEPHOCTU pacnpefeneHns MOMEHTOB CMepTU
B TeUeHMe KaXAoro rofM4yHoro BO3pacTHOro MHTepBana

5V K ~ 5730:201 _ /130w
20y(4)_20y30 n,0

(¥YKa3aHHOe npeAnonoXeHWe LOCTaTOYHO, HO HE HEO06X0ANMO.)
7.26. Kakue n3 cneflytoljnx paBeHCTB ABNAOTCA BEPHbIMU ANSA 15740772

p(t)\ (1)
( (Q pgn)~-15fc40, (d)I-"y.
P3s ! “40



K pasgeny 7.7
7.27. Kakue 13 cnegytownx paBeHCTB ABAAKOTCA BepHbIMU ans 15y *4°(J1.40)?
(a) i5v-(0do), (b) [P{4}(OBe) - P {4} (A40)]aL4}. 00 [P(/les) - P(A40)]a55,
I P40
© '~
7.28. MoKaxute, 4To
(@) P<T>(,M) = nP{m\A x) + (1 - Ax+n)P{™\

x:n\

(b) *v<ra>(4,'s) = TW m»(A) + (i - /-'\x+n)vl_“'}.

[aliTe CNOBECHYIO MHTEPNpPEeTaLNio YKasaHHbIX BblpaXeHMUii.

(e) 1- ado (f) P(A40)s40:15] - 15*40-

Ko BCcem TemaMm rnasbl

7.29. MopacunTaiiTe 3HavyeHne P*J1, ecnm ,V* = 0,080, Px = 0,024 n Px.wy=0,2.

7.30. MopcunTaliTe 3HayeHne 10V45, ecnm 10V35 = 0,150 U 20V35 = 0,354.

7.31. foroBop 6eccpo4HOro cTpaxoBaHUsA Ha CAyYai CMepTu C BbiniaTol pa3mepa 1 B KOHLe
roga cMepTu 3aknyeH nuuom (25). Mpemun BbINNauMBaKOTCA €XerogHo Ao Bo3pacta 65 net.
Mpemun B TeueHne nepsbix 10 neT paBHbl P25, a B TeueHue cnegytownx 30 neT BbinfavymMBarTCs
€XerofHble MNOCTOAHHbIE, HO 66/bLIME HETTO-NpeMuKn. Vicnonb3yiiTe MantocTpaTuBHyto Tabanuy
cMmepTHOCTM M | = 0,06, UTO6blI HAlTW cnefyoL e BENNYUHbI:

(a) ropoBy0 HeTTO-MpPemMuio, BbiNaaymMBaemyto ¢ Bo3pacta 35 neT [0 Bo3pacTa 64 roga,

(b) HeTTO-pe3eps 10-ro roga.

(c) B koHue 10-ro rofga cTpaxoBaTeflb MOXET pewunTb MNPOAO/MXKUTL A0 BO3pacTa 65 neT
BbiNNaTy Npemuii BeNYUHbI P25 B 06MeH Ha COKpalieHue BbiMAaTbl Ha cAy4van cmMepTu mocne
pocTmxeHna um 35 net Ao BenuuuHol B. PaccunTaiite B.

(d) PaccuunTaiiTe pesepB Ha 20-i rog, ecnuM ycnoBusa JOroBopa M3MeHeHbl, Kak yKa3aHo B
n. (c).

7.32. Mpepnonaras, 4to S = 0,05, gx = 0,05 1 4YTO MOMEHTbI CMePTN PaBHOMEPHO pacnpe-
AeNeHbl B TeUeHUe KaXA0ro roAM4YHOro BO3pacTHOro WHTepeana, paccuurtanTe

(@) (/A)*1, (b) 1/2V{iA)k,j\



AHAJTIN3 HETTO-PE3SEPBOB

8.1. BBegeHue

B rn. 3 paccmaTpvBanucb pacnpefeneHns BeposSITHOCTeN CnydaiHbIX BeMUYUH Mpo-
AO/MKUTENTbHOCTU NPeACTOsILEel XU3HW. [NaBbl 4 1 5 6bIV NOCBSLLEHbI CyYaliHbIM Be/n-
YMHaM HaCTOSILLMX CTOMMOCTEl BbINAAT MO CTPaxoBbIM JOFOBOPaM M aHHyuTeTam. B rn. 6
6b1/10 UCCNeAo0BaHO (DMHAHCMPOBAHNE CTPAXOBbIX JOrOBOPOB U aHHYUTETOB MOCPEACTBOM
MepuoAMYecKoit BbiNaTbl NpeMuid, a B . 7 06Cy)KAanocb M3MeHeHUe BO BpeMeHu 06si-
3aTeNbCTB MO CTPAxOBbIM AOroBOpaM W aHHyUTeTaM Mpu NepuoanYecKn BbiMnauymBaembix
npemMusx. B aTux AByx nocregHUX rnaBax ynop 6bia cAenaH Ha NOCTOSIHHbIE CTPaxoBble
BbIN/aTbl, (PMHAHCUPYIOLLMECS NOCTOSHHBbIMU NEPUOAMUYECKN BbINaunBaeMbIMU NPeMU-
AMU, BeSIMUMHA KOTOPbIX 06bIYHO OMpeaensanack Ha OCHOBE MPUHLMNA 3KBMBaSIEHTHOCTM.

MoueMy ynop 6bin cenaH Ha MOCTOsIHHbIE BbINAaTbl? Bo-nepBbIX, TPaAMLMOHHbIE
CTPaxoBble MNPOAYKTbI MPOAAIOTCS NPU MNOCTOSIHHbIX 6PYTTO-NpemMusix. ECTeCTBeHHO npef-
MoIOXKMTb, YTO Ha obecneyeHne CTPAxOBbIX BbIMAAT UAET (MKcMpoBaHHAA AoNs GpyTTo-
MpeMnn, 0TKYAa BO3SHMKAIOT MOCTOSIHHbIE HETTO-NPeMuUn. Bo-BTOPbIX, U3 eAUHCTBEHHOIO
YPaBHEHUS], K KOTOPOMY CBOAMTCSI MPUHLMIN 3KBMBASIEHTHOCTU, MOXET 6bITb HalieH ToMb-
KO OfMH MapameTp. ECTeCTBEHHO B35iTb B KauecTBe TAKOro mapameTpa HeTTO-NMpPemuto.
B-TpeTbMX, NOKa B MOAENN He YUUTbIBAIOTCSA Pacxofbl, KOTOpPbIe COCTABAT npeameT . 15,
HET Heo6XOAMMOCTM pacCMaTPUBATb HETTO-MPEMUN PA3NNYHON BEIMYMHBLI. B-UeTBEpTbIX,
MCTOPMYECKUN CIOXM/OCh, YTO HEKOTOpble TpeGoBaHMsA CTPaxoBOro Haasopa onpeaeneHbl
B TEPMUHAX HETTO-PE3epBOB MPW MOCTOSIHHbIX HETTO-NPEMUSIX.

B HacTosiweli rnaBe Mbl OnpeaesisieM HeTTO-pe3epBbl TaK Xe, Kak W B . 7, HO pac-
CcMaTprBaeM UX [i/19 4OroBOPOB CTPaxoBaHWs 06L1ero BMAa, A0MYCKaoLWMX HEMOCTOSIHHbIE,
N3MeHSIIOLLMECS, CTPaxXoBble BbIMaTbl U NpeMun. MOCTOSIHHbIE NMPEMUK, KOHEUHO Xe, sIB-
NATCSA YaCTHLIM C/TyYaeM M3MEHSIHOLLIMXCS], TaK YTO U3/0XEHHbIE 3AeCb MAEN NPUMEHMMbI
K Mogensim u3 rn. 7. OgHako obpaTHoe HeBepHO. CheuuanbHble MeToabl U COOTHOLLEHMS
U3 TN, 7 HeMb3sl NPUMEHNUTbL K 6o/ee 06LLMM [0roBopam M3 3TOl rnaBbl.

Mbl HaYHeM C [JOrOBOPOB CTPaxoBaHWUsi O6LLEro BuAa B HEMPepbIBHON U LUCKPETHO
MOZEeNsiX U Ana 3TUX JOrOBOPOB BbIBEAEM PEKYPPEHTHble (opMynbl. JUCKpeTHasa Mo-
[enb 06LLEero BMaa UCNONb3YeTcs A7 MOMYyYeHUss HeTTO-pe3epBa B MOMEHTbl BPEMEHM,
He coBMajarolLMe C FrofoBLIMHAMW 3aK/IHOUYEHMsT A0r0BOPa, Yero B M. 7 Mbl He fenanu.
C nomoLLblo INCKPETHOI Mofenn o6LLero B1uaa Mbl NonyyaeM pacrnpefienieHme notepb U
pvicKa Mo pas/IMUHbIM Mepuofam feliCTBMS [0roBopa. STV UAeU TaKXKe MOXHO MpuMe-
HATb K [OroBOpaM, PacCMOTPEHHbLIM B /1. 7, U yMTaTe/llo Npea/araeTcs caMocTOATeIbHO
nccnefoBaThb Takue MPUNoXKeHUs.

8.2. HeTTo-pe3epBbl ANA CTpaxoBbIX AOF0OBOPOB 06LLero suaa
PaccmoTpum gorosop cTpaxoBaHus obuiero Buga gns nvua (x), NpyM KOTOPOM

 BbIM/AThl HA CyYaii CMEPTU OCYLLECTBAAIOTCA B KOHLE roja AeiiCTBMS 40roBopa,
B KOTOPOM MPOU30LLI/IA CMEPTh;



* MPeMUM BbINIA4YMBAKOTCA EXErofHO B Ha4Yasle KaXaoro roga geicTBus AOrosopa,;
 BbINAaTbl Ha C/ly4Yail CMepTU B TeYeHMe j -TO roga AeiicTBMSA LOroBOpa COCTaB/sOT
bj pnaj =1,2,...;
e pasmep HeTTO-NMpemuii B j-M rogy LeicTBus goropopa paseH 7Tj i gnaj=1,2,
3amMeTuUM, YTO MHAEKCHLI NpU b 1 N 0603Ha4YaldT MOMEHT naaTexa.
MepcneKTMBHbIE MOTepU AN HeoTpMUaTeNbHOro Lenoro h npeactaBnsaOT cobon
HacTOSLLY0 CTOMMOCTb B MOMEHT BpemMeHM h ByaylinX CTpaxoBbIX BbiNaaT 3a BbIYETOM
HacTosiLLel CTOMMOCTU B MOMEHT BpemMeHU h 6yayLimx HeTTo-npemuii. Kak yHKums oT
c.B. K(X) OHM npeAcTaBnaoTca B BUAe

o) K{x) =0,1,...,/i-1,

< _ K(x) (8.2.1)
bk(X)+ivk{X)+1~K - _E_h K(x) =h,h+1,... .

hL —

3ameyvaHwue. ITo onpegeneHne obobLlaeT onpegeneHue, faHHoe dhopmynoi (7.4.1),
Tak KaK B Hero BKJ/IOYeHbl Hy/feBble 3HaveHUs ¢.B. hL ans 3HayeHuii K(x), MeHbLmnx h.
370 0606LeHNE, KOHEYHO, He M3MEHSAET BE/IMYMHBI HETTO-pe3epBa, KOTOPbIA onpefenseT-
€S HUXe Kak YCMOBHOe MaTemMaTuyeckoe oxxugaHue npu ycnosun K(x) ~ h. OHo 6ypeT
MCMO0/Ib30BaHO MPUW BbIBOLE PEKYPPEHTHbIX YPaBHEHWIA.

HeTTo-pe3epB B MOMEHT BpeMeHU h, 0603HayaeMblli Yepes V', onpeaensieTcs cregy-
oMM obpasom:

K(x)
W = E[hL\K{x)2h]=E K()+1-h sjvj h 1K (x) ~ h
j=h
K(x) —h
= E p(K(x)-h)+h+I v{K{x) h]+1- Kh+jVv3 1K{x) ~ h (8.2.2)
j=0
B npeanonoxeHunu, 4To ycnoBHoe pacnpegenenme c.B. K(x) —h npu ycnosum K(x) =
h,h+ 1,... coBnagaet c pacnpegeneHuem c.B. K(x + h), nocnegHee BblpaXkeHNe MOXHO
nepenucatb B hopme
K(x+h)
uw =E K(x+h)+I_ nh+j Vj
j=0
=y (bhtjs1 A ATV JjPx+h Qxthtjm (8.2.3)
j:O ' *=0 '

3amMeTUM, YTO ec/iv 3TO MPEeANOsIOKEHNE He BbIMOMHAETCH, TO Mbl MMEEM [€N10 C CeNeKuu-
OHHOM MOfeNbl CMepTHOCTU. Vcnonb3ysi CyMMMpPOBaHWe No YacTAM (CM. MpuioxeHue 5)
WM M3MeHeHWe nNopsaka cymmupoBaHus, dopmMyny (8.2.3) MOXHO MepenucaTb B BUAe
00 00
hY = } Afr/i+j+l v jPx+h Qx+h+j ~ 'Y Ah+j V1jPx+h- (8.2.4)
i=0 j=0
TakuMm o6pasom, opmyna (8.2.2), onpefensiowian peseps LV', CBOAUTCHA K MepCcrneKTuB-
HOI (hopmynie: aKTyapHas HacTosiLas CTOMMOCTb OYAyuiMX CTPaxoBblX BbinaaT MUHYC
aKTyapHasi HacTosiLasi CTOMMOCTb ByayLMX HETTO-NPEMUIA.



B rn. 7 mbl 06cyxgann Yetblpe TMNa QOpMyn AN HeTTO-pe3epBa: NepcrneKTUBHYIO,
peTpOCNeKTUBHYIO, Pa3HOCTU MPEMUIA 1 OMa4YeHHOW CTPaxoBOM CyMMbl. OHU WUCMOb30-
Ba/INCb [/1 HETTO-pe3epBa No LOroBopam € NOCTOAHHLIMW HEeTTO-NPEMUAMU N MOCTOSAH-
HbIMW CTpaxoBbIMW BbinfaTamMy. JIUlb NepcrneKTUBHas M PeTPoCneKTUBHaA (GopMynbl
€CTEeCTBEHHbIM 06Pa30M MEepPeHOCATCS Ha Cly4vail AUCKPETHOM mMofenu obuiero Buga. Pe-
TpocneKTUBHaA opMyna 6yaeT BbiBeAeHa B CeAylOLLEM pasjene.

Mpumep 8.2.1. PaccMoTpUM A0roBop 6eCCPOYHOr0 CTPaxOBaHUA Ha Cnyyaidi cMepTu
C BbINNaTol pasmepa 1, 3aK/OYEHHbIA ¢ ANLOM (X), NO KOTOPOMY HeTTO-npemus nep-
BOr0 roja paBHa aKTyapHO HAaCTOSALLEA CTOMMOCTWU CTPaxoBoOl BbinaaTbl B NePBbIA rof,
a OCTasIbHble HETTO-NPeMUN MOCTOSAHHbI U OMpeAensAtTCA COr/lacHO NPUHLUMUNY 3KBUBA-
NeHTHOCTU. BbiBegem thopmMynbl Ansa (a) HeTTO-MpemMun nepBoro roga, (b) MOCTOSIHHbIX
HeTTO-NpPeMMiA NocneayoWmx neT 1 (C) HeTTO-pe3epBa B KOHLE MepBOro roa.

PeweHwne, (a) V3 pesynbTatoB rn. 4 nony4ymm no =

(b) CornacHo NpuHUUNY 3KBMBAaNEHTHOCTU, JT* N + »ax = AX, Tak uto T = (AX -

= MK+ 1/ax+1= Px+1-
(c) CornacHo nepcnekTBHOW opmyne, \V = Ax+l —néax+i =0. T
Mpumep 8.2.1 nnnocTpupyeT 04MH M3 MNOAXOAOB K U3MEHAOLWMMCA npemuam. Opy-
roi BO3MOXHbI MOAXOA COCTOMT B TOM, YTOObI NMpeMuu, UrypupyloLine B onpeaesne-
HUM c.B. oL B ¢opmyne (8.2.1), onpefensitb Ha OCHOBE BecOBbIX KoaduumeHToB Wj,
j =0,1,2,... .Vcnonb3ysa NpUHLMN 3KBUBaNIEHTHOCTU, A5 3TOr0 YacTHOrO ciay4vas op-
My/ibl (8.2.1) Mbl NOAyYUM

E[0b] —O,
V”-IVI oc oc
(8.2.5)
3=0 i—o
n
Sj=o b]+i V  jpxoxH
- Si=oh] ipx gx+j (8.2.6)

E j=0W V3Px
3a cuet Bblbopa nocnegosatenbHocten {bj+i;j = 0,1,2,...} u {wj\j = 0,1,2,...}
MOXXHO MOMYYNTb pasnyHbie (hOPMY/bl ANS HETTO-NPEMUIA.

Ecnun cumtatb, 4To nocnegoBatenbHocTb {bj+1;j = 0,1,2,...} Ao/KHa 6bITb 3apUK-
CupoBaHa, TO ocTaHeTcs 6onbliad cBo60oAa Bblbopa mocnegoBatenbHoctn {wj;j = 0,1,
2,... }, KoTopasi, B CBOK o4epeab, onpeaenseT nocnegoarenbHoctb {nj;j = 0,1,2,...}.
Mo KOMMepPYEeCKMM CO06PaXeHMSIM MOXET OKas3aTbCsl, UTO HEOOXO0AMMO paccMaTpuBaTb
Wj N 0 gna Bcex j, HO 3TU OrpaHUYeHUs He CNeayloT U3 NPUHLUNAG 3KBUBANIEHTHOCTN.
B npumepe 8.2.1 bj+1 = 1 gna Bcex j, HO ttwg = A™M n M\ = (Ax —Ag™/ax,
j = 1,2,..., TaK 4TO BbINO/IHAETCA paBeHCTBO (8.2.6). [Apyroe npunoxxeHne npuBegeHo
B npumepe 8.2.2.

Mpumep 8.2.2. Ana goroBopa 6eccpoyHOro CTPaxoBaHMs Ha Cayyaih CMepTu co
CTPaxoBOi BbINAaToN pasmepa 1, 3aK/IHOUEHHOT0 C MLOM (X), eXXerofHble HETTO-NPeMnUmn
B JMCKpPETHOMN mogenu coctaBnstoT i = irwj, rge Wj — (1 +r)3. KoahhuumeHT r MOXHO
BblOpaTb B BUAE OLIEHKWN 0XWMAAeMOl CKOPOCTU pocTa fOXOA0B CTpaxoBaTens.

BbiBegem topmynbl gns (&) T, (b) bY n (C) bY Nnpu r = .

PeweHune, (a) Ncnonb3ysa gopmyny (8.2.5), nonyumum n = Ax/a*, rge i#* cooTBeT-
CTBYeT MPOLEHTHOM cTaBke i* = (r—r)/(L + ). Ecnmr =1, To T= Ax/(ex + 1).



(b) Nicnonb3sysa opmyny (8.2.4), nony4mm
00

hv — N Aj+h V3jPx+h
3=0
(¢) hV —Ax+h — [Ax/(ex + 1)](1 +r)h{ex+h+ 1). T

B npumepe 8.2.2 BO3MOXHbI OTpuLaTe/IbHble HETTO-pe3epBbl NPY 66/bLLINX 3HAYEHU-
Aax r. B ynp. 8.32 npeacTaB/iieH BapuaHT TaKoro Joroeopa.

Tenepb paccMOTPMM [LOrOBOp CTPaxoBaHUA 0OLLEro BMAa, 3aKAOUYEHHbIR C JIMLOM
(X), B HenpepbIBHOW MoOfeNun, N0 KOTOPOMY

e BbIMNaTbl Ha c/y4ali CMepTW, paBHble bt, NPon3BOASTCS HeMOCPeACTBEHHO B MO-
MEHT CMepTH t,
* HEeTTO-MPeMuM BbINNAUMBAIOTCS HEMPEPbIBHO MO t C MHTEHCUBHOCTLIO Nt B rog,

MepcrneKTuBHbIE MOTepU AN NULA, 3aCTPaxOBaHHOrO0 B BO3pacTe X W JOXMBLIEro Ao
MOMEeHTa BpeMeHW t, NpeAcTaB/isieT CO60 HACTOSALLYH CTOMMOCTb HA MOMEHT BpPEMEHM t
6yayLieli cTpaxoBOW BbINMaTbl 38 BbIYETOM HACTOSILLEA CTOMMOCTU Ha MOMEHT BpemMeHU t
6yayLMX HETTO-NPEMWIA:

T{x) < t,

T(x) > t. ®2.7)

HeTTo-pe3epB Mo TakoMmy A0roBopy 06Liero Buaa, KOTOPbIA Mbl 0603HauYUM 4epes jV,
onpegensieTca @opmynomn

v = E[tL\T(x)>1]

Kak u npu nonyyeHuun copmynbl (8.2.3) B ANCKPETHOM Moaenu, Npeanonoxum 3[ech,
YTO yCNoBHOe pacnpefeneHune c.B. T(x) —t npu ycnosum T(x) > t coBnagaeT ¢ pacnpe-
feneHuvem c.B. T(x +t), n nonyumm

[ bty yuyPxdt Bx(t + n) du — j  7R+rvrrpx+tdr. (8.2.9)

BTopoli nHTerpan B (8.2.9) nonyyeH NM60 MHTErpUPOBaAHUEM MO YACTSIM, IMGO USMEHEHU-
eM Mopsiika UHTErpupoBaHus. pyrumu cioBamu, BenuuuHa tV saBisieTcs akTyapHoli Ha-
CTOsILLEl CTOMMOCTbLIO BYAyLLeli CTPAxXoBOi BbINIaTbl 38 BbIYETOM aKTyapHOl HacTosILLEl
CTOMMOCTU BYAYLLUX HETTO-NPeMuid. Ecnn npeanonoxeHne 06 YCNOBHOM pacrnpeieneHnu



c.B. T(x) —t mpu ycnoBum T(X) >t He BbINOMHEHO, TO Mbl UMEEM Aesi0 C CeNeKLUNOHHO
Mofenblo.

8.3. PeKyppeHTHble hOopMYy/ibl ANA HETTO-pe3epBOB
B AUCKPETHOW Moaenu

OpHol 13 ueneli 3Toli rNaBbl SIBASIETCS MCCNEeA0BaHUE PEKYPPEHTHBLIX COOTHOLLEHUIA
MeXay cnyyaiHbIMU BelMYMHaAMK NOTePb, UX MaTeMaTUYECKUMMU OXMAAHUAMU U AUC-
nepcusMn. Mbl HauyHeM C OMNpefeneHns YMCTbIX AeHEeXHbIX MoTepb CTpaxoBlinka (OT-
puyuUaTesIbHOro AEHEXHOro NOTOKa) MO rojam AeicTBUA JOroBopa B AUCKPETHOW Mogeny,
KOTOpble onpegeneHbl hopmynoli (8.2.1). PucyHok 8.3.1 npefcTtasnisieT coboli BpeMeHHYHO
Auarpammy, Ha KOTOPOI M306paXKeHbl AUCKPETHbIE BXOASALLME U UCXOASALLME AEHEXHble
NOTOKMU.

Bxogsawive O O O 0 0 Nieg+i ® ®
Vcxopsawme a0 H] A2 A3 A Adp-1 ko) ® 0 0 uT. 4.
0 12 3 V REDL K(X) KX+ KX)+2 K(x)+3

Puc. 8.3.1. Bxogsline u NCXOASLINE JEHEXHbIE MOTOKM CTPAxOoBLLMKa
no [O0roBOpy CTpaxoBaHUs 06LEro BUAA B AUCKPETHOW MOAenu

O603HauuM 4yepe3 Ch HacTosWYH CTOMMOCTb Ha MOMEHT BpPeMeHM h umncTbIX ge-
HeXXHbIX notepb B TedeHue roga (h, h + 1). Ecnm mnHtepBan (h, h + 1) npefwecTsyet
rogy cmeptn, T.e. h < K(x), T0 Cu = —av Ecnm (h, h + 1) aBnseTcA rofom cmepTw,
h = K(x), To Ch = vbh+i —s{,. Ecnn unTepBan (h, h + 1) pacnonoxeH nocne roga
CMepTH, TO, ecTecTBeHHO, Cn = 0. BblpasuB 3Tu onpefeneHns Kak sBHYH (PYHKLUUIO OT
¢.B. K(x), nonyymnm

0, K(x) =0,1,..., n- 1,
Ch = {vbh+1-TTh, K(x) =h, (8.3.1)
-7N K(x) =h+1,h+2,....

[nsa ycnosHoro pacnpegeneHus c.B. Ch npu ycnosun K (x)*h mnmeem Ch = vbh+il-nh,
rae
1 ¢ BeposATHOCTbIO gx+h,
10 C BepoATHOCTLIO pXx+h-

CnepoBaTtensHo,
E[CMK (x)*h\=v bh+1gx+h ~ *h, (8.3.2)
D[Ch\K(x)*h] = (vbh+i)2gx+hPx+hm (8.3.3)
Kpome Toro, ucnonessya gopmynbl (2.2.10) n (2.2.11), a Takxke (8.3.1)—8.3.3), nony4ymm
E[Cft] = (vbh+1gx+h ~ h,pXi (8.3.4)
— (M frli+l gX+h 7ff) hPXhgX  (Vbh+") gx+hPx+h hPX- (8.3.5)

HakoHen, ansi j > h BenmunHbl Cj 1 Ch KoppenvpoBaHbl. [loka3aTenbCTBO 3TOF0 yTBEP-
XAOEHUS Mbl OCTaBfIsieM ymTaTeslo B KadvecTse ynp. 8.5 n 8.6.

Kak paHee 6bin10 onpegeneHo ¢opmynoii (8.2.1), c.B. /,L npeactaBnsieT coboii Ha-
CTOALLYI CTOMMOCTb Ha MOMEHT BpeMeHW h ByayLimMx UCXOAALUX AeHEeXHbIX MOTOKOB



CTPaxoBLMKA 32 BbIYETOM HACTOALLEA CTOMMOCTM Ha MOMEHT BpeMeHW h ero 6yayuimx
BXOASLLMX NMOTOKOB. M3MEHUB NOPsSA0K CYMMUPOBaHNS B 3TOl (hopMy e, Mbl NOMYYMM 3K-
BMBaJIEHTHOE ONpejesieHne, COCTOsILLEee B TOM, UTO BeiMunHa hL paBHa CyMMe HacTOALLMX
CTOMMOCTE Ha MOMEHT BpeMeHM h 6yAyL X eXerofiHblX YMCTbIX MNOTEPb CTPAXOBLUUKA,
T.e 00

hL ='$y -hCJ. (8.3.6)
j=h
Ana h < K(x) u3 dopmynbl (8.3.1) nonyyaem, Kak 1 paHee,
K(x) K(x)-1
hL="YjV 3-hCj =vK{x)- h{vbK(X)+i-Trasa)- E vj~h'K
j=h j=h

= vK(X)+l -k bKix)+1- jrvi-hTj.
j=h
Ecim h = K{x), 1o /,L = Ck(x) = vbk(x)+i ~"k(x)- A ansa canyyasa h > K{x) o6e yactu
thopMynbl (8.3.6) paBHbI HYHO.
M3 paBeHcTBa (8.3.6) cnefyeT peKyppeHTHOe COOTHOLLEHUE Asl CAyYaliHbIX BEIMUYUH
noTepb:

[e]e]

hL = Ch +v = Ch + Vh+lL. (8.3.7)
j=h+1
PeKyppeHTHOe COOTHOLUEHWEe [/ HeTTO-pe3epBOB MOXHO MOyYUTb M3 pPaBeHCTBa
(8.3.7) cnegyrouwmm obpasom:
hv = E[hL IK(x) >h} = E[C,, + Vh+l L IK(x) >h}
vbh+1gx+h - Th + v~E[h+iL\K{x) ~ h], (8.3.8)

MockonbKy c¢.B. h+iL paBHa Hynto, korga K(x) = h, nmeem
h = vbh+igx+h - 7fi +VE[h+iL\K (x)*h + 1]?*%+/,
= Vbh+1gx+h - #h + Vh+iVpx+hm (8.3.9)

dopmyna (8.3.9) siBNsAeTcA 06paTHOM pPeKyppeHTHOW Gopmynoi [hopmynoin Buaa
u(h) = c(h) + d(h) u(h + 1)] gns HeTTO-pe3epBa No 4OrOBOPY CTpaxoBaHMS 06LLEro BMaa
B AUCKpEeTHOM mogenu. 3ameTum, yuTo BHOBb d(h) = vpx+h u c(h) = vbh+i fx+h ~ nhm
MpsaAman pekyppeHTHas gopmyna MOXeT 6bITb nosydveHa u3 (8.3.9) paspelueHWem 3To-
ro COOTHOLUEHMA OTHOCUTENbHO BeMYMHBbI b+'Y (CM- ynp- 8.7). 9Ta npsamas gopmyna
6blna ncnonb3oBaHa B npumepax 7.4.3 n 7.4.4, rge nokasateqin CMEPTHOCTU 6panncb K3
arperaTMBHOW Tabnuubl.

[na panbHelillero aHanvsa M3MeEHeHUs1 pasMepa HeTTO-pe3epBOB MOXHO Mpeobpa-
30BaTb 4seHbl paBeHcTBa (8.3.9) cnegytowmm obpasom. CHavana gobaBum 7, K ob6enm
4YacTsM paBeHCTBa U NoyvYnm

hV + #h = bh+i Vax+h + h+iVvpx+h- (8.3.10)

B cnosecHoli hopmMe: pecypcbl, HeobxoaMMble B Havasie h+ 1-ro roga AelicTBMs goroeopa,
paBHbl aKTyapHOI HaCTOsLLEel CTOMMOCTU PecypcoB, HEOBX0AMMbIX Ha KOHel, roga. Cymma
)Y + «h HasbiBaeTCs Ha4yaNbHbIM HETTO-pPe3epBOM ANA rofa feicTemsa gorosopa h + 1
HanpotuB, h+iVvpx+h —i¥Y u hV Ha3biBalOTCSA KOHEUYHbIMU HETTO-pe3epBamn ansa /i-ro



n h+ 1-ro rogos gelicTBua gorosopa. MocneaHee HasBaHMe 0TpPaXKaeT TOT (haKT, UYTO 3TU
pesepBbl OTBEYAIOT KOHLYY COOTBETCTBYIOLLEFO roja.

dopmyny (8.3.10) MOXHO nepenucaTb C YY4eTOM pa3bueHUs HeTTO-MPeMUM Mg Ha
KoMnoHeHTbl gnsa (h + 1)-ro roga AelicTBMS AOroBopa, a UMEeHHO

Th = bh+ivgx+h + (h+iVvpx+h - hV). (8.3.11)

MNMepBasi KOMMOHEHTa B MPaBOW 4acTW NpefcTaBnseT c060l/ HeTTO-NPeMUI0 MO [OroBO-
py CTpaxoBaHMs Ha CPOK 1 roj Co CTpaxoBOW BbinNaaToi b"+i- BTopasi KOMMOHeHTa
h+1V vpx+h —hV npegctaBnsetr cymmy, Kotopas, ecnv ee npubaBuTb K /Y B Hauvane
roga, nNpv AaHHbIX MPOLEHTax N BEePOATHOCTAX LOXUTUA Bo3pacTaeT L0 BeMUUHbI h+iV
B KOHLE 3TOro roga.

UT006bl B faNbHelllemM CPaBHUTbL ee C (hOPMYJ/IO ANsi HEMPEPbLIBHOW MOAENU, YMHO-
XXMM 06e yacTu paseHcTBa (8.3.11) Ha 1-l-r u nepenuwiem ero B BUge

Th + (iy + Tmt* + ft+1~ Qx+h = bh+1 gx+h + A(/J0- (8.3.12)

JleBas yacTb hopMynbl (8.3.12) oTBeyaeT PUHAHCOBbLIM pecypcam Ha KoHel, h+ 1-ro
roga AelicTBMS [OroBopa M COCTOMT U3 HETTO-NPeMUK, NPOLEHTA, HAUYMC/IEHHOro 3a rof
Ha HayaslbHbIN HETTO-PEe3epPB, M OXXMAAEMOr0 «0OCBOOOX/JEHHOr0» B CBSA3M CO CMePTbIO B
KoHue (/i+1)-ro ropa HeTTo-pe3epsa. NpaBas 4acTb NPEACTaBSAET OXKUAaeMble BbinaTbl
Ha cny4ai CMepTW B KOHLIE 3TOro roga u npupocT HeTTo-pesepsa /,HV —/Y.

AHanns, oT/IMYHbIV 0T NPOBEAEHHON0 C MNOMOLLbI0 COOTHOLLIEHMIA (8.3.10)—8.3.12), no-
NnyyaeTcs, eCnn NPenonoXuTb, YTo pesepB h+Y MOXHO MCMOMb30BaTh 418 06ecneyeHmns
BbINAaT Ha cnyval cMepTu bh+i 1 uTo AN NOKPbITUS 0683aTeLCTB MO CTPAX0BaHMIO Ha
CpoK 1 rog Heobxoguma NvLlb YACTOM puckosan cymma bM+1—h+iY- Ong aToro tvna
aHanusa, nogctaBnsas 1 —agx+h BMecTo px+H B paBeHCTBO (8.3.10) M yMHOXas o6e ero
yactu Ha 1+ i, nonyunm

h+IV = (hV + 70i)(1 + *) —(bh+1 - h+IV)gx+h m (8.3.13)
BmecTo hopmynbl (8.3.13) Mbl Tenepb UMeeM
Tt = (bh+1 - h+iV)v gx+h + (Vh+1v - fcV). (8.3.14)

MNepBas KOMMOHeHTa B MnpaBoi 4acTu Gopmynbl (8.3.14) npeactaBnseT coboli HeTTo-
NpeMuIo 41 CTPaxoBaHUA Ha CPOK 1 rof ¢ BbINIATON BENNYMHBI YACTOW PUCKOBOW CyM-
Mbl. BTopas koMnoHeHTa v h+iV —hV sBnseTca BeIMUMHOW, KOTOpas, ecnv ee npubaBuTb
K /Y B Havane roga, HakanaMBaeTCs C Yy4eTOM MPOLEHTOB L0 BeMYMHbI N+)Y B KOH-
Lie aToro roga. B aToii hopmynmpoBKe BenvuuHa h+Y npefHasHayaeTca ansa obecneye-
HWS BbINAAT Ha ciyyail cMepTun, ecnu cMepTb nNpousoigeT. CnefoBaTesibHO, HETTO-pe3epB
aKKYMYNMpyeTcs Kak HaKoMuTesbHbIA (hOHA. STO BHOBb MOKasaHO (hOPMY/0i, COOTBET-
cTBytowwen opmyne (8.3.12), a UMEHHO

T+ (nV + th)i = (bh+1- h+iV)gx+h + A(fcV). (8.3.15)
Mbl NpefocTaBnseM YMTaTe/IO faTb ee COBECHYHO MHTepnpeTaLmio.

Mpun aHanuse ¢ nomowbio opMynbl (8.3.11) HeTTO-pe3epB He WMCMONb3YyeTcA ANA
obecrneyeHMsa BbINNAT Ha Cyyail cMepTu, W, clefoBaTesibHO, pe3epB HaKanaMBaeTcs Mpuv
JaHHbIX MPOLEHTaX M BePOATHOCTAX AOXUTUA. B 06a cnaraemblx B npaBoii vactu gop-
Mynbl (8.3.11) BXOASAT BEPOATHOCTM JOXMWTKA, B TO BpeMs Kak B hopmyne (8.3.14) oHu
cofepxaTcs TO/IbKO B NepBOM cnaraemom. B pasa. 8.5 mbl yBuanm, uto gopmyna (8.3.14)
cBfi3aHa C rTMOKMMK MEeTOaMU pacyeTa AUCMepcum notTepb, KOTOPblE COOTBETCTBYIOT CNy-
YaiiHOM npupose NPOAO/HKUTENBHOCTU NPEACTOALLEN XU3HN.



Bce dopmynbl (8.3.10)-(8.3.15) sABNAKOTCA PEKYPPEHTHBLIMW COOTHOLUEHMAMU AN
HeTTO-pe3epBa B LIe/IOYNCNIEHHbIE MOMEHTbI BPeMeHW. HM 0HO M3 3TUX LUECTU COOTHOLLIE-
HWIA He 3anMcaHoO B BMUAe SABHOW 06paTHOWM WM MPSMO PeKYPPEHTHOM (hopMy/bl; BCE OHU
NPUBOAATCA A1 TOF0, YTO6bI Nyylle NPOACHUTbL paccMaTprBaeMyto cuTyauuno. B npnme-
pe 8.3.1 peKyppeHTHas gopmyna (8.3.14) ncnonb3yetcs N8 NOAYYeHUS SABHbIX (HOPMY
[ANS1 HETTO-NPEMUA 1 HETTO-pe3epBa.

Mpumep 8.3.1. OTCPOUEHHbI 6eCCPOYUHbIN aHHYUTET NPeHYMepaHAo Mo 4OroBopy,
3aKJ/IHOYEHHOMY C NULUOM (X), MO KOTOPOMY MPOWM3BOASATCA €XerofHble BbIMnaTbl 3TOMY
vy pasmepa 1, HauMHasa ¢ Bo3pacTa X + M, onjavymBaeTcs NOCTOSAHHBLIMW €XXEerogHbIMMN
HEeTTO-NPEMUSIMW B TeYeHWe Mepmoga OTCPOYKU. BbinnaTa Ha cnyyai cMepTu A0 AOCTU-
YXEHUS BO3pacTa X + n et obecneumBaeTcsl HETTO-pe3epBoM. Npeagnonarasi, YTo BbiNaaTa
Ha cny4vaii CMepTU OCYLLECTB/ISIETCS B KOHLE rofja CMepTu, ONpeaeninmM eXXerogHyr HeTTo-
NPEMUIO N HETTO-Pe3epPB Ha KOHeL, roga K npu K ™ n.

PeweHune. Vcnonb3ysa ToT ¢akT, yto B hopmyne (8.3.14) bh+i = H+iV gna h =
0,1,2,..., 01 —1, Mbl nMeeM

™= Va+iV - hv.
YMHOXas Ha vh, nony4vaem
irvKk = vk+\ +1V - vkhv = A(vkhV). (8.3.16)

Cymmupys no h ot 0 go n —1, nony4mm
-
VITY - vo(¥Y =772 vh = Tray
h=0
nTak Kak & = 0 u nvV = &x+n, oTcloga cregyeT, yTo

Taknum 00pa3oM, 3TOT aHHYUTET WAEHTWMYEH aHHYUTeTy, OMUcaHHOMY B npumepe 6.6.2.
HeTTo-pe3epB B KOHLE K-TO rofja MOXeT ObITb paccuMTaH CyMMMUPOBaHWEM pPaBeHCTB
(8.3.16) no uenbim h ot 0 go kK —1, uto gaet vkiyY = 7r&Y, oTkyga uy — 7rsh. T

Mpumep 8.3.2. [loroBop CMELLIAHHOIO CTPax0BaHWUS Ha CPOK N NeT B AUCKPETHOA
MOZenn, 3aK/HOUEHHbIN € NNUoM (x), obecneumBaeT B c/lyvyae CMepPTU B TeuyeHue M NeT
BbINNaTy pasmepa 1 Ntoc HETTO-pe3epB B KOHLE rofja cMepTu. Haigem copmyny nocro-
AIHHOI €)KErofHON HeTTO-MPeMUN M HeTTO-pe3epBa B KOHLE K-ro roga npu ycioBuu, YTo
BbINnjarta Ha JOXXNTWe COCTABNSAET efUHNLLY.

PeweHwne. B aTom cnyyae = 1+ Y, a unuctasd pMcKoBas CyMma NOCTOAHHA N paB-
Ha 1. O603Ha4Yas NOCTOSHHYIO eXerogHyt HeTTO-NPeMUI0 Yepes T U UCMOob3ys hopmMyy
(8.3.14), nony4yaem

(8.3.17)

vaonv = Tray - "2 vh+1lgx+h,



Tak 4Tto Npu ry = 1 (BbInjara Ha LOXUTue paBHa 1)

vn + Y, vh+lgx+h
h=0
ani
Cymmupyst paBeHCTBO (8.3.17) no h oT 0 fo K —1 1 paspewas NonyyYeHHOe PaBEHCTBO
OTHOCUTENLHO /Y, nonyyYum

K- 1
v

HenocpeacTBeHHO Nepef nNpvmepoM 8.2.1 Mbl 06elanyt BbIBECTU PETPOCMEKTUBHYHO
(hopMyny ANs HeTTO-pe3epBa Mo JOroBOPY CTPaxoBaHMS 06LUEro Buaa B JUCKPETHO Mo-
genun. CHauyana nepenuilemM peKyppeHTHoe cooTHolleHue (8.3.11) B Bue

bft+i Vgx+h — h+i¥Y vpx+h iy>
a 3aTeM, YMHOXas 06e yacTu Ha vhhpx, NoayyYnm COOTHOLLEHUe

K vhhPx - bh+ivh+1hPx gx+h. = h+iV vh+lh+ipx - hV vhhpx = A(hV vhhpx), (8.3.18)

KOTOpoe BbiNonHseTcs npy h = 0,1,2... . NMpocymmunposas 06e Yactn hopmysbl (8.3.18)
no uenbiMm h ot 0 o K —1, Mbl UMeeMm
K-1

vhhPx - H,+1 Vh+\ p x gx+h) = KYvKKPx - oV-

CornacHo MpUHUMMY SKBUBaneHTHocTH, (¥ = 0, TaK 4TO Mbl MOXEM MepenucaTb 37O
nocnefHee pPaBeHCTBO A1 KOHEYHOro HeTTO-pe3epBa Mo AOroBOPY CTPax0BaHWsS 06LLEro
BUfa B AUCKPETHOW Moaenn B BUge

K- 1

a 3aTeM B Buje
fc-i
(8.3.19)

dopmyna (8.3.19) npefcTaBnseT HETTO-pe3epPB B MOMEHT BPEMEHU K B BUAE CYMMbI exe-
rofHbIX NPeMUii 3a MepBble K NeT 3a BbIYETOM OXUAAeMbIX BbINMAT Ha Cly4val cMepTu,
HaKOM/IEHHbIX K MOMEHTY BPEMEHU K NPW 3afaHHbIX MPOLEHTHOM L0X04e U BePOATHOCTAX
JOXNTUSA.

8.4. HeTTo-pe3epBbl B NPOMEXYTOUYHbIE MOMEHTbI BPEMEHU

BepHemcs K paccmaTpuBaBLuemycs B hopmyne (8.2.1) 4OroBopy cTpaxoBaHUs 06LLero
BMAa B AMCKPETHON MOAeNun, 3aK/K0HEHHOMY C JIMLOM (X), COrflacHO KOTOPOMY BbinaaThl
Ha cny4ali cMepTu, paBHble bj+i, Mpon3BoAATCS B KOHLUe j + 1-ro roga AeicTBMS AOro-
BOpa, a eXerofHble HeTTO-Npemuun, paeHble Tg, j = 0,1,..., BbINJa4ynBatoTCsa B Havane
3Toro roga gerictensa goropopa. Onpeaenvm BblpaXeHWe 41 NPOME>XKY TOYHOI0 HeTTO-
pesepsa H+$Y nmpu /r = 0,1,2,... 10 < s < 1, a TakKxkKe ero nNpuUbAMKeHHOe 3HaYeHue.



O6o6Lasa faHHoe paHee B (hopmynax (8.2.1) u (8.2.2) onpegeneHne HeTTo-pe3epsa, MNo-
NlY4UM A1 HALLEero NpoMeXKyTo4YHOro ciyyas

K(x) =0,1,..., 1—1,
*bK(X)+i, K (x) K(x) = h, (8.4.1)
X)+i-(h+s)bK{x)+1 _ £ vj-(h+s)n.t K(x) =h+1,h +2,...,
=1
%
h+aV = E[h+aL IT(x) > h+s]. (8.4.2)
CornacHo (8.4.2),
h+sV —V  bh+l 1-sCx+h+s 'bV ~ h+IV 1—sPx+h+s m (8.4.3)

Tenepb YMHOXUM 06e 4acTu gopmysbl (8.4.3) Ha vSspx+h U NOAyYUM
vSsPx+h h+sV - Vbh+i(s\i-sqx+h) + v(h+iV)px+h m (8.4.4)

CooTHoLleHuWe (8.3.9) gaeT BblpakeHMe Ans vbh+i gx+h, n nogcTaHoBKa 3TOro Bblpayke-
HUa B hopmyny (8.4.4) pgaeT

V'sPx+h h+sV = (hV + - h+\V vpx+h) g|1~ag;hc+/t + Vh+iVpx+h;
Qx+
nocnegHee paBeHCTBO MOXXHO NMpeobpas3oBaTb K BULY

vSsPx+h h+sV = (hV + nh) sll~sqx+h(h+1Vvpx+h)(1- . (8.4.5)
Ux+h \ Qx+h J

3TO TOYHOE BbIpaXXeHWe NOKasbIBaeT, YTO €C/IN MPOMEXYTOUYHbIA HETTO-PE3epB B MOMEHT
BPEMEHM h + S AMCKOHTMPYETCH C yUeTOM MPOLEHTA 1 BEPOSATHOCTEN JOXKNTUA K MOMEHTY
BpemeHM h, To pe3ynbTaTom 6yaeT 3Ha4YeHWe, MOSTYYEeHHOE WHTEPNONsLUWeid Be/TMUYUHBI
Haya/IbHOro HeTTO-pe3epBa B MOMEHT BpeMeHM h W BeIMUMHbI KOHEUHOIO HETTO-pe3epBa

B MOMEHT BpeMeHU h + 1, JUCKOHTUPOBaHHbLIM K MOMEHTY BpemeHu h.
IMoAYepKHEM, UYTO MHTEPNOASLUMS B 00LEM Criydae He SBNSETCA SIMHEMHON; ofHaKo
B MPEANO/IOXKEHNN, YTO MOMEHTbI CMEPTU PaBHOMEPHO pacnpefeneHbl Ha FOANYHbIX BO3-
pacTHbIX MHTepBanax, UHTepnonsauns 6yaeT NMHelAHOM, a paBeHCTBO (8.4.5) cBOAUTCA K

paBeHCTBY

vs sPx+h h+sV = (W + MT)(1 - s) + (h+1V vpx+h)(s). (8.4.6)

3ameHss B opmysie (8.4.6) r n gx+h Hynamu, B KayectBe NPUGAMIKEHUSA NOMYYUM Be-
NMYKNHY, 06pa30BaHHYH JIMHEHOM NHTEPNONALMe HauyaibHOr0 HETTO-pe3epBa B MOMEHT
BPeMeHM h M KOHEYHOro HeTTO-pe3epBa. Pe3ynbTaToOM Takoro npubnmxeHus 6yaeTt pa-
BEHCTBO

h+sV = (1 - s)(hv + 7h) + s(h+1lV), (8.4.7)
KOTOPOe MOXHO MnepenucaTb B BUe
H+sV = (1 - a)(hv) + s(h+1V) + (1 - s)irh. (8.4.8)

3[ecb NMPOMEXYTOUYHbIA HETTO-pe3epB paBeH CyMMe 3HAUYeHUs!, Noy4YeHHOro MHTepross-
LMell KOHEUHbIX HETTO-Pe3epBOB,

ya *\ 77 IR\ + */ 1.1



N He3apaboTaHHON HeTTo-npemnn (1 —s)nh mBoobLue,

(He3apaboTaHHasa HETTO-NPEMMUS B HEKOTOPbI MOMEHT rofa)
= (HeTTO-NpemMus LNS 3TOro roga)
X (pa3HOCTb MeXJy MOMEHTOM BpPEMeHW, O KOTOPOro Mpemus
BbIM/la4YeHa, U pacCMaTpMBaeMbiM MOMEHTOM BPEMEHM).

TakmuMm 06pasom, ecnv NPeMUM BbIMIaunMBaOTCS €XerogHo, To BCA HeTTO-NPemMunsa CTaHo-
BUTCA 3apaboTaHHOM K KOHUY roja, Tak 4To B MOMEHT S He3apaboTaHHasi HeTTO-npeMus
paBHa (1 —s)77, TMoHATUe He3apaboTaHHON HETTO-MpeMuUn ByfeT TakXe WCMOo/b30BaHO
HamMK NpU 06CYXXAEHUM annpPoKCUMaLWnii HeTTO-pe3epBOB U Toraa, Korga npeMun Bblinna-
YMBAKOTCA Yallle, Yem pa3 B rog.

PaccMoTpuM OAMH TaKoi Criy4yai, Korga UCTUHHbIE MPEMUM BbIMa4yMBalOTCA pas B
nosroga, a crtpaxoBas BbinsaTta NPOMCXOAMT B KOHLE TOro CTPaxoBOro roga, B KOTOpOM
npousowsia cMepTb. Ana 0 < s A 1/2 Mbl MOranM 6bl HayaTb CO C/lyYaHOW BE/TMYUHBI
HaCTOsLLEeN CTOMMOCTM NepcrneKTUBHbLIX NOTepb B MOMEHT BpeMeHW h + s 1 3aTem paccuu-
TaTb €e YC/I0OBHOE MaTeMaTM4ecKoe OXuaHue npu YCroBUW, YTO NNLO (X) AOXKWUBET A0
MOMeEHTa BpeMeHM h + s. DTU pacyeTbl HECKO/IbKO Cri0XKHee( YeM Te, KOTOpble NpPUBENn
Hac K copMyne (8.4.4), Tak YTO Mbl Ha4YHEM C (POPMY/bl, COOTBETCTBYIOLLIEA PaBEHCTBY
(8.4.3), 3ameTUB, YTO 3TO NepcrneKTUBHasA opmMyna,

AN~ bfiH (1—sQx+h+s) 'bV —
-y (" 05- 8)(0,6-Px+h+s). (8.4.9)

MepBble gBa cnaraembix B (8.4.9) MOXHO paccMaTpuBaTb KakK aKTyapHble HacTosiLLue
CTOMMOCTM BbIMNAaTbl Ha CAy4yail CMepTU K BbINAaTbl Ha AOXWUTWMe B pasMmepe, paBHOM
pesepBy, a TPeTbe craraeMoe — Kak aKTyapHYH HacTOsILLYy CTOMMOCTb OyayLleli HeTTo-
npemMmn No LOroBOPY CMELLIAHHOr0 CTpaxoBaHUSA Ha CpoK 1 —s. YMHOXas 06e yactu
thopmynbl (8.4.9) Ha sPx+h Vs, nony4mm

spx+hvsh+svaz = vbh+1(ali_agx+h) + v{h+1V {2))px+h - y (~ 0,5)(0,5Px+h)-  (8.4.10)

MNpu BbINaTe NPeMnini pa3 B NOroga paBeHCTBO, COOTBETCTBYHoLWee opmyne (8.3.10),
TakKxXe ABfseTCA NepcneKTUBHON (hOpMYoi AN HeTTOo-pe3epBa:

hV(2 = bh+ivgx+h + h+iV{2vpx+h - y (1 + u0,50i5Px+a). (8.4.11)

M3 Hee MOXHO BbIpasuTb Vb +i, 4Tobbl NogcTaBuTb B (8.4.10) 1 nonyunTb

+ v(h+iV{2))px+h - 0'5)(0.bPx+h) Tl - 8.4.12
(h+iV{2)p , tosooprrn T &qm (8.4.12)

dopmyna (8.4.12) cooTBeTcTBYeT hopmyne (8.4.5), KoTOopasi MoKasbiBaeT, 4TO MpPOMe-
XKYTOYHbIV HeTTO-pe3epB B MOMeHT h + S, AMCKOHTUPOBAHHBLIA K MOMEHTY BpeMeHU h
Npy faHHbIX NPOLEHTaxX MU BEPOATHOCTAX LOXUTWUSA, NOsyvaeTcs NyTemM HeNMHEWHON WH-
TEPNoNAUUN 3HAYEHUIN HayaNbHOrO HETTO-pe3epBa B MOMEHT h M AUCKOHTMPOBAHHOMO



K MOMEHTY h 3HaueHWsl KOHEYHOro HeTTo-pesepBa B MOMeEHT BpemeHu h + 1. Ans cny-
yasi NMoNYrofioBbIX NPEMUIt 3TOT KOHEYHbI HETTO-Pe3epPB YMEHbLUIAETCS Ha Be/TMUMHY AuC-
KOHTUPOBAHHOIO 3HaUeHNs HeTTO-MPeMUK, BbiNiadnBaemoii B cepeauHe roga. B npegno-
NOXKEHUWN, YTO MOMEHTbI CMEPTU PaBHOMEPHO pacnpefefieHbl Ha FoAuUYHbIX BO3PACcTHbIX
NHTepBanax, MHTePnonsLumMs B NPaBoit YyacTu nnHeliHas:

sPx+thv \ +sVW = (V 2>+ vy ) (1- 9)

Kh
o (ftHIV Q)@+ - Y (W 5)(0,5Px+h) S (8.4.13)

BHOBb MOMOXMB 3HAYeHUs1 i U gx+h PaBHbLIMU Hy/IO, MOyYaeM B KayecTBe arnpok-
cvMaLuM pesynbTaT MPOCTOM NIMHENHOW WHTEPMoNsUuUM 3HauyeHuidi HauyanbHOro HeTTo-
pesepBa M KOHEYHOro HeTTO-pe3epBa, YMEHbLUEHHOr0 Ha BEIMUUHY HETTO-NPeMuu, Bbl-
nnayMBaeMoii B cepefuHe roga: f m

fi-H

3Ty hopmMyny MOXHO MepenucaTb B BMAE pe3ynbTara MHTEPMNOASALMN KOHEUYHbIX HETTO-
pes3epBoB, K KOTOpOMY NpubaBnsercsa HesapaboTaHHas HeTTo-npemmusa Tr*(1/2 —s):

h+sV <2>= [(1- s)hVW + s ft+ly (2] + (1/2 - a)*h. (8.4.14)

[nsa BTopoi nonoBuHbl roga (1/2<s” 1) cnegytowas TouHaa gopmyna 4nsa HeTTo-
pe3epBa B MOMEHT BpeMeHW h + s, NepecUMTaHHOro Ha MOMeHT h ¢ yyeTom paccmaTpu-
BaeMbIX NPOLEHTOB N BEPOATHOCTEN JOXUTUSA,
s|l—sQx+h

spx+h v fi+sY(D = hvfd) + y (1 + vosospx+h)
Qx+h,

+Mﬁﬂvmmzﬂu1-(JLAN@, (8.4.15)
\Y/ Ax+h

[I0Ka3bIBaeTCs TaKUMW Xe paccy>XAeHusiMu. BHOBb Mpu paBHOMEPHOM pacnpegeneHumn
MOMEHTOB CMEPTMW B FOMUYHOM BO3PACTHOM UHTepPBasie UMEEM NINHEHYIO UHTEPMONSALMIO:

sPx+h V\+sV{) = (1- s) hv(2 + y (1 + vosoispx+h) + sfu(/l+iy (2))pa+h], (8.4.16)

a MOMOXWB T U gx+h paBHbIMW HY/O, B Ka4ecTBe annpoKCUMaLumM nonyyaem pesynbTaT
NPOCTON NINHENHOM MHTEPNOAALUKN, K KOTOPOMY NpubaBnseTca HesapaboTaHHas HeTTo-
npemusi,

h+sV™ = JV<2>(1 - s) + h+lV s + nh(l - s). (8.4.17)
(Mo noBofgy 06LLero cayvas pesepBoB NpY BbinaaTe NPeMuii T pas B rof cM. ynp. 8.12.)

8.5. PacnpeaeneHune pucka no rogam gelcTBusa gorosopa
cTpaxoBaHUs

B pasg. 8.3 peKyppeHTHble (hOopMy/ibl 471 HETTO-Pe3epBOB 6blM BBeAEHbl MyTeM
aHasIM3a eXXerofHbIX BXOAALMX U UCXOAALLMX AEHEXHbIX MOTOKOB CTpaxoBLyMKa. Tenepb
npoBeaemM aHasiM3 pacrnpefeneHnst pucka, M3MepeHHOro Kak Aucrepcus cydaiiHoii Benu-
UMHbI NOTePb, MO Fofam fAelicTBMA goroBopa. Ha puc. 8.5.1 nokasaHa BpeMeHHIAsA auarpam-
Ma eXKerofHbIX BXOASALWMX U UCXOASLUNX AEHEXHbIX MOTOKOB U U3MeHeHWe 0653aTeNbCTB



no 4OroBopy CTpaxoBaHUA 00Lero Buja B AUCKPETHOW MOAenu, paccMatpuBaBsLLeMyCs
B hopmyne (8.2.1). CnyualiHaa BenmumHa C/, OTHOCUTCA K [LEHEXHOMY MOTOKY B roj
(A, A+ 1) peiticTBuA forosopa. Beegem cnyyanHyo BeIMUMHY, CBA3aHHYIO C COBOKYMHbIM
N3MEHEHUEM 06513aTe/IbCTB, AEHEXHbIX MOTOKOB M Pe3epBOB.

Bxopsme 0 0 0 *BA+1 0

Mexopsuwme 20 A n2 KK(X) 0 0

NobsAsaTenbcTBal U 2v-(\+i)xv BAK-(1+i)ag_iK -(1+i)agK 0 wura.
0o 1 2 V  K(®X) *(*)+1 K(x)+2

Puc. 8.5.1. BXogsaLmMii N NCXOAALMIA AEHEXHbIe MOTOKW CTPaxOBLUMKA U N3MEHEHME
ero 06513aTeNIbCTB M0 AOr0BOPY CTPaxoBaHWs 06LLEro BUAa B AUCKPETHOM Mogenu

O603HauuM 4yepes JI, HacTOSALLYH CTOMMOCTb Ha MOMeHT BpemeHM A (h — HeoTpu-
LaTeNlbHOE Lies10e YMC0) Cy4daiiHOM BefIMUUHbBI JeHEXHbIX MOTepb CTPaxOBLUMKa MJ/1C
N3MeHeHe ero 06s13aTeNlbCTB B TeueHme roga (A A+1). Ecnm rog (A, A+1) npegllecTBy-
eT rogy cmepTu (T.e. A< K(x)), To

NV, = Ch + nffo6sasatenscteal = —th + v H+\Y —bY-
Ecnun (A A+ 1) aBnsetca rogom cmeptu (T.e. A—K(x)), T0
Aft = Ch + w/l [o6s3aTenbcTBa) = v bh+i - Tft- hv.

Ecnn (h, h + 1) cneayeT 3a rogoM cMepTW, To, eCTeCcTBeHHO, J1/, = 0. MNpeacTaBMB 3TU
onpegeneHust B Buae yHKUMM 0T ¢.B. K(X) 1 neperpynnmnpoBaB craraemble, Noay4ymm

'0, K(x) =0,1,...,/i-1,
An = (vbh+i - tTh) + (-hV), K(x) = h, (8.5.1)
O-a-ft) + (vh+iV - hV), KX) =/i+1,/i+2,....
OnpegeneHune (8.5.1) BeniMumHbl J1/, MOXeT ObITb NepenncaHo Tak, YTobbl NpeacTaBuTh JV,
KaK C/lyyaliHylo BeIMUMHY NOoTepb ANs CTpaxoBaHWs Ha CpoK 1 rof co CTPaxoBOW Bblinna-

TOI, paBHOM PUCKOBOW CyMMe MO OCHOBHOMY Aorosopy. Mo aTomy nosogy cMm. ynp. 8.31.
M3 (8.5.1) cnegyeT, uTO

E[NIK(x) > /] = vbh+i gx+h + v h+iVPx+h ~ Uft + hV). (8.5.2)

3TO BblpakeHMe paBHO HyNk cornacHo (8.3.10).
IMocKobKY yCNOBHOE pacnpejesieHne cny4variHoi BennunHbl J1ft npu ycnosumn K (x) =

h,h + 1,... npuMHMMaeT TO/IbKO [jBa 3Ha4YeHUs,
D[AhIUT@&) ~ h] = [v(bh+1- h+iV)]2px+h gx+h . (8.5.3)
Mpu j < h Mbl MOXXeM BOCNOMb30BaTbCA hopmynamm (2.2.10) n (2.2.11) n nony4nTb
E[Ah\K(x)2j] =0, (8.5.4)
D[Aft| K(x)”"j] = D[Ah\K{x)*h\h-jP x+j. (8.5.5)

B oTnnumne oT BenmMumH Ch w3 pasg. 8.3, ciydaiiHble BennMuMHbl J1/, HeKoppenupo-
BaHbl, UTO [J0Ka3bIBaeTCA B crefytolleli neMMe. 3ToT DaKT MPOSICHSAET PoSib Pe3epBOB B
cTabunmsaumMm HMHAHCOBbLIX NMoKasaTeseil CTpaxoBbIX onepauuii.



Jlemma 8.5.1. ina HeoTpuuaTeNbHbIX 3HAYeHUn g N h <j
Cov[N/,, Nj\K{x)'En] = 0. (8.5.6)
JokasaTenbcTBO. B cuny paseHctBa (8.5.4) nmeem E[J1/,|K(x) ~ gl = 0. Cnego-
BaTesIbHO,
Cov[//,Aj IK(x)"a] = E[1JT|K(x) ™ a].
M3 onpegeneHuns (8.5.1) cnegyet, uTo c.B. JI, paBHa KoHCcTaHTe v/, HV —i¥Y —T], a c.B.
Jlj HeHyneBas. Takum obpasom,

AftAj = (v k+iV —hV —Kh)h-j ansa scex K(x), (8.5.7)
E[\hAj IK(x) =g\ = (vh+lV - hV - nh) E[J1,-IK(x) >g] = 0,
Cov[AL,Aj\K(x)"g] = 0. [

BblpasuM Tenepb cy4YaliHyto BenmyuHy noTepb /L B TepMuHax caydaliHbIX Benu-
unH Ah - 3 onpegenenHns J1/, n opmynbl (8.3.6) nmeem

00 00
[Cj + wi[obsa3aTenbcTBa 3a nepuog (j,j + 1)]
j=h j=h
00
= hL + AlobszatenbcTBa 3a nepuog (j,j + 1)]. (8.5.8)

j=h
Mo cyTn, nocnefHee cnaraemoe MpecTaBfseT COG0 HACTOSILLYHO CTOMMOCTb 3aK/ouu-
Te/NbHbIX 00513aTe/IbCTB MUHYC 06513aTeNIbcTBa B MOMEHT h, T.e. O—iY- Takum o6pasom,
MMeeT MecTO COOTHOLLIEHWe @

hL =51Y _nnj + hv, K(x) > h. (8.5.9)

Cneaylowmii pe3ynbTat, NofyyeHHblii XaTTeHaopdom, gaeT crnocob BblpasuTb AWC-
nepcuio c.B. /,L B TepMMUHaX HeTTO-pe3epBoB. TOT (hakT, UTO AMCMEPCUst C.B. 4 i MOXeT
6bITb pacnpejesnieHa o rogam feiicTBUA 4OroBopa, SIBMISETCA TaKXKe BeCbMa CYLLECTBEH-
HbIM. 3TO YNPOLLAeT ynpaBfieHne PUCKOM, M03BO/SAA paccMaTpUBaTb OrpaHUyYeHHoe Y1Co
Byaywmx neT AeiicTBUS 4OroBopa CTPaxoBaHWs, a He BECb CPOK CTPaxoBaHWUs, W AenaeT
BO3MOXHbIM MoC/iej0BaTe/IbHOE MPUHSATME PELLEeHWIA NpU ynpaBieHUU PUCKOM.

Teopema 8.5.1.
D[hL IK(x) = wW2(;_/i)D[A]j IK(x) Z h], (8.5.10)
j=h
[Joka3aTenbCcTBO cnegyeT u3 opmynbl (8.5.9) n nemmbl 8.5.1. ]
N3 Teopembl 8.5.1 BbITeKaeT Takoe

CnepctBue. Benununna D[/,L| K{x) ™ h] paBHa nt060My 13 NPUBELEHHBLIX Bblpa>ke-

HUKN:
00

@ " v 2{3a~H)j*hPx+h'D[Aj\K{x)""}), (8.5.11)
j=h

(b) DIAftIK(x) ~.h) + v2px+hB[h+iL\K(x) + 1], (8.5.12)
h+j-1

€ "2 v2(t~h)i* hpx+hD[Ai\K {x)~i}+v23§Px+hD[h+]L\K {x)"h +j}. (8.5.13)
i=h



JokasaTenbcTBO. YT06bLI AOKa3aTb N. (a), npuMeHUM dopmyny (8.5.5) Ana Kax-
[oro cnaraemoro B cyMMe M3 npaBoi yactu copmynbl (8.5.10).

MyHKTbI (b), (C) AOKa3bIBAKOTCA NPUMEHeHWeEM . (a). |

Mbl 6yfemM HasbiBaTb 3Ty TEOPEMY U CNeACTBME U3 Hee Teopemoi XaTTeHgopda u
NPOWMIIOCTPMPYEM MX UCMONb30BaHWE Clegylowmmmn AByma npumepamn. MNyHkTbl (b) 1
(c) cneacTBMS MOXKHO MCMO/b30BaTh KakK 06paTHble PeKYPPeHTHble (hOPMY/bl, None3Hble
ANA NOHMMaHWA pacrnpefesieHMs pyUcKa BO BPEMEHM W, BO3MOXKHO, A5 YMC/EHHbIX pac-
YeToB.

Mpumep 8.5.1. PaccMoTpuM cTpaxoBaTesnsa 13 npumepa 7.4.3, KOTOPbIA AOXWUN [0
KOHL,a BTOPOro roga Aeiictema gorosopa. OueHUM Ans Hero

(a) D[2L|.?f(50) ~2] HenocpeACTBEHHO,

(b) D[2L IK (50) ™ 2] ¢ nomowyblo TeopeMbl XaTTeHAopda,

(c) D[sL|Jf(50)£3],

(d) D[4L|Jf(50)£4].

PeweHune, (a) 4N HenocpeACTBEHHOro pacyeTa MCMONb3yem Tabnuuy 3HaYeHWi
c.B. 2L:

Cobbitre K (50) —2 =j rb YCnoBHast BEPOSITHOCTb COObITUA
0 1000« - 6,55692 6ii = 936,84 0]952 = 0,0069724
1 10002 - 6,55692 05, = 877,25 1952 = 0,0075227
2 10003 - 6,55692 03, = 821,04 2952 = 0,0081170
~3 0—6,55692 CRLl= —18,58 3P2 = 0,9773879

Torpga E[2L IK (50) ~ 2] = 1,64, 4T0 cornacyetcs co 3Ha4eHMeM, MNOSTYHEHHbIM B Mpu-
mMepe 7.4.3, n

D[2L [tf(50)"2]

E[2L2(tf(50)~2] - (E[2L]| Gf(50) ~ 2])2
17717,82- (1,64)2 = 17715,1.

(b) UT06bl NPUMEHUTL Teopemy XaTTeHAopda, Mbl MOXEM WCMO/b30BaTb HETT
pesepBbl U3 nNpumepa 7.4.3 AnA pacyeTa AUcnepcun NoTepb, CBA3AHHLIX C AOroBopamu
CTpaxoBaHuUs1 Ha cpoK 1 rop;

i QG2+ 2(1000 —1000 2+j+1750:5,)2P52+j C5+J

0 0,0069724 6 140,842
1 0,0075755 6674,910
2 0,0082364 7269,991

Torpga, cornacHo opmyne (8.5.11),
D[2Ljtf(50) £ 2] = 6140,842 + (1,06)-2(6674,910)p52
+ (1,06)-4(7269,991)2p52 = 177151,

YTO cornacyeTcs ¢ BEIMYUHON, HalAeHHOM HeMOCPeACTBEHHbLIMW BbIYMUCAEHUSMU B N. (a).
3amMeTuM, 4YTO NPWU HEnocpeACTBEHHOM BbIYMC/EHUU ObII0 HEOBXOAMMO paccMaTpu-
BaTb JOXOA B C/yyae LOXUTUA L0 Bo3pacTa 55 feT, HO NpyY NPUMeHeHUU TeopeMbl XaT-
TeHAopa Hajo paccMaTpuBaTh SiMWb NOTEPU, CBA3AHHbIE CO CTPaxOBbIMU JOrOBOpamMu
Ha CpoK 1 roj co cTpaxoBbIMU CyMMaMu, PaBHbIMW pa3Mepy YUCTOM PUCKOBOWN CyMMbI, B
OCTaBLUMECH FOAbl AeCTBUA UCXOLHOro aorosopa. locne 3aToro 4mncras pUcKoBas cymMma
CTaHOBMTCS1 paBHOW 0, M COOTBETCTBYHOLLME criaraeMblie B (8.5.11) obpallatoTcsl B Hy/flb.



3amMeTuM TakKXe, YTO CTaHAapTHOE OTK/OHeHMe ~/17751,1 = 133,1 gns ogHOro fAo-
rosopa 6onee, yem B 80 pa3 6onblle HeTTO-pesepBa E[2-L|/ET(50) = 2,3,...] = 1,64.

AHaNI0rM4yHo, Mbl Ucnonb3yem gopmyny (8.5.11) ana pacyeta

(c) D[3LJ/ET(50) >3] = 6674,910 + (1,06)~2(7269,991)p53 = 13096,2,

(d) D[4-LJ/ET(50) ~4] = 7269,991 wnnn, nocne okpyrnenums, 7270,0. v

Mpumep 8.5.2. PaccMoTpuM nopTdens n3 1500 fOroBopoB, ONMUCaHHbIX B MpuMe-
pe 7.4.3 n obcyxaaBlwmxca B npumepe 8.5.1. Mpegnonoxmm, 4To Mo BCEM AOroBOpam
npemMuns BbINIavyMBaeTCs B Havae Kaxkgoro roga. fasnee, npefnosioXum, 4yto no 750 go-
roBopamM CTpaxoBble C/lyyan NPoucxXoasaT B nepuog 2, no 500 gorosopam B repuog 3 u
no 250 gorosopam B Mepuof 4 1 4YTO JOroBOPbI B KaXXJO0W rpynne NopoBHY NojAeseHbl Ha
[OroBOPbI CO CTPaxoBOW cymMmoi pasmepa 1000 1 co cTpaxoBoi cymmoit pasmepa 3000.

(a) PaccunTtaeM cymMMapHbIii HETTO-pPe3epB.

(b) PaccunTaem Aucrnepcuio NepcneKTUBHbIX NOTEPb B TeUeHUe 0CTaBLUMXCA NepUoaoB
[ecTBMSA LOroBOpOB, Npeanonaras, YTo Takve NnoTepu HesaBMCKMbI. Bocnosib3oBaBLUUCH
HOPMaJIbHOWM anmnpoKcnMaLmeid, paccumTaeM TakXXe CyMMY, FapaHTUPYHOLLY0 CTPaxoBLUU-
Ky, YTO C BEPOATHOCTbO 0,95 OH BbINOMHUT CBOM 06513aTeNIbCTBA N0 3TOMY MOPTHesto.

(c) PaccumTaem grcnepcurio NoTepb Mo LOroBOpaM CTpaxoBaHWS Ha c/lyvail CMepTu Ha
CPOK 1 rof co CTPaxoBOW CyMMOI, paBHOM YMCTOI PUCKOBOW CyMMe MO0 3TUM [LOroBOpam,
N cymMy, KOTOPYIO cnefyeT f06aBUTb K CyMMapHOMY HeTTO-pe3epBy, 4YTo6bl, NPoM3BoaA
pacuyeTbl Ha OCHOBE HOPMa/bHOIM anmnpoKcMMauuKn, rapaHTMpoBaTb CTPaxOBLUMKY, YTO C
BeposiTHocTbio 0,95 B TeueHVe AaHHOIO roja OH BbINO/HUT CBOW 06513aTeNbCTBa M0 3TOMY
nopTdento.

(d) BbinonHum pacyetbl An. (b) n (¢), ecnvm uncno 4OroBopoB B NopTdene yBesIMyeHo
B 100 pas.

PeweHne, (a) NycTb Z — cymMa nepcneKTMBHbIX NoTepb no 1500 gorosopam. O60-
3HayeHus E[Z] n D[Z], ucnonb3yemble HUXe 418 MaTeMaTUYECKOr0 OXXUAAHUSA 1 gucnep-
cun BbINNaT no noptdento n3 1500 JoroBopoB, ABASAKTCA YNPOLLEHHbIMU: MPU UX pacye-
Te NpeAnonaratTcs BbIMNOHEHHbIMU NPUBEAEHHbIE Bbille HA60PbI YC/10BUI OTHOCUTENIBHO
cTpaxoBateneil. Vicnonb3ys pesynbTatbl npumMepa 7.4.3, 415 CyMMapHOro HeTTo-pesepBa
nosy4ymm

E[Z\ = [375(1) + 375(3)1(1,64) + [250(1) + 250(3)](1,73)
+ [125(1) + 125(3)](1,21) = 4,795.
(b) 3 npumepa 8.5.1 nmeem
D [Z] = [375(1) + 375(9)](17 715,1) + [250(1) + 250(9)] (13 096,2)
+ [125(1) + 125(9)](7270,0) = (1,0825962) x 108
naz = 10404,8. Torga ecnu

\' n(Z- 47950 c—4795,0\
- ( >c)- N 04048 10404,8 )

TO NCNoJib3oBaHne HOpMaI'IbHOVI annpokcnmaynm npmBoanT K paBeEHCTBY

‘Ml 8° ° uwr C=211"

4yTOo B 4,6 pasa NpPeBOCXOAMT CyMMapHbIi HeTTO-pe3epB E [Z).



(c) 3mecb Mbl NPUHUMaeM BO BHUMaHWe fMLb PUCK, OTHOCALLMIACA K CnefytoLllemy
rogy. lna Kaioro 4orosopa paccMOTPUM CyHanHy BEIMUNHY, PaBHYIO NOTepsM, CBS-
3aHHbIM CO CTpaxoBaHWEM Ha CPOK 1 roj ¢ BbINAATOM Ha cry4vai cMepTW, paBHON YUCTON
puvckoBoi cymMme. TycTb Z\ ABNASETCA CYMMOM Takux Cy4vanHbIX BeiMUmMH. OXugaemble
noTepn ANA KaXK4Oro A0roBopa CTpaxoBaHus Ha CpoK 1 rog pasHbl O; crneposartesibHo,
E[zX]= 0.

N3 Tabnuubl B N. (b) npumepa 8.5.1 Mbl MOXeM MNOMAYYUTb AUCMEPCUN MNOTEPb MO
[lOroBopamM CTpaxoBaHMs Ha CpoK 1 rog, u, cnefoBaTtesibHO,

D[Zi] = [375(1) + 375(9)] (6140,8) + [250(1) + 250(9)] (6674,9)
+ [125(1) + 125(9)](7270,0) = (4,880275) x 107

n €Zi —6985,9.
Ecnun nckomyto fo6aBKy K CyMMapHOMY HeTTO-pe3epBY Mbl 0603Ha4UM 4yepes Ci, TO

005=P(ZI>c)=p (™ [>19),

N, CHOBa BOCMOJ/1b30BaBLLUNCb Hopmaanoﬁ annpOKcmmaumeﬁ, Mbl MONy4YUM
ci = (1,645)(6985,9) = 11492,

yTo B 2,4 pasa 60/bLIe CyMMapHOr0 HeTTO-pe3epBa, paBHOro 4795.

(d) B atom cnyyae E[Z] = 479500 n D[Z] = (1,0825962) x 1010. Bocnonb3oBaBLUNCH
HOpMa/ibHOl annpoKCMMaLMen, MNoTy4nuM, YTO BE/IMYMHA €, Heobxoaumas 4ns Toro, YTobbl
BCe OyayLme 0653aTeNbCTBa BbINOMHAINCL C BEPOATHOCTbIO 0,95, paBHa

479500+ 1,645-Y1,0825962 x 105 = 650659,

yTo B 1,36 pasa 60/blUe CyMMapHOro HeTTo-pesepBa E[Z].

BennuunHa D[Zi] B 3aTom cny4ae paBHa (4,880275) x 109. BeniunHa ¢ i, KOTOPYH Halo
[06aBUTb K CyMMapHOMY HETTO-pe3epBy AJ/19 TOro, YT06bl CTPaxXOBLMK CMOT BbIMOMHUTL
CBOM 06513aTe/IbCTBA M0 40roBOpPaM Ha CrefytoLnii rof ¢ BeposATHoCTbo 0,95, cocTaBnsieT
1,6457/4,880275 x 1045 = 114918, nnun 24% 0T CyMMapHOro HeTTOo-pe3epBa. T

8.6. AutdepeHunanbHble ypaBHEHUS A1 HETTO-pe3epBOB
B HENPEPbLIBHOW MOAeNu

B pasg. 8.2 6b11 paccMOTpeH [OroBOpP CTPaxoBaHWs 06LLEro BMAa B AWCKPETHOW U
HernpepbIBHOM Mofensix. B pa3a. 8.3 npuBognanch peKyppeHTHbIe PopMy bl A5 AUCKPET-
HO mMopenun. B HacTosieM pasfenie NPUBOLATCA aHanorn4vHble pe3ynbTaTbl A5 Henpe-
pbIBHOI Mofenu.

BblpaXkeHne 41 HETTO-pe3epBa B MOMeEHT t, §, 3afaHo copmynoii (8.2.9), KoTopyto

Mbl MepPenunLLEM eLle pas,
roo loo

—j &&-uV uPx+tRBx {t"b dll j TTffu V uPx-\-t dll.
0 0]

ONs ynpouweHnsl BbIYUCNEHUS NPOU3BOAHON DYHKUMM § Mo t 06beAMHUM [Ba UHTe-
rpana, cAenaem 3ameHy MepeMeHHON MHTErpupoBaHMs s = t + U, a 3aTeM AOMHOXUM
noAbIHTErpasibHOe BbIpaXeHue W pasdennmM Becb MHTerpan Ha vltpxi yTo6bl MonyunTb
BblpaXkeHune

7 [i°°[&Px(S) - "s]vSaPx ds



Torpa

(-1)[btRx(t) - #t] + Vipx JIt [6, Bx{s) - iis]vsspx ds,

Tt + B+ BxO]V - bt Bx{). (8.6.2)

B 3TOM paBeHCTBe U3MeHeHVe HeTTO-pe3epBa 0bpasyeTcss TpeMs KOMMOHEHTaMu, B KOTO-
pble BXOAAT HETTO-NpPemMunU, pe3eps Mpu JaHHbIX NPOLEHTaX Y BEPOSATHOCTAX AOXKUTUS, U
CTpaxoBble BbINnatbl. MeperpynnMpoBKa 4ieHoB ¢opmynbl (8.6.2) MPMBOAUT K COOTHO-
LUEHMIO, cooTBeTCTBYOWEMY hopmyne (8.3.12):

WM+ SV + tVRX() = btRx(D) + . (8.6.3)

JT0 paBeHCTBO yCTaHaB/MMBaeT 6asiaHC MeXAy MOCTYMN/eHNeM [OXOAO0B, C OfHOM CTOPO-
Hbl, U MPOM3BOAUMbBIMUN BbIMaTamMn U U3MEHEHUSIMU BENIMYMHbI HETTO-pe3epBa, C Apyroi
CTOPOHbI.

Ecnn HeTTo-pe3epB paccMaTpuUBaEeTCA Kak HaKOMUTENbHbIA DOHA, HeobXoaUMbIA Ans
obecrneyeHNs BbIMIAT Ha c/y4vail cMepTu, TO

NS = (- VB + (8.6.4)

3pecb MoCTynneHWss LOXOA0B OMNPeAeNnsitoTCA HETTO-MPEMUSMU M MPOLEHTOM, Hauducnse-
MbIM Ha HETTO-PE3epPB, YTO PaBHO NPOU3BOAMMBIM BbinnaTam (bt —Y)tix(t), OCHOBaHHbLIM
Ha YMCTOM PUCKOBOW CyMMe, U M3MeHeHUSM HeTTo-pe3epBa. Popmyna (8.6.4) cooTseT-
cTByeT ¢opmyne (8.3.15). JleBas yacTb BHOBb MpeACTaBfseT MMEKLLNECa pecypebl, Ta-
KMe, KaK HEeTTO-NMPeMUM N MHBECTULMOHHBIN [0X0A, a NpaBasi YaCTb — UX pacrnpeaesneHmne
Mo BbIMsaTaM 1 pecypcam BbINsaT.

Mpumep 8.6.1. Bocnonb3yemcs opmynoii (8.6.2) 4nA NONy4YeHUs PETPOCNEKTMUB-
Holi hopMynbl 47151 HETTO-pe3epBa Mo [OroBOpYy CTpaxoBaHUS 06LLEro BMAa B HEMpepbiB-
HO Mogenw.

PeweHune. HayHeM ¢ TOro, 4YTo nepeHeceM BCe Y/ieHbl B paBeHCTBe (8.6.2), oTHOCS-
LLMeCa K HETTO-pe3epBaM, B €ro fIeByH 4YacTb M YMHOXMM 06e ero yactu Ha exp[—/ 05+
~X(s)]ds]. Taknm obpasom,

V* tPx j - B Rx{t)}tyj = [w - h fIxW b\px,
nnn
N(wtPxtV) = [nt - btuyxLL v\px.

WHTerpupyst o6e yacTu mocfefHero paBeHcTBa no uHTepsany (0, r), nonyunm

VITPXxrV-oV = /| [nt- btBxitriPxdt.
Jo
ﬂ,l’lﬂ HETTO-I'IpEMVII7I, Mo1y4eHHbIX Ha OCHOBE MpuHUMNna 3KBMBaJIEHTHOCTH, —0, Tak

yTo
- _Join - h ux(i)\wlipxdt

rv = i (8-6-5)

T



8.7. 3ameyaHua n nutepartypa

PeKyppeHTHble hopMynbl 1 anddepeHUManbHble YpaBHEHNUST NSt C/TyYaHbIX Benu-
UYMH NOTepb, paccMaTpMBaeMbIX KaK (PYHKLMM BPEMEHM, a TaKxXe MaTeMaTUUeCKME 0XU-
[aHusa 1 OMCnepcuy 3TUX C/lydalHbIX BE/IMYMH SIBASIOTCS OCHOBOM aHanm3a 40o/rocpouy-
HOr0 CTPaxoBaHWsl MU aHHYMTETOB. B 4acTHOCTW, ofjHA M3 3TUX PEKYPPEHTHbIX DOpMyn
ncnonb3yeTca Npu foKasaTenbCcTBe Teopembl XaTTeHgopda [Hattendorf 1868]. Slntepa-
Typa, OTHOcALWasca K 3TOMYy BOMpoCy, yKasaHa B paboTax [Steffensen 1929], [Hickman
1964], [Gerber 1976]. 3Ta thopmyna pacnpegensiet AUCNEPCUI0 NOTEPb MO OTAENbHbLIM rO-
fam [eiicTBMSA goroBopa. V13n0XKeHHOe Bbille MOXHO /1erko pacnpocTpaHuTb Ha 6onee
06LLYIH0 MOAE/Ib CTPaxoBaHWs!, UCMOb3Yst MOHATUE MapTUHIana U3 TeopUu BEPOSITHOCTEN;
CM., Hanpumep, [Gerber 1979]. Apyroe npunoXKeHMe PeKyppPeHTHbIX hopMyn — onpe-
JeneHre MPOMeXYTOUHbIX Pe3epBOB B MOMEHTbI BPEMEHM, BblpaXKaloLnecs LPOBHbIMU
yncnamm, KoTopble 06cyxaanncek B pasf. 8.4 B JUCKPETHOW Mogenu.

YnpaxHeHunA

K pa3geny 8.2

8.1. Mpegnonoxum, 4to jpx =r7 bj+i=1,j=0,1,2,3,... ,m0<r1 < 1.

(a) Ecnu wo = Wi = W2 = eem= 1, TO UCMNONb3YyiTe hopmyny (8.2.6) Ans pacyeta 1 npu
NPOLEHTHOI cTaBKe T.

(b) Ecnu W] = (—1)J,j =0,1,2,... , To ucnone3yiite popmyny (8.2.6) ana pacueta 7 npu
NpoLeHTHON cTaBke i.

8.2. BbiBeauTe HenpepbiBHbIA aHanor ¢opmynsl (8.2.6) NnpMMeHeHMeM NpUHLMNA IKBUBA-
NEHTHOCTU K CNyYaiiHO BeNnunHe NoTepb, 3a4aHHOR popmynoii (8.2.7), npu t = 0 m nt = nw(t),
roe w(t) 3agaHo.

8.3. Bbipasute (a) n u (b) tV B TepmuHax B un 6, ecnu oL = T(X)vRx) a
WHTEHCUBHOCTb CMEPTHOCTM U NPOLEHTHAA CTaBKa MOCTOSAHHbI.

8.4. lna porosopa cTpaxoBaHWs 06Liero Buaa B AUCKPETHON MOAeNN NOKaXuTe, 4To ANA
j<h

Cov(Cj,ch) —(@l/i  ~bh+1 f}x+h) hPxiffj jCx "t' M N+ 1jPx *}x+j)"
K pasgeny 8.3

8.5. PacCcMOTpMM A0OroBOp CTPaxoBaHWS XW3HW, ONUCaHHbIA B npumepe 8.2.1. Ana 0 < j
< h HaiiguTe

(a) koBapuauuto c.8. Co u Ch,

(b) koBapuauuto c.B. Cj n Ch,

(c) npaBuno onpegenexnns Takoro h, uto koeapmaumus c.8. Cj u Ch 6yget oTpuuaTenbHoi.

8.6. PaccMOTpUM OTCpPOYEHHbIA aHHYUTET, OnucaHHbli B npumepe 8.3.1. Haigute
Cov(Cj,Ch), j < h ~ n, n gna ¢MKCMPOBaHHOIrO j onpejenuTe Takoe ycnoBue Ha h, uTto
Cov(Cj, Ch) < 0. [3ameTum, 4TO 3TO ycnoBue Ha h He 3aBucuUT 0T j.]

8.7. MoKaxuTte, uyto hopmyna (8.3.9) npu 3ameHe h Ha h + 1 mMoXeT 6bITh NepenucaHa B
BUze

n+i™ = {hV + -ih)

[JailiTe croBecHY0 WHTepnpeTaLuio 3TOr0 paBeHCTBa, KOTopoe HasblBaeTcs (DOPMYNON Hakonne-
HusA pesepBa daknepa — No UMeHU aMepuKaHCKOro aktyapwa [asuaa Paknepa.

8.8. [ na poroBopa 6eccpoyHOro CTpaxoBaHMs Ha Clydvail CMepTV C BbINAaToi pasmepa !
3aK/IOYEHHOro € NMuoM (X), B ANCKPETHOW MOJENN UCMoNb3yiiTe PeKYPPeHTHbIE COOTHOLLEHUA
[cooTHOweHune (8.3.11) ansa n. (a) u cooTHoweHue (8.3.14) ansa n. (b)] n foKaxuTe, 4ToO



[LaiiTe cnoBecHyl MHTepnpeTayuio aTUX hopmyn.

8.9. Mokaxute, uto ecnn bh+i = n+iv, oV = 0 v »d = Twnpu h = 0, 1,...,fc —1, 70
kV = n's4y [Yka3zaHue. Vicnonb3yiite hopmyny (8.3.14).]

8.10. MokaxuTe, YTO ecnn M — NOCTOSIHHAsA eXerofHas HeTTO-NpeMus no AOroBopy cTpa-
XOBaHWUA Ha CPOK N neT n3 gopmynsl (8.3.14) npu ba = h=12,...,n,nuovV=nVv =0, 70

&n\ 0>X".n\

(@) = —r ORYE - ax+k-AK\ ¢ ™ xk-AK\*

[Yka3aHue. 3To MOXHO MNOKa3aTb HENOCPeACTBEHHO WM BbIBECTU C NOMOLLbIO (HOPMY/bl
(8.3.10).]
K pasgeny 8-4

8.11. HauaB c ¢hopmynbl (8.4.3), LOKaXXUTe PaBeHCTBO

sPx+hh+sV + VI bh+l = (1 + i)S(hV + TT/), 0<S<1.

O6bsAICHMTE ITOT pe3ynbTaT ¢ NOMOLbI 06LWMX COOBpPaXKEHNA.

8.12. [laiiTe uHTepnpeTauuto gopmyn

(a) a(i-A-nv<s>+ (A+r)4,voe>+ (I -1nNpWwW,

O .+Ne >«V<“>a (i- 1 -r)V<>+ (A +71) + (i - ,

rpe0<r<1/T.

8.13. [na KaxAoro m3 cnefylolnx HeTTO-pe3epBOB HagnTe GOPMYnbl, aHANOTMYHble OA-
HOMY MM HECKONbKUM U3 paBeHCTB (8.4.8), (8.4.14) n (8.4.18):

(a) 2017(Ac:401)> (b)) 20i~ (N r:35i)> W 201~ <2)(Ar:301)-

(d) 207 (2)(~ x:40i)1  (e) 20 [~ {2}("@:301)> (0 208§7{2>("x:301)+

8.14. Monb3ysacb MnnocTpaTUBHON Tabnuuein CMEPTHOCTM U NPOLEHTHON cTaBKol 6%, no-
AyunTe annpoKcuMaLnio Belpaxenus 100VA4H Azs)-

K pasgeny 8.5

8.15. MoKaxuTe, YTO ANA AOroBopa 6eccCpOYHOro CTpaxoBaHUS Ha Clyyvail cMepTu ¢ Bbina-
Toi pasmepa 1 B AUCKPETHON Mofenu W ¢ NpeMUsiMu, BbiNAauyuBaeMbIMy NMOXMW3HEHHO, 3aK/t0-
YeHHOro ¢ nuuyom (Xx),

00 /e \ 2
@DbL=V ( vA h+I\ p xpx+haox+ht
h=oV a* |/
@ /. \ 2
(b) T>[KL\K{x)=>k] = V ( °»+;+h+1) v2(h+]\ p x+kpx+k-+hox+k-+h.
h=0 VvV °x /

8.16. [N CTPaxoBOr0 aHHyWTeTa NPEeHYMepaHA0 C eXerofHbIMU BbinnaTamu pasmepa 1,
npon3BoAsALMMUMCA 40 TeX Nop, noka Nuuo (X) XWBO, pacCMOTPUTE NOTepu

= "k * =0,1,2,...,

n nortepn N/i, BblYMCNEHHbIE HA MOMEHT BPEMEHMU h, KOTOpPble COOTBETCTBYIT roay h BbInnaThl
aHHyunTeTa, a UMEHHO

'O, Ko-1,
ng — 1 (&x+n 1) = VPx-t-h ax+h+1, K = [i
uax+i+i - (Oxtzi 1) —vgx+h AxtziHi, K 2 h\-1
(a) faitiTe nHTepnpetaynto hopmyn ans Ahe
(b) MokaxwuTe, uTo

(L= (i) E[n] = 0, (iii) D[Ah] = v2(&x+h+i)2hpxpx+hax +h-



8.17. (a) Ana forosopa cTpaxoBaHusa u3 npumepa 8.3.2 NoKaxuTe, 4To

D[zj —~" V™ MhPx Px+h Q'
h=0

(b) Mpu 5= 0,05, n =20 un Bx(t) =0,01, t ™ 0, Bbluncnnute BennunHy D[L] ans gorosop
cTpaxoBaHus 13 n. (a).

8.18. [loroBop 6eccpo4HOro CTpaxoBaHWA Ha Cnydyall cMepTW C BbinnaToll pasmepa 1 un
20-neTHUM NepuoAOM BbinnaTbl NPemMuid, 3aKMOYEeHHbIN ¢ NMULOM 25 neT, paccmatpuBaeTcs B
AVCKpeTHO mogenn. Ha ocHoBe MnnoCcTpaTUBHOM Tabnuubl CMEPTHOCTU M NPOLEHTHOW CTaBKU
6% paccumTalite

(a) 30P25, (b) \%V2b, (c) V25, (d) T>20L\K{2b)>2Q], (e) D[i8L |/ (25) ~ 18].

K pasgeny 8.6

8.19. [aiiTe nHTepnpeTayuto anddepeHymnanbHblX ypaBHeHU

(@ fttv="~+ [S+fx()}v (b) jttVv=m + 8tV ~{bt-tV)y.x{t).

8.20. Mokaxute, uto tV = ttsj] gna bt =tV, oV=0u ™=, t ~ 0.

8.21. Bouiuncnute ~ {[1 —tV(Ax)]tpi}.
8.22. Ncnonb3ys popmyny (8.6.2), BbipasuTe

(@ (b)
N JaiiTe MHTEPNpPETALMIO NONYUEHHBIX PE3YNbTATOB.
Ko BCeM TemaMm Masbl.

8.23. MoKaxute, 4to hopmyna, sakBuBaneHTHasa popmyne (8.4.6) B NpeanosioXXeHUN O Tn-
nep60NMYHOCTM pacnpejeneHns cMmepTeil B Te4eHWe TOANYHBIX BO3PACTHbIX UHTEPBANOB, — 3TO

bH,V = A" [(1 - s)(K + TTR)( + i) + s k+iVA.
8.24. MNoKaxuTe, 4To

roc roc

J/ [i/ - P{Ax)'a"2tpx Hx{t)dt = J/ [1- tV(Ax)]2v2ttpx fix(t)dt
0 o

N faiiTe MHTepnpeTaLuio 3TOro pesynbTaTa.
8.25. [insa nonyyeHus apyroin gopmbl TeopeMbl XaTTeHAgopda paccMOTpUM crefytoulime
cnyyailHble BENNUYUHDI:

'|:>K+1V'{K-K)+l-kV-T]§0Trk+h\/K, K(x) =k,k+1,....,k +m —I,
m—

K+WV vT - KV - h nk+hVh, K(X) = K+ T,K+m+1,...,
=0

ngnah=0,1,..., 71 —1
K(x) =k,k+1,... kK +h—1
k+h+i - {k+hV + Kk+h), K{x) = k+h,

+h+lV — (k+hV + TTk+h), K{X)=*+ 0+1,*+10 + 2,... .
MoKaxxuTe, 4TO
m—1 T—1
@) k.mL = vh* +K,  (b) D[k.mL IK(x) >K] = vahT>[Ab+ |K{x) >k].
h=0 h=0
8.26. MNposepuTe paccyxaeHus npumepa 8.5.1 ans ctpaxosaTtens us npumepa 7.4.4, Koto-
pblii 4OXXWA [0 KOHLA BTOPOro rofa fAeiicTBMS 40roBopa.
8.27. lMNpoBegnTe paccyxaeHns npymepa 8.5.2 ansa noptdens n3 1500 JoroBopoB TOro Xe
TWMNa, YTO ONuUCbIBa/INCL B Npumepe 7.4.4 1 obeyxganuck B ynp. 8.26.



8.28. B ynp. 8.27 oTcyTcTBOBAaNa HeonpefeseHHOCTb OTHOCUTENIbHO CYMMbl WU BPeMEHU
BbINNaTbl N7 CTpaxoBaTenei, KOTOPble JOXWUAN A0 KOHLLA YeTBEPTOro roja AeicTBUSA J0rosopa.
MpopgenaiTe ynp. 8.27 NS JOXUBLWIMX A0 KOHUA 2-ro U 3-ro roga.

8.29. 3anuwunTe B TeEPMUHAX HETTO-MPEMUIA U KOHEYHbIX HETTO-PE3epBOB (POPMY/y HETTO-
pe3epBa Ha cepeAuHy 11-ro cTpaxoBOro roga 4ns gorosopa 6eCCpOYHOro CTpaxoBaHUA Ha cnyyai
CMepTW CO CTPaxoBOi BbinnaToin pasmepa 10000 u c eXerogHbIMU NPEMUAMU C KOPPEKTUPYIO-
LWMM NNaTexom, 3aknuveHHoro ¢ nuuom (30).

8.30. Mo goroBopy CMeLAHHOro cTpaxoBaHUsA Ha CPoK 3 roja co CTpaxoBOW CyMMON pas-
Mepa 3 BblNAaTbl Ha clyyaid CMepTW OCYLLEeCTBAAOTCA B KOHLE rofa cMepTu, a HeTTo-NpeMuu
pasmepa 0,94 BbinnaymBatoTCcA eXerogHo. Mpu nNpoueHTHOW cTaBke 20% O6biNM NONYYeHbl Che-
oylolne pesepBsbl:

KoHey roga HeTTo-peseps

1 0,66
2 1,56
31 3,00

MopcunTalite

(@) Q. (b) ox+i,

(c) gmucnepcuto noTepb oL Ha MOMEHT 3aK/OUYeHUsA AOroBOpa,

(d) gucnepcuto notepb iL Ha KOHel nepBOro roga fencTeBus Joroeopa.

8.31. (a) Wcnonbsyinte hopmyny (8.3.10), uTo6bl Npeobpasosatb popmyny (8.5.1) K Bugy

ro, K(x) 0 -1,
TV, = <(bh+i - h+iV)v - (bh+1- h+iV)vgx+h, K(x) = h,
ko - (bfcH - h+iV)vgx+h, K(x)*h + 1.

B atoil mHTepnpetauuun c.B. JIn npegcTaBnseTt coboli NoTepu, CBA3aHHble ¢ 0653aTenbCcTBAMU
Mo CTPaxoBaHWIO CPOKOM Ha 1 roj w cTpaxoBOi BbINAaToOi pasmepa PUCKOBOWA CyMMbl B rogy
(M + 1).

(b) Ncnonb3yiiTe BbipaxeHue U3 n. (a) 4ns NpoBepku paBeHcTBa E[/1/>] = 0.

(c) Ncnonb3yliTe pesynbTathl nn. (a) u (b) 4N BbluucneHns sBennunHbl D[Ah].

Ynpa>kHeHus ¢ Ucnonb3oBaHneM KOMMblOTEpa

8.32. PaccmoTpuM gucnepcuio ansa forosopa 6eccpoyYHOro CTpaxoBaHWs Ha cayyai cMepTy
n3 npumepa 8.2.2, 3aknt04eHHOro ¢ nmyom (20), ¢ BbINAATON Ha cny4vaih cMepTu, pasmMep KOTOpOii
paBeH 1, 1 c BO3pacTalL MMM B TEOMETPUYECKON NPOTrpeccumn HeTTo-NPeMUAMU, BbiNnavynBaeMbl-
My o Bo3pacTa 65 neT. Bocnonb3oBaBWUCh MinnocTpaTuBHOM Tabnuueid cMepTHOCTU M Monaras
i = 0,06, onpegennTe Takoe MaKCMMaNlbHOE 3HayeHWe I, 4TOGbl HETTO-pe3epB Gbla HeoTpULa-
TeNbHbIM 418 BCEX MOMEHTOB BPEMEHU.

8.33. VMicnonb3yiiTe 06paTHYI peKyppeHTHYt dopmyny (8.3.9) ana pacyeTa HeTTO-pe3ep-
BOB B

(a) npumepe 7.4.3 [ykasaHnue: sV = 0,0], (b) npumepe 7.4.4 [ykasaHue: sV = 1,0].

8.34. [loroBop cTpax0BaHWS, 3aKAOUYeHHbI ¢ nuuom (30) Ha CPOK A0 AOCTMXKEHUA UM
BO3pacTa 65 fieT C yMeHblIarLWeincs CTPaxoBOW BbiNaaToN, KOTOpas NMpPOM3BOAUTCS B MOMEHT
CMepTH, NpesycMaTpuBaeT cneAytoline CTPaxoBble BbINAaThI:

B cnydyae CMepTW Mexay Bo3pacTamu Boinnarta

30-50 100000

50-55 90 @0

55-60 80000

60-65 60 000
Ha ocHoBe MINNOCTPAaTMBHOW TabanLbl CMEPTHOCTM B NPeAnooXeHUN PaBHOMEPHOCTH pac-
npefeneHns MOMEHTOB CMepPTM B KaX/[OM FOAWYHOM BO3pacTHOM WHTepBane U npu i = 0,06

onpeaenuTe



(a) rogoBYt0 HETTO-MPEMUIO C KOPPEKTUPYIOLL MM NNATEXOM MPpW BbinnaTe ABaXAbl B rof B
NoNyHenpepbIBHOW Moaenu,

(b) pe3epB Ha KoHel 30-ro roga gnsa npemuu us n. (a).

8.35. [loroBop CTpaxOBaHWA C e€4WHOBPEMEHHOW MpemMueit, 3aKauUYeHHbI ¢ nuuom (35),
obecneynBaeT BbiNnaty pasamepa 100000, ecnu cTpaxoBaTeNnb AOXMWBET A0 Bo3pacTa 65 net, nnm
BO3BpaT €JMHOBPEMEHHON HETTO-NpeMun 6e3 HauYMCneHUs NPOoLeHTa B KOHLe rofa CMepTu, ecau
OH yMpeT [0 [JOCTUXEHWS MM Bo3pacTa 65 net. OB603HAYMB €4MHOBPEMEHHYIO HETTO-MPEMMUIO
yepes S, BbIpa3uTe yepes akTyapHble QYHKLUN

@ S,

(b) nepcnekTnBHYHO hopMyny ANnsd HeTTO-pe3epBa Ha KOHel, K-ro roga,

(c) peTpocnekTUBHY QopMyny AN HETTO-pe3epBa Ha KOHeL, K-ro roga.

(d) Bbluncnnte c.B. S 1 HeTTO-pe3epB 20V , NpUMeHAs VNN CTpaTUBHYO Tabnuuy cmepT-
HocTn v nonaras d = 0,05.

8.36. B TepMuHax P = 20P(12A A 30;j*) u akTyapHbIX BYHKLUI BbIBEAUTE NEPCreKTUBHbIE
N peTpoCneKTUBHbIE POPMY/bl 4NA CAEAYHOLLNX Pe3epBOB:

(a) 18§~(12)(Nn30;35]), (b) 25V"(12)(~30:35i)-

(c) Bbluncnute P 1 HeTTo-pe3epBbl 13 nn. (a) n (b) Ha ocHoBe N nntcTpaTuBHON Tabnul
CMepPTHOCTW B MpPeAnoNOXeHUN PaBHOMEPHOCTU pacnpefeneHUs MOMEHTOB CMEPTU B KaXoM
roAgM4YHOM BO3pacTHOM MHTepBane u npu S = 0,05.



AKTYAPHbIE ®oYHKLUUNW
O1A HECKOJIbKUX /1L,

9.1. BBegeHune

B rn. ¢ 3 no 8 Mbl pasBuBanv Teopuio, NO3BOSISIOLLYIO aHAIM3MPOBATL fleHeXHbIe Bbl-
nnatbl, 3aBMCALLME OT MOMEHTa CMEPTU OTAe/bHOFO nLa. MOXHO 0606 MTL 9TY TEOPUIO
Ha c/ly4yaid BbINAaT, CBSA3AHHbLIX C HECKOMbKUMU Auuamu. O4HUM U3 MPUMOXKEHWUA Tako-
ro 0606LeHNs], 4acTo MPUMEHSIEMbIM B MEHCUOHHbIX CXeMax, SIBMSOTCA MOXU3HEHHble
aHHYWTeTbl B MoNb3y ABYX W 6onee nuu. O6LLEN3BECTHbI ApYrue MPUIOXKEHUs aKTyap-
HbIX pacyeToB AN FPynnbl NnL. Hanpumep, OHW MPUMEHSIOTCA MPU HaMOro06/10XKeHUN
NUMYLLECTBA N flapeHunii. CKaxeM, MHBECTULMOHHbIM AOX0Z OT UMYLLECTBA, NepefaHHOro B
[0BepUTeNbHOE YNpaBieHne, BbiniadunBaeTcs rpynne HacneqHWKoB 40 TexX Mop, NoKa XuB
nocnegHnii u3 Hux. Mocne cMepTU MocnegHero HacnegHMKa Kanutan UsbIMaeTcsl U3 foBe-
pUTENLHOTFO YMNpaB/eHVs U nepefaeTcs B Aap 61aroTBOPUTENIbLHON opraHusaumun. Benu-
UMHa Ha/I0rOBOr0 BbIYETA, CBA3AHHOI0 ¢ 6/1ar0TBOPUTE/ILHOCTLIO, NMPU HANO0r00610KEH I
3TOro fapa 6yheT OnpefensiTbCs aKTyapHbIMU pacyeTamu. CyLlecTBYIOT [OroBOpbI Cce-
MeHOro cTpaxoBaHUs, B KOTOPbIX MPeAyCMOTPEHbI pasfinyHble BbiNiaTbl B 3aBUCUMOCTH
OT TOro, B Kakoli Moc/efoBaTe/IbHOCTM YMUPAOT cTpaxoBaTeflb U ero cynpyra. Cylie-
CTBYIOT TaKXe [JOroBOpbl C BbINJaTamMu Ha Ciydaid nepBoii UnW nocnefHein cMepTn ans
BO3MeLLLEHUS1 B3HOCOB MO OniaTe HeABUXUMOCTH.

B HacTosLeli rnaBe Mbl pacCMOTPVMM MOAENb C ABYMS NULAMU. AKTyapHble HacTo-
ALMEe CTOMMOCTM OCHOBHbIX BUAOB BbINAT BbIBOAATCS C MOMOLLbIO MOHATWIA U METO0B,
N3M0XEHHbIX B . 3-5. B6/blUasi YacTb 3TOl rNaBbl NOCBsILLEHA MOAENN, OCHOBAHHOW Ha
NpearnosioXKeHN, YTo [Be paccMaTpuBaeMble CryyaliHble BEIMYMHBLI MPOAO/IKNTENbHO-
CTV NPeACTOALLEN XU3HN HesaBUCUMBI. B pasg. 9.6 nccneaytoTcs cneynasibHble MOAENN,
B KOTOPbIX 3TW AB€ Cy4aiHble Be/IMUYMHBI 3aBUCUMbI. EXXerogHble Mpemun, pesepBbl U
Mofenu Ans Tpex u 6osee NWL, paccMaTpuBatoTest B . 18.

MonesHoi abcTpakumeli TeOpUN CTPaxoBaHUS XXMU3HWU, 0COGEHHO NPV PacCMOTPEHUM
rpynn nvy, ABASIETCS MOHSTWUE cTaTyca, AN KOTOPOro BBeAeHbl MOHSATUA COXPaHeHUs
n notepu. Ana Toro ytoGbl BBECTU OMpeAesieHuWe cTaTyca, HeobXO4MMO fBa 3/feMeHTa.
Bo-nepBbIX, 3TO 06LMIA TePMUH 06BLEKT, KOTOPbI/ MUCMONb3yeTCs B CUTy pasHoo6pasust
NPaKTUYECKUX MPUIOXKEHWIA:

e MHOXECTBO 06EKTOB [J0/PKHO 6bITb KOHEUHbIM U 17151 KaXKA0r0 13 3/1EMEHTOB 3TOr0
MHOXECTBa HEO6XOAMMO YMeTb OMPEefeNAaThb CyYanHylo BeUYMHY NPOAO/IKUTENLHOCTU
NpeacTosILEN XU3HN.

* [JOMKHO CYLIECTBOBATb MPaBuU/Io, MNO3BO/IsIIOLLEE YCTAaHAB/IMBATL (aKT COXPaHEeHUS
cTaTyca B N1t060/i MOMEHT BpeMeHU B 6yfyLLEM.

ONs Toro yTo6bl paccuMTaTh BEPOSITHOCTU WM aKTyapHble HAacTOsLLME CTOMMOCTH,
CBSI3aHHbIe C COXPaHEHMEM HEKOTOpPOro cTaTyca, HeobXoAuMo UMeTb COBMECTHOE pacrpe-
AeneHne cnydaliibiX Be/MYMH NPOAO/IKUTENBHOCTM NPeacTosilield XXM3HU. HekoTopble 13



3TUX cAyYdaliHbIX Be/IMYUH MOTYT UMETb MapruHaabHOe pacnpegeneHmne, cocpefoToOHeHHoe
B OLHOWN TOYKEe.

Mone3Ho NPoOUANIOCTPUPOBATL NMOHATUE «CTATYC» HECKObKUMU Npumepamn. OTheNb-
HOe NMUO BO3pacTa X fleT onpefensieT HeKOTOPbIA CTaTyc, KOTOPbIA COXpaHsAeTcs, noka
3TO /MU0 XUBO. TakMM 06pa3oMm, C/y4vaiHyro BemumnHy T(X), UCMOMb30BaHHYK B . 3
4N 0603HaYeHMs NPOJO/HKMTENBHOCTU MPEACTOALLEN XU3HU nnua (a;), MOXHO WHTep-
NpeTUpoBaTh Kak NPoA0/HKUTENIbHOCTb Neprofa COXpPaHeHMs 3TOro cTaTyca, a Takxke Kak
NMPOAO/KMNTENIbHOCTL MPEACTOSALLLEr0 Mepuoja 4O MOMeHTa noTepu ctatyca. Cpok fo Mo-
MeHTa N, LI onpefensieT HeKOTOPbI CTaTyc, KOTOPbIA COXpaHAeTCss POBHO N NeT, a 3a-
TeM TepsieTcs. NS HECKONbKUX UL, pa3NYHbIMU crocobaMu MOXHO onpeaennTb 6onee
CNOXHble cTaTycbl. CoxpaHeHMWe cTaTyca MOXHO MOHUMAaTb Kak JOXWUTUE BCEX MWL, U3
rpynnbl UK, HaNpPoOTMB, Kak LOXMUTKE XO0TA 6bl OAHOr0 Avua U3 rpynnel. Ans rpynnb,
B KOTOPYIO BXOAAT ABa MYXUMHbI U [BE XEHLUUHbI, MOXHO ONpefenaTb U 6osiee CNox-
Hble cTaTycbl. HanpumMep, cTaTyc COXpaHseTcs Nulb 40 TeX Mop, NoKa XWBbI N0 KpanHei
Mepe OAWH MY)XXUYMHA MU N0 KpaiHeid Mepe ofHa XeHLNHa.

Nocne TOro Kak cTaTyc U KpuTepuii ero CoxpaHeHUs onpegeneHbl, Mbl MOXeEM NpumMe-
HUTb 3TO onpefeneHne K NMOCTPOEHMIO Mogeneli aHHyMTeTOB U 4OFOBOPOB CTPaxoBaHUS.
AHHYWTET BbINaunBaeTcsa 0 TeX NMOp, MOKa CTaTyC COXpaHseTcs, a BbIM/iaTbl M0 4Or0BO-
py cTpaxoBaHWs MPOU3BOAATCA Moc/ie NoTepu cTatyca. B foroBopax cTpaxoBaHUsS Takxe
MOFYT 6bITb OrOBOPEHbI YCNI0BUS, COM/IACHO KOTOPbIM BbINAaTbl NPOU3BOAATCA WLIb TO-
rga, Korga nuua, K KoTopbiM OTHOCUTCA JOrOBOpP, YMUPAKOT B ONpejesieHHoN nocnefosa-
TeNbHOCTH.

9.2. CoBMeCcTHOe pacnpeaesieHUe NPoOAO/IKNUTENbHOCTEN
NPeacTOALLEN XXU3HMN

Bpemsa [0 noTepy HEKOTOPOro cratyca SABASeTCA (YHKLUMeRn Npoo/HKUTeNbHOCTeN
NPeacTosLLei XU3HU paccmaTpmBaeMblX N, C TeOPeTUYECKON TOUKM 3peHUs 3Tu npo-
LO/MKUTENBHOCTU 6yayT 3aBUCUMbIMU CAyYaliHbIMKW BeNUYUMHaMU. Mbl M3yyYuM nocreg-
CTBMS Takoi 3aBMcuUMocTU. N5 yfo6cTBa UAmM ns-3a 0TCYTCTBUSA AaHHbIX 0 3aBUCMMOCTU
MeXAy Nuuamy Ha NpakTUKe 00bIYHO MPUHUMAETCS MPEeAnosIoXeHMEe O He3aBUCUMOCTM
paccMaTprBaeMbIX MPOAC/KUTENbHOCTEN NPeAcTosALen Xn3Hu. MNpuHNMasa Takoe npeg-
MOJIOXKEHME, MOXXHO MOJIb30BaTbCA YUC/IEHHBLIMWU 3HAYEHUSIMU, MOMYYEHHbIMU U3 Mapru-
Ha/lbHbIX pacnpegeneHunii (Tabnuy, cCMePTHOCTU) ANSA OTAENbHbIX NNLL.

Mpumep 9.2.1. XoTAa pacnpefeneHne, paccMaTpuBaemMoe B 3TOM MPUMeEPE, He peann-
CTUYHO, OHO NpPMBEAEHO KaK CPeACTBO UCC/eA0BaHUSA COBMECTHOrO pacnpefesieHus AByX
3aBUCUMBbIX CyYaliHbIX BEIMUUH NMPOAO/DKUTE/IbHOCTU MPEACTOSILLEN XUsHn. Ana aByx
iy &) n (y) coBMecTHasi yHKLUMA NAOTHOCTU ¢.B. T(X) 1 T(y) Npoao/mKMTenbHOCTeNn
UX NPEACTOSALLEN XKN3HN MMeeT BUf

ITdweM) = lO « - 32’ B ScPafbhRix chyudsnkO’

Onpegenvm:

(a) coBmecTHYIO (hyHKUMIO pacnpegeneHns ¢.B. T(x) n T(y);

(b) dyHKLMIO NNOTHOCTW, (PYHKUUIO pacnpegeneHus, spx M W(x + s) Ana mapru-
HaNbHOro pacnpegeneHns c¢.B. T(x). ObpaTuM BHUMaHME Ha CUMMETPUIO BbINUCAHHOIO
pacnpegeneHnss 0THOCUTENBHO SuUt, OTKyfda cnegyeT, 4To c.B. T(x) u T(y) oAnHaKOBO
pacnpegeneHbi;

(c) KoathhmumeHT Koppensaumm mexay c.B. T(x) u T(y).



PeweHune, (a) Mpexge 4Yem MNPOBOAWTL pacyeTbl, MpoaHanM3MpyeM BbIBOPOYHOE
npocTpaHcTBO C.B. T{X) n T(y), mn3obpaxeHHoe Ha puc. 9.2.1, n Bblges MM 061acTb,
rae CoBMecTHast (OyHKUUS MIOTHOCTM NOMOXKUTeNbHa. B Toukax BHe MepBOro KBajpaH-
Ta PYHKUMA NA0THOCTM OyaeT paBHa 0. HauHem c pacyeta (PyHKLUW pacnpegeneHns B
Touke 13 06nacTu |, Korga Kak s, Tak u t nexat mexay 0 n 10:

FrooToes.o = PIT(x)0 n T(y) ]
8 ft f8 ft
/ / IT(x)T(y)(n,v) dvdu = / / 0,0006(r> - u)2dv du
«DJ @ JO JO

= 0,00005[s4+ 14 - (t- s)4], 0<s”™ 10, 0< *~ 10

Puc. 9.2.1. Bbl6bopo4HOe NPOCTPaHCTBO C.B. T(X) n T(y)

TakK Kak COBMeCTHast byHKUMA naoTHocTu paBHa 0 B o6nactax I, 1 v 1V, T0
FTO)T(Y)(s,t) = FT()T(y){8,10) = FT(x}(s)
= 0,5+ 0,00005[s4 —(10 —s)4] B obnactu ll,

Fr(xX))T(y){s>*) = Ft{x)t (v){10,i) = FT(x)(t)
= 0,5 + 0,00005[£4 - (10 - t)4] B obnactm IV,

Fr(x)T{y) (s,t) = 1 B o6nactu Il
(b) Mcnonb3ysa yHKUMIO pacnpefesnieHns, NoaydeHHyo B N. (a), NpuUxoauMm K ¢op-
My/fam ro, g” o,
FT(X)T(y)(s, 10) = FT(x){s) = <0,5+ 0,00005[s4- (10 - s)4], 0 < s~ 10,
U, s >10,

f M-F' (\- /0,0002[s3+ (10-5)3], 0<s~ 10,
1) b OCTa/IbHbIX C/yyasix.

T(x)

BepoATHOCTb AOXUTUA U MHTEHCMBHOCTL CMEPTHOCTU 3ajaloTcs (popmynaMM

spx = 1- FT((s) = f0,5 + 0,00005[(10 - s)4- s4], 0<s~ 10,
( , )= Ireft)y = 0,0002[s3 + (10 - s)3]
Ne +Y) 0,5 + 0,00005[(10 —s)4 —s4] :



pLJ
(c) E[T(a:))] = / s(0,0002)[s3+ (10 - s)3]ds = 5= E[T(y)],
Jo

f10 110
E[T(2)2=J  $2(0,0002)[s3+ (10 - s)3da= — =E[T(y)%

@
DIT()] =y = DT

o ¢lo cQ
E[T(X)T()] = | s«(0,0008)(i - s)2dsdt = — ,
Jo Jo 3

0C;

Cov[T{x),T{y)} = E[T(X)T(Y)] - E[T()IE[TW)] = -y ,
Cov[lr(a;),l (y)] _ -25/3
<TT(X)&T(Y) 35/3 7

Vicxoast U3 COBMECTHOro pacnpefenerust ¢.B. T(x) v T(y), onpegesiMm COBMeCTHYIO
(DYHKUMIO AOXKUTUA CNefyoLnM 06pa3oM:

ST(X)T(y)(s,t) = P[1(a;) > s MT(y) >i]. (9.2.1)
B oT/Mumne OT OfHOMEPHOrO C/lyyasi, CyMMa COBMECTHOM (DYHKL MM pacrnpejesieHns 1 CoB-
MECTHON PYHKLMN JOXUTUSA He 0653aTeNlbHO paBHa 1. CBA3b MeXAY HUMWU MOXHO Npo-
WMNNICTPUPOBaTh, M300pasvB COBMECTHOE BbIGOPOYHOE MPOCTPAHCTBO C.B. T(X) u T(Yy)
Ha puc. 9.2.2. dyHKuUMA pacnpefeneHnsa Fx(x)T(y)(sit) onpegensieT BepoOSATHOCTM ANs Ta-
KnX 06nacTelt, Kak A, «toro-anagHee» Touku (s,t), a pyHKums goxutuna ST(X)T(y)(s,t)
— BEPOATHOCTU A5 TakKux o6nacTeli, Kak B, «ceBepo-BOCTOUHee» TOUKM (S,t).

PTO)T(Y) =

Puc. 9.2.2. Bbl6opo4HOe NpoCTpaHCTBO C.B. T(X) 1 T(y),
NPOAO/MKNTENBHOCTEN NPEACTOALLENA XN3HW

Mpumep 9.2.2. Onpefesm COBMECTHYI (DYHKLUIO AOXUTUA Ansa c.B. T(x) n T(y)
13 npumepa 9.2.1.

PeweHune. NMpn 0<B<10M0<£<10
stooToes.y = P[T(i)>snT(§)>i]

00 poo /10 /.10
/ I IT()T(y)iux)dvdu = j j 0,0006(v—u)2dvdu
it s Ut
= 0,00005[(10 - t)4+ (10 - s)4- (- s)4]



[Ona opyrux Toyek n3 nepBoro keagpaHTta pyHkumsa 5T(*)T(y)(5it) paBHa 0, a 4nsa Bcex
TOYeK M3 TPeTbero KBajgpaHTa oHa paBHa 1. Bo BTOpoM KBagpaHTe, rge s <0wnt > Q

ST(X)T(y)(s,t) - ST(y)(t) = tPy
B uveTBepTOM KBajgpaHTe, rge s > 0nt<Q
sT(x)T(y){s.t) = ST(x)(s) = tPx- v

B npumepe 9.2.1 6b1/10 3afaHO COBMECTHOe pacnpefeneHne [BYyX 3aBUCUMbIX CAy-
YaHbIX BENYMH MPOLO/IKUTENBHOCTN MNPEACTOSALLEN XM3HU, a 3aTeM OonpefeneHbl KX
MapruHasbHble pacnpefeneHns U HaifieH KO3MULMEHT KOPPensaumm Mexagy HUMU, siB-
NAOLWMACA MEPO NX 3aBUCUMOCTU. B MpaKTUYECKUX MPUIOKEHUAX MOXeT oKasaTbCs,
YTO BbIPa3nTh 3aBUCMMOCTb MeXAY NPOAO/IKNTENIbHOCTSAMMW NPEACTOSALLEN XN3HN YMCTIOM
CNOXHO. [03TOMY TaKue cny4yaiHble BeIMYMHBI 06bIYHO NpeanonararnTcs He3aBUCUMbIMMU,
aTorja ux CoBMeCcTHOe pacnpefie/ieH1e MnosiyyaeTcs N3 COOTBETCTBYHOLLMX MapruHaibHbIX
pacnpefenieHnin, KOTopble Mbl 06CYyXXAanu B . 3. 3TO MANOCTPUPYETCA CeAYIOLUM Npu-
MepoM.

Mpumep 9.2.3. CnyyaliHble BeNMUYUHbI MPOAO/HKUTENBHOCTY MPELACTOALLEN YKMU3HU
T(X) n T(y) HesaBWCMMbI, U pacnpejeneHne Kaxaon ux HUX onpefeneHo (yHKLMeENR
NJ0THOCTU

0,02(10 —t), 0 < i < 10,
f =1y B OCT&/1bHbIX C/ly4asx.

(a) Onpegenum (yHKUUIO pacnpefeneHns, (YHKLUIO AOXUTUSA N UHTEHCUBHOCTb
CMEPTHOCTU B 3TOM C/ly4ae.

(b) Onpegennm cOBMECTHYH (OYHKLMIO MAOTHOCTU, COBMECTHYIO (DYHKLMIO pacnpe-
[eneHna N COBMECTHYIO PYHKUMIO JOXUTUA Ansa c.B. T(X) n T(y).

Pewuup.
0, t" o,
1- 0,01(10- t)2=10,21- 0,01t2, O0<t~ 10,
Ul.' t> 10,
"1, t <0,
ST(X)(t) = 1- FT()(t) = 0,01(10 -tf)2, 0~ i < 10,
0, t Z 10,
0 <t < 10.
(0) fTOOT(Y)(s,t) = FT(X)(s)FT(Y)(1)
(0,02)2(10 - s)(10 - 1), 0<s< 10, 0<t <10,
0 B OCT&/1bHbIX C/yyasX,

FT()T(y)(s.t) = FT(X)(s)FT(¥{1)
= (0,2)2(t - 0,05t2)(s - 0,05s2), 0<s” 10, 0<t” 10,
= FT((s) = (0,2)(s - 0,05s2), 0<s~ 10, t>10,
= FT(y)(t) = (0,2)(f - 0,05£2), 5>10,0<710,



ST(X)T(y)(s,t) = st(x)(s)st(v)W

= (0,01)2(10 - s)2(10 - t)2, 0" s< 10, 0™t < 10,

- «1(*)(«) = (0,01)(10 - )2, 0~Ms< 10, t<Q

= sT{y)(t) = (0,01)(10 - t)2, §s<0, 0Mt< 10,

=0, s~ 10, t ~ 10. v

9.3. CtaTtyc A0XUTUA BCeX UL U3 TPYNNbl

CTtaTyc, KOTOPbIi COXpPaHSEeTCs, MoKa BCe YfeHbl FPyMmbl XUBbl, U TepseTcs nocse
nepBOi CMEPTU, Ha3bIBAETCA CTaTYyCOM J0XKUTUA BCeX nuL, n3 rpynnbl. OH 0603HavaeT-
CA CUMBOJSIOM (X\X2m.. XT), rae X, —BO03pacT r-ro YaeHa rpynnbl, 8 T — YNC/O Y/EHOB.
B aTol cMTyaLmu Ucnosnb3yTcs 0603HaYeHWs, BBeAeHHbIe B 1. 3-5, HO BMeCTO Bo3pacTa
OfHOTO CTpaxoBaTeNns B HWKHEM MHAEKCe CTOMT MepeyeHb BO3PacTOB Y/IEHOB rpynmbl.
Hanpumep, Axy 1 tPXy UMeIOT TOT e CMbICN A8 cTaTyca (Xy) AOXUTUA AByx nuy, (x)
n (y), utom A, n tPx — ana ogHoro nuua (x).

CraTyc LOXMUTUSA BCEX UL, U3 TPynnbl SABASETCA MPUMMEPOM cTaTyca AO>XKUTUSA,
T.€. cTaTyca, 4719 KOTOPOro onpefesieHa cny4yaliHas BeMyMHa NPoAO/HKUTENIbHOCTU ero
COXpaHeHUs u, cnefoBaTeNlbHO, QYHKUNUA JOKUTUA. AN NPOAO/IHKUTENBHOCTY NPeLCTo-
ALLEero nepuofa CoXpaHeHWs cTaTyca JOXKUTUSA MPUMEHUMbI MOHATUA U COOTHOLLIEHMS,
paccmaTpuBaBLUuMecs B pa3g. ¢ 3.2.2 o 3.5 (3a UckI4veHneM npumepa Tabnuubl cMepT-
HOCTUK B pasj. 3.3.2), KoTopble 6yAyT MUCNOMb30BaThCA 34eCb 6€3 HOBbIX J0KAa3aTeNbCTB.

Tenepb paccMOTpPUM pacnpefesieHne Cay4vyaHon BenuyYMHbI MPOAC/IKUTENBHOCTY
NPeLCTOSALLEr0 Nnepuofa CoXpaHeHWs cTaTyca AOXWUTUA BCex NvL u3 rpynnbl. Ana T
L, UMeeT MecTo paBeHCTBO T(x\x2...%) = Tin[T'(ki), T(x2), mmm T (xT)\, rae T(xi)
— MOMEHT CMepTu nimua ¢ HoMepoMm i. [lna vacTHoro cay4vasa gsyx vy, (x) u (y), ume-
em T(xy) = min[T(x),T(?/)]. Korga aTo He MOXeT BbI3blBaTb HefjopasyMeHUi, byaem
0603HayaThb 3Ty C/y4daliHyl0 BeMUMHY NpocTo yepe3 T. CneuuasiucT MOXET 3aMeTUTb,
YTO MPOAO/HKUTENBHOCTb MPEACTOSALLEro nepmoja COXpPaHeHWUs cTaTyca AOXUTUSA BCeX
vy M3 rpynnbl SABASETCA HauMeHbluell NOPSAKOBOA CTaTWUCTUKON, obpa3oBaHHOW T
CyYyaiHbIMY BeNMMUYMHAMU MPOLO/DKUTENBHOCTY NPEACTOALEN XU3HU NUL, U3 TPYNMbl.
Mpn mnccnefgoBaHUU NOPSAKOBBLIX CTATUCTUK ClyyaliHble BeNUYMHbI B BbIOOPKE 0ObIUYHO
npeanonaratTcs He3aBUCMMbIMU U OAMHAKOBO pacnpejeneHHbIMU. B Haluein xe cuTya-
UMM Takue cnyyaliHble BeNMYMHbI, Kak MpaBufo, CYMTAKTCHA He3aBUCUMbIMU, HO PefKO
6bIBalOT 0AMHAKOBO pacnpejesneHsbi.

Mbl HayHem € TOro, YTO BbIpasuM (YHKUWIO pacnpegeneHns cB. T ana t > 0 B
TepMMHax COBMECTHOro pacrnpegeneHns napbl ¢.B. T(x) 1 T(y) B 06LieM (Npy HaaMuum
3aBUCUMOCTM MEXAY HUMW) cry4ae:

Frit) = tgXy

P(I ~t) = P{Tin[T (k), T(y)] "t}
1- P{Tin[(x), T(y)] >t}
1- P{T(k) >t n T(y) >t} = 1- sT{)T{y)(t, t). (9.3.1)

Jpyroe paBeHCTBO MOXeT ObITb NMOSyYEHO N3 NEPBOI CTPOKU C yYeTOM TOr0, YTO cobbITHe
{min[T'(x),T(y)] " t} aBnsetca o6beguHeHnem cobbiTnin {T(x) ~.t] 1 {T(x) Torpa

FT() =-p{mm[T(x),T(y)]"t},



W, NPUMEHSA M3BECTHYIO B TEOPUMN BEPOATHOCTE POPMYNy ANS BEpPOATHOCTU 06beanHe-
HUS COOLITUIA, NONYYNUM

FT(t)

PIT(x) Ct] + P[T(y) ~ 1 - P[T(*) ~tAT(y) ~1]
tQx + tdy - FT)T(y)(t,1)- (9.3.2)

ToT dakT, uto B paBeHcTBe (9.3.2) MCNONL3YHOTCA KakK CUMBOMbI MexXAayHapoaHOiA
CUCTEMbI aKTyapHbIX 0603Ha4YeHWi, Tak U CTaHLapTHbIe 0603HaYeHUs TeOpUN BEPOATHO-
CTel N MaTeMaTW4yecKol CTaTUCTUKMK, MOKa3blBaeT, YTO, X0TA MexayHapo4Has cuctema
aKTyapHbIX 0603Ha4YeHW COAEPXMUT CMMBOSbI, OTHOCALLMECH K CTaTycaM [O0XMUTUA, OHa
He COAepXWT TaKOBbIX AN COBMECTHOrO pacrnpefefieHUs HeCKO/IbKMX CTaTycoB, 3a MC-
K/IOUYeHNeM TOFO cfydvas, Korga npegnonaraetca He3aBMCMMOCTb, CBOAALLan BCe K 060-
3HAYEHUSIM AN CTaTyCOB OTAE/bHbIX /UL,

Ecnn c.B. T(x) 1 T(y) HesaBUCUMBI, TO DYHKLMA pacnpedeneHns c.B. T MOXeT ObITb
npeacTaB/ieHa yepes akTyapHble QYHKLMM AN5 OfHOIO 1L B CAefyOWMX 4BYX PopMax:

FT() = P{min[T(x),T(y)]*"} = 1- sr*TH(M) = 1- tPxtPy (9.3.3)

7
Fr(t) = tx + tQy - FT(X)T(y)(t,t) = tgx --tqy ~ tQxtqym (9.3.4)
dyHKUMA foxuTna tPxy [ns ctatyca 4OXUTUSA BCEX UL U3 TPYMMbl NOMy4aeTcs BblUK-
TaHWEM COOTBETCTBYIOLWEN yHKUUM pacnpeseneHus us 1.
Ona obwero cnyyas, ucnonb3ya gopmyny (9.3.1), nonydaem tPxy = sTX)T(y)(t>t)m
B cny4yae HesaBMCUMOCTU, cornacHo (9.3.3),

tPxy = tPx tPy (935)

BbipaxeHue (9.3.5) ABnseTcsa yfo6HO OTNPaBHON TOYKOW B Clyvae HE3aBUCMMOCTM, Tak
KaK cTaTyC AOXMWTUSA BCEX UL, U3 FPYMNMNbl COXPaHAeTCsa 4O MOMEHTA BPeEMEHU t B TOM K
TOMbKO B TOM cfiyyae, eciv oba nnua (K) un (y) OXMBYT O MOMEHTa BpPEMEHM t.

Mpumep 9.3.1. Onpegenum QyHKLUIO pacnpefeneHus, GyHKUUIO SOXUTUA U Ma-
TemaTuyeckoe oxungaHue c.B. T(Xy) NPOJOMKUTENbHOCTU Nepuoga COXpaHeHUs cratyca
LOXUTUA BCEX ML, M3 Tpynnbl M3 npumepa 9.2.1.

PeweHne. Ana t ~ 0 u t > 10 3HayeHusmu yHkumm FT(xy){t) 6ygyTt O n 1
cooTBeTCTBeHHO. Mpu 0 < t A 10, cornacHo pesynbTatam npumepa 9.2.1, nn. (a), (b), u
paBeHCTBY (9.3.2), Meem

ooy = 2{0,5+ 0,00005[i4- (10 —i)4]} —0,0001 f4 = 1- 0,0001(10 - t)4.
Torpa
tPxy = 1- ¢+ (xy)(t) = 0,0001(10— t)\ 0" t < 10
B cuny gpopmynbl (3.5.2)
/»00 /»10
eXy = E[T(xy)}= [/ tPxydt= / 0,0001(10 - t)4dt —2. T
Jo Jo

Mpumep 9.3.2. Onpegenum GyHKUMWIO pacnpefeneHns, GYHKLMUIO LOXUTUA U Ma-
TemaTuyeckoe oxupgaHue c.B. T(Xy) NpOAOMKMUTENbHOCTU Mepuoja coxpaHeHus cratyca
LOXWUTNSA BCEX NUL U3 rpynnel U3 npumepa 9.2.3.

PeweHne. B cnyyae He3aBMCMMOCTU, UCNOMb3YsA paBeHCTBO (9.3.5) u pe3ynbTathl
npumepa 9.2.3, npuxogum K opmyne

tPxy = [0,01(10 - t)2]2 = 0,0001(10 - t)4 npu O0~t< 10.



Torpga
FT(O4)(t) = 1—0,0001 (10 —t)4 npum 0<t< 10
n y.10
exy = / 0,0001 (10 - t)4dt = 2. v
Jo

3Tn ABa npumepa NPUBOAAT K UHTEPeCHOMY HabnfeHuo. XOTA COBMECTHbIE pac-
npegeneHnsa nap cnyvalHbiX BEAMUYUH NPOAOMKUTENBHOCTN NPEACTONLLEN XXU3HN B 3TUX
npvMepax oTAMYalTCA APYr OT Apyra, pacnpefefieHns COOTBETCTBYIOWUX MPOAOAXKM-
TeNbHOCTe NpeacTosLLero nepmoja 40 NoTepu cTaTyca 4OXMTUS 060MX MWL U3 TPYMMbI
OAMHAKOBbI. JTO 3aMeyaHWe BaXHO B TeX C/yyasx, Korga MOXHO Habnogatb TOJIbKO
MOMEHT NEepPBO CMePTU B rpynne, NOCKOAbKY MO 3TON MHpOpMaLMN HENb3A O4HO3HAYHO
onpeAennTb COBMECTHOE pacnpefeneHve. B MatemaTuueckoil cTaTUCTMKe TaKoe MOJOoXe-
HMe Ha3blBAeTCA HEWAEHTUPULUPYEMOCTBIO, MOCKOAbKY MO UMEKLWMMCSH HabN 4eHNAM
He yJaeTcsl Bbl6paTh OfHY M3 ABYX (MU U3 MHOTWX) MOAEnei.

@DYHKUMA NAOTHOCTU C.B. T MOXET 6bITb NONyyYeHa AngdepeHunpoBaHrem ee PyHK-
uun pacnpegeneHus, sbinucaHHoi B gopmyne (9.3.1) nam (9.3.2). B cnyyae ¢opmynsl
(9.3.1) Heo6x0AMMO B3ATb NPOU3BOAHYIO MO t OT BblpaXkeHuna

/ J fT(x)T(y){u,v)dudv.

Mcnonbsysa (hOpMy}'IbI M3 MaTeMaTUYecKoro aHanmnsa, npuBegeHHble B MPUIOXEHUN 5, Mbl
nonyvymm

r /»00 /»00
(ITt STOOT(YI(t.t) = - Y] FTOOTY) (L, v)dy + J fr(x)T(y)(u,t) du
CnepoBaTtensHo,
00 /»00
/ FT(X)T(y)(t,v)dv + J FT(x)T(y)("u,t)du. (9.3.6)
Jt

Vcnonb3ys cooTHoweHue (9.3.2), untatenb MOXET NokasaTb, YTO PYHKLUA MAOTHO-
CTU c.B. T MOXeT 6bITb TaKXe BblMNCaHa B BUAe

rr M

TT(xy){t) = fr(x)(t)+/T(y)(i) I fr(x)T(y){tiv)ydv + /[ fT(x)T(y)(u,t)du
JO Jo

UK, B aKTyapHbIX 0603HaYEHUSX,
IT(xy) = tPx P(x+t)+tPyfJ,(y+t)~ J/O fT(X)T(y)(t,v) dv+J/0 fTe)T(y)(ut)du . (9.3.7)

Ecnm c.B. T{x) 1 T(y) He3aBucUMbl, TO / T(X)T(y)(u,v) = uPxfl(x + u)vpyfj,(y + v) n
npasas 4acTb (hopmynbl (9.3.6) CBOAUTCA K BblpaXeHUIO
tpy iPy[® + 1) +u(y + 1] (9.3.8)
Mpumep 9.3.3. Ucnonbsys gopmyny (9.3.6), BbiNUWeEM (YHKLUKO MNAOTHOCTMK C.B.
T(xy) u3 npumepa 9.2.1. [poBepuM NpPaBUNLHOCTbL MOJYYEHHOrO pe3ynbTata, paccmar-
puBas yHKLUIO pacnpegeneHus u3 npumepa 9.3.1.
PeweHne. Mcnonbsysa gopmyny (9.3.6), nonyumm
/f100,0006(* - v)2dv + £t100,0006(u - t)2du

Mt) =< = 0,0004(10 - t)3 npm 0< ¢ < 10,
10 B OCTa/lbHbIX CNyyvasx.



3T0 BbIpaXeHuWe CoBMafaeT C NPOW3BOAHON yHKLMK pacnpeaeneHus us npumepa 9.3.1. ¥

Mbl Bugenu, 4to c.B. T(xy) u3 npumepos 9.3.1 n 9.3.2 nMetloT 0fMHaKOBbIe pacnpe-
feneHus. Ecnu ona HaxoXAeHUs QYHKLMW NAOTHOCTM c.B. T(Xy) B mpumepe 9.2.3 Mbl
ncnonb3yem BbipaxeHue (9.3.8), To cHoBa y6eanmca B aTOM. HaxoxaeHue 3Toi hyHKLMK
coctaBnsert ynp. 9.8.

Kak 6bln0 06bACHeHO B 1. 3, pacnpegeneHve T = T(Xy) MOXHO ONpejennTb u
yepe3 MHTEHCUBHOCTb «CMEPTHOCTU» WAK, 6onee o6W MM 06pa3om, Yepe3 UHTEHCUBHOCTb
«rnoTepu cTatyca». CHavyana BBefeM 0603HayeHWe ANA WHTEHCUBHOCTM MOTepu cTaTyca
B MOMEHT BpeMeHun t. TpagnMumoHHbIM 0603HaveHneM AnA Hee ABnsieTcal) fix+tiy+ (no
aHanorum c Bx+t), Ho, roToBsICb K 0BCYXXAEHUIO APYTNX CTaTycoOB, rAe He06Xo4MMO yKa-
3blBaTb MPOAO/MKUTENbHOCTb MEpPUoAa, NpoLleflero ¢ MOMEHTa 3aK/lUYeHns 40rosopa
CTPax0BaHMA, a TaKXe yuyuTbiBas corfalieHve o6 0603HauYeHMAX U3 rA. 3, Mbl Gyfem
nonb3oBatbcA 0603HavyeHnem Rxy(t). 370 0b603HayeHWe He 06s3aTeslbHO O3Ha4aeT, 4To
(X) n (y) nam ctatyc goxXutna (xy) nogeepraetcs nNpoueccy Cefnekumm puckos, NpocTo
3TOT CTaTyCc BO3HMKAeT B YKa3aHHbIX BO3pacTax.

Mo aHanorn c nepBbiM paBeHCTBOM (opmynbl (3.2.13) npu 3ameHe [/ T{X)(X) wu
Fo(x)(x) Ha re(xy)(t) w F1(xy)cy COOTBETCTBEHHO MbI nonyymm

Bx,,(t) = . (9-3.9)
1- IT(xy)KY
Ona 3aBucumbix c.B. T{x) u T(y) 3TO BblpaKeHWe HeNb3s YNpoCTUTb. OAHaKO AN
HEe3aBMCUMOro cnydyasi, ucnonb3ya qopmynbl (9.3.3) n (9.3.8), Mbl nonyuyaem BXy{t) =
uf{x + 1) +u(y +1t).

VHbIMKU cnoBaMu, ecnv NPOAO/MKUTENBHOCTU NPeAcTosW el XXU3HN He3aBUCUMbI, TO
MHTEHCMBHOCTb MOTepM cTaTyca AOXWUTUSA BCEX NNL, W3 TPYMMbl ABASETCA CYMMOW WH-
TEHCUBHOCTe CMepTHOCTU AN18 3Tux nuy. Kak v B rA. 3 4Ns cnyyas OA4HOro nuua, Ml
MOXEM onucaTb pacnpegenexHue c.B. T(Xy) QpyHKUMed NNOTHOCTK, yHKUMel pacnpege-
neHus, PyHKUMER [OXUTUA UM MHTEHCUMBHOCTbLIO MOTEpU cTaTyca.

Mpumep 9.3.4. Onpefennm MHTEHCUMBHOCTb NOTEpPU cTaTyca AOXMUTMA 060UX UL
(x) n (y) n3 npumepos 9.2.1 n 9.2.3.

PeweHune. MOCKONbKY COBMECTHble pacnpejesneHus U3 3TUX LBYX MPUMepPOB Npu-
BOAAT K OLHOMY W TOMY >Xe pacnpejeneHuio c.B. T(xy), Oygem cumTtatb, YTO yc/oBue
HEe3aBMCMMOCTM BbIMONHeHO. M3 n. (a) npumepa 9.2.3 n ¢popmynbl (9.3.9) nonyyaem

sy o =4/(10 -<), 0 < £< 10. v
Tenepb nepeifiem K nowaroBoin NPoJOMKNTENBHOCTY MPeACTOALLEro neproja coxpa-
HEHNA CTaTyCa AO0XNTUA BCeX NNL U3 Tpynnbl.
BepOFITHOCTb TOro, 4YTo CTatyC AOXWNTUA BCEX UL U3 TPynnbl TEPAETCA B TEYEHUE
nepuojga BpeMeHu € K Mo K + 1, onpegensietcs @opmynou

Pfc<Trk+1) =P *"k+1)- P(I"™K) = kPxy - k+iPxy = KPxy sk+k-.y+k* (9.3.10)

Ecnm npofonXnTenbHOCTU NpeacTosiLein xxusum nmy (x) n (y) HesaBUCUMbI, TO BEPOAT-
HOCTb MOTepu cTaTyca (X + K :y + K) AOXUTUS 060MX UL, B TeueHue Crefylollero roga

~HauuHasn ¢ 3Toi rnaBbl, CUMBO/ «/[BOETOUME», KOTOPbIA paHbLLE MCMOb30Ba/ICS Kak 06s3aTeslb-
HbIli 3N1eMeHT 0603HaYeHWn Tuna az;Ni, 6yaeT MCNoIb30BaThCA U KaK HeobssaTeslbHbIN pasfenunTenbHblIl
CUMBO/1, KOTOPbIA MOXET OMyCKaTbCs, €C/IN HET OMAcHOCTM HeMpaBW/IbHOTO MOHWMaHUS PopMysbl. —

Mpum. peg.



MOXHO BbINMCaTb B TEPMUHAX BEPOSATHOCTE HE3aBUCUMbIX C/TyYaeB CMEPTU 3TUX OTAeNb-
HbIX NNL, CreayloWUM 06pasom:

AX+K-.y+K = 1 ~ Px+kKk-.y+k = 1 ~ Px+kPy+k = (1 —Ca+fc)(l —Ay+k)
= ax+k H'dy+k ~ Ax+k Gy+k = Ax+k H' (1 —Ax+x)Ay+k* (9.3.11)

M3 06CyXaeHMa nowaroBoi Npogo/MKUTENbHOCT NPeACcToAWeR Xn3Hu nuya () B
pa3g. 3.2.3 mMbl BUAMM, 4TO paBeHCTBO (9.3.10) Takxe gaeT yHKLMIO pacnpeaeneHuns c...
K, 4yncna nonHbIX f1eT, Npoweanx 40 MOMEHTa NOTEPU CTaTyca 40XMUTUA BCEX L, U3
rpynnsl, T.e. gns Kk = 0,1,2,...

P(K=kK)=P(K"T<k+ 1)=P(K<T"™ k+ 1) = kpxy gx+ky+k = x\axy (9.3.12)

Mpumep 9.3.5. Onpefenmm (YHKLMWIO BEPOSTHOCTEN M MaTeMaTMUeCKoe OXupaHue
c.B. K(xy), ucnonb3ysa hyHkuuu pacnpegeneHus us npumepos 9.3.1 n 9.3.2.

PeweHune. B cuny npumepa 9.3.2
kPxy = 0,0001(10 - A
CnepoBaTenbHO,
P[K(xy) = K] = 0,0001[(10 - jf4- (9 - jfoul, k=0,1,2,3,...,0
CornacHo qopmyne (3.5.5),

a 9
exv = E[K(xy)] = J2 k+ipxy = J2 °-0001(9 - k)4 = 1,5333. v
k=0 k=0

9.4. CtaTyc LOXWNTUA NocnefHero nuua B rpynne

B fononHeHMe K CTPaxoBbIM BbinaaTaM, onpeAenieHHbIM B TEpMUHAX BPeMeHU NepBoi
CMEpPTU, CYLWEeCTBYIOT BbINaThl, ONpejesieHHble B TEPMUHAX MOMEHTA NOCNeaHel cMepTu.
B HacToAWeM pa3fenie Mbl paCCMOTPUM CUTYaLUK, B KOTOPbIX paccMaTpuBaeTcs clyyai-
Has BeNMYMHA MOMEHTA NOCnefHel cmepTu.

CraTyc, KOTOpbI coXpaHaeTcs 40 Tex Mop, NoKa XXUBO X0TA 6bl OAHO NULO U3 HEKO-
TOpOW rpynnbl, U TepseTca B MOMEHT CMepPTU MOCMeAHEro U3 HUX, Ha3biBaeTca cTaTy-
COM [LO>KUTUA nocnegHero auua B rpynne. OH o603HayaeTca yepe3 (X\X2 mmexT), rage
Xi — BO3pacT r-ro 4fieHa rpynnel, a M — YMC/AO YNEHOB rpynnbl. bygem paccmart-
puBaTb pacnpegenenue c¢.B. T = max[T(x\),T(x2),... ,T(XT)\, NpOAOAKMNTENLHOCTM
nepuoja fO MOTepu AaHHOro cratyca, rge T(xi) — cnyyailHas BenuMUMHa NPOJOSIKU-
TeNbHOCTU NPEACTOAWEN XU3HW nuua ¢ HOMepoM i. CnayuvaiiHyl BenMuuHy T MOX-
HO MHTEpPNpeTUPOBaTh KaK HanbobLUY NOPSLKOBYH CTAaTUCTUKY, 06pa3oBaHHYH C.B.
T(x1),T(x2),... ,T(xT). B otnnune oT cutyauymm, TMNNYHON AN TaKON NOPAAKOBONM CTa-
TUCTUKU, YKasaHHble T CAyYaliHbIX BeIMYUH He 0653aHbl 6bITb HE3aBUCUMbBIMW U OAMNHA-
KOBO pacrnpefeneHHbIMH.

Ona cnyvas gByx nuy (x) n (y) nmeeT mecto paBeHcTBO T(xy) = Tax[T(a;),T(r/)].
Mexay c.B. T(xy), T(xy), T(x) n T(y) cywecTByeT cBA3b. Tak, ecnu c.B. T(xy) paBHa
T(x), To c.B. T(xy) paBHa T(y), u Hao6opoT, ecnun c.B. T(xy) paBHa T(y), To c.B. T(Xxy)
paBHa T(x). Takum o6pa3om, 419 BCEBO3IMOXHbIX COBMECTHbIX pacnpeaeneHuii c.B. T(x)



n T(y) cnpaBegnvBbl COOTHOLIEHMNSA

T(xy) + T(xy) = T(x) + I'(y), (9.4.1)
T(xy)T(xy) = T(X)T(y), (9.4.2)
aT(xy) aT(xv) =aT(x)+ aT(y) npu a>0. (9.4.3)

MOXHO TakXe 3anucaTb psif COOTHOLUEHWI, CBA3bIBAIOLLMX pacnpefeneHms aTux ue-
TbIpeX cay4aliHblX BEIMYMH, KOTOPbIE BbITEKAKDT M3 CeaytoLein GopMynbl BKAOYEHNSA U
NCKITIOUYEHNSA:

P(NuB) + P(NINB) = P(N1) + P(B). (9.4.4)
Onpegensas cobbiTne A kak {T(x)".t}, a B — kane {T(y)".t}, nmonyunm A NMB =
{T(xy) ~t} m AUB = {T(xy) " t}, uTo facT cnefytollee paBeHCTBO:

PTOxY{i) + FT(Ry)(t) = FTX)(t) + FT(H)(i). (9.4.5)

OTctofa cnefyet, yTo
tPxy "btPxy = tPx "btPy, (9.4.6)
fT(xy)(t) + fT(xy){t) = fT(X)(t) + fr(y)(t)- (9.4.7)

CoOTHOLWeHMe, MONYyYeHHOe Bbllle, MO3BONAET UCCNef0BaTb pacnpefeneHne npoaon-
XUTEeNbHOCTW NpPeACcTOoALWero nepuoga coxpaHeHUs cratyca AOXMWUTUSA MOCNeLHEro nuua
B rpynne, WCNONb3ys pacnpefeneHne NpofoMKUTENbHOCTU NPeACTOsLLero nepuoga co-
XpaHeHns cTaTyca J0XUTUA BCEX UL, U3 TPYMMbl, MONYYEHHOE B NPeAbiAYyLEeM pasjene.
B kayecTBe unaocTpayuy 3Toro yteepxaeHua noacrtasum opmyny (9.3.2) B (9.4.5) u
nonyynm

PT{xy)[i) = FT)(t) + FTH)(1) - FT(xy)(t) = FTE)T(y)(t.)-,
3TO COOTHOLWEHME TakKXe cnegyeT u3 paseHcTsa -Pt(wy) (t)= P [T(x) NT(y) ~t].

Mpumep 9.4.1. HaiigeM QyHKLUMIO pacnpegeneHuns, QYHKLUIO JOXUTUA U QYHKLUIO
MAoTHOCTK C.B. T(Xy) And nuy ns npumepa 9.2.1.

PeweHune. B cuny gopmynsl (9.4.5) n pewenns n. (b) npumepa 9.2.1 n npumepa
9.3.1 umeem

FT(xy){t) = 2{0,5 + 0,00005[*4- (10 - *)4]} - [1- 0,0001(10 - t)*}

= 0,0001t4 = Fx(x)T(y)(t.1), 0"t < 10,
tPxy = 1 —Fr(xy)(t) = 1—0,0001 i4, 0<t~ 10.
OunddepeHunpys, nonyydum
fT{xy)(t) = 0,000413, 0<t<10. v

Mpumep 9.4.2. Haiigem yHKUWMIO pacnpefeneHus, QYHKLUIO LOXUTUS U PYHKLUIO
nnoTHocTU c.B. T(xy) Ana nuy ns npumepa 9.2.3.

PeweHune. N3 dhopmynbl (9.4.5) u peweHnii npumepos 9.2.3 n 9.3.2 umeem ansa 0 <
t S 10

FT(m(t) = 2[1- 0,01(10 - t)2]- [1- 0,0001(10 - i)4]
1 0,01(10 o - *2(02 1,0102- *rcorrinc. o,
tPxy = 1- FT(Ry)(t) = 1- i2(0,2 - 0,01i)2,
Tt = Q,Q4t2- °Ai)(L - 0,li), 0<i < 10. T



CpaBHusas npumepsbl 9.3.1 n 9.3.2 ¢ npumepamu 9.4.1 n 9.4.2, nonyyaem, 4to ABa
pasnMyHbIX COBMECTHbIX pacnpejeneHus MOryT NpuBOAUTbL K OLHOMY M TOMY XXe pac-
npeseneHnio NPoAOMKUTENbHOCTA NPeACTOSALLErO Mepuoja COXpaHeHMs cTaTyca LOXU-
TUS BCEX AL M3 TPYNNbl, HO K Pa3HbIM pacnpejeneHUsM NpPoLO/MKUTENbHOCTU Nepuoja
COXpaHeHusa cTaTyca LOXWUTMA NOCNefHEro nuua B rpynne. Takas BO3MOXHOCTb MOr/a
6bITh MpeAcKa3aHa 3apaHee, UCXoAs M3 obLiero xapakrepa paseHcTBa (9.4.5).

Ona npumeHeHuns paseHcTBa (9.4.5) n (9.4.7) ypobHee nepenucaTb B aKTyapHbIX 060-
3HaYeHUAX:

txy —tQx  tQy ~ tQxyi (9.45)
tPxy Vxy(t) = tPxv(x + t) + iPyR(y + t)~ tPxy Pxy{t)- (9.4.7)
VHTEHCMBHOCTb NOTEPU cTaTyca AOXMUTUSA NOCNELHEr0 NMLa B Fpynmne HeABHO onpejeneHa
thopmynoin (9.4.7"):
H— (1) = = tPxM* + t) + tPy PIV + t) - tPxy Hxyjt) Ndy
1- tPxy
Ecnn c.B. T(x) u T(y) HesaBucumbl, To fiXy(t) B (9.4.7") n (9.4.8) MOXHO 3aMeEHUTbL Ha
Bx(t) + By(t), T.e. OHU NpPUMYT BUA

tPxyPxy{t) = tqy tPx + 1) + tgx tPv My + *> (9-4.9)

(O=,b,P,B(* +1t)+,q,p,1*(y-H) (94 10)
tQy tPx ~t"tQx tPy tPx tPy

B Takoil hopme MHTEHCMBHOCTb MOTEpPWM CTaTyca AOXWTMA NOCNeAHero nuua B rpynne
npeacTaBnseT cob0il B3BELIEHHOe CpeAHee WHTEHCUBHOCTEM CMEePTHOCTU, KOTOpble SBMA-
I0TCA PYHKUMAMMW NAOTHOCTER YCNOBHbIX pacnpefeneHunid, a BepoATHOCTb TOro, YTo oba
nmua (xX) u (y) ympyT B MOMEHT BpemeHu t, paBHa 0. Takum 06pa3omM, UHTEHCMBHOCTb,
CBfi3aHHasA C NPOM3BEAEHNEM tPx tPy BO B3BELUEHHOM cpefHeM, paBHa 0.

Mpumep 9.4.3. HallgeM MHTEHCMBHOCTb MOTEPU cTaTyca LOXWUTUA NOCNEeLHEro u3
ABYX nnL u3

(a) npumepa 9.2.1, (b) npumepa 9.2.3.

PeweHne, (a) Vicnonb3ya pesynbtaTbl npumepa 9.4.1, nonyvyaem

. _ 0,0004t3 413
Mxy() —1_ 0000114 - 10000 - t4"

(b) Ncnonb3ya pesynbTatel npumMepa 9.4.2, nony4vaem
0,041 (2-0,2t)(1-0,1t) 4t(20-f)(10-t)
MxyK)- 1_ *2(0,2- 0,01t)2 ~ 10000 -f2(20- t)2" T
[nsa nowarosbiX NPOAOMKNTENLHOCTEN NPEACTOALLEr0 NEPMOoSa COXpaHeHns cTatyca

LOXUTUA UMEIOTCA AUCKPEeTHbIe aHanoru cooTHoweHuii (9.4.1)-(9.4.3) n (9.4.5)-(9.4.7),
a UMEHHO

K(xy) + K(xy) = K(x) + K (y), (9.4.11)
K(xy)K(xy) = K(x)K(y), (9.4.12)
ak(xY+ ak T = ak(x) +ak(y) npu a > 0) (94 13)

FK(xy)(k) + Fji(xy)(k) = FK(x)(k) + FK(y)(k). (9.4.14)



N3 hopmynbl (9.4.14) cnepyeT, 4To
IK(xN)(K) + fK(xy)(k) = /*(*)(*) + Ik(y){LW- (9.4.15)

N3 3TX cOOTHOWeHWA 1 pe3ynbTaToB A1 MOLIArOBOA MPOAOMKUTENbHOCTM MpeAcTo-
ALero nepmoja CoxpaHeHMs cTatyca LOXWUTWA BCEX UL, U3 FPYNMbl MOXHO MOAYYUTb
pacnpegeneHue c.B. K(xy) u4ucna nonHbIX NeT A0 NOTepU cTaTyca JOXMWUTUA nocnefHe-
ro nuua B rpynmne, T.e. YMCNa NOMHbIX fieT 40 CMepPTW MNOCNefHEero nuua u3 rpynnsl. A3
(9.4.15) cnepyeT, 4TO

P [K(xy) =kl = fK(xy){k) = kPxfAx+k + kPy fly+k ~ kPxy Six+Kk:y+k M (9.4.16)

O na HesaBucumblx nuy, hopmynbl (9.3.5) n (9.3.12) nos3sonAwT nepenucatb (9.4.16)

B BUae

P[AT(Xy) = K\ = KkPx fx+k H' KPy Ay+k ~ kPx kPy{Ax+k "HUy+k ~ Ax+kK Ay+k)

(1 —kPy)kPx Ax+k H (1  kPx)kPy Ay+k H' kPx KPyfAx+Kk Ay+k m

B nocnefgHem BbipaXXeHWUW MepBble fBa CNaraeMbiX —3T0 BEPOATHOCTb TOFO, YTO TOJIbKO
BTOpas CMepTb MPOM30AAET MeXAy MOMeHTaMu BpeMeHUW K U K + 1. TpeTbe cnaraemoe
ABNSETCH BEPOATHOCTLIO TOrO, YTO 06€ CMepTW MPOM30MAYT B TeHEHME YKa3aHHOro roja.
370 BbipaxeHue ana P[/EF(ky) = ] aHanorn4Ho BbipaxeHuto (9.4.9) 4N NAOTHOCTU C.B.
T{xy), B KOTOPOM WMMEKTCS NULIb [Ba CnaraeMbliX, Tak Kak BepOATHOCTb TOrO, 4YTO 06e
CMepTU NpoM30oiAyT B OLHO M TO Xe BpeMs, paBHa 0.

9.5. BepoATHOCTN U MaTemMaTUYeCKNe OXXNAaHUSA

B pa3g. 9.2 n 9.3 Mbl Bbipasuan PYHKLUM NAOTHOCTU U PYHKLMK pacnpegeneHus
NPOLO/MKUTENBHOCTEN NpefcTOALLEro nepuofa A0 NOTepU cTaTyca AOXMTUS BCex ML,
U3 rpynnbl U cTatyca AOXWUTUS NOCMEAHEro nuua B rpynne B TepMUHax QyHKLUMIA pac-
npegeneHna ANna OTAeNbHbIX nnl. B 3TOM pasgene Mbl UCMOb3YeM 3TU BblpaXeHUs ang
peLleHns BEPOATHOCTHLIX 3afiay U N8 BbIBOAA DOPMYN AN MAaTEMATUUYECKMUX OXMUAAHUNA,
aucnepcuid u, ecnu cnyvaiHble BeIMUMHBI NPOAOMKUTENbHOCTY NPEACTOALLER XU3HU OT-
LeNnbHbIX UL He3aBUCUMbI, KOBapuauuin Npoao/mKUTENbHOCTEN NpeacToalero nepnoja
COXpaHEeHMs cTaTyca fOXKMTHUA BCEX NINL, U3 TPYNMbl U CTAaTyca J0XUTUA NOCNeSHero nuua
B rpynne.

Mpumep 9.5.1. Mpegnonaras, 4TO NPOAOMKUTENbHOCTU NPEACTOALLEN XU3HU NNL,
(80) n (85) HezaBMCKMMBbI, BbipasnM B TEPMMUHAX aKTyapHbIX MYHKUWIA AN8 OTAENbHbIX
AL, BEPOSTHOCTU TOTO, YTO

(a) nepBas cMepTb NPOM30ONAET He paHee 5, HO He no3gHee 10 fieT OT HacToALLEro
MOMEHTa BpeMeHMU,

(b) nocnepHss cmepTb NPOU30IAET He paHee 5, HO He no3aHee 10 feT OT HACTOALLErO
MOMEHTa BPEMEHMN.

PeweHwve, (a) Ana T = I (80:85) nonyyum
P(5<T" 10) = P(I >5) —P (I > 10) = 5"80:85 —10P80:85 = 5P80 585 _ 10P80 10P85-

SaMeTVIM, 4YTO npepnosioKeHne o He3aBUCUMMOCTM WKCMOMb30BaHO J/INWb Ha MOCNEAHEM
wiare.
(b) Ans T = T(80185)

P(5<T" 10) = P([ >5) —P (I > 10) = 5Pg0:85 —10PEOE5>



a, cornacHo paseHcTBY (9.4.6), NocnefHee BbipaXKeHUe PaBHO

5P80 _ 10P80 + 5P85 “ 10P85 ~ (5P80:85 “ 10P80:85)-

Vicnonb3ys npefnonoXeHWe O HE3aBUCUMOCTU, MOXHO 3aMeHUTbL 5P80:85 Ha 6PBO bPsb 1
10P80-.85 Ha 10P 80 10P85 ® v

PesynbTathbl pa3f. 3.5 0 MaTeMaTMyeCKUX 0XMAAHMAX C.B. T, MPOJOMKUTENbHOCTU
npeacToAwe XXU3Hn nuua (x), Takxe cnpasegnmsbl, ecnn T = T(M) — NPOAOIKUTEND-
HOCTb NpeACcTOAWero nepuoja coxpaHeHua cratyca (1). Mbl MCNONB30BaAN HEKOTOPLIE
U3 3TUX pe3ynbTaToB B ABYX MpeAblaywnx pasgenax. Tenepb chopMynmpyem ux B SBHOM
BUe.

CornacHo ¢opmyne (3.5.2), en = E[T(m)], uTo B cnyyae ctatyca (M) MOXHO MNony-

YnTb M3 POPMYNbI -00
en = tPudt. (9.5.1)
Jo ,
Ecnn (n) — ctatyc (xy) A4oxuTua oboux nuuy, 1O
D
exy ~ | tPxy dt, (9.5.2)
Jo

a ecnn (M) — cratyc (Xy) LOXMTUA MOCAeLHEro u3 AByx nuu, To

1+00

Rxj/ — | tPxy dt, (9.5.3)
Jo
B3fB MaTemMaTM4yecKue oXxuaaHus ot obenx vacteli paBeHcTBa (9.4.1), noayymm
o o o o . \%
G"xy — Gx ‘bry “ Gxy (9.5.4)
CornacHo ¢opmyne (3.5.7), maTemaTuyeckoe oxugaHuve c.B. K = K () gnsa craryca
poxutusa (u) — ato 00
—2 >
B yvacTHoOCTH, 00 k=1 00
exy = N >kPxy W 67/ — " ]kPxy-
k=1 k=1
B cuny paBeHcTBa (9.4.11)
Gy —x ‘DG GN. (9.5.5)

®opmynbl 48 gucnepcuii, mofyyeHHble B pasd. 3.5, MOXHO UCMO/b30BaTh A1 pacyeTta
Aucnepcuii NPoAOMKUTENLHOCTY NPeaCTOSALLEro Nepruoja coxpaHeHNs HEKOTOPOro cTaTy-
ca foXNUTUS (1) UAW MOWAaroBoi NPOAOMKUTENLHOCTU NPEACTOSLLENO NMeproga CoXpaHe-
HUSA 3TOro ctatyca. Takum o6pasom,

D[T{xy)\ =2 h ttpXy dt - (Cxy)2, (9.5.6)
o)

D[T(xy)] = 2J/ ttPxydt - (gw )2. (9.5.7)
0

B npumepe 9.2.1 Mbl BblYMCAWAM KOBapuauuio Ana 3aBucUMbIX C.B. T(X) un T(y).
BepHemcs K cnyyvato 3aBUCMMbIX MPOAOMKUTENLHOCTEW NPeACTOALLENA XN3HU U UCCefyeM
KoBapuaumio c.B. T(xy) u Tixy) B obwem cnyyae:

Cov[T(xy), T(xy)] = E[T(xy)T(xy)) - E[T(xy)] E[T(*¥)]. (9.5.8)



B cuny dopmynbl (9.4.2) nmeem
E[T{xy)T{W)\ = E[T(*)Thbl].
Mcnonb30BaB 3TOT pe3ynbTat u qopmyny (9.5.4), Mbl MOXeM 3anucatb
Cov[T(xy), T(W] = UTC)T(y)} - E[TXDHKE[T(X)] + E[T(Y)} - E[T(a*)]};
npaByl 4acTb 3TOr0 paBeHCTBA MOXHO nepenucaTtb B BUAE
Cov[T(x), T(y)} + (E[T()] - E[T@INIHE[TGN] - E[T(M]}. (9.5.9)
Ecnu c.B. T(x) n T(y) HeKoppennpoBaHbl, TO
Cov[T(xy), T(xy)] = (e* - eXy)(ey - exy). (9.5.10)
Mockonbky 06a comHOXUTensa B (9.5.10) AOMKHbI 6bITb HEOTPULATENbHBIMU, SICHO, YTO

ecnm T(x) u T(y) HekoppenupoBaHbl, TO C.B. T(Xy) M T(Xy) MONOXUTENbHO KOppPenu-
(o} o
pOBaHbl, 3a UCK/IOYEHWEM TPUBMANIbHBIX Cly4aeB, KOrfa OfHa M3 BENUYUH €X WU ey

paBHseTCA gxy.

Mpumep 9.5.2. And c.B. T(X) u T(y) u3s npumepos 9.2.1 n 9.2.3 onpesenmm

(a) Gov[T(xy), T(xy)], (b) koathduumeHT KOppenauum mexay c.B. T(xy) n T(xy).

PeweHune. 66nbInag yacTb HEOOXOAMMbIX pacHeToB Gblfa NpojenaHa B NpeablAyLLMX
npumepax. OCTaBLUNECS BbIYUCIEHUS MOXHO /IEFKO 3aBEPLUUTb, UCMOMb3YS BUA PYHKLMUIA
NAOTHOCTU, NMPUBEAEHHbIX B 3TUX NpuMepax. [ s 3aBeplleHUs pacyeTOB CBeLeM pe3y/b-
TaTbl B Tabnuuy, ykasbiBas Bug OpMy/bl U HOMep nNpuMmepa.

PacnpegeneHue
Mpumepsl 9.2.1, Tpumepbl 9.2.3,
dopmyna 931, 941 9.3.2, 942

(@) ex=ev=E[[(X)] = E[l(Y)] 5 10/3
exy = E[T(xy)] 2 2
Cov[l(x),r(y)] -25/3 0

Cov [l (xy),r(xif] 2/3 16/9

(b) E[T(xy)2 20/3 20/3
D[T(xy)] 8/3 8/3

E [T(xy)\ 8 14/3
E[T(xY)2] 200/3 80/3
D[T(xy)] 8/3 44/9

1/4 n/8/33

PT(xy)T(xy)

9.6. Mogenn 3aBUCUMbIX MPOAO/KNUTENbHOCTEN MPEeACTOSL, e
XUN3HU

B pasg. 9.2 paccmaTpuBanochb COBMeCTHOe pacnpegeneHue c.B. T(x) u T(y). Ana
N CTpaLuy NPUBOAUINCHL 4BA NPUMeEpPa, KOTOPbIE HE KaXyTCA NOAXOAAMUMU ANS MO-
LeNnupoBaHUs COBMECTHOTO pacnpefeneHus NpoLo/MKUTENbHOCTEN NPeACTOALLEN XU3HU.
Mpumep 9.2.1 nnnocTpupyeT cnyyaid, korga c.B. T(x) n T(y) 3aBucumsbl, a npumep 9.2.3
—KOrja OHU He3aBUCUMBI.



B aTom pasgene 6yayT u3yyeHbl ABa 06WMX noAxofa K MOCTPOEHUK COBMECTHOrO
pacnpegeneHns ¢.B. T(x) n T(y). YA06HbI YacTHbIA Cay4vail HE3aBMCUMBIX C/yYalHbIX
BE/IMYMH OXBaTbIBAETCA KaXAOW U3 3TUX MOgene.

9.6.1. Mojgenb ¢ BO3MYLLLEHUNEM
Myctb T*(x) n T*(y) — fABe cnyvaliHble BENNYUHbI MPOAO/HKNTENbLHOCTEN NpeAcTo-
ALLeN XU3HU, KOTOPbIE MPU OTCYTCTBUM BO3MYLLEHUA ABNAKOTCSA HE3aBUCUMbIMU, T. €.

ST{)T(y)(s,t) = P[T*(a;) > s T*(y) > 1] = sre(x)(s) sT-(y)(1). (96.1)
MycTb MMeeTCA TakxKe CydaiiHas BeNMuMHa BO3MyLeHUs, 0603HaYaemas yepes Z, KOTO-
pasi MOXET B/IUATb Ha COBMECTHOE pacnpedeneHue Npofo/KUTENLHOCTER NpeacToALL el

XU3Hm nny (X) n (y). 3Ta cnydailHas BeAnMYMHa BO3MYLLEHUSA He3aBMCMMa OT napbl
[T*(x),T*(y)] » nmeeT nokasaTenbHOe pacnpegenieHue, T.e.

sz(z) = e~Xz, z>0 A>0.

MOoXHO npeAcTaBnAaTb cebe, YTO C.B. Z CBA3aHa C MOMEHTOM KaTacTpodbl, Hanpumep,
3eMNeTPACEHNEM UM C aBUALMOHHOW KaTacTpotoil. [, na NocTpoeHnUs Mojeneil cTpaxoBa-
HUSA XKU3HW N aHHYUTETOB ANns nuy, (2) n (y) Ham noHagob6satcs ¢.B. T(x) = min[T*(x), Z]
n T(y) —min[T*(y),Z], CoBmecTHasa pyHKLMNA 4OXNUTUA C.B. T(X) n T(y) — aTo

STOOT( (s, v) - P{min[T*(a:),Z]>snmm[T*(2),Z] > v
=P{[T*(x)>snZ>s]n[T*(y)>tnZ>t}}
—P[T*(x)> sC\T*(y)>tr\ Z > max(s, £)]

= «T.(X)(«)*T.(y)(*)e-NTax(s'4)I. (9-6.2)

MocneaHee paBeHCTBO hopmynbl (9.6.2) cnpaBefnUBO B CUTY HE3aBUCMMOCTU Cly4valiHbIX
BeNMUMH T*(x), T*(y) n Z.

Vicnonb3ys COBMECTHYH YHKUUIO A0XUTUA (9.6.2), MOXHO OMpeaennTb yHKLUIO
NAOTHOCTM COBMECTHOro pacnpegeneHus napbl [T(a:),T(j/)]. 3a ucknoyeHnem cnydas,
Korga s = t, aTa OYHKLMA NAOTHOCTM MMEET BUJ

TTO)T(y){s.t) = gjgi, sr*(x)(s)sr*(y)(i)e~A[max(s,t)1
_ 4= (S) sT*WA] - "T*(X)(s)4*(Y)W]e_As, o<t<s, (9.6.33)
I[sT*(X)(s) sT*(Y)(P)] -~ T *(x)(s)sr*(y)W]e-At, 0<s <t. (9.6.3b)

370l (hOPMYNbl HEAOCTATOUHO, YTO6bLI MOMHOCTLIO OMNPeAeNUTL pacCMaTPUBAEMYH (YHK-
UM NNoTHOCTKU. Korga s = t, BKAaj BO3MYLLEHUS B 3Ty (YHKLUIO paBeH

TO)T(Y)Ft) = Ne~XisT.(xj(t)sT.(y)(t). (9.6.3c)

O6nacTb onpeaeneHnsa 3TO CMeWaHHOW NAOTHOCTU € rpebHemM Ha NMHMKM S = t n306pa-
»XeHa Ha pwuc. 9.6.1.

3ameyaHue. ViHTepnpeTayma GyHKUUM NAOTHOCTK, 3adaHHOl hopmynamu (9.6.3a),
(9.6.3b) u (9.6.3c), TpebyeT TwaTeNbHOro aHanM3a pacnpegeneHnsa napbl [T*(x), T*(y)\
n napbl {T(x)= win[l*(a;),Z], T(y)= min[T*(j/),Z]}. Tabnuuya 9.6.1 nomoraet 3aTomMy
aHanu3y. M3-3a Hanuums BO3MYLeHWA Z peanus3aymm c.B. T*(x) u T*(y) He moryt
HabnaaTbCs NpyM YCNOBWMM MpeALecTBytOW e peanusaummn c.B. Z. CnyuvaliHas Benu-
YMHA BO3MYLLEHUA MOXET MAacKMpoBaTb MAW LieH3ypupoBaTb HabnwaeHusa c.B. T*(X) u



Puc. 9.6.1. O6nacTb onpejeneHns NAOTHOCTU pacnpejeneHnss B MOAENN C BO3MYLLEHMEM

T*(y). Kpome TOro, B yHKLMNIO NAOTHOCTM MOFYT BHOCUTb BKNaj Takue COObITUA, Kak
T*(X) <Z <T*(y) n T*(y) < Z <T*(x).

Tabnuuya 9.6.1. NHTepnpeTaunsa GyHKLUM NAOTHOCTU napbl
c.B. [T(x),T(y)] B Moaenn c BO3MYULL,EHNEM

dopmyna MHTepnpeTauus (())n6;;1ea,u(,:gnbeHm|
9.6.3a P{[(s<T*(X) ~s+ As) n(t<T*(y)".t + At) n (Z> 9)] 0<t<s

UT*(xX)>s) N(t<T*y) *t+At) MN(s<Z " s+ As)]}
~ [r*@)(s)r*(y)(£)sz(s) + ST*(X)(s)/T*(y)M/z(s)] As At
9.6.3b  P{[(s <T*(x)"s + As) n (t< T*(y) ~ t + At) N{Z> 1] 0<t<s
U[E<T*(x)*s +As) n(T4y)>t)n(t<Z”t + A}
= [T*()E)T*(Y)(<)'WM<) + [r*(x)(s)sr*(y)(<)/z(t)] As At
96.3c P{[(T*(X)>t)n(*y)>t)n(t<Z"t+At)} s=t
~ ST'(X){t)ST*(y)(t)fz(t) At

MapruHanbHble QYHKLUM LOXNTUA 3ajalTcs hopmynaMmu
STW(S) =P {[T (i)>SIn[T(/)>0]} = ST.(1)(Se-As, (9.6.4a)
sT(y)(t) =P{[T(a:)>0]n[T(y)>i]} = BT.bl (i)e-JT. (9.6.4b)

Ecnn Hac mHTepecyeT pacnpegeneHue c.B. T(xy) = 1in[T(x),T(y)] npogomxkutens-
HOCTW Mepuofa COXpaHeHMs cTaTyca JOXMUTUA BCEX NUL, U3 TPYNMbl B MOAENN C BO3MYLLe-
HVeM, TO ¢ nomMoLbio gopmyn (9.3.1) n (9.6.3) COOTBETCTBYIOLLYIO DYHKLUIO LOXUTUA
MOXHO MONYYUTb Tak:

sT(xy) (1) = ST'(X)(t) sT*(y){t) e-At, 0<t. (9.6.5)

PacnpegeneHue c.B. T(xy) = max[T(a:),T(j/)] npofoMKNTENLHOCTM Nepnoaa CoxpaHeHus
cTaTyca i0XKUTNA NOCNeAHEro nnLa B rpynrne B MOAeNN C BO3MYLLEHUEM MOXHO NONMYYUTb,
ncnonb3ya gopmynbl (9.4.5), (9.6.5), (9.6.4a) n (9.6.4b):

ST(xy)(*) = [st(x)(0 + sT-(y)(t) - ST*@)T*(Y)(M)]e_ar, 0« t. (9.6.6)

Ecnn napameTtp Bo3myuieHMs A paseH 0, To dopmynbl (9.6.5) u (9.6.6) Bo3Bpala-
H0TCA K BMAY, KOTOPbI COOTBETCTBYET He3aBMCMMOCTM C.B. T(x) u T(y). Ecnm J1 > O
TO QYHKUUU AOXUTUS CAYYaRHbIX BEANUYUH NPOAOMKUTENIBHOCTU NepUOA0OB COXpPaHeHUS



cTatyca LOXWUTUA 060MX NUL, U NOCNELHEro Nuua MeHblle COOTBETCTBYHOLMNX (YHKLNIA
poxutng npn A= 0.
Mpumep 9.6.1. Boipasum fixy(t), socnonb3osaswmnce popmynoii (9.6.5).

PeweHune. fixy(t) = - g—t \n[sT.(x)(t)sT.(y)(t)e Ni] = fi(x +1t) +fi(y +t) + A

Mpumep 9.6.2. CnyyaitHble BennUuHbl T*(x), T*(y) U Z He3aBUCUMbl U UMeKOT
nokasaTenbHble pacnpegeneHus ¢ napamerpamu , fiz u J1 coOTBETCTBEHHO. 3TU Tpn
cnyyaliHble BEIMUYUHbI SBAAKOTCA KOMMNOHEHTAMWU MOAENU C BO3MYLLEHUEM.

(a) BblpasuM (yHKLMIO NAOTHOCTM MapruHanbHOro pacnpegeneHus c.e. T(y), Hainga

rt r@

fT{y)(t) = J TTOOTY){s, ) ds + FTOOT()(t, t) + j1  TT(x)T(y){s.t)ds.

(b) Bblpasum mapruHanbHy QyHKLUIO LOXUTUS €.B. T(Yy), Hailgsa

/ fT(y){u)du.

/400

PIT(X)=T(y)]= fT ()T (y)(t t)dt
Jo

(c) Bbluucnum

PeweHne, (a) icnonb3yem Tpu KOMMOHEHTLI U3 hopmynbl (9.6.3), 3anncaHHble Ans
nokasaTeNbHbIX pacrnpegeneHunit, n nNonyvnum

[To (i)

r Mi(M+ ) ds + Jle-<",1+mM+A>*
00
/ /*(/ii +1)e-<'1+A> -#a*cls

(fl2+ Me-("+A)N _ + Nle-OK+M2+M)« + A e- (BI+R2+\)t

= {u2+ Ae-("+n)d o<t
ra@
(b) ST(y)(t) = / fT(y)(u)du = e~"2+x* = ST’ (y)(t) e~Xi, uTo cornacyetcs c op-
mynoii (9.6.4b). .
(©) P[IF(xX)=T(y)] =/0° Ne-("+n+A*a: = T

TN+ N+ fI2°
9.6.2. CB#s3Ka
[MoHATHE CBFI3KVI1) ncnonb3yeTca B MHOFrOMEpPHOM CTaTUCTUYECKOM aHannse gnsa onpe-
[eNneHnsa Knacca ABYMEpPHbIX pacnpejeneHunii ¢ 3agaHHbIMU MapruHanbHbIMKU pacnpeje-

NEeHNAMN.
B 3ToM pasgene Mbl MPOUANIOCTPUPYEM aKTyapHble MPUMOXEHUS TaK HasblBaeMblX
CBA30K ®p3HKa. ByayT ncnonbaoBaTbcs 0603HaYeHNUs pasg. 9.2. Mbl yTBepXAaeM, 4To

FTOT(s.t) = - In ea —1 (9.6.7)

roe a ® 0, apnaetcs GyHKUME COBMECTHOIO pacnpejefieHnsa ¢ MapruHanbHbIMMW pacnpe-
penenunamun FT(x)(s) n Frly)(t). 3To yTBepXaeHne MOXXHO NPOBEpUThb, Y6eANBLIUCH, YTO

opurnHane «copula». — Mpum. peg,



PT(X)T(y)(0,0)—0, (9.6.8)

FT{x)T{y)(°0,00) = 1, (9.6.9)
d2FT{xX)T(y)(s,t)
—————————— grg-temm - JT()T(Y)(M )

afT(M)fT(yme™rF +Fnvm ] _
[ea_1) + (e*T(»,m)_1)(e" rui (0 _1)]2" N

PT()T(Y)(3, co) = FT(x)(s), FT()T(y)(oo0,t) = FT(y)(t).

Y1eepxgenuns (9.6.8) n (9.6.9) Heobxogumbl gns toro, 4tobbl Fr(x)T(y)(sit) 6bina
(hYHKLWe# COBMECTHOrO pacnpeseneHuns ABYX ClyvanHbiX BEIMYNH NPOAOIKNUTENbHOCTEN
npeacToswen xunsHu. ®opmyna (9.6.10) BblpaxaeT (YYHKLUIO MAOTHOCTM COBMECTHOMO
pacnpefeneHus n nokasblBaeT, UTO OHa HeoTpuLaTeNbHa.

MapameTp a B (yHKUMK pacnpegeneHusa (9.6.7) n B pyHKumMm nnotHocTn (9.6.10)
«ynpaBfseT 3aBUCUMOCTbIO» C.B. T(X) M T(y). 3TO MOXHO NOHATb, BbIYNCNUB

Ilim/roorm M ) = [/T(*)(s)/r(y)ywW{ UmM a”~oOCta)lij,
rae fa il
A{a) =es())+ ()™M wa)=ya_ ¥
16
ST [+ [eaFM)W - D(eaFr)W - D/(e™ - D]}2
Torpa
lim A(a) = 1, lim B(a) = 1,
a—»0 a—0
n lita >0C(a) 3aBUCUT OT BblpaXXeHNs B 3HAMEHaTENe:
(eaFT(«)(*) _ iweaFny)() _ j)
lim
a ->0 ea — 1
FT{x)(s)eaFTi*)(°)(eaFn*)W - j) + FT(y){t)eaFT" { e aFT ~ - 1) _
a-to ea
CnegoBatenbHo, litTa_toc (a) = 1 M lima S0t1(x)T(y)(s.t) = fr(x)(s) fr(y)(t)- DTO O3Ha-

yaeT, yYTo C.B. T(X) n T(y) B npegene npu a —>0 He3aBUCUMbI. [pnBeLEM aHANOTUYHYIO
MHTepnpeTaunio GyHKLUA NIOTHOCTU COBMECTHOrO pacnpegeneHus npm a = 0.

Mpumep 9.6.3. MycTb FT(X)(s) = s, 0 < s~ 1, Mm FT(y)(t) =t, 0 <t~ 1, B
topmyne (9.6.7), n nyctb T(xy) = min[T(x),T(y)].

(a) Halpem ¢yHKuUmMo pacnpefeneHus c.B. T(Xxy).

(b) Haigem ¢yHKLMIO NAOTHOCTU C.B. T(XY).

PeweHune, (a) Ncnonbsysa (9.3.2), nonyynm

FT{xy)(t) = Fr)(t) + Fr(y)(t) - .Fr(x)r(y)(M)
1, (ea*- 1)2

= Zl__ln 0 < t < 1.

a ea- 1

(b) fnxy)(t) = *= F Tixy)(t) = 2 -
S

. a[1%+ (eat =1)(ea —1)]
2(eat —1) eat
(ea —1) + (eat —1)2- 0<t<1-



9.7. BbinnaTbl N0 fOroBopam CTpaxoBaHMSA U MO aHHyuTeTam

O6s3aTeNbLCTBA NO A0rOBOPaM CTPaxOBaHMS W MO aHHyuUTeTam, paccMaTpuBaBLUMecs
paHee 1S OTAENbHbIX UL, MOXHO OMNPeAenuTb AN cTaTyca foXuTtus (n). 310 GygeT
cflenaHo B HacTosileM pasgene. Mbl TakKe pacCMOTPUM 6onee CHOXHble NpUMepbl, B
KOTOpbIX aHHYUTET, BblNfauMBaemMblil O NoTepu cTatyca (M), OTCPOYEH Ha nepuog, onpe-
aensemblii notepeid apyroro crtatyca (v).

9.7.1. Cratycbl 40XUTUA

Mogenn n dopmynbl . 4 © 5 coxXpaHAKOTCS WM NpU 3aMeHe cTaTyca JOXWUTUA OT-
[LenbHoro nuua () Ha cratyc 4oxutuma (K). BbipaxeHus ANg akTyapHbIX HACTOALWMX
CTOMMOCTEN, AUCMEPCUIn U NepceHTUNel CoOXpaHATCA U KOrga peyb uaeT O CiayyainHom
BE/IMYMHE NPOAOAXKMTENBHOCTH NPeACTOAWEero nepuoda 4o notepu cratyca (u). CooTHo-
WweHnsa pa3g. 9.3 n 9.4 Torga MOXHO UCNOMb30BaTh ANA NOAYYEHUS COOTBETCTBYHOLLMX
BbIPAXEHUW B TepMUHAX aKTyapHbIX QYHKLUWUIA OTAENbHbIX NUL, BXOAAWMUX B onpegene-
Hue cTaTyca fOXMUTHA.

Lns noroBopoB cTpaxoBaHUA C BbINNATON CyMMbl pa3mMepa 1 B KOHLe roga, B KOTO-
pom 6bll NOTEPAH CTaTyC AOXMUTUSA, NPpUMeHUMa Mogdenb U hopmMynbl pasg. 4.3. Takum
obpasom, ecin ¢.B. K 03HayaeT NowwaroByo NpoAo0/HKUTENIbHOCTL NPeACcTOoALLero nepnoja
coxpaHeHus ctatyca (u), TO

* MOMEHT Bbinnatbl —3T0 K + 1;

e HacTofLLas CTOMMOCTb BbiNfaTbl B Ha4Ya/bHbli MOMEHT paBHa Z = vK+1 ;

e aKTyapHas HacToswas CToMMoCTb AW paBHa

@
(9.7.2)

D[Z] = 2AU- (A U)2. k=0 9.7.2)

B kayecTBe unnCTpaLuyM pacCMOTPUM AOr0OBOP CTpaxoBaHMA C BbiNAaToi pasmepa 1,
Npon3BOAALLEACSH B KOHLE roga cMepTu nocnefHero nuua mus napbl (x), (y). 3 dopmyn
(9.4.16) n (9.7.1) cnepyert, 4TO

@
Axy —™ 'V (kPx Qx+k + kPyYy+k  KPxy Ax+K:y+K)i
k=0
M 3TO BbIPaXEHWE MOXHO MCMOJIb30BaTb NPU MHTEHCUBHOCTAX HAYMUC/IEHNA MPOLEHTA S ”
2(5 oTKyfa c nomoLiblo opmMynbl (9.7.2) nonyyarTca fucnepcun.

MHorouncneHHble GopmMynbl ANA AUCKPETHbIX aHHYUTETOB W3 pasf. 5.3 NpurogHsbl
4Nna cnydas, Korfja aHHYMTeTHble MaTeXu COMpsKeHbl C COXpPaHeHWeM cTaTyca [O0XW-
TMAalN Hanpumep, ecnv Mbl 3aMEHUM & Ha W, YToObl NOAYEPKHYTb, YTO C.B. K ABnfeTcH
MPOAOIKUTENLHOCTLIO NMPEefCTOALLEr0 Nepnoja CoXxpaHeHUs cTatyca AOXUTUA (1), TO Mbl
MOXEM BHOBb YCTaHOBWUTbL Crefytoline popmybl ANS CTPAXOBOr0 aHHyMTeTa Ha CpoK n
NeT, COnpsHKeHHoro ¢ (u) :

aK+I1>» wkK= 0,1,..., 0 — 1,

au, K=nn+1,..,

**[lafiee COOTHOLLEHVSI M3 NPeAbIAYLLMX Pa3fenoB, nepeiopMy/IMpPOBaHHbIE AN CTATYCOB, VIMEOT
Te XKe HOMEpa, YTO W VCXOAHbIE, HO CO «LUTPUXOM». — IMpuM. peq.



—  “k+n k\# b &\ nPu} (9.7.3)
n—i n—1
Qenl —A JkA —A ]V foPu) (5.3.90
(5.3.12)
B[] = 1 [Awull- (Aub)2} (5.3.149)

B KayecTBe mnawcTpayuy pacCMOTPpMM aHHYMUTeT C BbliMfatamu pasmepa 1 B Havane
Kax4oro roga fo Tex nop, noka o6a nuua (x) n (y) XWBbl, B TeYeHNEe NOCAeAYOLWMNX N
NeT. TO — aHHYWUTET CO CTaTycoMm (XY) JOXMWTUA BCEX NNL, U3 pacCMaTpuBaeMol napsbl.
MogctaBnas tPxy (unm tPx tPyj ecnu Npofo/MKUTENbHOCTU NpeAcTOsLW el XU3HN He3aBu-
CUMbl) BMECTO tPu B NpuBefeHHbIe Bbille GOPMY/bl, MOXHO NONYUYUTb aKTYapHYH HacTo-
ALY CTOMMOCTb 3TOr0 aHHyuTeTa. [ Na BbIYUCNEHUSA AUCNepcun, 3afaHHO QopmMynoi
(5.3.14), MOXXHO MCNONb30BATb PaBEHCTBA

a MOXHO BbIYUCNUTb aKTyapHble HacTOALMe CTOMMOCTM HEMOCPEACTBEHHO.

Kpome Toro, Mbl MOXX€eM YCTaHOBUTb COOTHOLLEHUS MEXAY CMy4YaliHbIMU BENMYUHAMY
HacTOSAWMX CTOMMOCTEN AN aHHYWTETOB U AOFOBOPOB CTPax0oBaHUA, COMPSXEHHbIX CO
CTaTyCcOM LOXWUTUS NOCNeLHEro n1ua B rpynmne u cTaTycoMm AOXWUTUS BCEX AL, U3 TPYMNbI.
M3 cooTHoweHus (9.4.13) umeem

vK(xy)+1 vK(xy)+1 _ vK(x)+1 vK(y)+ (9_7.4)

AKXJ7)+I + °K(xy)+U- aK(x)+il+ aK{/)+1l+ (9'7'5)

B3siB MaTemaTM4yecKoe OXugaHue OT NeBOW M npaBoi yacTeir dopmyn (9.7.4) n (9.7.5),
nonyyaem
Axy b AXy —AX Ay n 'y -bQy —éax -bdy.

AT hopmynbl MO3BONAKT Bbipa3nTb aKTyapHble HacTosWME CTOMMOCTM aHHYUTETOB U
[Or0BOPOB CTPax0BaHUS, CONPSXEHHbIX CO CTATYCOM AOXUTUS NOCNEAHEro nuua B rpyn-
ne, B TEPMUHAX aHHYMUTETOB W AOrOBOPOB CTpPaxoBaHMA AN OTAeNbHbIX NUL U cTaTyca
JOXUTNA BCEX MWL U3 rpynnbl. 3amMeTUM, 4YTO 3TW (OPMY/bl BbIMOMHATCA ANS BCEX
COBMECTHbIX pacnpefeneHunii; He3aBUCUMOCTU He TpebyeTcs.

Tenepb pacCMOTPUM [OFOBOPbl CTPax0BaHUS U aHHYUTETbl B HEMPEPbLIBHOW MOAENN.
Ecnn c.B. T Npogo/mKUTeNbHOCTM NpeacTosawe XnusHum m3 pasg. 4.2 n 5.2 paccmatpu-
BaTb KakK MPOAOMKMTENbHOCTb NpefcTosuiero nepuoga T(M) 4O MOMEHTA NOTepMU CTaTy-
ca joxutua (n), To GOpMynbl 3TUX pas3fenoB ANA HACTOALWMX CTOMMOCTEN, aKTyapHbIX
HaCTOAWMX CTOMMOCTEN, NepCceHTUNel U AMCNepPCUii COXpaHAT CMay 1M Ans AOr0BOPOB
CTpaxoBaHWsA M aHHYUTETOB, CONPSXXEHHbIX CO cTaTycom (u).

Lns porosopa cTpaxoBaHus, npejnofaraloLlero Boinnaty cymmbl pasmepa 1 B Mo-
MEHT moTepu cTatyca (M), HacTosiwas CTOMMOCTb Ha MOMEHT 3aK/lO4YeHUs [oroeopa,
aKTyapHas HacTosllas CTOMMOCTb M AMcnepcus 3agalTca gpopmynamm



Hanpumep, B 4aCTHOM Cfly4yae CTpaxoBaHUA Ha cayyail CMepTu MOc/iefHero n3 AByx nul
(x) n (y) hopmyna (4.2.6") npuobpeTeT BUS

1»00

Nxy — 1 v tPxyRxy(t) dt.
Jo

CornacHo (9.4.7), 3Ta BeIMYMHaA paBHa

r oo

Aw =/ V%px (i(x +t) + tPyR(y + t) - tPxyRBxy{t)]dt.
Jo

[nsa HenpepbIBHOr0 aHHyuTeTa, C BbIMAaToil pasmepa 1 B roj BNAOTb A0 MOMeHTa T
notepu ctatyca (1) umeem

Y = 6j9
roo
o — | Of] tPu /u(?) dt (5.2.3)
Jo
= /[ vltPudt, (5.2.4")
Jo
D[Y] = UYn ~JAN 2. (5-2.9)

TOoX[EeCTBO M3 TEOPUU CMOXHbIX MPOLEHTOB
0ajj+vr=1 (5.2.7)

nuMeet cuny ana T = T(u) n obecneymBaeT CBA3b MeXAY MOAENSAMU aHHYUTETOB W A0r0-
BOPOB CTPaxoBaHMA.

B KayecTBe NPUIOXEHUA PaCCMOTPUM aHHYMTET, BbINNAYNBAEMbIA HENPEPLIBHO C UH-
TEHCMBHOCTbIO 1 B rof, noka no kpavHei mepe ofHO nuuo, () wam (y), XuBo. 310 —
aHHYMTET, CONPSAXKEHHbIN CO CTATYCOM (XY); TaKuM 06pa3oMm, U3 NPUBESEHHbIX Bbille Gop-
myn npu T = T(Xy) umeem

Y -,
»00 »0C

Qxy — | A\[tPx + tPy B{y H't) ~ tPxy Bxy(t)\ dt = J V tPxy dt,
Jo Jo
D[F] = 22wyr —("wr)2

3 opmynbl (9.4.3) cnepyert, 4uTo

vl T + vT(xy) _ VT(X) + vT(y) (9 7

ATl + ATWHL ArM 1+ “rbl I’ 9.7.7)
a u3 paeeHcTBa (9.4.1) —uTo

vT(w)vTxy) _ vT(xX)vT(y)' 7

OTW TOXAeCcTBa MOXHO UCNOJIb30BaTb A1 nony4vyeHunsa COOTHOLIEHWNIA MeX Ay aKTyapHbIMU
HacToAWNMN CTOMMOCTAMMU, ANCnepcnaMmmn n Kosapmnaunamm ona aHHYnTeToB n 40roBopoB



CTPaxoBaHMUs, COMPSKEHHbIX C Pa3fIMYHbIMK cTaTycamMu. Hanpumep, B3gB mMaTemaTuue-
CKOe OXwufaHue neBol 1 npasoil yacteil B (9.7.6) n (9.7.7), nonyunm

(9.7.9)
(9.7.10)
Takum e crnocobom, Kak 6bina BbiBegeHa hopmyna
Cov[T(xy), T(xy)} = Co\{T(x),T{y)] + (ex - éxy)(éy - éxy),
MOXHO NOKa3aTb, YTO
Cov{vTy\v T{x") = Cov(vTix),vTM) + {Ax - A xy) {Ay-Axy). (9.7.11)

Oba COMHOXUTeNA BO BTOPOM CflaraeMoM B NpaBoii YacTu paBeHcTBa (9.7.11) Henonoxu-
TeflbHbl, TaK YTO OHO HeoTpuLaTeNbHO U paBHO 0 NWlWb B TPUBMANLHOM Cllyvae, Korga
Ax unu Ay paBHfeTca AXxy.

AKTyapHas HacToALLas CTOMMOCTb HEMPEPbLIBHOTO aHHYUTEeTa, CONPSAXKEHHOTO CO CTa-
Tycom (Xy), rae CoBMeCTHast (hYHKLMA AOXUTWA 3agaHa ¢opmynoi (9.6.5), MOCKONbKY
(X) n (y) noaBep>XeHbl BO3MYLLEHMNIO, MOXET B6biTb NnepenncaHa B popmMe TeKyLMX nna-
TeXxen: m

Y)(t)dt+ [ e“M+xAsT.(y)(t) dt
Jo
(9.7.12)

®opmyna (9.7.12) nokasbiBaeT, Kak napameTp BO3MyLLeHUs J1 B HEKOTOPbIX pacyeTtax
MOXET COYeTaTbCs C MHTEHCUBHOCTHIO HAYMC/EHUS MPOLEHTA.

Mpumep 9.7.1. (a) Mepenuwem dopmyny (9.7.9) Ana aKTyapHOW HacTosLiei cTo-
MMOCTM [OroBopa CTPaxoBaHMUA Ha CPOK M /IeT C BbINAaToi pasmepa 1 B MOMEHT cMepTH
nocnegHero nuua m3 napbl (X) u (y), ecnm ata cMepTb MNPOM30MNAET A0 MOMEHTa Bpeme-
HU N. Ecnmn xoTs 6bl O4HO NULLO M3 3TOW Napbl MEPEXUBET MOMEHT M, TO HWKAKUX BbiNaat
He Npoun3BoAMUTCA.

(b) icnonb3yem 3Ty opmyny, UTO6bl BEIYUCIUTL aKTyapHYH HAcTOALLYH CTOMMOCTb
CTpaxoBaHUs Ha CPOK 5 fIeT ¢ BbINAAaTOW Ha CAy4vail CMepTW MOCNeAHEro U3 ABYX MWL, U3
npumepa 9.2.1 npu 6 = 0,05.

PeweHune, (a) Mepenucas popmyny (9.7.6) Ans cnyyaitHbiX BENMMUYUH, OMUCbIBAKOLNX
[OroBOp CTPaxoBaHMs Ha CPOK N fIeT, a 3aTeM B3SB MaTemMaTMyecKoe OXugaHue oT 06enx
yacTeil 3TOr0 paBeHCTBa, NOAYUYUM

Cumson Awp.ly npeAcTaBnfeT aKTyapHY HacTOALWYH CTOMMOCTb CTPax0BaHUSA Ha CPOK
M neT Ha ciyyail noTepu cTatyca AOXWUTUA 060MX NULL N3 paccMaTpMBaeMOii mapbl, eciv
OHa npounsoLna B Te4eHne n fer.

(b) B npumepe 9.2.1 kaxpfas u3s c.B. T{x) n T(y) nmeet hyHKLUUIO nnoTHocTuK fr(t) =
0,0002 [t3+ (10 - t)3], 0 ~ t < 10. CnepoBaTesnbHO,

9- IS5S



M3 npumepa 9.3.3 mbl 3Haem, uto /T(xy){i) = 0,0004(10 —t)3, 0 < t < 10, TaK 4TO
= J e-°'05t[0,0004(10 - i)3]dt = 0,8614.

Mcnonb3ys pesynbTaT n. (a), nonyymm
AJ.~ = 2(0,4563) - 0,8614 = 0,0512. T

9.7.2. CneuvanbHble aHHYUTETbI A4N1A ABYX NUL,

B aTOoM pasgene Mbl pacCCMOTPUM MpUMep CneuuanbHbIX aHHYWTETOB, BE/IMUYMNHA Bbl-
naaT KOTOPbIX 3aBUCUT OT JOXUTUSA ABYX UL

Mpumep 9.7.2. AHHYUTET BbINIA4YNBaAETCS HEMPEPLIBHO C MHTEHCUBHOCTHIO

e 1B rog, ecnn oba nuua (x) n (y) XnBbI;

e 2/3 B rof, ecny 0QHO NULLO XUBO, a ApYyroe ymMmepno. Beipasum

(a) cnyyailHy0 BENMUYMHY HacTOALLE CTOMMOCTN aHHYWUTeTa,

(b) aKTyapHyl HacTOSILLYH CTOMMOCTb aHHyuTeTa,

(c) pucnepcuio cnyyvaiHOW BenWYMHbI U3 N. (a) B NPEANONOXeHUN He3aBUCUMOCTH
C.B. T(X) n T(y).

PeweHne, (a) TOT aHHYUTET ABNAETCA KOMOMHaLWeA aHHyWTeTa, BbiNaa4ynBaeMoro
C UHTEHCMBHOCTbLIO 2/3 B rof, MOKa XMBO MO KpaiHel mepe ogHO nuuo (x) unam (y) (go
MOMeHTa BpeMeHu T(Xy)), U aHHyuTeTa, BbINja4yMBaeMoOro ¢ MHTEHCUBHOCTbIO 1/3 B rog
[0 Tex nop, noka o6a nunua Xmuebl (4O MOMeHTa BpeMeHn T(Xy)). HacTtoswas cCToMMoCTb
BblMnaT —3T0 2 n

z = zaTll)i+ saTlW\m
(b) AKTyapHas HacToslas CTOMMOCTb paBHa

E[ZJ—Z—éXy + & 0-Xy

MoacTaBnsAs B 3Ty GOpMyny BbipaeHue Ans axy, nony4veHHoe un3 (9.7.10), npuxogmm K
paBeHCTBY 2 2 1

E[Z] — —&x + —&y ——axy.
C apyroi ctopoHbl, n3 (5.2.3") cnegyeT, yuTo

2 roo

2
Eiz)= 3 Y vAPxydt + 3 Y vttPxy dt.

Torpa, paccmatpuBas TpyM B3aMMOMUCKNOYAOLWNUX COYETaHUA AOXUTUA OTAENbHLIX NnL,
ecnn cTatyc (L) coxpaHsieTcs A0 MOMEHTa BPEMEHWU t, Mbl MOXXEM 3anucaTb

tPxy = tPxy "b (tPx  tPxy) + (tPy ~ tPxy)-
HOACTaBﬂHH 3TO BblpaXeHue B I'IepBbIVI NHTEerpan u cknagbiBafd I'IOI'IyLIE‘HHbIVI pe3ynbTaTt

CO BTOPbIM MHTErpanom, noayymm
ra 2 [ 2 f0O

E[Z] = J vipXydt+ - J  vI(tPx - tPxy)dt+ - J viipy - tpxy)dt.

370 BbipaxeHue Ang E[Z] MOXHO MONy4YuTb, HEMOCPEACTBEHHO paccMaTpuBas Tpu
yKasaHHbIX cnyyas. [epBoe ero cnaraeMoe siBNSeTcs aKTyapHOW HacTosILell CTOMMOCTbIO
BbINAAT C MHTEHCUBHOCTbIO 1 B rof Ao Tex mop, noka o6a nuua (x) u (y) xusbl. Bropoe
cnaraemoe siBNSieTCA aKTyapHOW HacTosLL el CTOMMOCTbIO BbINAAT C MIHTEHCUBHOCTLIO 2/3



B rof B Te MOMEHTbl BPEMEHM t, B KOTOPbIe XMBO (C BEPOSTHOCTbI tPX) Anuo (X), HO He
06a nmua (c BEpOATHOCTbIO tPxy)- TpeTbe claraeMoe MMeeT aHaNorU4YHY0 UHTepnpeTa-
UMIO, NWb X WY MEHSTCS MecTamu.

1
© DIZ] =D zatw)\+ s at(ll:
4 1 4

= gDtaT(@5)I1+ gDtaT(")I]+ gCov(aT(W "aT(Li)-
Ho, cornacHo ynp. 9.23, 4na He3aBUCUMbIX C.B. T(X) u T(y)
. Cov(ut(~,mT1~r>)  (Ax- Axy)(Ay. Axy)
§2

CoV(aT(W>aT(WyV - J2 ~
CnepoBaTenbHo,
§[2hxy - (A w)21+ N[2hA Xy = (Axy)2]+ |(J'IX- A Xy)(Ay - A Xy)
D[7] = 62

9.7.3. PeBepCnBHbIe aHHYUTETHI

PeBepcuBHbIN aHHYUTEeT, BbiNja4ynBaeTca B Nepuof, Korja coxpaHsercs cratyc (u),
HO Wb Moc/ne noTepu BTOporo craryca (v). Mo cyT 3TO — OTCPOYEHHBIA CTPaxoBoOM
aHHYUTeT CO cayyaliHblM NeproaoM OTCPOYKMW, PaBHbIM BPEMEHU COXPaHeHUs BTOPOro
cTaTtyca. 3TO AeACTBUTENbHO 0606LLeHNe OTCPOYEHHOIO CTPaxX0BOro aHHYyUTeTa, TakK Kak
ecnn ctatyc (v) npencTaBnsieT coboii CcTaTyc, COXPaHAKLWMWIACA A0 UCTeYeHUs PUKCMPO-
BAHHOTIO CPOKa M, TO PEBEPCUBHbIA aHHYUTET CBOAUTCA K aHHYUTETY C MepPMOAOM OTCPOY-
Ku n net. Ecan (u) coxpaHaeTcs 4O UCTe4YeHUs (UKCMPOBAHHOIO CPOKa, TO peBepcuB-
Hbli aHHYWTET CBOAWUTCA K O4HOMY M3 BMAOB CTpPaxOBaHWA — CTPaxOBaHWUK Ha cnydai
noTepn KopmmnabLa, uyvyaemomy B . 17. CTaHAapTHOe 0603HayeHue ANs aKTyapHOI
HacTOsLLEe CTOMMOCTW TaKoro aHHymTeTa —3T0 avi,,. [JLl06aBoOUYHble CUMBO/bI YKa3blBalOT
4yacToTy BbINAaT M TO, KakKUM 06pa3oM OHW BbiMauynMBalOTCA. ITO MNOHATHE MONE3HO ANS
BblpaXXeHUs 60/iee CMOXHbIX aHHYWUTETOB 4Yepe3 aHHYUTeTbl ANA OTAENbHbIX AWUL U aH-
HYUTETbI, CONPSXXEHHbIE CO CTAaTyCOM [LOXMTUA BCEX UL, M3 Tpynnbl (cM. npumep 9.7.3).
B HacTosAuleM pa3gene Mbl 6yem n3ydaTb CAyYaiHble BENMMUYUHBI HACTOSLLUX CTOUMOCTEN
LN PeBEePCUBHBIX ABYCTOPOHHUX aHHYWUTETOB.

HauHeM c HenpepbIBHOrO aHHyWTeTa, BbIN1a4MBaeMOro ¢ UHTEHCMBHOCTbIO 1 B rog
nuuy (y) nocne cmepTtu nuua (x). HacTtoswas cToMMOCTb B MOMEHT BpeMeHun 0, 0603Ha-
yaemas uyepes Z, UMeeT BUL

Z = | Tx*aT(y)-TX)V v (x) * 1 (v (97 13)
\0, T(x) > T(y).

aT10 BblpaXXeHne MOXHO nepenncatb Tak:

£ _ ~aTW\" T (&) "~ T (y)> 9714
\0, T(x) >T(y).
UK Tak:
Z=[aTlll~aTlW TX) T (y)> (9.7.15)

T —"TE)> T(x) > T(y)i
4TO NPUBOAMT K

A= U\ —~AT(xy)l’ (9.7.16)



T.€. K hopmyne
Oaly = E[Z] = Efay*yj] —E[&4j, "] = ay —axy. (9.7.17)

dopmynbl (9.7.16) 1 (9.7.17) BbINOAHATCA NS NPOU3BOJLHBLIX cTaTycoB (M) n (V).

Hanpumep,
AXNn\ly — Q>xy:n\i ®x\y:ri\ = ®y:n\ Axy:n\e

3ametum, 4To ¢opmyna (9.7.17) cnpaBednunsBa U ANA 3aBUCUMBbIX CAy4YaHbIX BENUYMH
NPOAOMKNTENBHOCTU NPEACTOALLEA XUZHU.

Mpumep 9.7.3. PaccunmTaemM akTyapHY HaCTOSLLYH CTOMMOCTb aHHYWUTETa, BblMna-
YMBAEMOIO HEMPEPbLIBHO Ha CefyHLWNX YCIOBUAX:

1. ¢ NHTEHCUBHOCTbIO 1 B roj rapaHTUpPOBaHHO 4O MOMEHTa BpPeMeHu n,

2. C MHTEHCMBHOCTbIO 1 B oA Mocne MOMEHTa BpemMeHM N, noka oba nuua (x) u (y)
XUBbI,

3. C MHTEHCMBHOCTbLIO 3/4 B roj nocfie MOMeHTa BPEMEHU M, eCAN INLO (X) XMBO, a
niyo (y) ymepno,

4. C UHTeHCUBHOCTbIO 1/2 B roj nocne MoMeHTa BpEMEHUW M, ecnn nuuo (y) XuBo, a
nuo (x) ymepno.

PeweHne. Ans TOro 4tobbl BbIMUCATb aKTyapHYK HAaCTOALLYH CTOMMOCTb BbIMAaT
Mo 3TOMYy aHHYMUTETY B TepPMUHAX aHHYWUTETOB N1 OTAENbHbIX UL, U aHHYUTETOB, CONps-
YKEHHbIX CO CTaTycaMu AOXMUTUS BCEX NNL U3 TPYNMbl, UCNOMb3YeM MOHATNE PEBEPCUBHOIO
aHHyuTeTa.

Ycnosue 1 NpUBOAUT K aHHYUTETY C rapaHTMpPOBaHHbLIM CPOKOM BblinaaT M neT: aul,

Ycnosue 2 NpUBOAUT K OTCPOYEHHOMY Ha M NeT aHHYWUTeTy, CONPSXKEHHOMY CO CTa-
TYCOM JOXMWTUA ABYX nuy, (Xy) :

n\Axy — &Xxy Axy:in\e

Ycnosue 3 NpMBOAMT K PeBEPCUMBHOMY aHHYWUTETY, BbiNaaumBaeMomy nuuy (X) ¢ WH-
TEHCUBHOCTbIO 3/4 B rof, NpWYeM BbiNjaTa HauMHAeTCs MO UCTeYEeHUN cpoka y:LLt

Eaynwx — 3 © axi(y:rm) = A © axy axxm + dxy.nU-

Ycnosue 4 NpUBOANT K PEBEPCMBHOMY aHHYUTETY C MHTEHCMBHOCTbI 1/2 B rof, Bbl-
nnata KoToporo nAuuy (y) HauymHaeTcs nocne MomeHTa X:LLL
1 _
2 ax:inlly — 2 axy ayml  axy:n\)-
CknafbiBas pesynbTaTbl AN 3TUX YeTbipex c/iyyaes, MOAy4YaeM MCKOMYK aKTyapHYHo
HacTosALWY CTOMMOCTb

3_ 1_ 1_ 3_ 1 1
omi “I" ™ QX “b 2 4 AXYy ~ 4 ®&:nl 2 @1l T J ®xy:ini- \

9.8. BbluncneHuns: cneumanbHble NPeanoIOXKEHUS O CMEPTHOCTM

B pa3g. 9.7 usyuancs psfg akTyapHbIX HAcTOsLWMX CTOMMOCTEN JOroBOpoB CTPaxoBa-
HWUS U aHHYWTETOB, CBSA3aHHbIX C IBYMS CMyYaliHbIMW BENUUYMHAMMU MPOAOSIKNTENLHOCTH
npeacrTosuleid XnW3HN. Takue nccnefoBaHUs 06bIYHO MPUBOAAT K MHTErpany Wanm K cym-
Me. B HacTosiem pasgene Mbl pacCMOTPUM psf NPefnofoXeHUiA 0 pacnpeseneHun c.B.
T(n), KoTOpble YNpOLLalT BblUMC/EHME TAKUX UHTErPanos Uan CyMM.



9.8.1. 3akoHbl N'omnepua 1 Melikema

34ecb Mbl pacCCMOTPUM NpPeAnoi0XKeHNe 0 TOM, YTO CMEPTHOCTb NOAYMHAETCS 3aKOHY
Melikema MM ero BaXXHOMY 4YaCTHOMY Cfiyyako, 3aKOHY [omnepua, a TakXe CnefcTBuS
13 3TOr0 NPeANOIOXEHMNA A1 pacYeTOB aKTyapHbIX HACTOSALLMX CTOMMOCTEN B KOHTEKCTe
CTaTycoB Ans rpynnbl Auy. Mbl 6yAeM cunTaTb, YTO CAyYaiHble BEIMUYUHBI MPOLOIKN-
TENbHOCTU NPeACTOAW el XN3HN HE3aBUCUMDI.

HauHem c NpesnonoXeHns, YTO CMePTHOCTb 419 KaXA0r0 nLa NogYMHAETCS 3aKOHY
Fomnepua /n(x) = Bcx. Mbl uieM cTaTyc AOXUTUA (W) AN8 OTAENbHOr0 Anua, Takow,
YTO MHTEHCUBHOCTbL NOTEPU 3TOFO CTaTyca COBNajaeT C MHTEHCUBHOCTBIO MOTepuM cTatyca
(xy) poxunTusa oboux nuuy ansa scex t A 0. PaccMoTpum

Hxy{s) = p(w +s), o 0, (9.8.1)

T.€
Bcx+S + Bey+S = BewHS,

CX +Ccy = cw, (9.8.2)

yTo onpefensieT UCKOMbIn Bo3pacT w. OTctoga cnefyet, uto gna t > O
tpw = exp I fi(w+s)ds =exp —/ nXy(s)ds = tPxy-e (9.8.3)
Jo \ I Jo

Takum 06pa3om, B C/yyae Bo3pacTa Iu, onpefeneHHoro gopmynoi (9.8.2), Bce Be-
POSITHOCTW, MaTeMaTMUeCKUe 0XWAaHUs U gucnepcun Ans ctatyca AOXUTMS 06oux nuy,
(Xy) paBHbl COOTBETCTBYHOLLMM BEANYMHAM ANS 0fHOro nuua (w). Takum obpas3om, npu
3aflaHny BeNNYUH B hopme Tabnuubl oTrnagaeT HeoGXOAMMOCTb B [BYMEPHOM MaccuBe.
B 3TOM cnyyae MOXHO OFpaHUYMTbCA OAHOMEPHLIM MAcCCUMBOM, HO MOCKONbKY W 06bly-
HO He Lenoe 4yucno, ANs OnpeaeneHns COOTBETCTBYHOLWMX 3HAYEHWUI K 3TOMY MacCUBY
NPUMeHsIeTCH MHTepnonsayus.

Ecnn npegnonaratb, YTO CMEPTHOCTb KaXA0ro nuua cnefyeT 3akoHy Melikema (cwm.
Tabn. 3.6), To nNpouefypa CTaHOBUTCA 60nee CNOXHOW. MHTEHCMBHOCTL NOTEpPU cTaTyca
LOXNTNA 060UX NUL, paBHa

uXy(s) = /n(x -fs) + B(y +s) = 2A + Bcs(cx -I-cy). (9.8.4)

Mbl He MOXeMm nofobpaTb cTaTyc AN8 OAHOrO nuua, Kak Bbllle, M3-3a cnaraemoro 2A.
3aMeHuM (Xy) APYTMM CTaTycoM A0XWUTus obomx nuy B nape, (rmrn). Torga

Bww(s) = 2B(w + a) = 2(A + Bcscw), (9.8.5)

M Mbl BbIGMpaeM Takoe I, 4To
2CW = CX + cy. (9.8.6)

B oTauuyme oT 3akoHa fomnepua, rae 04HOMEPHbIA MaccuB OCHOBbLIBAeTCS Ha aKTyapHbIX
(YHKLUMAX AN OAHOTO nula, 3TOT OLHOMEpPHbLIA MaccMB OCHOBLIBAETCA HAa aKTyapHbIX
(YyHKLMAX 4NS cTaTyca JOXMTUA ABYX UL OLHOro Bo3pacTta (ruru).

Mpumep 9.8.1. Ucnonbys popmyny (3.7.1) 1 3Ha4YeHMA BENNUYMHBLI XX, ONpeaens-
emble N0 NnnocTpaTuBHON Tabnuue cMepTHOCTU (NpUIoXKeHUe 2A) 1 cuMTas MPOLEHT-
HYt0 CTaBKY paBHOW 6%, BbIYMCAUM 3HAYEHUS BEIMUYMHbBI 160:70- CpaBHUM MOAYYEHHbIN
pe3ynbTaT co 3Ha4YeHUsMU 060:70 M3 Tabnuubl 4N ax:Xx+Ho .



PeweHwne. Mockonbky ¢ = 10004 n c60 + c70 = 2cNg mbl nonyvyaem w = 66,11276.

Torpa NUHeinHaa uHTepnonauma gaet 06070 = 0,88724066.66 + 0,11276067:67 = 7,55637.
3HauyeHne n3 Tabnuubl ana ax.x+i0 paBHo 7,55633. v

9.8.2. PaBHOMepHOE pacnpegeneHune

MbI coxpaHsfiem NpeanosioxeHne 0 He3aBUCUMOCTU U JONOMIHUTENIbHO MpeAnonaraem,
YTO MOMEHTblI CMepTW B KaXAOM TFOAMYHOM BO3PACTHOM WHTepBase U ANA KaXAoro niu-
La M3 rpynnbl paBHOMEPHO pacnpegesieHbl. [1py 3TOM AOMNONHUTENILHOM MPELAMNONOXKEHUN
Mbl MOX€EM BbIYUC/NTb aKTyapHble HACTOSLLME CTOMMOCTU aHHYWUTETOB, BblMAaYNBaEMbIX
Yalle, Y4em pas B rof, U CTPaxoBbiX BbINAAT, OCYLLECTB/AAEMbIX B MOMEHT CMEPTH.

W3 Tabn. 3.6 cnefyet, 4TO B NPeANO/0XKEHNN PABHOMEPHOCTW pacnpefeneHns MOMeH-
TOB CMepPTW B KaXK4OM rofWYHOM BO3PacCTHOM MHTepBane tPx = 1 —tgx u

(9.8.7)

Ecnn Mbl NpyMeHMM 3TO MPeANON0oXeHNEe K CTaTyCcy AOXMUTUA 060MX nuL, (Xy) Npu Hesa-
BUCUMbIX C.B. T(X) n T(y), To nonyunm gna 0 Sit ~ 1

tPxy Bxy{t) = tPx tPy[R(x +t) +u(y +1)]

tPy tPx B (x + t) + tPx tPy B(y + t) = (I- tqy)Qx + (1 - tgx)qy
—x+ Qg (1 2t)gxay —oxy (1 "HoxQy! (9.8.8)

CornacHo dopmyne (4.4.1), akTyapHas HacToslLas CTOMMOCTb CTPaxoBOW BbINAaThl, CO-
MPSHKEHHON €O CTaTyCcoM JOXUTUA (M), MOXKET GbiTb 3anncaHa B BUie

l-a k P
&ETSPY Ru(k + ) ds.
kPu
Mcnonb3ys (9.8.8), MOXXHO MepenucaTb 3TO PaBeHCTBO ANS cTaTyca AOXUTUSA 060Mx nuy,
(xy) B BUge

+ Qx+kqy+k [ (1+r)1 i(!'-2s)ds

KPxy Qx+k Qy+k- (9.8.9)

M3 qopmynbl (4.4.2) cnepyeT, 4TO MepBOe Cnaraemoe B MPaBOil YacTU 3TOr0 COOTHO-
WeHUs paBHO AXy, ecnv Npogo/MMKMTENLHOCTL T(XY) nepuoga coxpaHeHus cratyca (Xy)
paBHOMEPHO pacnpejeneHa B KaXAOM FOAUYHOM UHTepBane. JTO He BbINOJHAETCA As
T(xy) = (min[T(a:), T(j/)1}, rae c.B. T(x) n T(y) He3aBUCMMbI 1 PABHOMEPHO pacnpeje-
NeHbl B KaXA0M TakOM WHTepBasne. B aToM cnyyae ycnoBHoe pacnpegeneHue c.B. T(xy)
npu ycnosun, 4to T(x) n T(y) nexart B pas/IMUHbIX FOAUYHbIX UHTEPBaNax, TakXxe pas-
HOMEPHO B KaXX[OM FOAMYHOM MHTepBane NpeAcToAwWwero nepuoja coxpaHeHus crartyca.
OpHako ecnm T(x) u T(y) nexart BHYTpPM OLHOrO M TOrO XXe MHTepBana, To Mmacca pacnpe-
LeneHns UX MUHUMYMa CMelleHa K Hadany 3Toro uHtepsana (cMm. ynp. 9.38). Hanuuwue
TaKOro CMeLeHnsa NpuBOANT K HEO6XOAMMOCTN BO BTOPOM c/liaraeMoM B NPaBoOii yacTu pa-
BeHCTBa (9.8.9) ANA NOKPbLITUA LOMNONHUTENbHBIX OXUAaeMblX PacXofoB No 60see paHHUM
CTPaxoBbIM C/ly4yasam B 3TW rofbl. ATO BTOPOE ClaraeMoe, KOTOpoe ABAAETCA NMpou3Befe-
HVEM KO3((nuMeHTa, 3aBUCALLEr0 OT MPOLEHTHOW CTaBKW M NPUOBAN3UTENbHO PaBHOrO



r/6 (cm. ynp. 9.39), n akTyapHOl HacTOSALWEA CTOMMOCTM CTPaxOBbIX BbINAaT Ha Cly4awn
cMepTV 060MX NUL, B OAHOM W TOM >X€ FOAy, OYeHb Mano. NS akTyapHOW HacTosLlLei
cToMMOCTM AXy 06bIYHO 6epyT MPUBNMKEHHOE 3HaueHWe, NpeHebperas MasnbiM KOppeK-
TUPYKOLWMM cnaraemblM U, TeM caMbiM, ynpouwas gopmyny (9.8.9) Ao npubAMNKEHHOrO
paBeHCTBa

Axy~ 9%A xy, (9.8.10)

KOTOpOE ABNAETCA TOYHbIM, KaK 0TMeyanoch Bbille, ecnu c.B. T(Xy) paBHOMEPHO pacnpe-
[lefleHa B KaXXjOM rofM4HOM WHTepBasie NPefCTOALLEro nepuoga CoOXpaHeHus craryca.

Ona BbluncneHus ixy, 3ameHsas ctatyc (x) Ha (Xy), Mbl nonyyaem w3 hopmynbl
(5.2.8) 1

iy = j(I —

W, NOACTaBNAA clofa BbipaxkeHue u3 (9.8.9), umeem
axy = ~ |1 -~ A XY + - N+ Vij YAV Kk+1 kPxy gx+k qy+k j.

Tenepb B cuny dopmynbl (5.3.7) gnsa cratyca (xy) mbl 3ameHum Axy Ha 1 —daxy u
ncnonbdyem (5.4.12) un (5.4.13), 4t06bI NONYUNTH

% 2
ixy = [a(0o0)axy —/3(00)] —-jg E 1—E£ ~ NV kPxy fx+k Ay+«® (9.8.11)
! 1"' k=0

dopmyna (9.8.11) cneayeT v3 NpeanonoXxeHusa, yto c.B. T(x) u T(y) He3aBUCKMMbI K
paBHOMEPHO pacnpefeneHbl B Kaxiom Oyfyuiem roguyHoMm uHTepsane. Ecnu mbl npeg-
MOMOXWM, YTO C.B. T(Xy) cama UMeeT paBHOMEPHOe pacnpefeneHne B KaXAoM Oyayliem
rofM4YHOM WMHTepBane, TO ANA HenpepbiBHOro aHanora paeeHcTtBa (5.4.11) npu w = 00

Mbl Cpasy e Nofyyum
iixy = a(oo)axy —3(00). (9.8.12)

dopmyna (9.8.12) otnnuaetca ot (9.8.11) He6ONLLIOK BENMUYMHON, KOTOPas annpoKCMMU-
pyeT npousBefeHune KoadpuumneHTa i/ (68) Ha akTyapHYO HaCTOALY CTOMMOCTb CTpa-
XOBbIX BbIMAaT, ecnu 06a nMua yMpyT B O4HOM U TOM Xe rogy.

[ ns Toro uTo6bl MCNOML30BaTh TOT Xe MOAXOA ANS BbIYACNEHUS aKTyapHOW HacTosi-
el CTOMMOCTY aHHyWTeTa NpPeHyMepaHAo C BbiMaaTtaMy LW pa3 B FOf, HAM HYXHO Hai-
TV BblpaxkeHue ansa AXy” B NpeAnosioXeHUN PaBHOMEPHOCTU pacrpegeneHns MOMEHTOB
CMepTU ANS KaXAOro fuua B KaXAOM FoJMYHOM BO3pacTHOM WHTepBane. Mo aHanorum
C HEMpepbIBHbIM C/Ty4aeM Mbl HAYHEM C

00 T
= Y 1ykkPxy Y ]VAm((j-\)/TPX+K:y+K ~ j/TPx+K:y+K)' (9813)
k=0 j=1
B ynp. 9.40 31O BbipaXeHWe B MPeanonoXxeHuu, 4to ¢.B. T(x) u T(y) HesaBUCUMBI U
paBHOMEpPHO pacnpefeneHbl B KaXAOM TOAWYHOM BO3PaCTHOM WHTepBase, CBOAUTCS K
BUAY



Mpu 771 —2 00 4neHbl NpaBoil yacTu opmynbl (9.8.14) cTpeMATCS K COOTBETCTBYHLLUM
yneHam B (9.8.9). AnA Toro 4tobbl MHTEPNPETUPOBaTbL 3Ty MPaBYK YacTb, Mbl MO aHa-
norun ¢ (9.8.9) 3ameuvaem, 4YTO MepPBOE cClaraemoe fiBASeTcA 06bIYHOM annpoKcumaumei

ans M B TOYHOCTWU paBHO 3TOW BeAn4YMHe, ecnu T(Xy) paBHOMEPHO pacnpejeneHa B
KaXXA40M FoOANYHOM MHTepBane. Torga
i ( 1 2 2\ _ T - 1.

im”™ m dm iJ

4YTO MeHbLle, YeMm i/G.
Mopctaenasa (9.8.14) B popmyny (5.4.4), nepethopmMynnpoBaHHyto gna crartyca (xy),

u 3ameHsas Axy Ha 1 —daxy, nonyuum dopmyny gns , KOTopas aHanoruyHa gop-

myne (9.8.11). Ecnu npeHebpeyb BTOPbIM cnaraembiM B (9.8.14), To popmyna ana ai™1
ceefieTcs K

= a(m)axy - B(m). (9.8.15)
BHoBb cornacHo (5.4.11), aTo Npu6GAMKEHHOE PAaBEHCTBO ABMAETCA TOUHbLIM B Mpeano-
NOXEHWWN, 4TO pacnpegeneHue c.B. T(Xy) paBHOMEPHO B KaXAOM FOAUYHOM WHTepBane
npefcToALWero nepnoja coxpaHeHmsa craryca.

9.9. AKTyapHble ()YHKLWNW, B KOTOPbIX YUNTbIBAETCS 0UYepPefHOCTb
HacTyn/eHUss MOMEHTOB CMEPTMU

B 3ToM pasfene Mbl U3y4UM [OrOBOPbI CTPAXOBaHMA, BbINAaThl MO KOTOPbIM 3aBUCST
He TONbKO OT BPeMeHMN MoTepu cTatyca, HO U OT OYepPefHOCTM, B KOTOPO yMUpatoT iMua,
obpasyolme paccmaTpuBaemyto rpynny. B aTom pasgene 6yaeT mpegnonaraTbCsi, UTO
(hYHKLMA COBMECTHOrO pacnpegenenuns c.B. T(x) u T(y) HenpepbiBHa. 3TO Npeanonoxe-
HVe flenaeTcs, YToObl MCKYNTL MOAENb C BO3MYLLEHVNEM, PACCMOTPEHHYO B pa3j. 9.6.1.

Mbl Ha4YHeM C BblYMC/IEHUSA BEPOATHOCTM TOrO, 4TO AULO (X) YMpeT npexje nuua
(y) v B0 ucTeyeHMs N feT C HACTOALLEro MOMeHTa BpeMeHW. B MexayHapoaHoW cucteme
aKTyapHbIX 00603Ha4eHNn 3Ta BepOATHOCTb 0603HavaeTca yepe3 na\y, rae 1 Haj X ykasbl-
BaeT Ha TO, YTO 3Ta BEPOATHOCTb OTHOCUTCA K COOLITUIO «MLO (X) YMpPET npexie nuua
(y) » a n nokasblBaeT, 4TO 3TO COObITME NMPOUCXOANT HE NO3XKe, YeM 4yepe3 n feT. Torga
ngly paBHa ABOWHOMY WMHTerpany oT YHKLWUWU NJAOTHOCTM COBMECTHOrO pacnpefeneHuns
c.B. T(x) u T(y) no Habopy TakmMx McxofoB, 4To T(x) ™ T(y) n T(x) ™ n:

roo pM roo

rn
[ ] veory) @Odtds = /[ fT(y)\T(x)(t\s)dtfT(x)(s)ds
JO Js JO Js

naAxy

J[On pIT(y)>s\T(x) =s]fT{x)(s)ds

JI P[T(y) "*s\T(x) = s\ sPx fj-(x + s) ds. (9.9.1)
0
B cnyvyae He3aBMCUMOCTM MMeeT MecTo paBeHCTBO P[T(y) *s|T(a;) = s] = $y, Tak uT0

naAxy = Jf n sPy sPx K x + s) ds. (9.9.2)
o

WNHTepnpeTaLus 3TOro BbipaXXeHUS COCTOWT M3 TpexX MOMEHTOB. Bo-mepBbix, Tak Kak S
ABNSAETCH MOMEHTOM CMepTu nuua (x), BEpOATHOCTb 8Xx SPy nmokasbiBaeT, 4To oba nnua,
(K) 1 (y), BLOXKMUBYT O MOMEHTA BpeMeHU S. Bo-BTOpbIX, B(X+S) ABNAETCA BEPOATHOCTHIO



TOro, 4TO NnUUO (X), KOTOPOMY ceiivac X+s NieT, yMpeT B MHTepBane (s, s+ds). B-TpeTbux,
BEPOATHOCTU CYMMUPYIOTCA ANA BCEX MOMEHTOB BPEMEHU S MexAay 0 u 1.
Mpumep 9.9.1. Boiuucnum 5g\y ansa nuy m3 npumepa 9.2.1.

PeweHne. V3 gopmynsl (9.9.1) nonyvaem
M »10 153
5Aly= / [/ 0,0006(i - s)2dtds = / 0,0002(10- s)3ds = 0,46875. v
Jo Js JO
Tenepb Mbl MOXEM BbIYUCIUTb BEPOATHOCTb TOro, 4TO Nnuo (y) ympeT nocne nuua
(x), HO 10 OKOHYaHMA N-NeTHEro nepnoja, HaunHasa ¢ HblHELWHEro MOMeHTa BpeMeHN. ITa
BEPOATHOCTb 0603HayaeTcs uepes ,,gXy, rae 2 Hafg y nokasbiBaeT, UTo nuuo (y) ympeT
BTOpPbIM, @l — TO, YTO 3TO MPOM30LIA0 B TeyeHne N neT. LAs TOro 4Tobbl BbIYUCAUTH
nQxy, NMPOUHTErpupyem YHKLWI NAOTHOCTU COBMECTHOrO pacrnpefeneHus C.B. T(x) U
T(y) ans cobbitua {0~T(x) *T(y) *n}:
»1Lort »1ort

nQxy = / / FT(x)T(y)(s,t) dsdt: / / FT (y)VT(x)(s \t) dt fT (y)(t)ydt
Jo Jo Jo Jo

J[OIfIIO[T(X)"t\T(y) = tlfT{y)(t)dt

[ PITOOMT(Y) = tPyi*(y + t)dt. (9.9.3)

Jo

B npeanonoXeHnn He3aBUCMMOCTU BHOBb UMEEM

sy = J/f "X tPy KY + t)dt = nay - ngxl . (9.9.4)
0

Ecnn “3MeHUTb NOPSAAOK UHTerpupoBaHus B (9.9.3), To Nonyuum
rmn rmi 7L 71

ndxl = /[ fT(X)T(y)(s,t)dtds= [ FTY)\T(X)(t\s)dtfT{x)(s)ds
Jo Js Jo Js

ril

J/ P[sAT (j/)™n|T (a:) = s]sp;ru(a:-(-s)ds.
0

B npegnonoxeHwn o HesaBMcumMocTu c.B. T(x) m T(y) nocnegHee BblpaXXeHWe MOXHO
nepenucatb B BUAe

nQxy —\]i:;n(sPy nPy) spx 't-2) dS = nQxy  TiPy nQx- (9.9.5)

3ecb MoAbIHTErpanbHOE BbIP@XXEHNE MHTEPNPeTUPYeTCs KakK BEPOSTHOCTb TOFO, YTO /K-
1o (x) ympeT B MOMEHT BpeMeHM S nNpu 0 < s <, a namyo (y) LOXKUBET 40 MOMEHTA
BPEMEHU S, HO He [0 MOMeHTa n. Tenepb MOXHO 3anucaTb

i 2
nQxy — mQxy + MPY nQx-
OTcloga cnefyeT HepaBeHCTBO

nQxy ~ nQxy’

AHaNOTUYHbIE MHTErpanbl MOTYT 6biTb 3anMucaHbl 415 aKTyapHbIX HACTOSLWMX CTO-
MMOCTel CTPaxoBbIX BbIMAT MO [OrOBOPaM, YUMUTbIBAIOWMM MNOPALOK HACTYMIeHUs Mo-
MEHTOB CMEPTW, HO HEKOTOPbIE U3 HUX HeNb3s YNPOCTUTL A0 TaKoi cTeneHn. PaccMoTpum
aKTyapHYH HacTOsLLYyl0 CTOMMOCTb CTPax0BblX BbIMAAaT pasMepa 1 B MOMEHT CMepTH /in-



ua (&) mpu ycnosmm, uto nMuo (y) elie XMBO. DTa aKTyapHas HacTosilias CTOMMOCTb,
o603Havyaemas yepes AXxy, ectb E[Z], rge

(vix\  T{x)"T{y),
\0, T(x) > T(y).

MockonbKy Z aBnseTca yHKumel ¢.B. T(X) n T(y), ee MaTeMaTUUYeCKOe OXULaHUe MOX-
HO NOMYYNTb, MCNOMb3YS (DYHKLUUIO MAOTHOCTM COBMECTHOrO pacnpegeneHus c.B. T(x) u

T{y) : r oo roc »00 »00
Aly —J/ [ vsfTX)T(y){s,t)dtds = / [ VsfT(xX)my)(t\s)dtfT{x](s)ds

=/ A FTY\T(X)(0\s)dtV\px fi(x + s)ds. (9.9.6)

Mpu He3aBUCUMOCTKM C.B. T(X) 1 T(y) NPOAOMKUTENbHOCTEN NPEACTOAWLEN XXN3HN MOXHO
ynpoctutb opmyny (9.9.6), 3anucas ee ¢ MOMOLWbO MeXayHapoAHOW cUcTeMbl akTyap-
HbIX 0003HaYeHN B BUAE

/»00 I poOO 1 »00

Aky = Ay tPyp{y + t)dt v¥spxfi(x +s)ds =J  vsspyspxfi(x +s)ds. (9.9.7)

MocnefHee BblpaXKeHMe MOXHO UHTepNpeTUpoBaTh Cledytolium obpasom: ecnm nuuo (a)
YMPET B KaKON-11n6o 6yayLnii MOMeHT BpemMeHn s, a nuuo (y) 6ymeT eule XXMBO, TO GyaeT
npou3BejeHa Bbinnara pasmMepa 1, MetoLasn HaCcTOALWY CTOMMOCTb vs. Ecnm 6 — 0, TO
Aly = odly

Mpumep 9.9.2. BoiBegem hopMyny aKTyapHOl HacTOSLLe CTOMMOCTU BbINaaTbl
pasmepa 1000 B MOMEHT cmepTu nuua (&) Npu ycnosum, 4To nnuo (y) ewe >Xuso, And
iy 3 npumepa 9.2.3, ecnn 6= 0,04.

PeweHune. Mockonbky c.B. T(x) n T(y) B npumepe 9.2.3 He3aBUCUMbI, MOXXHO MOA-
CTaBUTb MO/y4YeHHble TaM pe3ynbTaTbl B opmyny (9.9.7) n nonyuuTts
»OC

1000 / e~0,048spy spx B(x + s) ds
Jo
/»10

1000 /  e*°-04s0,01(10 - s)20,02(10 - s)ds
Jo

1000 A ky

/.10

0,2/ e-0,04s(10 —s)3ds = 462,52. v
Jo

Mpumep 9.9.3. (a) BbiBegem NpoCTYH UHTErpanbHY HOPMyny aKTyapHOIl HacTo-
flleil CTOMMOCTM CTPaxoBOM BbiMiaThl pasmepa 1 B MOMeHT cMepTu nuua (y), ecnu ei
npegLwecTeoBana cMepTb nua ().

(b) ¥YNpocTuUM 3TOT MHTErpan B MPeAnofIOKEHUN O HE3aBMCUMOCTM MPOAOIKUTENb-
HOCTell NPefCTOsLLEN XU3HN.

(c) N3meHnM NoOpsigOK UHTErpupoBaHus B pewleHun n. (b) U nonyyYum Jpyroin Bapu-
aHT OTBeTa.

PeweHune, (a) AKTyapHas HacToAllas CTOMMOCTb, 0603HavaemMas yepes Axy, —aTo
E[Z], rae



CHoBa Z aBnsetcsa QyHKumeit ot ¢.B. T(Xx) u T(y), TaK 4TO MOXHO 3anucaTb UHTerpan
415 MaTemMaTUYeCKoro 0XmaaHusa c.B. Z, UCNOMb3ys YHKLUIO NOTHOCTM COBMECTHOrO
pacnpegeneHus c.B. T(x) n T(y):

poo pt poo pt

AXy = | I vifTOY T West)dsdit= | vef T(kMTtuh(e\) ds ATy dt
Jo Jo Jo Jo

r oo

J/ ViP[T(x)M\T(y) = t}T{yl{t)dt.
0

(b) MpumeHsasa npeanonoXKeHne o He3aBUCUMOCTU U UCMONb3ya MexXxayHapoaHYylo cu-

CTeMy aKTYyapHbIX 0603HaYeHui, nony4yaem
p 00 p 00
Axy = | VBLOgX tPy R {y + t)dt: / r/(l tPx) tPy B{y+ t)dt: Ay - Ax\.
Jo Jo

3aMeTuM, YTO B C/ly4yae He3aBUCUMbIX Cﬂy‘—laVlelX BENMMYNH MOXHO BbIPpa3nTb aKTyapHYH
HacToALWY CTOMMOCTb CTpPaxoBblX BbiMjaT Mo A0OroBopy, y4mTbiBatoLWeMy o4epeaHOCTb
CMEpTeVI, Ha CﬂyLIaVI CMepTHn, He FIB}'IFIIOLIJ'GIZCH HepBOVI, B TEpPMMWHaX aKTyapHbIX HacCTO-
AWNX CTOMMOCTEW CTPaxoBbIX BbIMA1aT N0 AOroBopamM CTpaxoBaHWA Ha Cﬂy‘—laVl nep8017|
cMmepTu. 310 I'IepBbIVI war B YACNEHHbIX pacyeTax Anda CTpaxoBblX A0OrOBOPOB, YYNTbIBa-
OLWNX o4yepeaHOCTb CmepTeﬁ Ana He3aBUCUMBbIX NTAL,.

(€) 3aece -

Axy=3 J viIspxR{x + s)tpy (i(y + t)dtds.

AN ynpouieHns 3aMeHUM t Ha T + s BO BHYTPEHHEM MHTerpane v nepenuiueM 3TO Bbl-
pakeHne cnefytolm 06pasom:

p OO0 poOC

Axy = ! vr+Sr+sPy K11+ I+ s) 3px B{x + s) dr ds
Jo JO
pCC r poo

I Vsspy3pxRB(x+s) / vrrPy+8B{y + S+ r)dr ds
JO 1Jo

roc

/0 vs Ay+S sPy spx fi(x + s) ds.
J

3TOT nocnefHUiA MHTerpan SBASeTCA NPUIOXKEHMEM O06LLEero pesynbTara, BbIPaXXEHHOTO
topmynoii (2.2.10), a umeHHo E[W] = E[E[W?|F]]. 3gecb V = T(X) 1 W = Z, 1 Mmbl
BMAMM, YTO YC/IOBHOE MaTemMaTuyeckoe OXupaHue c.B. Z npu ycnosum T(X) = s npea-
cTaBnsieT co60i aKTyapHY0 HacTOSLLYH CTOMMOCTb Vsspy Ay+S 06s3aTenbCTB MO CTpa-
XOBaHWI0 Ha A0XUTME C HacTosAW el CTOMMOCTbIO Ay+S, foCTaTOUYHOW ANs obGecneyeHus
CTpaxoBoli BbiNNaTbl pasmepa 1 Ana nuua (y + s). T

9.10. BbluucneHusa: akTyapHble PYHKLNN, B KOTOPbIX
YyUUTbIBAETCA 04YepefHOCTb HaCTYM/eHUA MOMEHTOB CMEPTU

Mepeiigem K oLeHKe BEpOATHOCTE 1 akTyapHbIX HAcTOAWMUX CTOMMOCTell B npegno-
noxeHusx Comnepua, Meiikema unn B ciyvyae paBHOMEPHOTO pacnpejeneHns MOMEHTOB
cMepTu. Mbl Takxke GyeM npegnonaraTh BbIMOMHEHHbIM YC0BME HE3aBUCUMOCTMU.

Mpumep 9.10.1. Mpegnonaras, 4T0 UHTEHCUBHOCTb CMEPTHOCTU NOAUYMUHSETCS 3a-
KOHy FoMnepua, paccumTaem:



(@) akTyapHY HacTosLLY0 CTOMMOCTb BbINAAaT MO JOr0BOPY CTPaxoBaHUSA Ha CPOK
n NeT, yYnTbiBalOLWEMY 0YEPeLHOCTb CMEepPTeN, C BbiNaaTol CyMMbl pa3mepa 1 B MOMEHT
cMepTn nunua (x), ecnn OHO ymMepno paHblie auya (y);

(b) BEPOATHOCTbL TOFO, 4TO ANLO (X) YMPET B TeYEHMe N NIeT W paHblue, YeM Anyo (y).

PeweHwne.
@) Alyw = /rnv\pxyu,{x + t) dt.
Jo

CornacHo 3akoHy omnepua,

= Jo vltpxy Bcxeedt = cX%*cy v*ipxy B(cx + cy)cbdt

~ cx +CYy Jo V*Pxy dt=cx+ cy A%'-Me (9.10.1)
Kpome Toro, ecnun BbinonHsaetcs (9.8.2), 1o
AB&*:H\ = Al
Axy-ni=  Ayj.ay (9.10.2)

(b) O6pawaack K hopmyne (9.9.2), Mbl BUAWUM, YTO BENMUYMHA NOXy coBnagaeT ¢ Al.ym
npu V= 1. Takum o6pa3om, u3 paseHctsa (9.10.2) cnegyet, 4To eCnv BbINONHAETCS 3aKOH
[omnepua, T0O X

nAXy = ~w nCwj (9.10.3)

rge cw = cx + cy. T

Mpumep 9.10.2. Pa3bepem npumep 9.10.1, npeanonaras, YT0 MHTEHCUBHOCTb CMepT-
HOCTM MOAYMHAETCA 3aKOHY Meiikema.

PeweHne.

@) Aly.M= f vttPXy(A + Bcxct)dt
Jo

fn cX n
=A vipxy dt + [ vttpxyB(cx + cy)cl dt
Jo cx + cy JO
( 2cx \ fn
=A[1l-~T~"~)Jo VvitPxydt

+ —@cyJ vttpxy[2A + B(cx + cy)cDdt

_ A 2cl V ¢ T
- { c* + cy) l7|XyT+ cr+& N .

Torpga, ucnonbsys (9.8.6), nonyunm
Aly.n] = ANl - — ™ awwm+ N4GrSle (9.10.4)

(b) CHoBa nonoxum v = 1 B hopMyne, NonyyeHHoi B n. (a). Toraa



AKTyapHas HacToAlas CTOMMOCTb CTPaxoBblX BbIMIaT B KOHLE roja cMepTu no fo-
roBOpy, yUMTLIBAIOLWEMY MOPAAOK HACTYMIEHUS CMepTeid, —3To
00
Aly = E VK+IKP*y A | y+k- (9.10.6)
k=0
Mpu NpeAnoNoXeHNAX 0 PaBHOMEPHOCTW pacnpefeieHnss MOMEHTOB CMEPTU 18 KaX/oro
LA 1 0 HE3aBMCUMOCTY COOTBETCTBYIOLLUX CAYyYalHbIX BENUYUH

Uxh-.y+k :\Q:’*+k:y+k O "+k+s)ds

= —sCy+c) ds = Qek AL —2 Qy+/y » (9.10.7)
Tenepb MOXHO BbIpa3uTb sPx+k:y+k B{x + K + s) uepe3 g-2-r ., a UMEHHO
8Px\ky-\k RBiB" f &+ s) —ox-\-k(1 SQy+k) —Qx+k "1 2 N2 N QK QyHk
= lj+k-y+k + [ - *Ax+kAy+k- (9.10.8)

Ecnn cTtpaxoBble BbliNiaTbl OCYLECTBAAKTCA B MOMEHT CMepTU, TO ANA aKTyapHoﬁ Ha-
CTOFILLLE‘VI CTOMMOCTWM BbIMOJIHEHbI Cneayouine paBeHCTBa:

00 -1
Aly = Y2 vkkPxy /| v\px+ky+k® + Kk + s)ds
K=0 Jo

Y Avk+1kPxy\gjr.y+k (1 +i)1-sds + gx+kqy+k (1 + *)1_sQ - sj ds

JA*y +1jil~J+1) J2vk+IkPxygx+kqy+k m (9.10.9)
' ' k=0

BTopoe cnaraemoe B 3TOW (hopMyse O4YeHb Manb MO CpaBHEHWUIO CO BCeli cymmoi. OHo

cocTaBnseT 1/2 oT BTOpOro cnaraemoro B opmyne (9.8.9).

9.11. 3ame4daHna v nuTepaTtypa

MoHATMe cayYaliHOW BENMUUHBI NPOAOMKUTENLHOCTU NPeACTOoALW el XM3HU, KOTOpoe
B NpeAblAyLmnX rnasax paccMaTpmBanoch 418 OTAENbHOr0 nuua, 6bio pacnpocTpaHeHo
Ha CTaTyC AOXUTKWA, YacTHbIMU CAy4YasiMy KOTOPOTO fBAAKOTCA CTaTyChl, B OMpeseneHun
KOTOPbIX (OUTYPUPYHOT HECKOMBbKO NnL. MICNOoNb3ya COOTBETCTBYHOLLYHO TEOPUIO ANS O4HO-
ro nuMua, Mbl HalW BEPOATHOCTHbIE pacnpefeneHuns, akTyapHble HacToAL e CTOMMOCTH,
aucnepcum 1M KoBapuaLum, OCHOBaHHble Ha 3TUX HOBbIX CAy4YaiHbIX BeNUYMHaX A4Ns cTa-
TYCOB, CBA3aHHbIX C ABYMSA Anuamun. B rn. 18 aTn Bonpockl 6yayT n3naratbcs 4aa rpynn,
COCTOAWMX U3 6onee, Yem ABYX NuL,.

O6cyXaeHue maTepuana 3Tol rnaBbl 6e3 NPUB/EYEHNS CyYaliHbIX BEIMYUH MOXHO
HainTu B rn. 9-13 kHurm [Jordan 1952] n B ra. 7-8 kHuru [Neill 1977]. O6wwii aHanus
3aKOHOB CMEPTHOCTW, KOTOpble YNpOLLalT BUA aKTyapHbIX PYHKUWIA AN HECKONbKUX
nud, npusefeHbl B cTatbe [Greville 1956]. YnpaxHeHune 9.36 UAMOCTPUPYET YKa3aHHbIN
noaxof.



Pa6oTbl [Marshall, Olkin 1967, 1988] nocBssLLeHbl cemeiicTBaM ABYMEPHbIX pacnpeje-
NEeHWNiA. B 4yacTHOCTKM, TaM paccmaTpuBanacb Mofesb ¢ BO3MyLeHnem. CeMelicTBO ABYMep-
HbIX pacnpejeneHunin ®paHka Ha3BaHo B YecTb M. [1>x. ®paHKa, KOTOPbI ero nccaesosan.
3T0 cemelicTBO aHanu3mMpoBanoch 1 B paboTte [Genest 1987].

dpus, Kappbep n Bangep [Frees, Carriére, Valder 1996] ncnonb3oBanu cBsi3kun ®psH-
Ka AN aHanu3a CTaTUCTUKWU BbliNAaT aHHYUTETOB 40 MOMEHTa CMepTW MOC/iefHero nuua
B rpynne. OHM npeAnonaranu, YTo MapruHanibHble pacnpefefieHns NpuHaanexar cemei-
cTBy omnepua. B pesynbTate Ans a 66110 NOAYyYeHO NPUGAMKEHHOE 3HAYeHUe, paBHOe
—3,4. CpaBHEeHMe 3TON OLEHKN C ee MPUONKEHHbIM CTaHAAPTHbIM YK/IOHEHWEM MpPUBO-
AWT K BbIBOAY, 4TO C.B. T(x) n T(y) B 3aTOM c/iy4yae 3aBUCUMBbI.

MapameTp a He fBNAeTCA CTaH4ApPTHOW Mepoi 3aBUCMMOCTU. 3HayeHue —3,4 yka-
3blBaeT Ha MONOXMUTENbHYIO KOppenauunio mexay c.B. T(x) u T(y). 3TOro MOXHO 6bin0
0XMJaTb, NOCKO/bKY Ha NPaKTUKe nuua, KOTOPbIM NMPOU3BOAATCS BbliMAaTbl 4O MOMEHTa
nocnefHein CMepTU, XXUBYT B O4MHAKOBbLIX YCNOBUAX.

B pa6ote [Frees, Carriere, Valder 1996] TakXe noka3aHO, YTO MpeAnoNOXKeHUEe 0
HesaBUCUMOCTM C.B. T(x) u T(y) NpuMBOAUT K 60fee BbICOKON OLleHKe aKTyapHOM HacTo-
fLLeil CTOMMOCTM aHHYWUTETA, BbINIa4MBaeMOro 0 MOMeHTa NocnefHell cMepTu B rpynne
NUL, N0 CPaBHEHWIO CO 3HAYEeHWEM COOTBETCTBYIOLLE aKTyapHOW CTOMMOCTWU B MOAENMN,
Jonyckatolell 3aBUCMMOCTb 3TUX BeIMUUH. Pa3nnuus nexat B uHTepBane oT 3% o 5%.

YnpaxHeHuUqa

EC/M He OrOBOPEHO MPOTWBHOE, CMEPTHOCTb BCEX /WL, B YNPAXKHEHNAX ONUCLIBAETCA OAHOIA
M TOl Xe Tabnuueid CMepTHOCTW, a NPOAOMKMUTENbHOCTU WX MPeAcTOALLEN XU3HU ABAAOTCS
HE3aBUCUMbIMW CNyYaiiHbIMU BENUYMHAMMU.

K pasgeny 9.2
9.1. dyHKLMA NNOTHOCTM COBMECTHOrO pacnpegenernus c.B. T(x) u T(y) 3agaHa opmynoii

fT(x)ny)(s,t) = tyr2”, 0<s,0<t n>2

HaliguTe:

(a) coBMecTHyl (yHKUuI0 pacnpegeneHus c.B. T(x) n T(j/);

(b) hyHKUMIO NNOTHOCTWM MaprMHanbHOro pacnpegeneHns c.B. T(X), dYHKLWIO MaprnHanb-
HOro pacnpefjeneHns u COOTBETCTBYIOLWYIO MHTEHCUBHOCTL fi(X + s); 3aMeTWM, 4TO B CUNy CUM-
MeTpUM OTHOCUTENbHO S W t cnyyaiiHble BennumHbl T(X) n T(y) pacnpegeneHbl OAWHAKOBO;

(c) koBapuauno n KoahuuneHT Koppensymm c.8. T(X) n T(y) npu ycnosumu, uto n > 4.

9.2. Hailgute (yHKLMNIO COBMECTHOrO AoXutus c.B. T(X), T(y) us ynp. 9.1

9.3. CnyuaiiHble BennunHbl T(X) 1 T(Y) NpojoNKUTeNbHOCTEW NPeACTONLL el XXN3HN Hesa-
BUCUMbI 1 OMHAKOBO pacnpefeneHbl, NpuyeM QYHKUUA MNAOTHOCTU 3TUX CAyYaliHbIX BENNYUH
paBHa 2

= 1+t)n~I" n=3t>°

Onpegennte OYHKLMWIO COBMECTHOIO pacnpejeneHns u GyHKLUI0 COBMECTHOTO AOXMUTUSA.
K pasgeny 9.3

9.4. Bbipa3uTe B TepMUHAX BEPOSAITHOCTeW ANA OAHOrO Auua Npx v npy

(2) BEpOATHOCTb TOrO, UTO cTaTyc (XY) COXpaHWUTCA B TeyeHue N feT;

(b) BEpOATHOCTbL TOrO, YTO B TOYHOCTW OAHO NuLUo M3 ABYX (k) u (Y)) NpoXwuBeT N neT;

(c) BepoOATHOCTbL TOro, YTO NO KpaiiHeil Mepe ogHO nuuo u3 AByx ((X) m (y)) npoxuseTt n
net;

(d) BeposTHOCTL TOro, uTo cTatyc (Xy) 6yaet nNoTepsiH B TeueHue N feT;

(e) BepoATHOCTbL TOrO, 4YTO MO KpakHel Mepe O4HO M3 ABYX NUL, YMpPeT B TeYeHue N feT;



(f) BeposiTHOCTb TOro, 06a NMua yMpyT B TedeHue M neT.
9.5. MokaxuTe, 4TO BEPOATHOCTb TOTO, YTO NMNLO (X) NPOXMBET N neT, a nuyo (y) npoxuset
n—1 neT, MOXeT 6biTb BblpaXeHa Kak
nPx:y—i/Py—1 WIN Px n—iPx+1:y
9.6. Bbluucnute
| tpxx BXXIt') dt.
Jo
9.7. Wcnonb3ys pacnpegenenus c.B. T(X) mn T(y) u3 ynp. 9.1, HailguTe: (a) dyHKLMIO
pacnpegenenus c.B. T(Xxy), (b) pyHkunto goxuntus c.B. T(xy) u (c) E[T(xy)]. MpegnonoxuTe,
yto n > 3.
9.8. Ncnonb3yiite dopmyny (9.3.8), uTo6bl NONYUYUTb PYHKUUI MAOTHOCTU C.B. T(XY),
MCXOAA U3 COBMeCTHOro pacnpegenenusa c.B. T(x) u T{y), 3agaHHoro B npumepe 9.2.3.

K pasgeny 9.4
9.9. MokaxuTe anrebpanyecknmm Bblknagkamum n M3 06LWNX cCoO0bpaxeHUi, 4To
tpxy = tPxy ‘btPx(l  tPx) ‘btPy(1 tPx).
9.10. HailgnTe BEpOSATHOCTb TOFO, YTO MO KpaliHei mepe ofHO K3 AByx nui (X) un (y) ympet
B (N + 1)-m rogy. PaBHa N 0Ha BennuuHe ,,|awr? Mpusesnute 06bACHEHUS.
9.11. dyHKUMA NNOTHOCTU COBMECTHOTO pacnpegenenus c.B. T(x) n T(y) 3agaHaBynp. 9.1.

HaliguTe
(a) pyHKuMO pacnpeseneHuns n GyHKUUO NaoTHOCcTK c.B. T(xY), (b) E[T(xy)] ansa n >3,

() Bxy(t) m
K pasgeny 9.5

9.12. MycTtb 25P25:550 = 0,2 n mpre = 0,9. PaccumTainTe BepoATHOCTb TOro, 4To nnuo (40)
[OXWBET [0 BO3pacTa 75 ner.

9.13. MycTb /i = 1/(100 —x) gna 0~ x < 100. PaccuuTaiite

(a) HOP40:50, (b) 10 pTa (c) M0:50, (d) 175, (e) D[T(40:50)], (f) P[F(4Cin50)],

(g) Cov[l(40:50), [(40:50)], (h) kosathhmumeHT Koppenaunn mexay T(40:50) n T(40:50).

9.14. Bboluncnute dexx/dx.

9.15. MoKaxuTe, YTO BEPOATHOCTb TOro, 4to ABa nuua (30) n (40) ymMpyT B OLHOM M TOM
Xe rogy, MoXxeT 6blTb 3anucaHa cnegyownm obpasom:

1+ B30:40 —P30(1 + 63i:40) —P40(1 + e30:4i) + P30:40(1 + esi:4i).

9.16. MoKaxnTe, 4TO BEPOATHOCTbL TOro, 4to gBa nuua (30) n (40) ympyT B OAHOM 1 TOM

e Bo3pacTe, MOXeT 6bITb BblpaXKeHa B BUAe
fOP30(1 + 640:40) —2 1ip30(1 + 640:41) + P40 [IP30(l + e41;4i).

9.17. MpefnoONOXMUM, YTO MHTEHCMBHOCTM cMepTHOCTY Ans nuy | n 1l cocTaBnsoT COOTBET-

CTBEHHO
R1{x) = 1n(10/9) pnsa Bcex X, BUX) = (O —x)-1 pna 0~ x < 10.

BbluncnnTe BePOATHOCTb TOrO, YTO NepBas CMepTb MPOM30iLeT B TOUHOCTM MeXAY BOo3pacTamu
31 5 net npu ycnosum, 4TO BO3pacT 060Mx nuL, — B TouHOCTK 1 rog.

K pasgeny 9.6

9.18. 3710 npopjo/mKeHue npumepa 9.6.3. BoipasuTe

(a) dpyHKuuto pacnpegeneHus c.B. T(xy), (b) dyHKUMIO NNOTHOCTM C.B. T(XY).

9.19. Bbluncnute 3HadeHne pyHkuum FTX)T(y)(5,5), ucnonbsys (9.6.7), ecnu bsx = 0,05
n sqy = 0,03. OTBeT 3aBUCUT OT 3HAYEHUA napameTpa a.

9.20. WNcnonb3yiiTe pesynbTat ynp. 9.19, 4To6bl BblUMCANTL bYW npu (@) a =0, (b) a = 3
n(c) a = —3. [YkasaHue. Ncnonb3yiite cooTHoweHusa (9.4.5) n (9.3.2).]



K pasgeny 9.7
9.21. MNoKaxuTe, YTO = am+ n\axy OnuwuTe COOTBETCTBYHOLLME BbINAATHI.

9.22. ONuwWMnTe aKTyapHY0 HaCTOALLY CTOMMOCTb, 0603Hauaemyto yepes A-p~. MokaxuTe,
yto Ar=i- Ax - Ax,n\+ vn.

9.23. NMokaxuTte, uto Cov(VTXy\v T(xyi) = (Ax —AXxy)(Ay —AXYy) [NS He3aBUCUMbIX
npoaoMmKUTeNbHOCTeR npeacTosweit xusuu T(X) u T(y).

9.24. Bblpa3uTe akTyapHYl HacTOAW Y CTOMMOCTb HEMPEPbLIBHOTO aHHYMTeTa C BbiNiaTon
pasmepa 1 B rog Ao Tex Mop, NokKa no KpaiHel mepe ogHO U3 AByX nuy (25) n (30) XXMBO 1 He
pocturno 50-n1eTHero Bospacta, B TepMUHAX aHHYUTETOB, CBA3AHHbLIX C LOXWUTUEM OTAENbHOMO
nuua n Bcex NuL, U3 rpynmnsl.

9.25. Bblpa3uTe aKTyapHY HacTOfLL Y CTOMMOCTb OTCPOYEHHOr0 aHHYyMTeTa C BbINNaToM
pasmepa 1B KOHLe KaXxAoro roga, Korga »xnso xoTa 6bl 04HO U3 nuy (25), (30), npu ycnosuu, 4to
OHO AocTurno sospacta 50 feT, B TepMUHAX aHHYUTETOB, CBA3AHHbLIX C AOXUTUEM OTAENLHOrO
nnvua MAn BCex AL U3 rpynnbl.

9.26. Bblpa3uTe aKTyapHYl HacTOAWYH CTOMMOCTb aHHyuWTeTa NMPeHyMepaHAO0 Ha CpoK I
net ans cratyca (Xy), o6ecneunBarolLero exerofHble BbiNaatel pasmepa 1 4o Tex nop, noka o6a
NULLa XMBbI, COKpawarwlmecs 1o 1/2 B cnyyae cmept nuua (X) mam go 1/3 B cnyuvae cmepTu
nuua (y), B TepMUHAX aHHYWTETOB, CONPSXEHHbIX CO CTAaTycaMu AOXMUTUS O4HOIO N1LLa U 060MX
.

9.27. AHHYNTeT NoCTHyMepaHAo obecnedynBaeT Buinnaty pasmepa 1 nuuy (X) fo Tex nop,
noka XuBo OHO ¥ nuuo (Y), a Takxe B TeyeHue M NeT MOCAe CMEPTU MOCNefHero, npuuyem
B No6bIX 06CTOATENbCTBAX Yepe3 m feT, m > M, cYMTas C HaCTOSILEero MOMeHTa, BbIMaThl
npekpawatotcs. MoKaxmuTe, YTO ero akTyapHas HacToAlWas CTOMMOCTb COCTaBUT

Ox:nl ‘b NEX Ax+nzy:m—ni *

9.28. Bbipa3nTe akTyapHY HacTOSAL Y CTOMMOCTb HEMPEPLIBHOTO aHHYMTETa C BbiNaaTol
pasmepa 1 B rog, Korga no kpaiviHein mepe ogHo un3 nuy (40) n (55) xuBo u gocTurno 60 net, 3a
NCKNOYeHNEM nepuofa, Korga nuuo (40) XuBO, HO He gocTurno 55 ner.

9.29. AHHyuUTeT B nonb3y Asyx nul, (X) n (y) BbinnaymeBaeTcs C HEKOTOPOW HayanbHOA
WHTEHCMBHOCTbLIO A0 Tex nop, noka auuo (X) xueo, a ecnu nuuo (y) nepexwusaet Auuo (X),
TO BbINNATbl MPOAOMKAKTCA C UHTEHCUBHOCTbLIO, cOcTaBfswwWwel yactb P, 1/2 SjpSj 1, or
HayaNbHOW MWHTEHCUBHOCTM.

(a) Bblpa3uTe akTyapHYyl HacToAWY CTOMMOCTb TaKOr0 aHHyuTeTa NPeHyMepaHAo C Ha-
YyasbHOW MHTEHCUBHOCTLIO 1 B rof v C BbiNjaaTtamMum M pa3 B rof B TePMUHAX aKTyapHbIX HacTo-
AWMX CTOMMOCTE aHHYUTETOB, CONPSYKEHHbIX C JOXUTUEM OAHOrO NMLa U 060MX NNL.

(b) FoOBOPAT, UTO BECCPOUHBIN aHHYUTET B MONb3Y ABYX Al (X) n (Y) 1 cTpaxoBoit aHHYnUTeT
ana nuua (X) akTyapHO 3KBWBANEHTHbI Ha OCHOBE C(HHOPMYNUPOBAHHBLIX NPEAMNONOXKEHWIA, ecnu
npy 3TUX NPeANoNIOXEeHUAX OHW UMEIKT paBHble aKTyapHble HAacTofLiMe CTOMMOCTU. BbipasuTe
OTHOLIEHME Ha4yaNbHOW MHTEHCUBHOCTMW BbINAAT NOXMW3HEHHOTO aHHYMTeTa B MONb3Y ABYX UL K
WHTEHCUBHOCTM BbINAAT akTyapHO 3KBWBANEHTHOrO aHHyuTeTa 4Nns ofHoro nuua (X).

9.30. MokaxuTte, uTo q

@ AX AX Boyx, (b)  ayx —m(O®X A’

[YkasaHue. TyHKT (a) onupaetca Ha maTtepuan pasg. 9.9.]

K pasgeny 9.8
9.31. MoKaxuTe, 4TO ecnn B cny4vae 3akoHa Melikema cTatyc (Xy) 3ameHseTcsi Ha CcTaTyc

{Ww)' TO in(ca + 1) —In2
W~ Y = oo ’
rae 4 = X—y ~ 0. (370 nokasblBaeT, 4TO W MOXHO NOAy4yuTb M3 6onee MONOAOro Bo3pac-
Ta Yy npubaBneHWeM BeNNUYUHbLI, ABAAIOLWeEACA DyHKUMelh pasHocTn [ = X —Yy. 3TO CBOWCTBO
Ha3biBalOT 3aKOHOM PaBHOMEPHOro CTapLlUMHCTBA.
9.32. C nomouibto Bawein NnnwocTpaTUBHOM Tabnnubl CMEPTHOCTM M NPOLEHTHON CTaBKU
6% paccumTalite 050;60:-qj. [, na PELIEHUA UCNONb3YATE



(a) BENMYUHBI, NONYYEHHbIE UHTEPNONALMER 3HaYeHNA Tabnnubl Ana OXX,

(b) BeAMYMHBI, 3aMMCTBOBaHHbIe U3 Tabnuubl gna al:l:+io.

9.33. MokaxwuTe, 4T0 ANS Tabnuubl CMEPTHOCTWU, COOTBETCTBYHOLWEA 3aKOHY Melikema, 1
TaKuMX BO3PacToB X W Yy feT, YTo cTatyc (Ww) ABASETCA 9KBUBANEHTHLIM MM CTaTyCOM C OfWHa-
KOBbIMW BO3pacTamu,

(a) tpw aBnfaeTca cpeAHUM reomeTpuyeckum sennumH tPx un tpy,

(b) tPx + tPy > 2tPw, ecnn x ¢y,

(c) Uxy > auyT, ecnu X y.

9.34. MokaxuTe, 4To AN Tabauubl CMEPTHOCTM, COOTBETCTBYHOULEN 3aKOHY Melikema, Be-
NMyYnMHa Xy paBHa aKkTyapHOW HacTosleli CTOMMOCTM aHHyuTeTa ANA ofHOro nuua (w), rge
C™= cX + Cy ¥ UHTEHCUBHOCTb HauyucneHus npoueHta 8 paBHa 8+ A. 3aTeM nNokKaxwuTe, 4TO
Axy = Aw + Aaw, rge BeMUYMHbI CO LUTPUXOM BbIYUC/EHbI MPU UHTEHCUBHOCTU HaUYUCNEHUSA
npoueHTta 5'.

9.35. PaccmoTpum faBe Tabnuubl CMEPTHOCTU, OAHY — ANA MyX4uuH (M), gpyryto —ans
XeHWwuH (F), npuyem um (z) = 3a+3bz/2 n BF(z) = a+bz. Mbl xoTuM ncnonb3oBaTh TabaULy
aKTyapHbIX HacTOAWMUX CTOMMOCTEN ANA ABYX NKL, BO3pacTa W KaXAoe, MY>XUMHbI N XXEHLNHbI,
ONA BbIYMCNEHUA aKTyapHOW HacToAW el CTOMMOCTA aHHYMUTeTa, COMPSAXEHHOr0 CO CTaTyCcoM J0-
XUTKUS ABYX NNL: MYXUYUHblI BO3pacTa X NeT M XEeHLWWHbl Bo3pacTa Y neT. Boipasute w yepes
X ny.

9.36. N3 pa3a. 9.5 u3BecTHO, 4YTO ecnm c.B. T(X) u T(Yy) He3aBUCUMbI, TO MMEET MecTo
paBeHCTBO

o

axy= | Ce- SoV4re»)+AV+-)]dM dt
Jo
Ecnn HaligyTcsa Takue 8', K M w, uTo
8+ B(x +1) + B(y +t) =8+ kB(w + t), *
roo
axy —j v (tpw) dt —
Jo

3fecb WTPMUX O3HAYaeT, 4YTO MPU BbIYUCNEHUWN WCNONb3YETCA MHTEHCUBHOCTb HAYMCNEHWUA Mpo-
ueHTa 8", a w(k) ykasbiBaeT Ha CTaTyC AOXUTWA rpynnbl K «auy» (K He 0653aTeNbHO Lenoe).

MokaxunTte, uto ecnm B(X + t) = a+ b(x +1) + c(x + t)2, To (*) BbINONHAETCA NpU K = 2,
w=(x+y)/2, 8 =8+c(x2+y2—2w2).

9.37. Haligute exy, ecnm X = gy = 1 1 MOMeHTbl CMEPTU paBHOMEPHO pacnpejeneHbl B
TeyeHMe roAnYHOro BO3pacTHOr0 UHTepBana And Kaxaoro us asyx auuy (x) u (y).

9.38. MycTb ¢.B. T(X) u T(y) He3aBUCUMbI ¥ PaBHOMEPHO pacrnpefefeHbl B CMeAyHLLEM
rogM4yHoOM BO3pacTHOM WHTepBane. Mpu ycnoeuu, 4To 06a nuua (x) M (y) ympyT B cnegyto-
eM rogM4YHOM WHTepBane, NOKaXxuTe, YTO MOMEHT NoTepu cTaTyca (Xy) He SIBNSETCA paBHO-
MepHO pacnpefiefieHHbIM B TeuyeHue roga. [YkasaHue. MokaxuTte, yto P [T(xy) M t\(T(x)~ 1) N
(T(y)<1)] =2t~12]

9.39. MNMokaxute, 4To

1 1 0/ » 02 i3 194 \
8 i[l-(r/2-r23+r134-145+ )] ~iV+2 12+24 720+ ")’
a 3Ha4YUT, 4TOo . 2 2\ * r3
8\ 8+i) ~6 360+ "'
9.40. MokaXunTe, YTO €CIM MOMEHTbI CMEPTU PaBHOMEPHO pacnpefeneHbl B KaX/A0M roAny-
HOM BO3pacTHOM WHTepBane, TO :
. 1 m+ 1- 2
—/mPxy j/imPxy — gxy + Qx qy
ong N6LIX X MY, j =1,2,3,..., m, aTemM caMbiM NpoBepbTe hopmyny (9.8.14).

K pasgeny 9.9



9.41. N3 o6wumx coobpaxeHuin ybegutecb, uto NgXy = ngxl + ngxnPy Kakoi Bug npumet
3TO paBeHCTBO Npu n — 00?

9.42. MNoKaxuTe, UTO aKTyapHaa HacTofl,as CTOMMOCTb CTPaxoBbIX BbiMaaT pasmepa 1B
KOHLe rofa cMeptu nuua (X) npu ycnosuu, 4to anuo (y) LOXMBET O BPEMEHU BbINAAThbl, MOXHO
Bblpa3nTb B BMAe VPyax:y+i —axy.

9.43. MokaxuTte, uto Aly —Axy = Axy —Ay.

9.44. B TepMMUHaxX aKTyapHbIX HaCTOSALLMX CTOMMOCTEN BbiNAaT No JOroBopaM CTpaxoBaHuUs
Ha cny4yai cMepTu OTAENbHOrO NMLA U Ha cnyyali NepBOi CMepTH B rpynne BbipasnuTe eAnHOBpe-
MEHHYI0 HeTTO-NpemMuio ANS BbiNnaTbl pasmMepa 1, OCyLWecTBNSEMOA B MOMEHT cmepTun nuua (50)
npu ycnosuu, 4to nuuo (20) (B 3TOT MOMEHT BPEMEHM) YXXe YMepsio Uan focTurno sospacta 40
ner.

9.45. B TepMMHax akTyapHOI HaCTOALLER CTOMMOCTY CTPaxX0BaHNA Ha AOXUTHUE U Ha CnyYai
nepBoO/ CMEPTW B rpynmne BbipasnTe aKTyapHYK HAcTOALWYH CTOMMOCTb CTpax0oBaHWA C BbiNna-
TaMu pasmepa 1, Npou3BOAMMbIMWU B MOMEHT cCMepTu nuua (X) nocne cmepT nuua (y) npu
ycnosun, 4to (y) ympeT B TeyeHue ra-neTHero MHTepeana 0 MOMeHTa cMepTu nmua (x).

9.46. Bbluncnute 2592550, ecam B(x) = 1/(100 —x) ana 0~ x < 100.
K pasgeny 9.10

9.47. WN3BecTHO, 4TO B Tabnuue CMEpPTHOCTU, COOTBETCTBYOULEA 3aKOHY Meiikema, A —
0,003 n c10 = 3.

(2) BbIUMCINTE 00<74050, ecnin BAO:S0 = 17, (b) BbIpasuTe ™ 40:50 B TepMUHax .A40:50 1 040:50-

9.48. lMpwu ycnoBuu, 4TO CMEPTHOCTb OMUCLIBaeTCA 3akoHOM Fomnepua ¢ R{x) = 10_421"8
ana x > 35 n-yto, cornacHo (9.10.12), ~ 4o48ym = /T 6 l1paccumutainte / n w.

K pas3nuuHbim Temam rnasbl

9.49. CTtaTyc goxutuna (ni) coxpaHseTcs poBHO M neT. OH Mcnonb3oBancs BMecTe CO CTa-
Tycamu JOXWUTAA AuL, Hanpumep, B dyHkumax Jli;ki, AXL Ax.”, al;Si, Axy:*. Ynpoctute
cnefytolme BbipaXeHUs W faliTe UX CNOBECHYIO MHTEpPNpeTayuio:

(a) “Feep  (b) Ar-Hv

9.50. JokaxuTe cooTHoweHne (9.4.6), npumeHas paseHcTBo P(J1 UB) = P(N1) + P (B) —
P(AMB).

9.51. BblUMCnuTE BEIMUYUHY 6’;(~exy.

9.52. CnyuaiiHble BennuuHbl T'(x), T*(y) n Z He3aBUCUMbI N UMEIOT MOKa3aTenbHOE pac-
npegenexHue c napameTpamu Ui, (2,1 A COOTBETCTBEHHO. TN TPU CAyYaliHble BEIMYNHbBI BXOAAT
B MOJe/lb C BO3MYLLEHNEM.

(a) Hailgute MapruHanbHy QYHKUUKO NAOTHOCTU C.B. T(Y), BblYMCAUB

t oo
fT(X)T(v)(s,t)ds + fT(,x)T(v)(t,t) + J fT(X)T(v)(s,t)ds.

(b) Halignte mapruHanbHyto QyHKuuto goxutus c.B. T(y), Boluncnme

/OO fT(y)(u)du.

CpaBHWUTe MONYYEHHbIV pe3ynbTaT ¢ COOTHOWeHnem (9.6.4b).
(c) Bbluncnute -00

PIT(x)=T{y)]= 1 fT(x)nv)(t,t)dt.
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MOAE/IN BbIBEbITUA
No HECKOJIbKUM MPUNUYUNHAM

10.1. BBefeHue

B rn. 9 Mbl pacnpoCTpaHUAN TEOPUIO CTPaxoBaHWUs OTAENbHOro NULa, paccMaTpu-
BaBLIYOCS B IN. 3-8, Ha CTPaxOBaHWe HECKONbKUX /UL, COCTaBASIOWMX COBOKYMHOCTb C
eJMHCTBEHHOI NMPUUYNHOI BbIGLITUA — CMepPTbo. Tenepb Mbl BO3BPaTUMCS K Cly4ato OT-
AeNbHOT0 NnLa, HO MPUYMH BblGbITUS MOXET GblTb HECKONbKO. B KauecTBe NpakTUYecKoro
MPUNOXEHNS OTMETUM, YTO YMCNO pPaGOTHMKOB OAHOFO paboToAaTens COKpalaeTcs, Ko-
rAa OHU YBO/bHAOTCS, 3a60/1€BAKOT, YMUPAIOT WAN BLIXOAAT Ha MeHcuto. Mpu aHanuse
pblHKa pa6oyeil cubl MHOFAA HEOBXOAMMO OLEHUTL NINLLIL KOMMYECTBO TeX paGoTaroLux
B HacTosLLee BPemsi, KTO OCTaHETCs TPYAOCMNOCOGHbLIM €eLie B TeYEHWM HEKOTOPOro nepu-
ofa B 6yaywiem. Ans 9Toi 3afayuu NOAXOAMT MOAENb AOXWUTUS, pasBuTas B 1. 3, eciu
WHTEPNpPeTMPOBaTb OCHOBHYIO CyuyaliHyl0 BENWUMHY He KaK MpoAo/KUTENbHOCTb Npea-
CTOALLEN XU3HU, a KaK NPoAo/HKUTENbHOCTb Nepuoda TPYAOBOM AesaTenbHocTU. OfHaKo
MEHCMOHHbIE CXeMbl AN paboTaloWmnX NpegycMaTpuBaloT BbiMAaTbl MPU MpPeKpaLieHUn
UMK paboThl, KOTOpbIE MOTYT 3aBMUCETb OT MPUUYUHLI MpeKpalleHus. Hanpumep, Bbinna-
Tbl MPW BbIXOAE Ha MEHCUIO YacTo OTAMYAIOTCA OT BbIMAT B Cyyae CMepTV UMK yTpaTbl
TpygocnocobHocTU. CnefoBaTeNibHO, MOAENN AOXMUTUS ANS MEHCUOHHBIX CXEM N5 pabo-
TaloWMX BKOYAOT B ce6s CnyyaiiHble BEIMUMHBI U A8 NPOLO/MKNTENLHOCTY Nepuoga
[0 TMpeKpaweHns TPyA0BOW AeATeNbHOCTW, U ANS NPUYMHbLI NpekpaleHus. CTpyKTypa
BbIN/JAT TakKXe 4acTo 3aBUCWT OT pa3mepa 3apaboTHOI NnaThl, ABNSAOLWeENCS Heonpege-
NIEHHOCTbLI0 COBCEM [PYroro poga, KoTopyto Mbl 6ygem o6¢cyxaatb B ra. 11.

Opyroe npakTU4YecKoe NPUIoXKeHWe CBA3aHO C TeM, YTO GOMbLUIMHCTBO UHAUBUAYAb-
HbIX [lOrOBOPOB CTPAxOBaHWs XWU3HU FapaHTUpPYeT HEKOTOpble BbiMMaThbl, CIU BbiNiaTa
npemuii npekpaujaeTcs A0 OKOHYAaHMS YCTAaHOBJEHHOTO Mepuofa MX BbinaaTbl. Kom6u-
HWpOBaHHAas MOAE/b A5 TAKOro CTPaxOBaHMs paccMaTpMBaeT B KayecTBE C/yyaiHbIX
BEIMYMH NPOLOMKUTENLHOCTL Mepnuoja A0 MOMEHTa MpeKpalleHns BbinnaTbl NPemMuii n
MPUYMHBI 3TOFO MPEeKpPaLLeHus.

CTpaxoBaHWe MOTEpW A40X0Aa CTPaxoBaTeNsMW BCNeACTBME YTpaTbl UMU TPYLOCMO-
COGHOCTU 06ecrneynBaeT MepuoanYeckne BbiNaTbl CTPaxoBaTeNsIM, COCTOSIHUE KOTOPbIX
Y[0BNETBOPSET ONpefeNeHnto HeTPYA0CNOCO6GHOCTH, COflepXKaLleMycsi B 4OFOBOPe CTPaxo-
BaHMA. B HEKOTOPbIX Cy4Yasx CyMMa MepuoanyYecKnuX BbiMaaT MOXET 3aBUCETb OT TOrO,
ueM Bbl3BaHa HETPYAOCMNOCOGHOCTL: 60/1€3HbI0 UM HECUACTHbIM ciyyaeM. JSIULO MOXET
BblObITb 13 COBOKYMHOCTW paGoTalollMX 3acTPaxoBaHHbIX BCeACTBUE CMEPTU, YBOJbHE-
HWS, yTpaTbl TPYAOCNOCOGHOCTH M OKOHYAHUMS Nepuoja AeicTBNSA LOroBopa CTpaxoBaHus.
MonHas MoAenb CTPaxoBaHUS Ha chydvaidi yTpaTbl TPYZOCMNOCOGHOCTW BK/AOYaEeT B cebs
KaK CMyvaiiHyl0 BeIMUMHY MPOLO/KUTENLHOCTM Nepuofa [0 MOMeHTa BblObITUS, KOrga



cTpaxoBaTe/nb nepectaeT GbiTb YNEHOM COBOKYMHOCTM paboTaloWmux, Tak WU cayvainHyo
BE/IMUMHY NPUYMHbBI BbIGLITUS.

OpraHbl ynpaBfeHus 06LEeCTBEHHbIM 34pPaBOOXPaHEHMEM HYXAalTCs B aHaau3e
CMEPTHOCTM U AOXUTWA B TePMMUHAX MPUUMH cMepTu. Llenn o6LiecTBEHHOro 3/4paBo-
OXpaHeHUsi MOryT 6bITb CHOPMYNUPOBAHBI, €CAIM UCCNEA0BaTb COBMECTHOE pacrnpesene-
HUEe NPOAOMKUTENBHOCTY NPEACTOALLLHA XUHU U NPUUMH CMePTW. Ha 3ToM Tune aHanusa
OCHOBbIBaNO0Ch 3aK/OUYEHWE, YTO Cpeau MPUUUH CMEPTU Ha NepBOM MecTe CTOAT 3a6one-
BaHUs CepAeYHO-COCYANCTOW CUCTEMBI U OHKOMOTUYecKMe 3a60/1eBaHNMs.

[naBHas LeNb 9TOW rnaBbl — NOCTPOUTL TEOPUIO A1 U3YUYeHUs pacnpeeneHus cne-
AYOLWUX ABYX CNYy4YaiiHbIX BEMUYUH A8 OTAENLHOTO0 nla: NPoA0/HKUTENLHOCTI Nepuoja
[0 MOMeHTa NoTepu JaHHOro cTaTyca M NpUUMHbLI ero notepu. MonyyeHHas MofeNb Uc-
Mofb3yeTcs B KaXA0M W3 MPUI0XKEHWI, ONMCaHHbIX B 3TOM pa3gene. B akTyapHOii Hayke
noTeps cTaTyca HasblBaeTCs BbI6bITUEM, a NpeaMeT 3TON rnaBbl — Teopueil BbIOLITUS
M0 HECKONbKWM MpUUYMHAM. B 6MONOrMYecKoli CTaTUCTUKE ee Ha3blBalOT Teopueil KOHKY-
PUPYHOLLUX PUCKOB.

Teopunto BbIGLITUS MO HECKONbKUM MPUYMHAM BO3MOXHO TakXe pa3BuBaTb B TEPMU-
Hax JeTepMUHMPOBAHHbLIX KO3hULMEHTOB. KpaTkoe pe3tomMe paccMaTpuUBaeMoii Teopun
C 3TOi TOYKM 3peHus 6yaeT AaHo B pasg. 10.4.

10.2. OBe cnyyaiiHble BENMNYUHBI

naBa 3 4aCTMYHO MOCBSLLEHA MeTOAaM onpedeneHns U UCMNONb30BaHUA pacnpegene-
HWA HenpepbIBHON CAy4YaliHON BeAUUUHBI T(X) NPOAOMKUTENIBHOCTU NPeACTOAL e Xun3-
HU nuua (x). Mpu He6ONLLWIOM U3MEHEHNWN TEPMUHONOTUN TE XXE METOAbl MOXHO MUCMO/b-
30BaThb 419 U3yYeHWA AAMTENbHOCTU Mepuoja BPeMeHM L0 MOTepy HEKOTOPOro craTtyca,
Takoro, Hanpumep, Kak paboTa Ha onpefeneHHoro pa6otogatens. ®akTuyecku Mbl Oy-
[leM NoMb30BaTbCA TEM K& camMbiM 0603HaueHuem T(x), unm npocto T, Ansa cnyvaidiHoOW
BE/IMYMHbI AINTENLHOCTU BPEMEHHOIO MHTEpPBasa B 3TOM HOBOM 3Ha4YeHUW.

B 3TOM pa3fenie Mbl YCOXXHUM OCHOBHYH MOAENb, BBEAA BTOPYH CAyYaillHYyl Befu-
YMHY —MPUYMHY BbIObITUA, KOTOPYIO 0603HaUYUM Yepe3 J(x) = J. Mol bygem npegnona-
ratb, 4To J — AUCKpETHas cny4vaiHas Beau4vuHa.

MpunoxeHns ns pasg. 10.1 fatoT NprMepbl 3TUX CAYYaHbIX BEIMUYUH. B npunoxeHu-
AX K MEHCMOHHON cxeme A1 paboTalowmx cnyyainHas BeamymHa J nNpuHUMaeT 3HavYeHus
1,2,3 wan 4 B 3aBUCUMOCTU OT TOrO, MPOUCXOAWT BblGbITUE BCNAEACTBUE YBOSbHEHUS,
noTepu TPYAOCNOCOBHOCTH, CMEPTU UMW BbIXOAA HA MEHCUIO COOTBETCTBEHHO. B npunoxe-
HUM K CTPaxoBaHMWIO XU3HU C.B. < MOXET NPUHMMaTb 3Ha4eHns 1 nay 2 B 3aBUCMMOCTHU
0T TOro, NPOMCXOANT BblObITUE BCNEACTBME CMEPTM CTpaxoBaTens WKW BCAeLCTBUE Mpe-
KpalieHna BbINAaTbl UM NpeMuid. AN NPUNOXeHUS K CTPaxoBaHWIO Ha cnyvail notepu
TPYAOCNOCOGHOCTM C.B. J MOXET NpUHUMATh 3HayeHus 1, 2, 3 unu 4 B 3aBUCMMOCTU OT
TOro, ymMep CTpaxoBaTe/b, YBOJIEH, MOTepsn TPYAOCNOCOGHOCTb MM Y HEro OKOHYWACA
nepmoj cTpaxoBaHus. HakoHel, B MPUAOXEHUAX K OOLLECTBEHHOMY 34paBOOXPaHEHUIO
CyLlecTByeT MHOFO BO3MOXHOCTEl AN 3afaHusa NPUYUH BblObITUA. Hanprumep, B Heko-
TOpPOM MCCNef0BaHUU C.B. J MOXET NpUHUMATb 3HauyeHusa 1, 2, 3 unm 4 B 3aBUCUMOCTH
0T TOro, Mpou3oLIa CMepTb BCNeLCTBME CEPAEYHO-COCYAMCTOr0 3a60/1eBaHUSA, OHKONOMM-
4eckKoro 3ab0/seBaHUs, HECUACTHOTO CayYyas WAN BCEX APYTUX MPUUMH.



Hawa uenb —onucaTb COBMeCTHOe pacnpefeneHne c.B. T u J 1 COOTBETCTBYHOLLME
MapruHanbHble WU YCNoBHble pacnpegeneHnsa. O603Ha4YMM (PYHKUUKO «MAOTHOCTU» COB-
MeCTHOro pacnpegeneHus c.8. T n J yepes MapruHanbHy QyHKLUIO BEpo-
ATHOCTel ¢.B. J yepes fj(j) u mMapruHanbHy QYHKLWIO NAOTHOCTK C.B. T 4yepes
PucyHok 10.2.1 nanocTpupyeTt aTu PyHKUMKN. OHU MOTYT NOKa3aTbCs Ha NEPBbIA B3rNsg
HenpuBbLIYHLIMU, TaK KaKk J —ANCKpeTHas, a T — HenpepbiBHas cnyvaliHble BeINYNHbI.

Puc. 10.2.1. 'pauK GyHKLUM j)-

®YHKUUIO «MMIOTHOCTM» COBMECTHOTO pacrnpefeneHus ¢.B. T U J MOXHO
npeAcTaBMTb Pa3buTOin Ha M napanfenbHbIX NUCTOB, KakK NoKasaHo Ha puc. 10.2.1 ans
Tpex cny4yaes BbIGbITUA (TN —3). CyLlecTBYeT OTAeNbHbI MNCT ANA KaX40ro U3 m cny-
yaeB BbIGbITUS, pacCMaTpUBaeMblX B AlaHHOW Mogenu. [ ns n3o6paxeHHbIX Ha puc. 10.2.1
(YHKUMIA UMEOT MEecTo CneAyioLie COOTHOLIEHUS:

3

DyHKYM «naoTHocTu» fr,j{t,j) MOXHO Mcnonb3oBaTb 06bIYHbLIM 06pa3oM 415 BblUMC-
NEeHNsA BEPOSATHOCTEN COObITUIA, onpedeneHHbIX ¢.B. T 1 J. Hanpuwmep,

froj{t,j) dt = P[(t<T At +dt)D (3=j)] (102.1)

— BEPOSTHOCTb BbIOGLITUA MO NPUYMHE j MEXAY MOMEHTamMW BpemMeHu t u t + dt,
(1022)

BEPOATHOCTb BbIObITUS MO I'IpI/ILII/IHej [0 MOMEHTa BpeMeHn t, a

I>B opurnHane — «CoBMeCTHas PyHKUWUA nnoTHocTn €.B. T u J* («the joint probability density
function of T and J*). ®yHkuus ABNAETCH «YaCTHOM» NNOTHOCTLIO MO MEPBOMY aprymeHTy,
Takoid, uto /0° j) dt =fj{j) ans mo6oro j, n «yacTHOW» (DYHKLMe BEPOSTHOCTE MO BTOPOMY
aprymeHTy, TaKoi, 4To fT,j{t,j)dt = fr(t) ans noboro t (cm. Hmxke (10.2.4) n (10.2.5)). MoaTomy,
4T06bI NOAUEPKHYTb HETPAAWLIMOHHOCTL BBEJEHHOrO TePMUHA, CNOBO «MIOTHOCTb» Hamu 6yfeT cTaBUTb-
ca B Kasbluku. — [pum. pea.



—BEPOATHOCTb BbIOLITAA MO BCEM MPUUYMHAM MEXAY MOMEHTaMU BpPeMeHM a u b
BepoATHOCTb BbIGLITUA O MOMEHTA BPEMEHM t MO MPUYKHE j , 3aaHHAasA PaBEHCTBOM
(10.2.2), nmeeT cneunanbHoe o603HaYeHue

(10.2.3)

KOTOpOe MAMCTPUPYET UCMOMb30BaHNE BEPXHEro MHAeKca AN 0603HAYEHUS MPUUYUHBI
BbIObITAA B TEOPUM BbIOBITUA MO HECKONbKUM MPUUYNHAM.

WHpopmanma, n3sectHas B BO3pacTe X fIeT, MCNOMb3yeTcs A/19 Bbi6opa pacnpefe-
NeHns TakK e, Kak 3To genanocb B rn. 3. EcAyM M3BECTHO TO/MbKO, YTO /MU0 BO3pacTa
X XWBO, TO cnefyeT N0Mb30BaTbCA arperaTMBHbIM pacnpegeneHnem. C apyroii CTOPOHBI,
€C/IM MMeeTCs [ONONMIHUTENbHAA UH(OPMaLMsA, TO ciefyeT UCNOMb30BaTh CENEKLUOHHOE
pacnpefeneHune, 1 BO3pacT Ha MOMEHT CefleKUun 6yfeT 3aKnoUeH B KBagpaTHble CKOOKN.

CornacHo onpegeneHnio MapruHanbHoi QYHKUUN BEpPOSTHOCTEN C.B. J, N306paxKeH-
Hoi Ha puc. 10.2.1 B nnockoctu (j, z) M 06O3HAYEHHOWA BEPOATHOCTb BbIOLITUA MO
NMPUYMHE j B MPOM3BOJIbHbLIA MOMEHT BpeMeHU B ByfyluieM paBHa

(10.2.4)

3T0 — HOBOe 0603HaYeHMe, He MMEKoLLee aHanora B rA. 3, B OTAMYME OT MapruHanbHOl
¢yHKuun nnotHocTu fr(t) c.B. T, n3obpaxeHHON B naockocTu (t, z) Ha puc. 10.2.1. Ang
fr(t) n dyHkunun pacnpegenenma Fx{t) nvmeem npn t ~ 0

(10.2.5)

O603HavyeHnsA, BBeAEHHbIE B M. 3, 4NA PYHKUWNIA pacnpefeneHns cnyvyamHoin BeNNYMHBI
NPOLO/MKNTENLHOCTU NPEACTOSALLEN XXU3HN MOXHO PacnpoCTPaHUTb Ha CAyYaiHyo Beu-
YWHY NPOJOMKUTENBHOCTU Mepuoja A0 NOoTepu cTaTyca B MOAENU BblObITUS MO HECKOSlb-
KM MpuYnHam. Vcnonb3ysa BepxXHUin nHgekc (r) gns o603HavyeHUs TOro, 4to QPyHKLMA
OTHOCWTCS KO BCEM MPWYMHAM UK O6LLEA NHTEHCUBHOCTU BbIOLITUA, NONYUYUM

(10.2.6)

tpE) =P (T>t) = | - tgiM (10.2.7)

(10.2.8)

(10.2.9)

MaTemaTuyecku aTn QyHKUUKM Ans c.B. T U3 HacTosAWel rnasBbl COBNAAatdT C COOTBET-
CTBYHLWUMNU PYHKUMAM ANns c.B. T M3 rn. 3; pa3inume COCTOUT B UX MHTepnpeTayun B
npunoXxeHmax. Belbop cumeona (t) BNA UHTEHCMBHOCTK BbIObLITWUA NO BCEM MPUYUHAM
06yCNOBMEH 3TUMU NPUAOXKEHUAMMW. Hanpumep, B MEHCMOHHBIX MPUNOXEHUAX X — BO3-
pacT BCTYN/JEHUS B NMEHCUMOHHYHK CXeMY, W XOTA HWKaKOW AONOMHWUTENbHOW MH(opMaLmum
ONA cenekuunm MOXET He OblTb, MPUUYMHBLI NOCNeLYHOLLEr0 BblObITUS MOTYT 3aBUCETb OT
3TOro BO3pacTa.



Kak 1 B NPUI0OXEHUAX M3 NpeAblayWnx rnas, BeposTHOCTb (10.2.1) MOXHO aHaiu-
3MpoBaTh MpY YCMOBUU COXPaHEHWs JaHHOrO cTaTyca 0 MOMeHTa BpemeHu t. Torga

froj(t,j) dt = P(T>)P([(t<TAt +dt)n 3 =j)]IT>1). (10.2.10)

Mo aHanorum ¢ gopmynoii (3.2.12) aTo NoACcKasbiBaeT CReAytoLlee onpeseneHne NHTEH-
CUBHOCTMW BbIObITUA NO NPUYUNHE | :

=" ) =ifr-- (o4

VIHTEHCUBHOCTb BblObITUA MO NPUYMHE j B BO3pacTe X+t MMeeT UHTepnpeTaLuto B TEpMU-
HaX YCNOBHbIX BEPOATHOCTEN. DTO 3HA4YEHME «MIOTHOCTM» COBMECTHOIFO pacnpejeneHuns
CB. T u J B TOYKAx X +t W j Mpu ycnoBuu foXmTtus Ao Bo3pacta X +t neT. Torga
topmyna (10.2.10) moxeT 6bITb MepenucaHa B BUAe

fr,j(t,j) dt = tprrV> Ht) dt, j=212,....m, t™O0. (10.2.109)
MHaue rosops:
(BepOATHOCTb BbIGLITUA MO MPUUMHE j MEXAY MOMeHTaMu BpemeHU t n t + dt)
= BEPOATHOCTb tP " TOro, 4to NUO (X) coXpaHuT
JaHHbIV cTaTyc O MOMEHTa BPeMeHMU t)

X (ycnoBHas BEpOSTHOCTb Nx \t) TOro, 4to BblIOLITUE NPOU30OAAET MO
NpUYNHE j MeXAy MOMeHTamu BpemeHu t u t + dt, npu ycnosum,

UTO BbIGbITVME HE MPOM3OIAET paHbLle BPEMEHMU t).

OTtcroga, gudpdepeHunpysa dopmyny (10.2.3) n ncnonbdya gopmyny (10.2.11), nonyyum

Ne<l!) = (10.2.12)
tPx ar
[anee, cornacHo (10.2.6), (10.2.5) n (10.2.3),

™ pi ™n
ign=f fr(s)ds=/ E_frj(s,j)ds =72  fr,j{s,j)ds = "2tq(j]. (10.2.13)
30 Jo =l i=i Jo j=i
ToT (hakT, 4TO nepBbiii 1 nocnegHuii ynersbl B (10.2.13) paBHbI, 4OMNYCKaeT OYEBUAHYIO
nHTepnpeTauunto. Kom6uHupysa gopmynsl (10.2.8), (10.2.13) un (10.2.12), nonyvaem

m

41)W = E ~ W, (t0.2.14)
i=i

T.e. 06Was NHTEHCUMBHOCTb BbIObITNSA ABNSETCA CYMMOA YaCTHbIX MHTEHCUBHOCTEN BblI-

6bITUA N0 KaXAoN U3 m NPUYKH.
Mbl MOXeM CBECTU 3[eCb BOEAUHO BBEAEHHbIE OMNpefesieHns, BbipasuB COBMECTHYHO

«MAOTHOCTb», MapruHanbHyl (YHKLMWIO BEPOATHOCTEA M MapruHanbHYl NNOTHOCTb B
aKTyapHbIX 0603HAYEHUAX, NMPUYEM Mbl COXpPaHsieM HOMepa COOTBETCTBYHOLWUX QOpPMY,
[06aBUB K HAM «LUTPUX»:

= tPET)Hg) {t) (10.2.119
W =oo0944} (H0.2.4)
7 (1) = tPEN4 T)(1). (t0.2.8")



YcnosHas GbyHKLI,I/IFI BepOHTHOCTEVI C.B. J npu ycnosuu, 4To Bbl6GbITME nponsowsno B MO-
MEHT BpeMeHu t, —3To

HakoHel,, 3aMeTUM, YTO BEPOSATHOCTb, onpefeneHHas qopmynoii (10.2.3), MOXET ObiTb
nepenucaHa B Buge t

tQk] = Jf sPANnyHs)ds. (10.2.16)
0

Mpumep 10.2.1. PaccMOTPUM MOJENb BbiObITUSA MO ABYM MPUYMHAM C MHTEHCUBHO-
CTSMM BblObITUS

100, O o,  a@&f) = 1/100, t> 0.

Bbluvcnum gns atoin mogenn PyHKLMWM BepOATHOCTER (UM PYHKLMM NAOTHOCTW) COB-
MECTHbIX, MapruHanbHbIX U YCNOBHbLIX pacnpefeneHunii.

PeweHune. MNMockonbky
[4T)(s) =fjx4s) + Ne (s) = (s + 1)/100,
BEPOATHOCTb LOXUTUA tp§r) npeicTaBnseTcs B BUAE
PW =eXp (-7 <>0,

a QYHKUMSA «NIOTHOCTM» COBMECTHOrO pacnpefeneHus c.s. T u 3 — B Buae

t f t2+ 28y .
o 100 — 200 9. 37
i)y =y t2+2i4

tho.j =2
100exp V. 200 (- :

DYHKUMIO NNOTHOCTU C.B. T MOXHO 3anucaTb B BUAe

2

a )YHKLMIO BEpOATHOCTEl C.B. J — B BUAe
T =ilo°°Nv (M)A, j=1
1/8 /tj(*2)a, 3=2

dyHkuuio fj(2) BolunmcnnTb nerde. B gancHeliwem nsnoxeHun ®Ok) —hyHKLUA pacnpe-
[eneHns cTaHAapTHOrO HOpManbHOro 3akoHa N (0,1). [lononHAs 40 NOMHOrO KBajpara,

nonyynm
-(i+ D21 dt
m 200

= — e°005/2n:10 [ —=L— exp dt.
100 Jo \/2trto



Tenepb cAenaem 3aMeHy nepemeHHbIX z = (t+ 1)/10 u noayymm

CneposatensHo, fj( 1) = 0,8841. HakoHel, PyHKLNUA BEpOATHOCTEN €.B. J Npu ycnosuu
BbIObITUA B MOMEHT BpeMeHu t nonyyaetca us gopmynbl (10.2.15):

v

Mpumep 10.2.2. Ana coBMecTHOro pacnpefeneHus c.s. T u J, NpuMBELEHHOroO B
npumepe 10.2.1, nogcuutaem E[T] u E[T|J —2].
PeweHne. Ncnonb3ys mapruHanbHyto yHKumio naotHocTu fr{t), nmeem

MHTerpnpysa no yactam, Kak B (3.5.1), nonyumm

E[T] = —texp dt =0+ 100/N2).
CnepoBaTtesibHO,
E[r] = 11,59.
Mcnonb3ysa GyHKUMIO NAOTHOCTW YC/IOBHOTO pacnpegeneHuns 2)/j(2), npuxogum

K paBeHCTBY

3TOT MHTErpan MOXHO BbIYUCAWUTL CNeAyoWMUM 06pasom:

CyTtb npumepos 10.2.1 n 10.2.2 cocTOMT B TOM, 4YTO, pa3s onpegesieHO COBMECTHOE pac-
npegeneHve c.B. T ¥ J, MOXHO HailTU MapruHanbHble W YC/MOBHblE pacrnpefeneHUs u
BbIYMCNTD MOMEHTbI 3TUX pacnpegeneHuil. T

B HEKOTOpbIX MprMMepax KOHKPEeTHble MPUIOXKEHUA MOTyT noTpeboBaTb MoAudUKa-
L1n NpuBefeHHON Bblile Mogenn. HenpepbiBHOe pacnpejeneHue c.B. T, BPEMEHU A0 MO-
MeHTa BblObITUS, HE NOAXOANT AN TeX NPUNOXEHWIA, ANS KOTOPbIX BEPOATHOCTb BbIObI-
TWUA B HEKOTOPbIAA MOMEHT BPEMEeHU MOM0XUTenbHa. OAHUM TakMM NpPUMEpPOM SfBASETCS
MeHCMOHHas cxema C 06f3aTeNbHbIM BO3PacTOM BbIXOfa Ha MEHCWo, T.e. BO3PacToM, B
KOTOpOM Bce elle paboTawlime nuua 06s3aHbl BbIATY Ha MeHCUO. BTopbiM npumepom
ABNAETCA CPOUHbI/ [OrOBOP CTPaxOBaHWA XW3HW, B KOTOPOM, KaK MpaBu/io, Bbinaathl
B C/ly4yae [OCPOYHOr0o npekpalieHus LeiAcTBUS AOroBopa He NMpou3BoasTcA. B aTom cny-
yae, nocne TOro, Kak NpPeMus BbiMnayeHa, HAKTO U3 JOXUBLUUX CTpaxoBaTeneli He CTaHeT
npepbiBaTh 4OFOBOP 4O TeX MOP, MOKa He HAaCTYNUT faTa CcnefyloLleil Bbinaatbl NpemMuii.
34ecb Mbl He 6yaem nbiTaTbCAd 0606WMNTL 0603HaYeHNs, YTOBbLI BKIOYNTL B paccMoTpe-
HWe Takune cuTyauuun. Tem He MeHee, B AafbHELLEM Mbl OMWLLIEM MOAENW, MPUrOAHbIE A5
3TUX NPUMEPOB.



CnyuaitHaa BenMumHa K , nowarosoe BpemMs 40 MOMeHTa Bbl6bITUA nuua (x), onpe-
fenseTcs, Kak M B rN. 3, T.e. KaKk Haubosbluee Lefoe Yncno, mMeHboliee T. Mcnonb3ys
thopmynbl (10.2.1) n (10.2.11), Mmbl MOXeMm 3anucaTb COBMECTHOe pacnpegeneHue c.B. K

nJ Kak
AL
P[(K:k)n(J:j)]:P[(k<T"k+I)n(J:j)}:/k tPPNe {t)dt. (10.2.17)
J

Mepenucast P B NOAbIHTErpasbHOM BblpaXeHWU B 3KCMOHEHLMaNbHON hopMe, COrnacHo
(10.2.9), n pa3bue ero Ha f,Ba COMHOXWUTENSA, NPUBEAEM MpaByto yacTb hopmynbl (10.2.17)

K Buay
pK-\-1 r pt

KpiT) exp |- /47) (u) du (t)dt.

CpaenaB B Heli 3aMeHY NepPeMeHHbIX T = U —K U S =t —K, NONy4Ynm
KPIm f exp - f ~j\k +r)dr B~(k + s)ds.
Jo I Jo

[o cux nop mbl MPOBOAWNM Npeo6pa3oBaHUs, KOTOpble CMpaBefNMBbl /i BCEX TWUMOB
Tabnumy. Ecnu mbl UICNONb3YEM arperaTUBHYO WM 3aKNHOUYUTENbHYI0 (HE CeNeKLMOHHYI0)
Tabnmuy, rae WHTEHCUBHOCTW BbIGbITMS 3aBUCAT OT MCXOLHOrO BO3pacTa M OT MPOAos-
XXWUTEeNbHOCTW pacCcMaTpMBAEMOro nepuofa TONbKO Yepe3 CymMMYy 3TUX BEUYUH, T.e. OT
JOCTUTHYTOro Bo3pacTa, TO AN T M BCeX j MMeeT MecTo paBeHCTBO BX(k +5s) = Bx+k(s)
npu Bcex X, K n s 0, a popmyna (10.2.17) MmoxeT 6bITb NepenucaHa B BUAe

KP£T) Jo sPxlk Bxlk(s)ds = kP£T)qf3 k- (10.2.18)

BepoATHOCTb BbIOGLITAA MO BCEM MPUYMHAM MeXAYy Bo3pacTaMy X + K U X + K + 1 npu
YC/IOBUM JOXNTUS L0 BO3pacTa X + K 0603HavaeTcsa yepes W, cnefoBaTenbHo,
cl n m m
Afk= SPITk» 1 Tk(s)ds= / ePxl k'52Rkk(s)ds = '52qk+k- (10.2.19)
Jo Jo =1 j=1
AHanus ¢opmyn (10.2.18) n (10.2.19) nokasbiBaeT, NOYemMy Teopusa BblObITUA NO He-
CKO/IbKUM MPUYMHAM TaKXe Ha3blBaeTCA TeOpMeil KOHKYPUPYHOLMX PUCKOB. BepoATHOCTb

BbIObITUA NO NPUUNHE ] MeXAY Bo3pacTamn Xx+K u x+fc+13aBucut ot sPM+k>0 ~ s N 1,
W, TakuMm 06pa3oM, OT BCeX KOMMOHEHT MHTEHCUBHOCTEN BblObITUA. ECIM MHTEHCUBHOCTYU

BbIGbITUS AN BCEX APYIMX MPUYMH BO3PacTaloT, BEPOSTHOCTb BPX+K yMeHbLIaeTcs U,
cnefoBaTeNlbHO, BEPOSTHOCTb qwk TakXe yMeHbllaeTcs.

10.3. COBOKYMHOCTb C/Ny4YalHOro AOXUTUSA
PaccmMoTpum COBOKYMHOCTb nuy BospacTta a net. lNpegnonaraetcd, 4To pacnpe-
OENEHne BpeMEHN A0 MOMEHTaA BbIObITUA U MPUYNHBI BblObITUA Ana Kaxpaoro nuua 3agaHo
hyHKLMel
) = tPENR G) (1), tr"0,j =12 ...,m.
O603HaumMm 4yepes NV cAyYaliHyl BENUUYMNHY, PABHYHK YMCAY WL, KOTOPbIe MOKMAAT
COBOKYMHOCTb MO MPUYMHE j MeXxAy Bo3pacTamm X wx +n, X * a. O603Ha4YMM



uepes ndX ¥ MONYYMM PaBEHCTBO

S<#> = E[m2#>] = (t) t«. (10.3.1a)
Ji—a
Kak 06bl4HO, ecnv n = 1, HUXKHWIA neBbIn UHAEKC B NV A 1 ndx" onyckaeTtcs. 3ameTum,

4yTo
T

nD&r) = 7 Jﬂ\al)y) »
i=1

1 NONOXUM .
»47N = E[M)M] = 5; nd «. (10.3.1b)
3
Torpga, ncnons3ys opmyny (10.3.1a), nonyyaem
m px+n—a px+n—a
nan =" E { tPEN(F) () dt = /<> / tpirVir) («) 11- (0.3.2)
*/—0 Jx —a

Ecnu onpegenutb CMAX) Kak CaydvaliHyH BENUYMHY, PABHYIO YUCNY AOXUBLIUX 4O BO3-
pacta X u3 /iT' nuy B NepBoHayvanbHOM COBOKYNHOCTU KL, BO3pacTa a fieT, TO N0 aHasno-
rmm ¢ gopmynoii (3.3.1) moxem 3anucatb

= E[FM)OK] = liTK -apiT (10.3.3)

WHuTerpan B (10.3.1a) gna cnyyada n = 1coBnagaet c nHterpanom u3 (10.2.17) npu x —a
Mk =X—a. Takum 06pasom, Ana HeceneKUMOHHON Tabnuubl U3 cooTHoWweHUs (10.2.18)
cnegyet, 4To

4° = *ir)y*-apir)dj) = 1£4])e (10.3.4)
JTOT pe3ynbTaT faeT HaM BO3MOXHOCTb CBfi3aTb Tabnuuy 3HavyeHwi n n co-
OTBETCTBYIOLW YO Tabnuuy 3HayeHui n dx®. Kaxpgas u3 aTux Tabnuiy HasbiBaeTcs
Tabnnuein BbIGbITNUA N0 HECKONbKUM MPUYMHAM.
Mpumep 10.3.1. MocTpoum Tabnmuy 3HaAYeHWUA BENNYNH n d*J\ cooTBETCTBYIO-
LLLYt0 BEPOATHOCTSAM BblIObITUSA, NPUBELEHHBIM HUXKE:
x g 99
65 0,02 0,05
66 003 0,06
67 004 0,07
68 0,05 0,08
69 0,06 0,09
70 0,00 1,00

XoTa 3Ta Tabnmua B3sTa 415 NPOCTOTHI pacyeTa, €e MOXHO CYUTaTb FPy6GbIM NpUbMXKe-
HUEM CUTyauuu C AIBYMS MpUUMHAMMK BblGbITUS, NepBas — CMepTb, BTOpas — BbIXOA Ha
MeHcuo. ICHO, YTO B 3TOM cnyyae 70 NeT —BO3pacT 0653aTeIbHOM0 BbIX0Ja Ha NEHCUIO.

PeweHune. NMpon3BonbHbIM 06pa3oM Npuaagum BenymHe 3HayeHme 1000 u uc-
nons3yem topmyny (10.3.4), Kak nNokasaHO HUXe.



x qi5 qi qin pi V=" PR = = = di2 = mMaid

65 002 0,05 0,07 093 1000,00 20,00 50,00
66 003 006 0,09 091 930,00 27,90 55,80
67 004 0,07 011 0,89 846,30 33,85 59,24
68 0,05 0,08 0,13 0,87 753,21 37,66 60,26
69 006 009 015 085 655,29 39,32 58,98
70 0,00 1,00 1,00 0,00 557,00 0,00 557,00
3amMeTMM B KauyecTBe MPOBEPKM pacyeToB, uTo —dr — C TOYHOCTbH

[0 OLIMGKN OKPYT/EHUS.
MpuMeHss 3neMeHTapHble GaKTbl, MPOAOMKUM 3TOT NMPUMeEP BbIYMCIEHUEM HEKOTO-

PbIX BEPOATHOCTEN:
2P$ = (0,93)(0,91) = 0,8463,
219~ = p M )9M) = (0,91)(0,89) (0,05) = 0,0405,
2% = +P67)968) = 0,07 + (0,89)(0,08) = 0,1412.
MocnefHue Tpu cTon6Ua NPUBEAEHHON Bbille TabnWLbl MOTYT 6bITb UCMOML30BaHbl AN

nony4vyeHnsa Tex Xe BepOﬂTHOCTeVI. OTBeThI coBnagardT C TOYHOCTbKHO A0 YETBEPTOro Ae-

CATUYHOTO 3HaKa,
<)=IM mMago,

26 M 100000
1) dff 37,66 _

21966 - (r) - 930 00 - °>0405’
‘66 .

ZFé%) .d$+ds$ 59,24 + 60,26
- i(T) - 82830 -

10.4. CoBOKYNHOCTb AETEPMUHNPOBAHHOTIO AOXUTUA

O6UWy UHTEHCMBHOCTb BbIOBITUA MOXHO TakXe paccmarpuBaTb Kak obwmii (ad-
(heKTUBHbIV Tof0BOM) KOIPHULMEHT BbIObITUA, @ HE TO/IbKO KaK MAOTHOCTb YCNOBHOMO
pacnpegeneHuns. C 3aTO TOUKM 3pEHUA, KOrja pacCmMaTpuUBaeTCa HenpepbiBHas gemorpa-

thuyeckas mogaenbl), COBOKYNHOCTb NULL U3MEHSIETCA C TeYEeHMEM BPEMEHMU C aeTep-
MWUHUPOBAHHOM WMHTEHCUBHOCTbIO BbIObITUA /zZERY —a), y  a. Yncno AOXMBWIKX [0
BO3pacTa X W3 Haya/libHOW COBOKYMHOCTU, COCTOsLLEN M3 vy BO3pacTa a fet, 3afa-
eTca qopmMynoi

liT) = W) exp j- J (y- a)dy (10.4.1)

a o6u.|,ee YNCNOo BblBObIBLLNX MeXAay Bo3pacTamMu X M X + 1 cocTaBut

4N=Nhn- f1i =HT)(I - 4 {1 - exp [- J*+"Ne (y- a)dy]j

4N[1-PIT] = (10-4.2)

INCm- rn. 19. —Mpum. peg.



[anee, no onpefeneHnto UAK ¢ NOMOLLLIO AnddepeHLMpoBaHma paBeHcTBa (10.4.1) nmeem

tf)(x-a) =~ y "~ . (10.4.3)

AT opMyNbl aHanorMuyHbl Gopmynam, UCMONbL30BaHHLIM A8 TaGAuL, CMEpPTHOCTM B

pasg. 3.4. 3pecb qiT" aBnsetcs 3aPPEKTUBHBLIM F040BbIM KO3DPULMEHTOM BbIGLITAA NO
BCEM MPUYMHAM MeXAy Bo3pactamMu X W X -I- 1, COOTBETCTBYIOLWMM WHTEHCUBHOCTYU Bbl-

6biTva ur(y —a), x  y<x+1

PaccMOTpuUM Tenepb T MPUYUH BbIGLITUA U MPesNonoXUM, 4to /iT* JOXMBLINX A0
BO3pacTa X NeT BCE BbIGYAYT UCKMIOUNUTENLHO MO 3TUM T npuyYuHam. Torga MoxHo cebe

npeacTaBUTb, YTO 3TH Any pasbuTbl Ha nogrpynnel no ii™ any, j = 1,2,... ,m, rge
iYN 03HayaeT YMCNO TeX YNeHOB NepBOHayanbHOW rpynmnbl U3 nuy, Kotopble ByayT
Bbl6bIBATb MO MPUYUHE j, TaK 4YTO
4T = E ~ - (t0.4.4)
i=1
Mbl MOXeM Terepb ONPeAennTb WHTEHCUBHOCTb BbIGbITUA B BO3pacTe X MO MPUYUHE |
(opmynoit 17) ()]
Ne (x-a)= lim >xXU¥’+h,
ft->°  hl4
rae B 3HaMeHaTene CTouT , @ He ii™ . 310 paer
Ne {x-a) =-jTr"-. (10.4.5)
IX
M3 dhopmyn (10.4.3)-(10.4.5) cnegyeT, 4TO
i - m Th
-a) = --Tiy Tx - a). (10.4.6)
K j-1 j=1

3ameHuB B thopmyne (10.4.5) nepemMeHHYO X Ha y, NpUAeM K paBeHCTBY
-dIW = 12~"Hy-a)dy

W, NPOMHTErpMpPoBaB €ro No y oT X A0 X + 1, noayuum

[*+1
- & i= = J/x limNe (y - a)*v- (104-7)
CymmupoBaHue no j ot 1 4o m pgact
. [o*+1
4T - el =47)= J/ ATVIT)(Y - a) dy. (10.4.8)
X

Oanee, pasgenus opmyny (10.4.7) Ha iiT\ nonyyum

J()) rxX + 1

.@ = y -x P~ (y- a)dy = qgij), (10.4.9)

rge qJ1 — pong Tex nAuy u3 vymucna LOXMBLWINX [0 BO3pacTa X, KOTOPble BblObIBAOT
no NpuymnHe j [0 Bo3pacTa X + 1, KOr4a MMEKT MecTo BCE M MPUYUH BblObITUA.



Kak u B cnyvae TabauL, CMEPTHOCTU, AeTEPMUHUCTMYECKAS MOJe/b CO3AaeT ApYroi
A3bIK U KOHLLENTYa/lbHY0 OCHOBY TEOPUMW Bbi6bITUSA MO HECKOMLKUM MPUYMHAM.

10.5. ConyTcTBytowme Tabnumuybl BblObITUA N0 e4UHCTBEHHON
npuynHe
[ na KaXxfol NpuYnHbI BbIObITHS, PACCMOTPEHHON B MOZIENIN BbIOLITASA MO HECKOLKNM
NpUYMHaM, MOXXHO OMNpefennTb MoAefb BblObITUA MO €4MHCTBEHHOW NpUYMHE, KOTOpas
3aBUCUT NWLWb OT 3TON BbIGPAHHOW MPUYMHbBI BbIGbITUA. Onpegenum (QyHKUMKU conyT-
CTBYWLWNX MOfeneil ¢ eAUHCTBEHHOW NPUUYUHON BbIOLITUA cregylowmum obpasom:
n
tp'x] = exp Jo Aj)(s) ds AM = 1-tp'Jj). (10.5.1)

Takue BE/IMUMHBI, KaK td(ﬁl, B GMOMOTMYECKOi CTATUCTUKE Ha3biBAlOTCH YUCTbLIMU Be-
POSTHOCTSAMU BbiGbITUSA, TAK KaK OHU HE CBA3aHbl C APYrMMMW MPUUYNHAMU Bbi6bITUS.
O[lHAaKO 3TW BENNYMHBI MUMET MHOFO ApYrUX HasBaHWii. OAHO U3 HUX — HE3aBUCUMbIIA
KO3((ULUMEHT BbIGbITUS — CBA3AHO C TEM, YTO NPUYMHA j He 3aBUCUT OT APYrUX NPUUUH

npu BblUMCNeHUM tq'x" mMbl 6yAemM MCMonb30BaTh ANg tQX” TepMUH aGCONMOTHbIA KO-
(OMUMEHT BbIGLITUA. MCMoNb3oBaHWe C0Ba «KOIPHULUEHT» NPU ONUCAHUN BEUUUHBI

tgx  MPOWUCXOAWUT OT XKenaHus n3bexkaTb ClI0Ba «BEPOATHOCTbY», YTO6bLI He NyTaTh q 1 q'.
CumBon tQx" 03HauyaeT BEPOATHOCTb BbIObITUS MO MPUYMHE j MeXAy BO3pacTaMu X
X + t, ¥ Mbl MOKaXeM, YTO 3Ta BEPOATHOCTb He COBMafaeT c tq'x" mKpome Toro, Koad-
(uUMeHT tPx31, B OTIMUME OT BEPOATHOCTU tp” , He 06s3aTe/lbHO ABAsAeTCA (yHKLUUeN
AOXUTUSA, NOTOMY UYTO OHa He MOAYMHEHa ycnosuto lim”~oo tp'x* —O0.

Tak Kak
roo
r B{\t)dt = oo,
0
13 (10.2.14) Mbl MOXeM /N b 3aKJKUYUTb, YTO
roc
= 00

i /417{t)dt

no KpaliHei mMepe Ans OAHOrO j . MOryT cyLLecTBOBaTb MPUUUHbBI BbIObITUA, 418 KOTOPbIX
3TOT UHTEerpan KOHeueH.

Mbl pefKo CTafKMBaemMcs C CUCTEMaMW CAy4alHOro AOXWUTUSA, B KOTOPbIX MMeeTCs
NNWb OAHA €4WHCTBEHHAas MpUUUHa BblObITUA. B NEHCMOHHOW cxeMme ANns paboTaroLmx
BbIXOJ Ha NEHCWIo, NoTeps TPYAOCMOCOOHOCTU U YBOJSIbHEHME He MO3BOAAKT paccmaTpu-
BaTb 3Ty CUCTeMY KakK MOfefb, B KOTOPO/ CMepTb SIBASETCH eAWHCTBEHHOW MPUUYUHON
BbIObITUS B TeYeHUe neproga TPYAOCNOCOGHOCTU. B 6MONOrMUYecKUX NMPUNOXKEHUAX Cay-
yaiiHoe BblObITME U3 HabM4aeMol COBOKYMHOCTM M MPOU3BOSILHOE OKOHYaHWe nepuoja
McCnefoBaHUS MeLaKT CUNTaTb CMEPTHOCTb eAMHCTBEHHON MPUYUHON BbIGLITUS U3 CO-
BOKYMHOCTMW.

Kak Mbl yBuaum B pasg. 10.6, 06bIYHO MepBbIM LIAroM Mpu NOCTPOEHUU MOLENN C
HECKOMIbKUMMW MPUYMHAMU BblGbITUA ABNAETCA BbI6OP abCOMOTHBLIX KOIPHULUEHTOB Bbl-
ObITUA N NPUHATUE MPEANONIOXKEHUA O XapaKTepe BO3HUKHOBEHUS BbIObITUIA B 06GOM
OTAENbHO B3ITOM FOAMYHOM BO3PaCTHOM WHTepBasne, 418 TOro 4Tobbl MOAYYMTb BEpPO-

ATHOCTM qi”. Ob6paTHasa 3agayva onpefeneHns abconrTHbIX KOINHULMEHTOB Ha OCHOBE



3TUX BeposATHOCTE TakXe BK/OYaeT B cebA NPefAnonoXKeHUs 0 XapakTepe BO3HUKHO-
BEHWSI BbIObITUA. ITU MPEeANO/OXKEHUSA HEABHO OTPaXKeHbl B CTAaTUCTUYECKUX METOoAax
oLeHMBaHMA abCoNOTHLIX KO3ahpununeHToB 1 6yayT ob6cyxaatbcs B pa3s. 10.5.5.

B cnegytowem nogpasgene Mbl NMPOBEPMM HECKOMbKO COOTHOLUEHWUIA Mexay Tabnu-
LaMu BblOLITUS NO HECKONbKMM NMPUYMHAM W CONYTCTBYHOLWMMU TabauuamMmy Bbi6bITUS MO
OTLAENbHbIM NPUYMHAM. 3aTEM Mbl PACCMOTPUM HECKOJ/IbKO CrelnanbHbIX NpeanonoXeHuni
0 XapaKTepe BO3HWKHOBEHUS BblObITUIA B TeYeHUE rofMUYHbIX BO3PACTHbLIX UHTEPBANOB U
OTMETUM HEKOTOpble HesBHble COOTHOLWeHWA. B pasg. 10.5.5 6yayT uccnefoBaHbl HeKo-
TOpble CTaTUCTUYECKUE MOAXOAbl K OLEeHKe pacnpefeneHnidi ¢ BbIObITUEM MO HECKONbKUM
npuynHaMm.

10.5.1. OCHOBHble COOTHOLLUEHUSA
CHauvana 3aMeTuM, 4YTO TaK Kak

iP£) = expj - A [VxHs) + fAxHs) + mm+ 4 m)(s)] dsj,
TO m
tplT) = tI_IT N (<)_ (10-5'2)

JTOT pe3ynbTaT He WCMO/b3yeT HWKAKOW anmpokcumaumu. OH 6asupyeTcs Ha onpege-
NEHUU CONYTCTBYHLEA TabnuLbl BbIOLITUS MO eAUHCTBEHHOM NPUUYNHE, B KOTOPOW eAuH-
CTBEHHAsl UHTEHCUBHOCTb BbIObITAS paBHA MHTEHCUBHOCTM BblObITUSA MO 3TO XXe NpuynHe
B MOJENN C HECKOMbKMMMW MPUYMHAMU BbIGbITUA. Mbl Tpebyem, U4To6bl 3TOT PakT MMen
MecCTo /18 N060ro MeToda NOCTPOEHNUS TabnuL BbIOLITAS MO HECKO/IbKMUM MPUYMHAM Ha
0CHOBe Habopa abCoMOTHbLIX KO3DPULUEHTOB BbIOLITHS.

Tenepb CPaBHUM BENUUYNHBI a6CONMOTHLIX KO3 (ULMEHTOB 1 BEPOATHOCTER. U3 thop-
Mynbl (10.5.2) Mbl BUAWM, YTO €CM AeACTBYET elle 0fHA NPUYMHA BbIGLITUSA NOMUMO j,

TO tPx" ™ tPXT W3 3TOro cnefyer, yuto

tPx3)niJ](t)
M ecnm 3TM PYHKLUU NPOUHTErpMpoBaTh No t Ha uHTepeane (0,1), TO Mbl MoaAy4YMM

A = [ iPI9)/A))()dt > [ tpinVE) () dt = i), (10.5.3)

BennunHa apyrux WHTEHCMBHOCTEN BblObITUA MOXET Tak BAUATb Ha BENUYUNHY tp'x”", UTO

OHa OKaXeTcsl 3HaYMTeNbHO Gonblue, YeM tPAx\ U, TakuM 06pasoM, MOTYT BO3HUKHYTb
COOTBETCTBYHOLLME PA3NNYNA MeXAY abCOMOTHLIMU KO3IDPULMEHTAMN N BEPOSTHOCTAMMU.

10.5.2. MNoBo3pacTHble KOIPMULUMNEHTbI BbIObITUA MO HECKOIbKUM
npuynHam
B mogenu BblGbITUA MO HECKONMbKUM MpUYMHAM cyliecTByeT yHKLMA, KOTopas Ao-
CTaTO4YHO 6/71M3Ka K COOTBETCTBYIOLLEA PYHKLWUW AN CONYTCTBYIOLWENR MOAENN BblObITHSA
Mo eANHCTBEHHOW NpuunHe. [ ns Toro 4Tobbl BBECTN 3Ty DYHKLMIO, BEPHEMCS K TabauLe
CMEPTHOCTU W BCMOMHVM NOBO3PacTHOW KO3IP(MULNEHT CMePTHOCTU B BO3pacTe X, 060-
3HayaeMblii yepes T X U onpegensemMblin no opmyne (3.5.13) cnegyowmnm obpasom:



Taknm 06pa3oM, T X —B3BELLIEHHOE CPeaHee MHTEHC