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Tema 0
MHOXECTBA U I[EflCTBI/IS[ C HUMHA

[lousaTne MHOMCECMBa B MaTeMaTUKE BBIBECHO M3 IMOHSTHS COBOKYITHOCTH
IpPEAMETOB, CBA3aHHBIX KAKMMHU-TO 0OIUMH cBoiicTBamu. [Ipenmersl, coOpaHHbIe
BO MHOXXECTBO, SBIISIIOTCS JjeMeHmamyu JTaHHOTO MHOXECTBa. MHOMKECTBO
OJHO3HAYHO ONpENeNsieTcsl €ero sjeMeHTamMu. MHoxecTBa 0003Ha4aTCs
3ariaBHBIMU OYKBamH.

Ilpumep. MHOXECTBO BCEX HATYpalIbHBIX Yrcesl 0003HauaeTcs OykBoi N.
3anuce

allx
O3HAYaeT, 4YTO MpEAMET &a SBJSETCS AJIEMEHTOM MHokecTBa X (duraercs: “a
sBisieTcs deMeHToM X). OTpHUIlaHKe, TO €CTh IPEIMET a He SBISETCS dIIEMEHTOM
MHOKecTBa X, 0003HaYaeTCsl 3aMIChIO

all X.

MHOKECTBO 4acTo 3a7aeTcs B CICAYIOIIEM BHUIC: SJIEMEHTHl MHOXECTBA

3aKJIIOYAOTCS BHYTPHU PUTYPHBIX CKOOOK [1..[]

Ilpumep. OnHO U TOKE MHOKECTBO MOYKHO 33J1aTh IIyTEM OIIPEACICHUS
A = [Inacusie 3Byku cnoB “ TEOPMA MHOXECTB ™ [
U IIyTEM MEPEUUCICHUS €T0 DJIEMEHTOB
A= LJE,O,11, AL

Ilycmoe mnoxcecmeo. OnpeneneHueM
[JHaTypanbHble Yncia X, yI0BIETBOPSIONINE ypaBHEHHIO X+ 2=1 []
3aJ1a€TCsl TAKOE MHOXKECTBO, B KOTOPOM HET HHU OJHOro »>JeMeHTa. Takue
MHOKECTBA HA3bIBAIOTCA nycmuiMu W 0003HAYaAIOTCS 3HAKOM L. 3amnuch
A= 0O
03HAYaeT, YTO MHOKECTBO A SIBJISETCS IyCTHIM.

Heuicmeusa c muoxicecmeamu
Obveounenuem NByX MHOXKECTB A u B Ha3bIBaeTCsl MHOXKECTBO, KaXbIi JIEMEHT
X KOTOPOTO SIBJISIETCS DJIEMEHTOM JINO0 MHOKecTBa A, mnbo MHOkecTBa B,mmubo nx

ob0oux. O0benuHenue ooo3Hayaercs A U B. Takum o6pazom,
AUB: Ok : xO Awmu xO BO

Ilepeceuenuem nBYX MHOXKECTB A u B Ha3bIBaeTCs MHOKECTBO, KaXIbli DJIE€MEHT
X KOTOPOTo MPUHAJIEKUT KaK MHOXKECTBY A, Tak 1 MHOxkecTBy B. Ilepeceuennue
obosnagaercst A[|B. Taxum 06pasom,

A(B=x:xOAux0OBO



Pasnocmoio nByx MHOXecTB A u B Ha3pIBaeTCs MHOKECTBO, KOKIBIA SJIEMEHT X
KOTOPOTO TPUHAMJICKUT MHOKECTBY A W He MNPUHAMICKHT MHOXKECTBY B.
Pasnocts o603nauaercs A\ B u untaercs “A munyc B”. Takum o00pasom,

A\B= [X: xOAwu x B

3ameuanue. B oTauume OT 06’I)CILI/IHCHI/I}I, NEPECCUCHUC M PA3HOCTh [OIBYX
MHO>ECTB MOJKET OBITH ITYyCTBIM MHOXCCTBOM, AAXKC CCJIM MHOXKCCTBA A u B ne
SABJIAIOTCSA ITYCTBIMMU.

Ceoiicmea 66edennbix onepayuii
1. AUO=A ANO=0; AO=AO0\A=0.

2.KoMMyTaTUBHOCTH orepanuii 00beJUHEHUS U TIEPECEUCHHUS
AlUB=B[JA ANB=BA

3. AccouMaTuBHOCTh Onepannii 00bEAMHEHUS U TIEPEeCeUCHHUS

(AUB)UC=AU(BUC):  (ANB)NC=AN(BNC).

4. UneMnoTeHTHOCTD onepanuil 00beIMHEHUS U IIEPEeCeUCHUs
AlJA=A ANA=A.

5. AucTpuOyTUBHOCTH NIEpPECEUEHUS OTHOCUTEIBHO O0BEIUHEHUS

AN(BUC)=(aNB)UANC)

U TUCTPUOYTUBHOCTH OOBEIMHEHHSI OTHOCUTEIBHO TIEPECECUCHHUS

AU(BNC)=(aUB)N(AUC).

6. A\(A\B )=AB.

7. A\(BlJC)=(A\B)N(A\C), A\(BNC)=(A\B)J(A\C).

Jlokazamenvscmeo pasenctsa 6. [Tyctb anement XLJA\( A\B). Torma XUA u XUA\B.
CnenosarenbHo, XLIA u XUB. Takum o6pazom, XL1 A ﬂ B.

[TycTe Teneps XL A ﬂ B. Torma XUA u XUOB. Caenosarensuo, XLJA\B. Crano

ob1Th, XLIA\( A\B).
Jlokazamenvcmeo BToporo pasenctBa 7. [Tycts X[ A\ (B ﬂC) Torma XUUAu

xO B(\C. Iycts, nanpumep, XOB. Toraa XJA\B. CienoBatelnsHo ,
xO(A\B)J(A\C).



[TycTh Temeph BHIMOIHEHO ATO BKItoYeHne. Toraa, Hanpumep, XUA\B.
CnenosarensHo, XA u XOB. Crano 6sits, XU B()C. Hosromy, xOA\ (B ﬂC)

anaofcnenue. I[OKaSaTB BCC OCTAaBIIHECCA paBCHCTBA.

Tema 1

OTHOIINEHHUE IMTOPAIKA
HA MHOXECTBE JEUMCTBUTEJIBHBIX YNCEJI

Honoscumenvuvim oelicmeumebHbIM UUCI0M HA3BIBACTCS IIOCICI0BATESIBHOCTD
necatuanbix udp 0, 1, 2, 3,4, 5,6, 7, 8, 9 ¢ ogHOM 3anITON MEXITY HUMMU:

A Ay g 1,808y A e, (1)

HpI/I‘{éM cJIeBa OT 3aIISITOM CTOMT KOHEYHOE YHUCJIIO I_II/I(i)p, OTJINYHBIX OT 0.

Ompuyamenvusim 0elicmeumenbHblM YUC10M HA3bIBACTCA MOCIEI0BATEIBHOCTD
(1) co 3HakoM “ —” mepen HEW:

~@ 8 48,800 B (2)
Hyném Ha3zbIBaeTCcsi MOCHEAOBATEIBLHOCTh, COCTOSIIAS W3 OJIHUX HYJIEH.
O6o3nauaercs 0.
Uwncnaa Bunga 12,786999... u 12,787 cuutaroTcs OJMHAKOBBIMH.
MHO»XeCcTBO ACHCTBUTENBHBIX uMcen obOo3HadyaeTcs OykBod R. 3amucek

alJ R osnauaer, uro @ — neiicTBUTENBHOE YHCIIO.
3Hak [ yuTaeTcs KaK npuHaodiesicum, coO0epIHCUmcs.

Mooynem Oeitcmeumenvhozo uucia A Ha3bIBACTCI CaMO YHCIO A, €CIIH OHO
HYJIb WU TIOJIOKUTENbHOE. Ecii A siBJsieTcst OTPUIIATEIbHBIM YUCIIOM (2), TO €To

MoyJieM OyaeT nmosiokuTenbHoe uyucio (1). Moaynas o6o3HavaeTcs ‘a‘ :

Ceoiicmea mooyns

1.]4=0 = a=0.

> [ab =[]y, DaOR,0bOR,
3. |-d=la, DaOR.

4.|d" =a’=|a’|, DaOR.

3ameuanue. 3HaK < YUTAETCA KaK  mocoa u moJjvko moz2oa’’. 3Hak [Juynraercsa
KaK J10001, 6CAKUL.
Ynpaoicnenue. Jloxasate 5Tu CBOKCTBA MOAYJIS.

Omnuowernue I’lOp}lOKa Ha MmHodxcecmee R. I[J'IH ABYX IIOJOXXHUTCIbHBIX
,Z[@ﬁCTBPITCJ'IBHLIX quCcea



a=a,,8 48 1,808,841

(3)

y kotopbix a0 (N+1)-ro paspsga cToaT omuHakoBble HUQpPLI, Hogaraem a<b

b=a_a.,..a4,838..8,0,,...,

TOTJ]a M TOJNBKO TOrA, KOraa 8n. <Dpn.. Ecium b— momoxurensHoe uncio, a

YUCII0 & — OTpHIATEeIbHOEe WM HOJb, TO Bcerma a<b. Ecom a m b —
OTpHIIaTENIbHBIC YKMCIIa, TO & <D Toraa M TOJBKO TOT/Ia, KOTIa |b| < |aj .

Bammmce a<b yumraercs “a Menbine b 7. DkBUBaJIEHTHAs 3amuch bD>a
yurtaercd “b oospiie a”.

Ceoiicmea omuowienusn nopaoka
1. Ecom a<b,b<c,moa<c.

2. Econ a<b, 1o cymecTByeT AeWCTBUTENFHOE YHCIIO C Takoe, 94To a<C<Db.
Ynpasinenue. JIokazars 5Tu CBOMCTBA.
Hapsiny c¢ otHomenweM “MeHblne” WM “O0Jblie” MCHOJIB3YIOT OTHOIIEHUE

a < b( menbme wu paBao ) wm b = a ( 6obIe WK paBHO ).

yi npasicHenue. I[OKaSaTB (0 (714410010055 CBOMCTBA MOOYJIA:

1. |aj <b < -b< |aj <b, HalR,b-— 11000€ n0J0XUTEIHLHOE YHUCIO WA HOJIb.
2. |la+b<la+|b, DaOR,ObOR.
3.|a-|o|<|a-b, DaOR,0ObOR.

Mmnooscecmea ¢ R. Hanbonee yacto OyayT BCTpeUdaThCsl CIEAYIONINE MHOXKECTBA
NEWCTBUTEIBHBIX YHACEIIL:

1. UnTepBan (a,b) — 3TO MHOXECTBO JCHCTBUTEIIBHBIX YHUCEN X, KAXKI0€ U3
KOTOPBIX yJIOBIIETBOPSET YCIOBHIO & < X <D. DTO0 MOXKHO 3ammcaTh TaK

(a,b)={xOR a<x<h}.
2. Otpesoxk [a,b] ={XD R as xsk}.
3. TlonyuHTepBabl [a,b)={XDR| as< X<b}I/I (a,b]:{xEIR| a<x< b}.

3ameuanue. B nanpueiiiem OyaeM UCHonb30BaTh Takke 3anuch A [l R, kotopas
03HAYaeT, 4TO A SBIAETCS HEKOTOPBIM MHOXECTBOM JIEUCTBUTEIBHBIX YHCE].

Onpeodenenue. MuoxectBo A[] R Ha3pIBaeTCs OrpaHUYEHHBIM CBEpPXY (CHU3Y),
ecnm cymectyer Takoe umcio bR, uro as<b(b<a) mms Becex alA.

MHuoxxecTBO A Ha3bIBaeTCs OTpaHUYCHHBIM, €CJIM OHO OI'PaHHYCHO KaK CBCPXY,
TaK U CHU3Y.



Ynpasicnenue. /Toxaszars, uro MHOXkecTBO A [l R sABIISIETCS OrpaHUYEHHBIM TOTJA
U TOJBKO TOTJA, KOT/Ia CYIIECTBYET MOJOXKHUTEIbHOE YHCIO D Takoe, 4To |aj <b

1A Beex uncen all A.

Onpeodenenue. Yucino C Ha3bIBaeTCsi TOYHOM BEpXHEH (HIKHEH) TIpaHbIO
MHOXECTBA A, €CJIM BBIIIOJHEHBI CIECIYIOIINE YCIOBUS:
1. a<c(c=a) mmaBeex uncen allA.

2. Jlns moGoro uncra b < ¢ (c<b) maiinéres wncno all A Takoe, uto b<a(a<b).

Tounas BepxHss (HIOKHSS) TpaHb MHOXecTBa A o6o3Hadaetcs SUPA (inf A).
Ynpasicnenue. Jloxaszarp, uro y Mmuoxxkecta A = {0, 1/2, 2/3, 3/4, 4/5,... }
supA=1,inf A=0.

Teopema. Bcsxoe OrpaHUYEHHOE CBEPXY (CHU3Y) MHOXKECTBO A MMEET TOYHYIO
BEPXHIOI (HUKHIOIO) TPaHb.

Jokazamenvcmeo. 11poBenéM €ro isi TOUHOW BEPXHEW I'paHHU. byJieM CUHTaTh,
YTO ATO MHOYKECTBO HMEET IOJOXKUTENbHbIE unciaa (3) U OHM OrpaHUYEHbI
cBepxy uuciom b (3). Orcrona moiryunm, 4To y BceX 4ncen a ciaeBa OT KaKOr0-TO
(—k)-ro pazpsma crost mymu. U3 Bcex umcen a (3) BO3bMEM Te, y KOTOPBIX B
(— k)-m paspsine crout camast 6onbmas udpa. Ecinu Takoe 4ucio oaHO, TO OHO U
OyneT TOYHOW BepxHEW rpaHbio. Eciu Takux Yucesl HECKOJbKO, TO Cpelud HUX
oepém Te, y koTopbix B (—K+1) paspsae crout camasi Oomblas mudpa U Tak
nanee. B pesynbrare mocTpouM 4YMCIO, KOTOpOe OyAEeT TOYHOU BEpXHEH TpaHblo
paccMaTpuBaeMOro MHOXKECTBA .

Yucnosasn ocy. UnciaoBoi 0CbIO Ha3bIBaETCA MpsMasi, HA KOTOPOH OTMEUEHa TOYKa
HOJIb, YKa3aHO IIOJIOKUTEIbHOE HAMpPaBIICHWE W OTPE30K CAWHWYHOW JIJIMHBI.
Besikomy IefiCTBUTENTEHOMY YHCITYy @ Ha YUCIOBOW OCH COOTBETCTBYET TOYKA, U
Ha000poT ( cM. puc.).

Cnucok Kpamxux 0003nauenuii. Yxe 1o npeaplayleMy U3J10KeHUI0 BUIHO, YTO
HEKOTOPbIE BBIPAXKEHUSI BCTPEUYAIOTCA B MATEMAaTUUYECKUX TEKCTax yacTo. Juis Hux
UCTIOJIB3YIOTCS CHeIHaIbHbIe 0003HAYCHUS:

[]— cymecTByeT, HalaETCA
[ — mro06oi
< — TOrJa M TOJIBKO TOrJa, Koraa
[ — cnenyer;
[ — mpuHaI€XKUT;
[] — comepxurcs.




Tema 2

KOMIIVIEKCHBIE YNCJIA

IIpn paccmoTpeHnu psiga 3amad JEUCTBUTEIBHBIX YMCEN «HE xBaraeT». Ha-
npumep, ypaBHeHrne x°+ 1 = 0 He UMeeT pelIeHHsi Ha MHOKECTBE JCHCTBUTEIb-
HBIX uncen. Bo3HHKaeT moTpeOHOCTh B paclIMpeHUH MOHATHs yucia. JleicTBu-
TEJIbHBIEC YHUCJIA «3aIlOJHSAIOT» BCI YHUCIOBYIO OChb. 1lo3TOMY OCTaércs BO3MOXK-
HOCTb OTO’KJIECTBUTH HOBBIE YMCJIA C TOYKAMH INIOCKOCTH.

BBeném Ha mIOCKOCTH MpAMOYTojibHYyto cuctemy koopauHat XOY. Kaxnas
TOYKAa IUIOCKOCTH OJHO3HAYHO OINPEIEIAETCS CBOMMHM KOOPAMHATAMMU (X; y). Ha-

30BEM KOMNJIEKCHbIM YUCIOM Z TIapy JNCHCTBUTENBHBIX dncen (X;Y) (mopsimok

Ba’KEH) CO CIECAYIOIIMHU OIIEPALUAMU:
1. Cnoxeunne. Ecnu Z = (Xi ' Yi )’ 1 =12, 1o

2. YMHOXeHUE

2,+2, = (% + %, Y, +

4 Z, = (X1X2 ~Y1iYa X Ys

Y,).

+X2Y1)-

(1)
(2)

Feomempuuecxuﬁ CMbBIC]I onepauuu Cjiosxcenus. Kamnoe KOMIUIEKCHOEC YUCIIO Z

OTOXKACCTBUM C BCKTOPOM Ha INIOCKOCTHU C KOOpAWMHATAMU (Xi  Yi ) CYMMEI 9THUX

BEKTOPOB OIPEAENACTCA O IMPAaBWIy Mapauie]lorpaMMa M MMEET KOOpPAMHATHI
(Xl Xt Y2) (cm. puc.).

Yy 4

Y2

Y1

Lt 7

| 4

X2 X1

N
7

X

I'eomempuueckuit cmvicn onepayuu ymHodxycenusn. Beeaem Ha MI0CKOCTH TOJISP-
HYIO CUCTEMY KoopAuHAT (cM. puc.). Toraa

Y 4

X=pcosp , y=psing,

Y

p=x+y?

3)



CrnenoBartesnbHO,
XX, = V1Y, = P1P, COS(p, +¢,) 4
XY, %Y, = P, SiN(p, +¢,) )
Taxum 06pazom, omeparusi yMHOKEHUS (2) O3HAYAET, UTO HOAAPHbBIE PAOUY-
Cbl P, IEPEMHOXKAIOTCS, a YIJIBL ¢, CKJIaAbIBAIOTCS.
PaccMoTpuM KOMIUIEKCHBIE YMCIA BUAA Z= (X;O). Onu pacmonaratoTcsi Ha
ocu OX. lns aAByx Takux yucen onepauuu (1) u (2)
2+2,=(x+%:0) 22 =(xx,0)
MPEBPALIAIOTCS B OOBIYHBIE OTEPAUU CIIOKEHUS U YMHOXKEHUS JEHCTBUTEIBHBIX

yucen. Kaxmoe NeHCTBUTEIBHOE YUCIO X MBI OTOXKAECTBIISIEM C KOMILJIEKCHBIM
uuciom Buaa (x,0). B uacTHOCTH, euHuIa OTOXKAECTBISAETC C (L0) .
PaccmoTpum cnenmanbHoe uucio i = (0:1). Toraa us (2) nomydum, 49to
i2=ii =(-20)0 i?+(£0)=(0,0).
[Tockonpky koMIuiekcHbIe uyncna (1; 0) u (0; 0) OTOXKIAECTBISIOTCA COOTBETCT-

BEHHO ¢ 1 U ¢ 0, TO IpeabIAyIIee PABEHCTBO IPUMET BUJ
i?+1=0. 5

Cmanoapmnuan 3anuce Komnjiekcnozo wucaa. Vicnons3ys onepauun (1) u (2),
3amuiIeM KOMIUIEKCHOE YUCIIO B BUJIE

z=(xy)=(x0)+(02)(y;0).
OTCrONa ¥ U3 OTOXKIECTBIEHUS KOMIUIEKCHBIX uncen (x;0),(y;0) ¢ meiicTBUTENbHBI-
MU uncaaMu X, Y , IONyuuM
Z=Xx+liy. (6)

Yucima X=Rez — neiictBurenbHast, a Y = IMmz — MHMMas 4acTH KOMIIJIEKCHOIO
wucna Z. Queno i — mHumas eOunuya.
Onepanuu CI0KEHHUS. ¥ YMHOKEHUs KOMIUIEKCHBIX YMCENl, 3aIMCAHHBIX B CTaH-
NApTHO# hopMe, IPUMYT BU]

(6 +iyy) + 06 +1Y,) = 04 + %) +i(y, + Y);

(% +iy) 0% +1Y,) = X +iXY, +iYX +i%y,Y, =

= 00% = V1Y) +104Y, + ¥1%).

Mooynem KOMIIJIEKCHOTO 4ncia Z Ha3bIBAETCS
2= x*+y?, z=x+iy. (7)

Ceoiicmea onepauuﬁ CJ/I0JICEeHUA U YMHOIICEHUA. Onu 06J'IaI[aIOT BCEMHU OCHOB-
HbIMH CBOﬁCTBaMH, KaKnuMHU O6J'IaI[aIOT 9TH OIICpaIuru C I[eI\/'ICTBI/ITeJ'IBHBIMI/I qucia-
MMU.

1. z+2z,=2,+2Z ( KOMMYTaTUBHOCTb).
2. (zy+z,)+z,=2 +(z,+2) (acCOLMATUBHOCTb).
3. (zy+2)z,=22,+2,2, ( IUCTPUOYTUBHOCTB ).
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Bvtuumanue xomnnexkcnplx yucen. Jta onepanus JJIsi KOMIUIEKCHBIX YHCell, 3a-
NUCAaHHBIX B CTaHJIAPTHOU (popme, MpUHUMAET CIEAYIOIIMUA BU:

(x1+iy1)—(x2+iy2):(x1—x2)+i(y1—y2)_ (8)

jIeJleHue KOMNRJIEKCHbBIX HUCéIl. 9Ta oncpanusa MpoUu3BOAUTCA IO CIICAYIOLMICMY
MpaBUiy:
X Ty, — (X1 +|y1)(x2 _|y2) — XX VY, Fi XY XY,

X, + iyz (Xz +iy2)(X2 _iY2) X§ + yg X§ + yz2

9)

Ecimm, Z=X+1Yy, to Z=X—1Y Ha3bBacTCA KOMNIEKCHO-CONPANCEHHBIM THC-
oM. BepHo paBeHCTBO

zZ=x"+y> (10)

Tpuzonomempuueckan ¢popma komnaexcrozo yucaa. lloncraBum B (6) hopmMysi
(3). [Homyuum

z=p(cosp +ising), p=|7. (12)

N3 bopmyn (4) nonyuum ghopmyny Myaepa:
2,7, = PP, (COS(@, +¢,) +isin(g, +¢,)). (12)

Ortcroaa noxyuum, 4to N-s creneds (N = 1,2,3...) kommiekcHoro yucna (11) nume-
€T BUJ]

Zz"=p"(cosng +isinng ). (13)

H36neuenue kopusa N-ii cmenenu u3 KOMNHJIEKCHO20 Yuciaa. PaccMoTpuM Bompoc
00 U3BJICUCHUH KOPHs N-0# cTerenu u3 uyncia (11). 9to o3Hauvaer, uto TpedyeTcs
HalTH TaKoe KOMIUIEKCHOE YHCIIO

w = R(cosy +isiny),
4TOOBI w'=z < R"(cosny+sinny )=p(cos¢ +ising).
OTC}O,Z[a IIOJIY4YHMM PAaBCHCTBA
R'=p =« R={p,
cosny =cosgp, snny =sing = Y= ¢ +%, k=01..,n-1.
n n
Takum 00pa3om, KOPHU 33IAF0TCS CICTYIONTUMHU (HOPMYTIaMu:

w =4/pbost® + 28y +isin® + 28 Hic=01...n -1, 14

Pewenue keaopammnozo ypaenenusn. PaccCMOTpUM KBaJpaTHOE YpaBHEHHE

az’+bz+c=0.

11



3nech a,b,Cc — kommaekcHbie ynciaa U a# 0. [logenum ypaBHEHHE Ha YUCIIO a.

[Tonyunm
2 —
b b-dac
O 2aQ 4a
OTcro/1a Hax0IMM KOPHU ypaBHEHUS

b b? - 4ac
=4+ | —
42 =" 50 | 4a? (15)

HYCTB a,b,c — I[CﬁCTBPITGJIBHLI@ quciia U JUCKPUMHWHAHT

D =b*-4ac<0.
Torna u3 (15) nonydum
_~b*JD 16
2 (16)

Tak kak COSTT=-1,snt=0,70 D= ‘D‘(COST[+ i sinn)_
U3 popmynsl (14) momyamnm, uto /D = ii\/ﬂ . IloacraBuB 3T 3HaYeHus B popmy-
ay (16), nomydnm 1Ba KOpHS

_—b=i,/|D| 17
21,2 2a - ( )

Paznoscenue muozounenos. PaCCMOTpI/IM YpPaBHCHUC N-1 CTEeHU
a,2" +a, 2" +..+a _,z+a, =0, (18)

rae @, — 3aJaHHbIC KOMIUICKCHBIC YUCIIa, IPUYEM a, # 0.

OcHnosnas meopema anzeopwt (6e3 noxaszarenscTsa).Y paBuenue (18) scecoa nme-
€T XOTsI ObI OINH KOPEHb.

O603HauuM uepe3 z, kopeHb ypaBHeHus (18). Torma MoxkeM MpeCTaBUTh

a,2" +a,2" " +..+a,_z+a, =(z-2)byz" "t +b,2" 2 +..+b,_,z+b, ),
r7e b -  xommmekcHele umcma, Tpmuem Dy =8,. Mmuorounen
byz"* +b,z"? +..+b, _,z+b _, Takke uMeeT KOpeHb z,. [loaTOMY,
n-1 n-2 — n-2 n-3
byz"" +bz"" +...+b _,z+b _, = (z - zz)(coz +c 2"+t 2t cn_z).

[Iponomxkast 3Ty mpoueaypy Jajblie, TOJIyYUM CIeAYIoNyo (GopMyy pasioxke-
HUSI MHOTOWJICHA:

_ k k K

a,z" +a,z" +..+a ,z+a, =a,(z-2)(z-2)°.(z-z,)". (19)
3nech Z (i = l2,...,m) — paznuunvle Komnaekchvle kopuu ypasaenus (18). Uucna K;
Ha3bIBAIOTCS KPAMHOCMAMU KOPHEH, MPUYEM X CyMMa

ih =n.

3ameuanue. 30eCh Mbl BBEIU COKPAILEHHYIO 3aMKUCh JI1 CyMMBI

m

231. =a +ta, +..+a,.

=]
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Tema 3
IMPAMAS HA TIVMIOCKOCTH

/lekapmoea cucmema Koopounam. BBeieM Ha TIIOCKOCTH NPSAMOYTOJBHYO CHUC-
teMy koopauHaT XOVY. Torga kaxzaas Todka A IUIOCKOCTH OJHO3HAYHO OIpeEJe-
JAETCS CBOMMH KoopAuHAaTamu  (X,;y,). PaccMorpum nBe Touku A(X,;y,) H
B(Xs:Yg). Torma Bekrop AB 3a1aeTCs CBOUMH KOOPAMHATAMH (X — X,) Vg — Y,)

(cm. puc.) y
Ya A

Ve B

Paccmosanue mesxcdy 08yma moukamu 3anaercsi GopMyoit

— 2 2
|AB| - \/(XB - XA) +(yB - yA) :
Okpyscnocmoio paouyca R ¢ yenmpom 6 mouke A HA3BIBACTCS T€OMETPHUYECKOE
MECTO TOYEK Ha IIJIOCKOCTH, OTCTOSIIIMX OT TOYKM A Ha PACCTOSHME paguyca R.
YpaBHEHUE OKPYKHOCTH UMEET BUJ
2 2 _ p2
(x=x )" +(y-vy.) =R®.
Kpyz paouyca R c yeumpom 6 mouxe A 3aaeTcsi ¢ HOMOLIbIO HEPABEHCTBA
2 2 2
(x=x)" +(y-vy.) <R®.
IIpamoii Ha NIOCKOCTH HA3bIBAETCA MHOYKECTBO TOYEK, KOOPAMHATHL (X,y) KOTO-
PBIX YIOBJIETBOPSIIOT YPABHEHHIO

ax+by+c=0. (1)
31ech a,b,c — 3amaHHble yKcia, nmpuueM a’ +b*#0. Eciu b#0, To ypaBaenue (1)
MOYKHO pa3pelInTh OTHOCHTEILHO KOOPIUHATH Y

y:kX+B,k:—%, B:_ (2)

IlycTh 3agaHbl ABE pasHble TOYKU A(X,,y,) H B(xs;ys). [loacraBum ux B
ypaBHeHHe npsiMoit (2). [Toxyuum

Tlo

EVAZKXHB,
Vs = kG + B.

ITIycts x, # x;. Toraa

Yo~ Ye :k(XA_XB)D kzu!ﬁ:yA_kxA'

Xa ~ Xg
I'eomempuueckuit cmoicn koIpguyuenma k. I3 pucynka
y
y=kx+ 3
o' /B B, X
k k

13



BUJHO, YTO
kK=tgo . (3)
Takum obOpazom, k03hdUIIMEHT Kk paBEeH TaHTeHCY yria, KOTOPBIM o0pasyer mps-

masg ¢ ocbro OX.
Ycnosue napannenvnocmu 08yx npamovix. PaccMoTpum 1B NpsiMbIe

%y =k x+ By,
I:y = k2 X+ BZ'
N3 popmyssl (3) mOIyIUM YCIOBUS UX MApPALIEIbHOCTH:
Kk =ky; B#B,. (4)
[TycTh npsiMbie 3a7JaHBI YPABHEHUSAMMU:
ax+by+c =0, (5)
ax+hy+c, =
N3 dhopmyn
__&. __G . _
ki ——E, i ——HI, i=12
Y 13 yclioBHUs (4) MOJIyYuM YCJIOBHUE MapajuieIbHOCTH OPSIMBIX (5)
A GG (6)
b b, b b
Yeon mesncoy npameimu. Ilycts npsmeie 3a1anubl ypaBHeHusmu (2). Torna,

y

KaK BUOIHO U3 pPUCYHKaA,

_lga,—tga; _ k,—k
tgla, —a,)= = : 7
9la, -a,) Ltgatga, Lekk (7)
[Tycth npsmbie 3ananbl ypaBHeHusaMH (5). [ToactaBum B hopmyisl (7) k = —%.
[Tomyunm
_% _ %%E
b, —ah (8)

Tig

Ycnosue nepneudulgffmpnocmu 08yX npaAmbIX. YTOJI MEXIY NEPIEHIUKYIISIPHBIMU
apsiMbiMe paBeH . U3 popmyit (7) u (8) moayduM yCIIOBHSI IEPIIEHIUKYIAPHOCTH
2

1+kk, =0, 9
a, +hbb, =0. (10)
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Ypaeuenue npamoit ¢ napamempuueckoit popme. Kax BuiHo 13 pucyHka,

y M(X, y)
B

0 / X

Uit Toukd M, nexkaneit Ha npsiMoil AB, BEpHO paBEHCTBO

OM =OA+t AB,tOR,
KOTOpO@ B KOOpI[PIH&THOﬁ (popMe MOKHO 3aI1uCaTthb B CH@,ZIYI'OHICM BHUJIC:
%b( = Xa +t(XB - XA)’
= Ya+t(Ys —Ya) (12)

TI'eomempuueckuii cmuica xodhunreHToB a U b B ypaBHeHuu (1).

y ax+by+c=0

Bo3bmem Touky M, nexarryro Ha npsmoit (1). PaccMoTpuM npsimMyro

(-b)x+ay + (bx, —ay,, )=0. (12)
N3 dbopmyiel (10) cneayer, uTo 3Ta npsimas neprneHauKyasspHa npsmoi (1). Touka
N(x, +a;y, +b) nexur Ha mpsamoii (12). B camom zere,

(_ b)(XM + a)+ a(yM + b) + (bXM ~aym ): 0.

Cnedosamenvto, eKmop MN ¢ Koopounamamu (a,b) nepnenouxynapern npsimoti (1).

Paccmoanue om mouku 00 npamoiui. PaccMOTpuM IpsAMYIO, 3aJaHHYIO yYpaBHeE-
HueM (1). Beruncnum paccrosinue d OT TOUkd N 10 3TOW MPSMOIA.

y
ax+by+c=0

N(Xn:Yn)

M

15



3anuieM ypaBHEHUE MPSAMOM, NPOXOIAIIEN yepe3 TOUKy N U NepHeHANKYJIIPHOI
UCXOMHOW mpsiMod. Tak Kak BeKTOp ¢ KoopauHatamu (a,b) meprneHaukynspeH
npsamoii (1), To ypaBHEHHE 3TOM IPSIMOI UMEET BUJL

X=X +1a,

Ey =y, +tb.
Haiinem 3nauenue napamerpa t, mpu KOTOPOM MOJyduTcs Touka M . [loacraBum B
ypaBrenue (1) gopmyns (13). IMomyuum a(x, +ta)+b(y, +tb)+c=0. Orciona Ha-
XOJIUM

(13)

t — _aXN _byN —C
a’ +b?
CrnenmoBartebHO,
2
o == )+ 0 -, =G+ o = E 2D 0]
(a2 + b2)2
d= |ax, +by, +¢ - (14)

Jai+b?

Paccmoanue mexncdy napannenvuvimu npamovimu. 1lycTe 3amanel nBe mapai-
nenbHbIe npsMble. Toraa ux MOKHO 3a7aTh YPaBHEHUSIMU

ax+by+c =0, ax+by+c,=0, ¢ #c,
Bospmem TOuky M, nexaniyro Ha nepBou npsiMou. Halnem pacctossHME OT 3TOM
TOUYKH JI0 BTOPOU MPSIMOM. DTO U OyAET HCKOMBIM PAaCCTOSIHUEM MEXKIY MPSMBIMU.
U3 popmyst (14) umeem
- |aX|v| + by, +C2| - |Cz _Cl|

Jaz+b? Jai+b?
Ypaenenue ompeska, coeounarouiezo 0ée mouku M u N . 3anumeM ypaBHEHUE
IPSIMOM, TIPOXOSAIIEH Yepe3 ITH TOUKH B IMapaMeTpUUIEcKoil popme
X=X+t =% ) Y=y +tlyy - yy) OtOR
IIpn t =0 moxyynm TOUKy M, a mpu t =1 nmoxydum Touky N. Ecnu t n3mensercs
ot 0 o 1, To mosrydarorcsa Touku orpeska MN . CieoBaTeNbHO, OTPE3OK 3a1a€TCs
YPaBHEHUAMHU

d

D(z(l—t)xM +1Xy
O _
oy = (1_t)y|v| +yy, Lt D[O’]]'

Honynnockocmy. Tpsmas (1) AenUT MIOCKOCTH Ha JBE TOTYILIOCKOCTH, B OJHOM
M3  KOTOPBIX  KOOPIMHATBI (X, Y) TOYEK  YJOBJETBOPSIOT  HEPABEHCTBY
ax+by+c<0, aBoBropoii — ax+by+c>0. Hepasencrsa

ax+by+c<0, ax+by+c=0

3aJaK0T 3aMKHYTBIE OITYIUIOCKOCTH, TO €CTh BMECTE C CAMOU MPSIMOM.
[lepeceyenune MoaymiIoCKOCTEN (€ciii OHO HE MYCTO) 3aJaeT Ha IUIOCKOCTH

BBIMTYKJIBIA MHOTOYTOJBHUK. CeA0BaTENbHO, BBIMYKJIBIA MHOTOYIOJIBHUK Ha

MJIOCKOCTY MOYHO 33/]1aTh C MIOMOIIBIO CUCTEMBI JIMHEWHBIX HEPABEHCTB.
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ax+by+c <0, i=12..k (15)

3agaya. 3anucaTh C MOMOIIBIO TUHEHHBIX HEpaBEHCTB TpeyronbHuk ABC, eciu
KoopauHaThl 3THX Touek A, B u C 3agansl. HaiiTu paccTosiHre OT KaXKA0W BEpIIIH-
HBI 3TOTI'0 TPEYTOJIbHUKA J0 MPOTUBOIIOIO0KHON CTOPOHBI. ONpeNeTnuTh YIiibl 3TOT0
TPEYrOJIbHUKA. BBIYUCINTE KOOPAMHATHI MEAUAHBI TOTO TPEYTOJIbHUKA.

Tema 4
KPHUBBIE BTOPOI'O IIOPAIKA

Ilapabona — reoMeTpUIECKOE MECTO TOUEK Ha TIIOCKOCTH, OJMHAKOBO YIAJICHHBIX

OT JaHHOU TOYKH ((hokyca) v JaHHOU TPSIMOU (Oupekmpucuol).

Bwi1600 ypasnenua napaoo.oi.

A BribepeM mpsIMOYTONBHYIO CHCTEMY KO-
OpJIMHAT TakK, 4To0bl ock OX ObLIa mep-
neHAuKyIspHa aupekrpuce L, a oce Oy
JIeNMAT pacctosiHue p oT ¢okyca F 1o

»  IUPEKTPUCHI TOMOoJIaM. B0O3bMEM TOUYKY

M (x; y), nexanryro Ha napa6ose. Toraa

H-P 2 —|x+ P
Q(zgw |X+2|’

2 2
X% — DX+ Py = x2 + px+ P
p ) y p )

L Yy

OTcro1a moyiy4aeM KaHOHU4ecKoe ypagHeHue napadonsl:

y* =2pxX.

Onmuueckoe ceoiicmeéo napadoavt. PaccMoTpum mapaboianueckoe 3epkano, Ha-
IIPaBJICHHOE Ha COJIHLE. byJeM cuMTaTh, 4TO JIy4d CBETA MapajuleIbHbl OCH Mapa-
6omel. [locne oTpaskeHust OT 3epKaja Jiyd cBeTa nepecekaeT ocb OX B HEKOTOPOH
touke. Halinem 3Ty TOuky.

YpaBHEHHE TPSIMOU, MO KOTOPOM MOUAET JIy4
M(x,;y,) ’

y 4 nocJie OTPaKEeHUs OT 3epKajia, UMEET BUJ

JIy4 CBETA y=(x=x,)tg2x ; Y
tga
tg20 = ———
J 1-tg%a
20

M3  IMKOIBHOIO  Kypca  HM3BECTHO,  YTO
tga =y'(X,) (3HaueHue npoU3BOAHON (YHK-

# g AN y(X) =\ 2pX). Takum  0Opasom,

_1 |2p .
tga _E R Ilonaras B ypaBHEHMM NPSIMOMN
M

(SRS
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Yy =0, HaiineM KOOpAMHATY X TOYKH IEpeCceYeHHs 3TOH mpsIMOoii ¢ ockio OX:

_\2px, @-tga) _ R S
M tha X 2tga ,1 (2p
2\ Xy

= Xy —(XM —B):_

Takum 00pa3om, JTy4m CBETa IMOCIE OTPAXKEHUS OT MapaboINIecKoro 3epKaia me-
pecekatorcs B (hoKyce mapadosbl.

Anauncom HA3bIBAETCS T€OMETPUUYECKOE MECTO TOUEK HA IJIOCKOCTH, CyMMa pac-
CTOSIHUIM OT KaXIIOM U3 KOTOPBIX JI0 ABYX (pukcHpoBaHHBIX Touek F1u F; (ghoxy-
C08) €CTh BETMYMHA MOCTOSHHAS.

Kak nocmpoums 31nunc? B hokycel BOUBAIOT 110 I'BO3JUKY, K HUM MPUBS3bIBAIOT
KOHIIbI HUTKHU, BCTABJISIIOT KapaHJall U OTTSATMBAIOT UM HUTKY TaK, 4TOObI OHA ObI-
Jla BCEr/la B HATSAHYTOM IOJOXKEeHUU. KprBas, KOTOPYIO HAUYEPTUT NPU JBUKEHUU
KapaH/alll Ha IJI0CKOCTU U OyET AIITUIICOM.

Bui60o0 ypasnenua snnunca. Paccrosaue mexnay (GokycamMmu 0003HAYMM depes
2c. CyMMy paccTOsSHMI OT TOuYeK 3Juidrca 10 (oKycoB 0003HaYMM depes 2a.
Torpa

a>cC.
Cucremy KoopJIMHAT BbIOEpeM Tak, yToObl och OX mpoxoauiia yepe3 QoKychl 3ii-
nurnca, a ock Oy nenuia paccTosiHue Mexay (oKycaMu MOMoJIaM.

Fi(-c;0)

-b

BosbsMmeM Touky M (x,y), nexantyro Ha smunce. Torna
IMF,| +|MF,|=2a0 {/(x-cf+y? +y/(x+cf+y> =2a O
X2 —2xc+C? +y? = X2 +2xc+c? +y? —4day(x+cf +y? +4a’
ayJ(x+c)? +y? =xc+a>.
Bo3seaeM o6e yacTu nocneaHeii GopMybl B KBaApaT M MOTydUM
(az _Cz)xz + azyz — az(az —CZ)_
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[Togenum 3TO paBeHCTBO HA €ro MpaByko yacTh. [lomyunm

2 2
X_2+%:1_
a- a“ -c
O0o3HaYNM

b?=a’-c¢?, b<a.

HOJIyT{I/IM KAHOHUYecKoe ypasHerue 3aunca
2 2

X
.+ y_ =1 )

2
a b
[TapameTpbl ¢ 1 b Ha3BIBAIOTCS MOTYOCSIMH DIUTHIICA, TPHYEM & — OOJIbINas TOIy-

och, b — manas momyoch. OTHOIIEHNE 3 = € <1 naseiBaercs axcyenmpucumemom

SJIJITHAIICA.

T'unep6onoit Ha3pIBaETCS TEOMETPUUYECKOE MECTO TOYEK HA IIIOCKOCTH, Pa3HOCTh
PaCCTOSIHMN OT Ka)JIOM M3 KOTOPBIX JIO JABYX AaHHBIX Touek F1u F, (ghokycos)
€CTh BEJIMYMHA MOCTOSIHHASL.

Bui600 ypasnenus cunepoonst. Paccrossaue Mexay GoxycamMu 0003HAUMM 4Yepes
2c. Pa3HOCTB pacCTOSIHUN OT TOUYEK TUIEPOOIIBl 10 POKYCOB 0003HAUUM Yepe3 2 a.
Torpa

a<c.
Cucremy KoopJIMHAT BbIOEpeM Tak, 4YToObl ock OX mpoxoauia yepe3 (HOoKyChl ru-
nep6obl, a och Oy enuia paccTosHUE MEXTY (POKycaMH MOIoIaMm.

y
M(x;y)

5

Fi(-c;0) F2(c;0)

Torma [MF,|=|MF|=2a O MF,-MF, =#2a O MF,=MF*2a. Creo-

BATCJIBHO,

Jx+cf+y? =y/(x-cf+y*+2a O
X2 +2xc+c? +y2 =x% —2xc+¢? + Y2 + da/(x —cf +y? +4a?
0 xc-a?=#ay(x—-cf +y> [

x2c? - 2xca? +a* =a?(x? —2xc+c? + y?) [
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XZ(CZ _az)_azyz — az(cz _az).

HO,Z[@JII/IM MMOCJICAHEC PaAaBCHCTBO Ha €ro IMpaByroO 4acCThb. HOJ’Iy‘lI/IM

X y _

2 2 .2 =1

a C a
O0o3HaYuM

b?=c?*-a’.
Torna kanonuueckoe ypasHenue 2unep6oabl TIPUMET BU

ypP P p
X _y°_
P

[TapameTp a Ha3pIBaeTCs BEIIECTBEHHOW MOIYyOChblo, b— MHMMOI momyockro. OT-
C
HOICHHE = & >luaswiBaercs sxcyenmpucumemom unepoonnl. IpsiMpie

X_Y_ g X,Y_

a b a b

Ha3bIBAIOTCA acumnmomamu FI/IH€p6OJ'IBI.

3ameuanue. PaccMOTpeHHbIE KpUBbIE BTOPOro Nopsiaka (mapaboia, JUTUIC U TH-
nep0oJia) UMEIOT BaXKHYIO POJIb OTYACTU U M3-3a TOTO, YTO JBHKEHHE KOCMHUYE-
CKHX T€J MOJl BO3JECUCTBUEM CHJIbl TATOTEHHS B 3aBUCHMOCTH OT HAa4YaJIbHBIX YC-
JIOBUM IPOUCXOAUT IO OAHOM M3 3THX KPHUBBIX. Tak, Hampumep, BCE IUIAHETHI
ConHeYHOM CHUCTEMBI JBUXKYTCS MO JUIMIICaM, B OHOM M3 (DOKYCOB KOTOPBIX Ha-
xonutea CoHue.
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Tema 5

HOHATHUE n—-MEPHbBIX BEKTOPOB
N AEUCTBUSA C HUMHA

Ilpumep 1. 1lycth nipeanipuHUMAaTENb TOPTYET N BUAAMU TOBApOB, 3amachl KOTO-
PBIX 0003HAYMM COOTBETCTBEHHO X;,X,,...,X,. VIX MOXHO 3amnucarh B BHJE TaOIu-

LB

Tosap Caxap Myka Kpyna " I'peuxa
Kon-Bo, T X X, X3 X

n

Ecnu sxe 1oroBOopuThCs 0 NOPSAJIKE HyMEpalud TOBAPOB, TO UX 3alachl MOYHO 3a-
MUCHIBATh B BUJIE N-MEPHOTO BEKTOP-CTONOIA

i
X=5.".5 @

S,

Ilpumep 2. Ha nnockoct OX;X,KaxIas TOYka M OJHO3HAYHO ONpenessercs
CBOMMHU KoopauHaTaMu ( X;,X, ), TO €CTh €€ MOXHO 33/1aTh C IOMOIIbIO BEKTOpPa

ou-1

Onpeodenenue. ApubMeTndeckuM N-MEPHBIM BEKTOP-CTOJIOIOM (MJIM TPOCTO
N-MEPHBIM BEKTOPOM) HA3BIBACTCS YMOPSIOYHBIN HAOOp M3 N NEUCTBUTEIBHBIX
gucel (1). Yucna X; Ha3pIBarOTCs KoopauHaTamu Bekropa. [lopsanok yucen cyme-

CTBEHEH.
Jeticmeusn ¢ N-mepHvimu 6ekmopamu
Ilpumep 1. Ilycth 3anackl TOBapa NpeANnpUHUMATENS XapaKTePU3YIOTCSI BEKTOPOM

XY W3MepeHbl B TOHHaX. MBI XOTUM 3aJaTh KOJIMYECTBO TOBAapOB B Kr. Torma
OyZeM UMETb BEKTOP

HlOOOxl q

Ilpumep 2 .Ymuoxenue Bekropa OM Ha yucino allR o3HadaeT noayduTh BEKTOP
aOM = E l%
2
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Onpeoenenue. 1lpousBenenreM N-mMepHOro BekTopa X Ha umcio allR Ha3biBa-
€TCsl BEKTOp BUJA

Ilpumep 1. IlycTb 3anachl TOBapOB Yy MPEAIPUHUMATEINS XapaKTEPU3YyIOTCSI BEKTO-
pOM X, U OH €ellle MPUBE3 HEKOTOPOE KOJIUYECTBO TOBAPOB. 3aB0O3 XapaKTEPU3yeT-
cst BekTopoM Y. Toraa y Hero OyJieT KOJMYECTBO TOBAPOB, KOTOPOE XapaKTepU3y-

€TCs BEKTOPOM

[
X

+
=<

Xp t Yn
Ilpumep 2. Ha miiockoCTH MpU CIO0KEHUH MO MPABUITY NapajiejorpaMmma BeKTopa

M1 ac

Tl

—_—

OM c xoopmuHatamu (X;,X, ) C BEKTOPOM ONc koopauHatamu (Y,,Y, ) moIy-
YUM BEKTOP, IMEIOIINN KOOPAUHATHI
Exl Ty E
Ko +Y>
Onpeoenenue. CymMMO#l IBYX N-MEpHBIX BEKTOPOB X U Y Ha3bIBalOTCS

HX1+Y1 }

X, +
N-MEPHBIA BEKTOp X + Y = E 2™ Y2 0

Hynegvim 6exkmopom Ha3bIBAa€TCS BEKTOp, Y KOTOPOTO BCE KOOPAMHATHI PaBHbBI
nymo. On o603Hauaercs 0.

Ceoiicmea 66e0énnbIX onepayuii

1. X+y=y+X (KOMMYTaTHUBHBI! 3aKOH CJIOKECHHUSI).

2. (X+y)+zZ=X+(y+2Z) (accoumaTuBHBII 3aKOH CIIOKCHU).
3. X+0=0+X=X
H %

X
4. Jlna mo0oro BekTopa X CyIIECTBYeT BeKTOp (—X)= EL_Z

T

TaKkou, 4TO

I A O
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5. 1Ix=X%; 0x=0.
6. Jlst moObIx yrcen a,b u s mo6oro BekTopa X BBIMOJHEHBI PABEHCTBA!

6.1. a(bx)=(ab)Xx.

6.2. (a+b)Xx=ax+Dbx.
7. ns mroboro yucna a U U JTIOOBIX BEKTOPOB X,Y BBINIOJHEHO PaBEHCTBO

a(Xx+y)=ax+ay.
MHoxecTBO apupMeTHUECKUX N-MEPHBIX BEKTOPOB C BBEIECHHBIMHU OIEPALUSIMU
CIIO)KEHUS M YMHOXXCHUS BEKTOPOB Ha JCHCTBUTENbHBIC YHWCIIAa HA3bIBACTCS
N-MepHbIM JUHENHbIM 8eulecnmeeHHbIM npocmparcmeom. OHO 0003Ha4YaeTcs
R".

IpoctpancTBo R' — 310 umcioBas ock, R® — 4mcIOBast IIOCKOCTh U TAK JIaJIee.

Ckanaphnoe npouszeedenue 6eKmopos
Ilpumep 1. Ilyctb 3anachl TOBApOB MPEANPUHUMATEINS PABHbI

Xq

X
2
a LEHbl Ha pBIHKE 3THUX TOBApOB XapaKTEPU3YIOTCS BEKTOPOM

X
1
LI

x

>

IIIII-DDIII

NY

CIml o]
O
11

rae G — CTOMMOCTh €IMHHIIBI | -r0 BUAa ToBapa. Toraa y mpenrnpuHu-

@]
1

MaTeys UMECTCS TOBAPOB HA CYyMMY X C; + X,C, + ... + X,,C,, ACHC)KHBIX CAUHMILI.

Ilpumep 2. CkansipHoe pou3BeACHHUE IBYX BEKTOPOB Ha MIOCKOCTH

A M cﬁ@ﬂ% " m@%
2 2

onpenensercs hopmyaamu

\Y 3
0 > OM [OF = ‘OM‘ E.DF‘cosy: X,C; + X,C,.

Onpeodenenue. CxansipHbIM IPOU3BEJICHUEM JIBYX N-MEPHBIX BEKTOPOB Ha3bIBACT-

Cs YHUCJIO
<X; C>=XC + X,Cy +..c.. ¥ X,C,,. 2

Ceoiicmea ckanapno2o npouszeedeHus
1. <X;y>=<Yy; X>.
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3. <Xjay+bz>=a<X,y>+tb<x,z> allRbOR.
Ynpasicnenue. JIokazats 3TH CBOMCTBA.
4. <KXy J<X,X> EL/< y,Y > (HepaBenctBo Kormu — ByHsIKOBCKOTO).

Jokazamenvcmeo. Paccmorpum pynkuuio nepemersoro t R
f (t) =<tX+Vy;tX+ Yy >. Ilo cBOMCTBY 2 CKaJSIpHOTO MPOU3BEACHUS dTa (PYHKIIUS

f(t)Z O mpu Bcex tUR. Ilo cBolcTBY 3 €€ MOKHO IPEICTaBUT B CIECAYIOLIEM
BU/IE:

flt)=<tXtx>+<tX,y>+<Xt,y>+<y,y>=

—tP <X, X>+2A<X,Y>+<Yy,y>.
Takum obOpazom, QyHkmus f (t) SBIIICTCS KBaJPATHBIM MHOTOYJIEHOM OTHOCH-
TeBHO t. DTOT MHOTOUJICH HEOTPULIATENCH M KO3(DUIMEHT TIpH t° HeoTpHLaTe-
neH. [ToaTomMy ero JUCKpUMHHAHT

D=4<X,y>* -4<X,X><y,y><0.

Craio ObITh, < X,y >2<< X,X ><Y,y >. l3Biekas KOpeHb U3 00€UX 4acTeil 3TOro

COOTHOIIEHUS, TOTy4YrM Tpebyemoe HepaBeHCTBO Ko — ByHsIKoBCKOTO.
3ameuanue. HepaBenctBo Komm — ByHsikoBckoro 0e3 mpuBi€YEHHUS] MOHATHUSA
CKaJISIPHOTO TPOM3BENEHUS MOXKHO 3allucaTh Tak: I JIOOBIX JEMCTBUTEIBHBIX
YUCET X1, X5, X1 Y1 Y24y Yy BBIIIOJIHEHO HEPABEHCTBO

2 2 2 2 2 2
01+ Xo Yo oot X Yol S AXE +0E .+ X YE YR YR

3ameuanue. Jluneiinoe mpoctpanctBo R", B KOTOpOM OIpeeneHo CKalIApHOE
IPOU3BEICHUE, HA3BIBACTCS €8KIUOOBLIM.

Hopma eekmopa u ee ceoiicmeo
Onpedenenue. Hopmoii Bekropa X u3 R" HasbiBaercs uncio

Ceoiicmea nopmul
1. |20 [X|=0 - x=0.
2. Jlnst mo6oro yucia a u AJis J1000T0 BEKTOpa X BBITTOTHIETCS ||a¥|| = |a“|i||

|axX| = /< ax,ax > =ya® < X,X >.

3. s mroObIX BEKTOPOB X U Y BBIMOJTHEHO HEPABEHCTBO ||X + 7” < ||)_(|| + ||)7||

B camom nemne,

3ameqauue. B CJ'IyLIae BeKTOPOB Ha IIJIOCKOCTHU UMEEM
OC = OM +ON
OC|<|OM| +|ON

< +
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0

HEPaBEHCTBO TPEYroJbHUKA. DTO HA3BaHWE 32 HEPABEHCTBOM COXPAHSIETCS U B
o011emM cirydae.

/lokazamenvcmeo Hepasencmea mpeyzonvhuka. llmeem
||X+y||2 S<X+Y,X+YSE<KX,X>+<X,Y>+<Y,X>+<Y,y>=
= ||X||2 +2<X,y> +||y||2.
ITo HepaBencTBy Komm — byHsAkoBckoro < X,y >< ||)_(||||7|| IToaTomy
%+ 9% < [%I° + 2Jxl5] + 51" = (] +91)"-
W3Brekast KopeHb U3 00euX 4acTe 3TOro HEpaBEHCTBA, MOIYYUM TpeOyeMoe He-
PABEHCTBO TPEYrOJIbHUKA.

Tema 6
JIMHEMHAS 3ABUCUMOCTH BEKTOPOB, BA3UC

Onpeoenenue. Bexrop YO R" naswiBaercs iauneinot xombunayueti BEKTOPOB
Xi, X5 o0, Xy M3 R" , €CJIM CyIleCTBYET Habop uucen C,,C,,...,C, , TAKOH, YTO

y=C X, +C,X, +...+C X, .
Onpeodenenue. 1 0BOPAT, 4TO BEKTOPBL X, X, ..., X, U R" sBnstoTCs aunetino 3a8u-
CUMbBIMU, €CITH CYILIECTBYET HEHYJIEBOM HabOp uuceln C;,C,,...,C, , TAKOM, 4TO

CX% +CoX, +...+C X, =0 . (1)

Ecnu paBeHcTBO (1) BO3MOXKHO TOJIBKO KOTJIa BCE UMCIIAa C PaBHBI HYJIIO, TO BEKTO-
Pl X;,X5,...,X, HA3BIBAKOTCS JIUHEUHO HE3A6UCUMBIMU.
Ilpumep. PaccMOTpUM BEKTOPBI
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D
1

|
(ST R [T

agn
-
i

N 1
r\S'DI
Il
RO

I O O Y

U MOKaXeM, YTO OHHU JMHEWHO HE3aBUCHUMBI. J|eMCTBUTEIBHO, 3alUIIEM JJIsI HUX

paBeHcTBO (1)
HlH EOH gH %E
ClD D+CZDEI ~*hoo oo

o ﬁaﬁ B

Orcrona cnenyer, uro ¢, =0,c, =0,..

Hpumep. JIroOble Tpu BeEKTOpa
X,Y,Z Ha IUIOCKOCTU SBIISIFOTCS

JMHEWHO 3aBUCUMBIMU (CM. PHUC.).

Teopema. JIroObie M BexTOopoB B R" mmpu M > N saBiIstroTCs TMHENHO 3aBUCHMBIMH.

ik
_ Ky
Hoxazamenvcmeo. COCTaBHM JIJIs BEKTOPOB X, = -

%(:
JuH  Hed 7o EOH

X1 O EP(zzEI [Xon O
Go. gtCn. o *n. O DD

ol et Bed o

PaccMoTpuM 3TH paBeHCTBA KaK CUCTEMY JIMHEWHBIX alreOpandeckux ypaBHEHUH
OTHOCUTEIBHO HEU3BECTHBIX C . [loayduM N OgHOPOAHBIX ypaBHEHHUH C M HEU3-

| =1,2,...,m paBeHnctBo (1)

IIIIDI:II []

BECTHBIMU.

YyTh 103kKe AOKAKEM, YTO JIF00asi CUCTEMA JIMHEWHBIX OJHOPOJIHBIX aireo-
panyvecKux ypaBHEHUH, Y KOTOPOW YHMCIIO HEU3BECTHBIX OOJIbIIE YUCHIAa ypaBHE-
HHMW, BCET1a UMEET HEHYJIEBOE pelieHue. Teopema nokaszana.
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Onpeodenenue. Bextops! X ,...,X,u3 R" o6pasyror 6asuc B R", eciut onu iuHeiiHo

HE3aBUCUMBI.
Ilpumep. Panee paccMoTpeHHbIE BEKTOpa €,,...,6, 00pa3yroT 6a3uc.

Teopema (o paznoscenuu sekmopa no oazucy). Beskuit Bekrop Y U3 R' €IUHCT-
BEHHBIM 00pa30M packiajbpIBaeTcs 1o 6asucy Xi,...,X, B BUAeE
Y =C X, +C,X, +...+CX,. (2
Jlokazamenvcmeo. Buauaiie n1okaxeM CyllleCTBOBaHUE pa3ioxeHus (2). Paccmort-
pum N+1 BeKTOpoB X ,X,,..., X, Y. [Io npeasiaymei TeopemMe OHU JIMHEWHO 3a-
BUCUMBI. DTO 3HAYMT, YTO CYLIECTBYIOT YUCIa 84,8, ,...,8,, HE BCE PaBHbIC HYIIIO,
Takue, 4To
a,y+aX +a,X, +...+a,x, =0. (3)
[Ipennonoxum, uto 8, = 0. Torga u3 (3) uMeeM paBEHCTBO
X, +a,X, +...+a,x, =0.
Tak kak BEKTOpHI X ,...,X, 00pa3ytor O6asuc, to a, =0,a, =0,...,a, =0. 3nauur,
BCE 4MClIa & B pasnoxkeHuu (3) paBHbl Hy0. [losryunnu npoTuBopeyne.
Taxum obpazom, a, # 0. 13 (3) nomyuum

T
y=H 25 +... +B-EX.
Ay A

Yrto u Tp€60BaJ'IOCI> J0Ka3aThb.

JlokaxeM eIMHCTBEHHOCTb pa3yiokeHus (2). IIpenrnonoxkum, 4to CymecTByer
€Ille OTHO Pa3JIOKEHUE
Y=C X +Cy X, +...+C, X..
Berurem 310 paBeHcTBO U3 (2). [lomydnm
C—C X +...+ c—cn)in =0.
Tak xak BEeKTOpHI X ,...,X,, 00pa3yroT 6asuc, To (C - ) =0,... ,(C - C:,)= 0.
Teopema noka3zana.

3ameuanue. Yucna c,,C,,...,C,,B hopmyie (2) Ha3bIBACTCA KOOPOUHAMAMU BEKTO-
pa Y B 6azuce Xi,...,X,.

Juneiinvie npocmpancmea ¢ R"

Onpedenenue. Muoxecto X [0 R" HasbiBaeTcs TMHEHHBIM OPOCTPAHCTBOM, €C-
J1 OHO 3aMKHYTO OTHOCHUTEIBHO OMNEpalMy CJIOXKEHHSI BEKTOPOB U YMHOXKECHUS
BEKTOpPAa Ha YKUCJIO, TO €CTh BBITIOIHEHBI YCIOBUS

X,yOUX U x+ylX; xOUX,alORO axUJX.
Ilpumep. PaccMoTpuM B TpEXMEPHOM IIPOCTPAHCTBE MIOCKOCTb, IPOXOASIILYIO
Yyepe3 Havajao KOOpAHHAT (HarmpuMmep, miockocth X, 0X, ).
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Ecin BEKTOp JI€KUT B 3TOM ILIOC-
KOCTH, TO TOCJIE YMHOXEHHUS €ro
HAa YHUCJIO, TOJIYYCHHBI BEKTOP
Oyzer jexaTh B 3TON IJIOCKOCTH.
CyMmma JOByX BEKTOPOB H3 3TOMU
) > MIJIOCKOCTH OYJIET TaKXe JIeKATh B
ATOM MJIOCKOCTH.
Jlrobas mpsiMasi, mMpoXoasIas
4yepe3 Hadallo, KOOPAUHAT TaKKe
oOpa3yeT JMHEHHOE MPOCTPAHCT-
ax BO.

<
X
N

X

Xq

Onpeodenenue. Yucno k Ha3pIBACTCS Pa3MEPHOCTHIO JIMHEWHOTO MPOCTPAHCTBA
X', ecnu cymecTByeT K JTUHEHHO HE3aBUCUMBIX BEKTOPOB X ,..., X, B X, a JIIOObIE

k+1 BEeKTOpBI B X SBISIIOTCS JIMHEHHO 3aBUCUMBIMH. BekTops! X, ,...,X, Ha3bIBa-

10TCA 0a3MCOM B MMPOCTPAHCTBE X .

Ilpumep. PazmMepHOCTh TJIOCKOCTH B TPEXMEPHOM IMPOCTPAHCTBE paBHA 2, a pas-
MEpPHOCTh TIpsAMOit — 1.

TouHO Tak ke, Kak U B TEOpEME O Pa30KEHUU BEKTOpa Mo 0a3ucy, 10Ka3bIBaeTCs,
yTo s JroOoro Bektopa YL X cylllecTByeT €IWHCTBEHHOE pa3jioKEHUE

Y=C X +CoX, +...+C X, .

Tema 7

MATPUIIBI U JEMCTBHUS C HUMM.
OHPEAEJIUTEJIN KBAIPATHBIX MATPMHII.
PAHI' MATPHUIIbI

Mampuueii Ha3zpIBaeTCS TAOJINIIA YUCET

iall Ap - alnE
A= %321 G2 aZnE CTpOKa D
b A o At
croJioery

Yucna aij HAa3bIBAIOTCA KOOPpJAUHATAMU WUJIX 3JICMCHTAMU MAaTpPHUIIbL A.

Martpuiel Oynem 0603Ha4aTh OonbmmMu OykBamu. Eciiu Matpuna 4 umeer m
CTPOK U N CTONOIOB, TO OyAeM TOBOPUTH, YTO OHA MMEET Pa3MEepHOCTh M X N U
nucatb A(MX n).
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Ipumep. Matpuubl
a
A1 x 1) =a—uncno; A2x2)=| ,
Ay 8p
11

Anx1)=0: gALlxn)= (aya,-.a, )

o

Ilpumep. 1lycTh npenpHUsATAE MOXKET BBITYCKaTh N BHUJIOB F'OTOBOW MPOIYKIIUH,
UCTIOJB3ys. M BUAOB CHIPhs. [lyCTh Ha M3rOTOBJIICHUE €IUHUIIBI |- TOTOBOW MpO-
JYKIMH UCTIONB3YETCS &; €AMHMIL i-r0 Chipbs. Matpuna A (1), cocraBnenHas us

ATUX YUCEN, XapaKTEPU3YET TEXHOJOTHUeCKUil npouecc. OHa HA3bIBAETCS MexXHO-
Jl02UYecKoll MaTpuLE.
3ameuanue. Matpuua, coctosiniasi U3 OJHUX HyJIE Ha3bIBA€TCS HYJIEBOM MaTpH-
el u oboznauvaercs O.

Henicmeun c mampuyamu

1. YMHOXHTH MaTpuIly A Ha 9HCIIO b 03Ha4aeT yMHOKUTH KaKIyl0 €€ KOOpAUHA-
Ty Ha 3TO YHCIIO, TO €CTh
EPall -+ bay, H

B)aml bamnH

2. CnoXuTh ABE MATPULIBI OJIMHAKOBOM Pa3MEPHOCTH O3HAYAET CJIOKUTh COOTBET-
CTBYIOLIME KOOPJAUHATHI 3TUX MATPHIL, TO €CTh

Hall +hy - &y, thy, H
Ehml +bml R = o +bmn

3. TpancnoHupOBaTh MAaTPUIly O3HAYAET MOMEHSATh MECTAMU €€ CTPOKHU CO CTOJIO-

LAMH, TO €CTb
EF‘ll dy; v amlH

A*_Dalz dy ot Ay [
- Lt

%ln dy, v amnﬁ

3ameuanue. TpancrioHUPOBaHHAS MaTpUIla 0003HAYACTCS 3HAKOM * HaBepXxy.
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4. Ymnoocenue mampuuywl na eéekmop. Ilyctb

_[Axn ayx Gnl _ X[
0. . . .B*oo
%ml am2 amn ﬁ %(n E
Torna
Hall TP A HBXl H 831 H
Ay an . A 0Ox 00O
AX_ e DD...D: D---D (2)
%ml Am2 A E%(n ﬁ ﬁ)n ﬁ
rie
by =@, X +a;,X; +...+a,X,. (3)
ITpumep. Tlycth npeaupusTie BBIMYCKAET X, SIUHUI] I-TO BHIa TOTOBOM MPOIYK-
ur, i=1..,n.  Torma ouo Tpatur b; =a;;X +a;,X, +..+a;,X,emunun

J-TO CBIpbs. 3HAYHT, PE3yIHTATOM YMHOXEHUS (2) TEXHOJIOTHYECKON MaTpuIlbl A
Ha BEKTOp X, XapaKTEpU3YIOLIHil BEITYCK, OyIeT BEKTOp D, j-f KoopauHaTa Ko-
TOPOTO PaBHA YHCITY CIUHUIL 3aTPAUYCHHOTO |-TO ChIPBSI.

5.  Ymnuoocenue mampuuyvt A (Mmxn) na mampuuyy B (nxK).

Pesynbratom siBnsercs matpuna C(mXK), i-ii  cTomber KOTopo MmorydaeTcs: mpu
YMHOXCHHHM MaTpHIlbl A Ha I-ii cTonOer maTpuiisl B. Takum oO6pasom,

Ball Qo ... Ay EEPM b, .. blkB Ebn Co - ClkH

[Bo; Qg5 - 3 [Ihy by .. bsz (o1 Cp - Cyu I
(1] [ 1

%ml am2 amn @nl bnk m2 kaﬁ
Eall 8.12 EHJl
[1h

EaZl dy ... Qg i

(L]
%ml amZ amn%)

Ceoiicmea 66edeHHbIX onepayuii
1. A+B=B+A4.

2. (A+B)+C=4+(B+C).
3. A+0=4.
4
5

31ech

DEWDD

]

HE.
o,
i

5@5@
N A O

. 1x4 =A.
a (bA) = (ab) A (nns MOOBIX AEHCTBUTEIBHBIX Uncena au b ).
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6. Jlyst m060ro NeHCTBUTEIHLHOTO YMCIIA @ BBITIOJTHEHBI PABCHCTBA
6.1. a(Ad+B)=ad+aB;
6.2. a(AB)=(ad) B=A (aB).

7. A(B+C)=AB+AC; (A+B)C =AC + BC.

8. 4 (BC) = (4B)C.

9. (4) =A.

10. (a4) =a A" s mOGOTrO AEHCTBUTEIBHOTO YHCIA d.

11. (4 +B) =4 +B.

12.(AB) = B 4.

Ynpasicnenue. I1poBeputh 3TH CBOKMCTBA CAMOCTOSITEIIBHO.

Ipumep. PaccMOTpUM MaTpPHUIIbI

S FEL

Torma

BA:E %}1 —11%% 8%

CnenoBarenbHo, AB # BA. Takum 06pa3oM, yMHOKEHHE MaTpHIl HE KOMMYTATHB-
HO (Henb3a nepecmagnamy mecmamu !). Jlanee,

o} BB a1 Y
GRS

*x
.

Cnenoparensao, A B # (AB)

Keaopamuwvie mampuuyvt u ux onpedeaumenu

Onpeoenenue. Matpuiia Ha3pIBaCTCS KBAJAPATHOM, €CITH y HEE KOJIUYECTBO CTOJIO-
IIOB PaBHSAETCS KOJUYECTBY CTPOK.

Ilpumep. Ecnu npennpusitie u3 N BUAOB CHIPbSI MOKET BBITYCKaTh N BUIOB TOTO-
BOU MPOIYKITUHU, TO TEXHOJOTUYECKAsI MaTpuIla OyneT KBaJapaTHOM.

Onpeoenenue. KBagpaTHasi MaTpuIla Ha3bIBACTCI eOUHUYHOL, €CTH Y HEE TI0 Jua-

TOHAJIM CTOSAT €AUHUIIBI, 4 BCE OCTAIBHBIE AJIEMEHTHI paBHHI (.
Enunuunas matpuna obo3navgaercs E. Takum o6pazom,
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0 o M0 - 0

0 0 1 0
E(2><2)=% 1% E@x9 =) 1 0§ E(nxn)=H =
5 o0 . L

70 O 1

Ynpasicnenue. JIokazars, 4to
1.AE=EA=A nus 100601 KBaApaTHOU MATPUIIBI 4.
2.E =E.

Onpedenumenv Keaopamuou mampuybl

Martpuna pasmepHoctu 1X1 sBiseTCs YUCIOM, U €€ ONpeNesuTeIeM Ha3bIBACTCS

9TO 9ymcio. /[ Toro, 9To0BI HaTh OMpeNeIeHNE OMPEAEIUTENST MAaTPHUIIBI pa3Mep-

HOCTH 2X2, paCCMOTPUM CUCTEMY U3 JIBYX JIMHEHHBIX aNreOpandecKux ypaBHEHUN
(B X +a,X, =0

(B % TaxX, =0
Kaskoe U3 5TUX ypaBHEHHUH 3a/1aeT Ha IJIOCKO-

X, 4 CTH MPSAMYIO, MPOXOJIAIILYI0O Yepe3 Ha4aslo Koop-
JIUHAT.
Ot pSAMBbIE COBIIAALOT, eciu
8118y ~ 858, =0.
>
X

Onpeodenenue. OnpenennuTeaeM MaTPUILIbI

HA3BIBACTCS YHCIIO
A G
dy; Ay
YT0OBI MOHATH, KAK BBECTU OIPEICIUTEIs MATPHIBI IIPOU3BOJILHOTO MOPAAKA, 3a-
IHIIEM OIPEAEIUTENL MATPULIEI BTOPOTO MOPAAKA B CIEAYyIOIE hopMme:

d; 9y

det A= = Qg 8y T8y (4)

=ay( —1)*** det( Ay )+ a,( —1)**? det( Ay ).

dy Ay

Onpedenumens mampuyvl 00uie20 N-20 NOPAOKa

[Ipeanonoxum, 4T0 Mbl HAYYWJIHCh BBIYUCIISTH ONPENEIUTENb MATPULIBI pa3Mep-
Hoctu (N-1)%(n-1). Torma onmpeaenuTens MAaTPUIIBI PA3MEPHOCTH NXN OMIpeIeTuM
CJIeYIOIUM 00pa3oM:
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Q1 Qp v G
@ a4 . & Ay o Qg Ay - Ay
21 22 2n| 1+1 1+2
_all(_l) +a12(—1) T
dyp o Qp dy 0 Qp
ay Ay ot Gy
(5)
Ay Ay
1+n
+aln(_1)
Ay an(n—l)

3ameuanue. bynemMm TOBOPUTh BMECTO «ONPEAEIUTENb MATPULIBI N-TO IMOPSIKa»
MIPOCTO «OMPEAEIUTENDL N-TO MOPSAIKAY.

Buvtuucnenue onpedenumens mpemuezo nopaoka. Iz popmyn (4) u (5) umeem
a; Gy 3
8y By Ay =an(-1)™
Ay @Qzp Ag
= 8y;( 8853 - By38y, ) - B1o( 8y 8a3 - Byg8a1 ) T B13( 81857 - 850851 )

Takum o6pazom,
Ay @ a3

Ay Ay Qpg| T Ay8yp8g3 T Ay18n38s, T Ayp3p38) T AypdnAgz t 385183, T Q38553 -
d3 @83 Adg3

Ay Ay
d3 Az

Ay Ay 142|921 Ay

+a,(-1) +ay5( _1)1+3

3 Aa3 31 Aa3

(6)
Ilepeas cxema 3anoMmuHaHUS (HOPMYJIIBI ONIPENEITUTENS 3-T0 MOPSIAKA
0O 0O 0 0
0O 0O -0 - 0
0O 0O 0

Yucna, HaxoadIuecs B BEPIIMHAX TPEYTOJbHUKOB, EPEMHOMXKAIOTCS, a MPOU3BeE-
JeHHs OepyTCsl C COOTBETCTBYIOUIMMH 3HAKAMHU.

Bmopasa cxema 3anomuHanusi OpMyJIbl ONPEEIUTENS 3-T0 MOpsiAKa

UYucna, coeAMHEHHbIEC TUHUSAMU 0€3 CTPEJIOK, IEPEMHOKAIOTCS U Pe3yJibTaT OepeT-
Csl CO 3HAKOM IUIIOC. Pe3ynbTar yMHOXEHUSI YUCEN, COCAUHEHHBIX JTUHUSMU CO
CTpeJsikamu, OepeTcsi CO 3HAKOM MHUHYC.
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Ceoiicmea onpedenumens
1. detA=detA.
[IpoBepum st onpenenauTens BToporo nopsiaka. Umeem

det A = Q; Q| _[An Ay — et A
Ay dyp| Ay Axp
3ameuanue. IIpy TPaHCTIOHUPOBAHMU MATPHIBI MEHAIOTCS MECTAMH CTOJOLBI CO
crpokamu. [TosTOMy B cuiTy cBOMCTBaA | BCe CBOMCTBA ONPENEIUTENS, BEPHBIC LIS

CTOJIOIIOB, OCTAIOTCS BEPHBIMH U JIJII CTPOK (U HA000POT).

2. [Ipu mepecTaHOBKE MECTaMHU JIBYX COCEIHUX CTOJIONOB (CTPOK) OMpEAeIn-
TE€JIb MEHSET 3HAK.

[TpoBepuM 3TO CBOMCTBO AJIsi ONPEAETUTENSE BTOPOro nopsaaka. 13 ¢popmynsrl
(4) moTyuyruM paBEHCTBO

Qp G| _ |4 Gy

dy Ay ady, Qay

3. Ecim y onpeaenutens Kakoi-To ctosien (CTpoKa) COCTOUT U3 OAHUX HY-
JIeH, TO ATOT ONPENEIUTENb PABEH HYIIIO.
Jokazamenvcmeo. 1lycTp Kakas-TO CTpOKa COCTOMT M3 OAHUX Hyzneu. Ilepecras-
751 €€ MOOYEPETHO C COCETHUMH CTPOKaMH, IIOCTABUM €€ Ha nepeoe mecto. On-
peAeNnuTeNb IPU 3TOM MOXET TOJIBKO MOMEHSTh 3HaK. Ho u3 onpexnenenus omnpe-
JEIATEINS CIIEAYET, YTO OINPEICIUTENb C HYJIEBOU MEPBOM CTPOKOW PABEH HYJIIO.
CrnenoBaTenbHO, UCXOJHBIN TAKXKE PABHSUICS HYIIIO.

4. Imeet MecTO clieayroliee paBeHCTBO:

a;, a, ay, ay, A, o Ay,
aqth a,+tb, - o anth, |Slay a, o Ay |t
anl an2 ann anl an2 ann
all alZ aln
b b b,
ay 8, - - ag,

Joxazamenvcmeo. IlepectaBiss MOOYEPEIHO MECTaMU CTPOKH, ciaeidacM K-ro
cTpoky nepBoil. Torna, kak cienyeT u3 onpeaeaeHus OnpeaeaIuTeNs,



a;; tb a, t+b, ay, +b,
ayy Ao
A1 Ao Ayn = all( _1)1+1 : +
an2 ann
Ay Ano Ay
Ayy Ao ay; a,| |b b,
+h (-1 LS ]
Qpp @ Ay @y Ay 8y

3ameuanue. TOUHO TaKOE XKe PAaBC€HCTBO BECPHO U AJIA CTOJI6I_IOB.

5. Ilpu yMHOKE€HUHU BCEX 3IEMEHTOB KaKON-TO CTPOKHU (CTONOIA) HA OJHO U TOXKE
YUCJIO, OTPEJEIUTENIb YMHOKAETCSI Ha 3TO YUCIIO.

Jlokazamenvcmeo. MeHsis TOOYEPETHO MECTaMU CTPOKH, MOKHO CUUTATh , YTO
ATa CTPOKA HaXOJMUTCS HA epBoM Mecte. Toraa

bay, --- ba, Ay - Ay Ay - Ay
=bafl.l(_1)l+l +___=b(all(—j|_)l+1 T E I =
Ay 0 Qg A Gy Ay Gy
Ay &y
Ay 0 Gy

6. Eciiu y onpenenutens 1Be OAMHAKOBBIX CTPOKHU (CTONOIA), TO 3TOT OMpe-
JIEJIUTEIb PABEH HYIIIO.
Jlokazamenvcmeo. J11s onipeenutens BTOPOro nopsijika uMeeM

a b
=ab-ba=0.
a b

JlomycTuM, 4TO 3TO CBOMCTBO JIOKa3aHO Jyis onpeaenutess (N-1)-ro mopsia-
ka. PaccMotpum onpenenutens N-ro nopsaka. [loodepeano nepectapisis MecTaMu
CTPOKH, TIOCTaBUM JIB€ OJMHAKOBBIE CTPOKH Ha BTOpOE M TpeTbe MecTo. Torna,
KaXIbli onpeaenutensd (N-1)-ro nopsaka, purypupyomuii B popmyie (5), 1o uH-
OYKIIMOHHOMY TpENAIoyioKeHnto Oyaer paBeH Hyiio. [loatomy u omnpenenutens
N-ro nopsiaka OyAeT paBeH HYIIO.

Cneocmeue. OnpenenuTellb HE U3MEHUTCSA, €CITU K KAaKOW-TO CTPOKE (CTOJIOITY)
npuOaBUTh APYTYIO CTPOKY (IpYroi cToabelr), YMHOKEHHYIO Ha KaKOEe-TO YUCJIO.
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Hokazamenvcmeo.

+b

7. OnpenenuTenb TPEYroJbHOIO BUA PAaBEH

all

g

a'nl

asZ

agp

a'n2

OJICMCHTOB, TO €CTh

Ay
ay
Az

anl

0]
ay
Az,

an2

0
0
Az3

an3

a

a, thay a, +bag

asZ

a'n2

a

nn

aln
akn + basn

Qg

Ay
a'll a12
A Gy
dg Ag
a'nl a'n2

asZ

a'n2

okazamenvcmeo. [ onpenenuTens BTOPOro nopsiaKa

0 d; Qp Q3
0 0 a, ay
ol=|0 0 a,
a| o 0 0
a;, 0]
= Qg .
dy; Ay

nn

IMPOU3BCACHNIO JUAIrOHAJIbHBIX

= 8.118.22 oo ann .

[Tycts T2 popmyna nokazana st onpenenurens (N-1)-ro mopsaka. Torma

Ay
ay;
az

anl

0]
Ay
Az,

an2

0
0

Az3

an3

0
0
0

ann

a22

a
_ 141|932
=a, (-~

anZ

0
Aa3

an3

a

nn

= alla22 e ann .

TpeyroiapHbIi ONIPEAECIUTENDL BTOPOTO THUIIA B CBOMCTBE 7 MOJIy4aeTCs U3 pac-
CMOTPEHHOTO TOJIBKO YTO OIPEAECIMUTENS TPEYTOJbHOIO BUAA IyTEM TPAHCIIOHU-

pOBaHMs.

Cneocmeue. Onpenenuresib €IUHUYHON MATPULIbI PABEH €IMHUILIE.

36



8. Onpenenurens MPOU3BEAECHUS JBYX MATpULl PAaBEH NPOU3BEICHUIO UX OI-
pENEIUTENEN .
Hokazamenvcmeo. 11poBenem 115 onpeneauTesied BToporo nopsaaka. [lycts

Ald b" 5| B . _[aor+by a[3+b5‘

c d % co+dy cfB+dd
det(AB) = (aa + by)(c3 + dd) — (ca + dy)(aB + bd) = (ad —bc)(ad —By) =
= (det A)(det B).

Ilpumep. Beruuciaum onpeaenuTesib Y4eTBEPTOro MopsiaKa

2031 1121 1 121 1121 1121
1121 =-12031 |=-|0-2-1-1|=|10211]~=1|0211 |=
4012 4012 0-4-7-2 047 2 0050
3100 3100 0 -2 -6 -3 026 3 0052
1121
0211 = 20.
0050
0002
Panz mampuypl. PaccMOTpUM MaTpHILY
5311 Qy ... &, [
_[a.21 dy ... dy, [
A=D "D
%ﬂml am2 amn:

BrruepkHeM U3 MaTpUIhl CTPOKH U CTOJIOIIBI TaK, YTOOBI MOTYUUITUCH KBAPATHBIC
MaTpuIia TePBOro, BTOPOTO U TakK Jajnee mopsakoB. CYuTaeM ONMPEASTUTENN ITHX
KBaJPAaTHBIX MaTpuil. HauBICIINIA TOPSAIOK OTIMYHOTO OT HYJS ONPEACTUTENS
Ha3bIBaeTCs paneom mampuywsl A n obo3nauaercs r(A).

OueBuiHO, 4TO I'(A) HE TPEBOCXOIUT KaK YKCIIAa CTPOK, TAK M YUCJIa CTOJIOIIOB.

Ilpumep. Ilyctsb
0 4 OH

A=2 0 5 0f

8 0 0 oH

BrluepkuBasi HyjeBbl€ CTOIOLbI, TOTYYUM

1
2'=5—8=—3.
2

CnenoBatenbHo, r(A)=2.
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eticmeun C mampuueil, He MeHAIOUUE €€ PAHL.

PWONPE

5.

TpaHcrioHHpOBaHUE MATPHIIHI.

Or6paceiBaHKE HYJEBOTO CTOJIONA (CTPOKH).

ITepecraHoBka MecTaMu JIBYX CTOJIOLIOB (CTPOK).

YMHOKEHHE BCEX AIEMEHTOB KaKOT0-TO CTOJIONA (CTPOKH) Ha YMCII0, OTIMIHOE
OT HYJISI.

[IpubaBnenue K CTOIOIy KaKOro-TO CTOJOIAa, YMHOKEHHOTO Ha KaKOe-TO 4YKC-
70 (CO CTPOKAMH AHAJIOTHYHO).

3ameuanue. DTU CBOICTBA CIEAYIOT U3 CBOMCTB JJIs1 ONPEIETUTEIS.
Ilpumep. Bpraucinm panr MaTpyLbl

10 -13 0 2002 -4 1 5 3P -4 15 3]
02 -4 1 5 3000 -13 0 200 -1 30 20
La 5 7 -10 obllg 7 -10 oDD -390 6DD
H2 1 8 -5 3?@—2 8 -5 3%%—3906%

5
E{Z—4 535}—41535

3

0

1
00 -1 3 0 200 -1
9

H -39 06HH o0

Tema 8

CUCTEMA JIMHEHHBIX AJITEBPAUYECKHUX
YPABHEHUU. OBPATHASA MATPULIA

PaccMoTpuM cucTeMy JIMHEHHBIX anreOpandecKux ypaBHEHUN
[Byy X +apX, +..ta X, =by
D —
(B Xy +8xnX, +...+ 8, X, =b,

D)

%mlxl + am2X2 Tt amnxn = bm'

3nech@; by —3amannble yncna, @ X; — HEM3BECTHBIE.

Mampuunasa 3anuce cucmemsl ypagrnenuil. BeeaeMm MaTpuibl

H
=|:P(2|:|6:|:|b2|:|
0. O 0. O

Lol B

Eﬁn A I H
A:EB'Zl ap ... aanr

X

Torz[a, HCIIOJBb3YyA OIICpaAllIO YMHOXCHHWA MAaTPUIIbI HA B€KTOp-CTOJI6€H, IMOJIy4YuM

AX =b. (2)
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Cucmemsl cmynenuamozo éuda. PaccMOTpuM CHCTEMY
[0y % + 00X, oo+ 0y Xy + 0 ygpq Xiyg +ena 00X, =04

O O ppXy +on F 0y X F 0 ppeppy Xieug o H 05X, =B

U

[ veenreeenreesseessee e te e s e eteesaeeesseesaeeeteeaneeenaeenreeanneeenaennreean ©))
= + +.+ =

M O g X F O eaqy Xy Foee T 00 X = By

Hoe ay #0, 0, #0,.., oy #0.
IlepeMeHHBIE X, ,,..-, X, MOTYT IIPUHUMATh NPOU3BOJIbHbIE 3HAUeHUs. OHU Ha3bl-

BAalOTCA CBOOOJHBLIMH NepeMeHHbIMH. [lepeMeHHbIE X, X, _1,..., X5, X — [/IABHbIE

nepeMenHble. OHU BBIYHCISIFOTCS 4Yepe3 CBOOOIHBIC MEPEMEHHBIC CIIEAYIONINM
00pa3oM: U3 MOCIEIHEr0 ypaBHEHUSI HaXOAUM

N ] Ay By
X, = -y - ——Kx K

K A A
3arem X, moncraBisieM B (K-1)-e ypaBHEHHE U HAXOIUM X,_, ¥ TaK Jalee.

OObIYHO CBOOO/IHBIE MIEpEMEHHbIE 0003HAYaI0TCA OYKBaMuU Cp, Cp, C3 .. Cnk. TaKuUM
o0OpasoM, JUIsl CUCTEMBI CTyleH4YaToro Buaa (3) 3amucaTh pelIeHHE HE MpPEeJICTaB-
JSET TpyAa.

Onpeoenenue. JIBe cCUCTEMbl ypaBHCHUIN HA3bIBAIOTCS AKBUBAJICHTHBIMH, €CIIH Y
HUX OJIMHAKOBOE YUCJIO HEU3BECTHBIX M KaXKJ0€ PEIICHUE OJHOH CHCTEMBI SBIIS-
€TCsl PEIICeHUEeM BTOPOU CHCTEMBI, 1 HA00OPOT.

Heiicmeun ¢ cucmemamu, npueooaujue K IK6UBA1EHMHHIM

1. IlepecTaHOBKa MecTaMU ABYX YPABHEHUN CUCTEMBI.

2. YMHOXeHHuE BceX K0P (UIMEHTOB KAaKOTO-TO YPaBHEHUS HA HEHYJIEBOE YHCIIO.
3. CnoxeHue WM BbIUUTAHUE JIBYX YPABHEHHUM CUCTEMBI.

4. Ecnu Bce KOX(PQUIMEHTHl KAaKOIO-TO YPAaBHEHMsI pPaBHbl HYJO, TO €CTh
0Lk, +0k, +...+0X, =0, TO 3TO ypaBHEHUE MOKHO OTOPOCHUTb.

Memoo I'aycca npueedenusn cucmemuvl K CHyneHUamomy uoy
1. Nmem cpenu ypaBHeHu#l cucteMsl (1) To ypaBHEHUE, y KOTOPOTo K03 Pu-
[IUCHT TIPU MMEPEMEHHOM X; OTJIMYeH OT HyJis1. CTaBUM 3TO YpaBHEHUE Ha TEPBOEC

MECTO.
2. CuuraeM, 4TO YUCIO @;; OTIMYHO OT HyJs. MBICJIEHHO YMHOKaeM MEpPBOE

a
YpaBHCHHEC Ha YUCIIO -2 M BbIYUTACM IMOJIYYCHHOC YPAaBHCHUEC U3 BTOPOIO. B pe-

a;
3yJbTaTe BO BHOBb ITOJYYEHHOM BTOPOM YPaBHEHMH KOO(Q(HUIMEHT NPH IIEPEMEH-

. a
HOH X, paBeH HyIio. MBICIEHHO YMHOXAeM [IepBOE yPaBHEHHE HA —~ U pe3yllb-

A
TAaT BBIYMTAEM M3 TPETHETO YPaBHEHMsA. BO BHOBb IOJYYEHHOM TPETHEM ypPABHE-
HUM KO3 (GULMEHT pH X, paBeH Hyro. U Tak nanee.
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B pesynbraTe 1ojay4acM CUCTEMY yPaBHEHUI
[By X + 8%, +...+a X, =b

O O R
]
[Jreeerermmemmmmmm

O O — K
H am2X2 +°'°+amnxn _bm

3. MoxeTr oka3aTbCs, YTO CpPEIu BHOBBH IOJTYYEHHBIX YpPaBHCHHH HMEETCS
ypaBHCHHE BUJIA O +0[X, +...+0X%, =b u b#0 (Hammpumep,
0¥, +0LX, +...+0[X, =1). Toraa cucrema (1) He UMeeT peLIEHU.

Cucrema (1) Ha3pIBaeTCsi HECOBMECTHOM, €CJIM OHA He MMeeT pellleHui.
4. MoxeT oka3aTbCs, YTO CPEAU BHOBb IIOyUYEHHBIX YPAaBHEHUIN €CTh ypaBHe-
Hue Bujga 00k, +0[X, +...+ 0Lk, =0. Toraa 3T0 ypaBHEHHE OTOpAChIBAEM, U BO

BHOBb NIOJTyYE€HHOM CUCTEME YMCIIO ypaBHEHUI OyAeT MEHBIIE, YeM B MCXOTHOM.
He Tporas nepBoe ypaBHeHME, HAUMHAEM MCKIIOYATh C MOMOILBI) BTOPOTO
YPaBHEHUS IIEPEMEHHYIO X, U3 TPETHErO M TaK Jajiee N-ro ypaBHEHUH I10 ONHCAH-

HOM BBIILIE IPOLIETYPE U TaK Jlajee.
B pesynbrare, 1100 Ha KAKOM-TO IlIare Mbl YCTaHOBUM, 4TO cuctema (1) Heco-
BMECTHA, JTMO0 MPHUIEM K CUCTEME CTYIEHYATOTO BUA.

3ameuanue. B cucteme (3) nocieaHee ypaBHEHHE pa3/iesidM HA YHCIO dyy, OTINY-
Hoe oT Hyms. Toraa koadduiuent npu X, Oyzaer paBeH eaunuie. C MOMOUIBIO

ATOTO ypaBHEHMsI MCKIII0OYaeM MEPEMEHHYIO X, M3 BceX Apyrux ypaBHeHui. Ko-
3¢ ULMEHT TpU epEeMEHHON X,_, caenaeM paBHbIM enuHuie. C MoMOIIbIO 3TOTO
ypaBHEHHSI HCKIIIOYAeM TMEPEMEHHYIO X,_; U3 OCTAJIbHBIX YPAaBHEHH U TakK Jaliee.
B pe3ynbpTaTe moayduM CHCTEMY CIIEIYIOMIEro BU/A:

* D _ *
Eb(l Oy X Toee FORX, =0y
O X, + 0 g Xt Too- F Xy =B
0 b (4)
[erreeeereeeerestessessessessestsessessestessessessessssesnes
_ +a, +...+alx. =B,
B X + O ey Xk T e T 00 Xy =By

Teopema (Kponexepa — Kanennu). ]l Toro 4ro0bl CUCTEMa ypaBHEHUM
[y X +8,X +...t &y X, = by
(B Xy +8x0X, ...+ 8, X, =D,
[
0

%mlxl + am2X2 oot aman = bm
uMeTia perreHrne, He00X0IUMO U JOCTaTOYHO, YTOOBI
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35‘11 dy ... & [H iall a; apb, [
By &y ... &y [] A, a a,.b, [
rangr o1 Ay 2n o= rang 21 Ay 2n0 .
%ﬁml am2 amn : %ﬁml am2 o amnbm :

To ecTh, 4TOOBI paHr MaTpPHUIIBI 3TOH CHCTEMbl PABHSJICS PAHTy PaCHIMPEHHON
MaTpULBI.

Ynpasicnenue. Jloxazats 31y TeopeMy, npuBoas cuctemy (1) metonom [Maycca k
CTyneH4aromMy Buay. IIpu 3ToM paHru noimy4aromuxcsi MaTpULl HE MEHSIFOTCS.

Cucmemul ypasuenuii, y KOmopvlx 4ucjilo HEU38ECMHBIX PAGHO UUCTY YPAGHe-
HU.

Marpuna
}311 Ay ...y [
By Ay ... Ay []
%ni an2 ann :

TaKOUH CHCTEMBI SIBIISIETCS KBaAPATHOM.

Teopema. Ecnu matpunia cuctemsl (1) mpu N= M uMeeT onpeaeIuTeNb, OTIMYHBINA
OT HYJIS, TO 3Ta CHUCTEMa UMEET SMHCTBEHHOE PEIICHHE.

Jlokazamenvscmeo. Haunnaem mpuBoauTh MeTogoM [aycca cuctemy (1) k cry-
neHuyaromy Buay. [locre Kakmoil omepanuu ONpeeTuTeNh BHOBb MOTYYCHHON
MaTPUIBI MOKET OTJIMYATHCS OT OMPEACIUTENST UCXOMHONW MATPHUIIBI TOJBKO 3HA-
koM. B mpomecce mnpuBeaeHHS HE MOXET TMOJNYYUThCS ypaBHEHHE BHUIA
0¥ +0[X, +...+0[X, =0. 3nauut, mpouecc OTOpachiBaHUS ypaBHEHUN HE

IMPOUCXOJHNT.
HpI/IXO,Z[I/IM K CUCTEME TPCYIrOJIbHOI'O BHAaA

[0 % + 00X+ + 0, X, =By

E A pXy +..+ 0o X, =B, (6)
Ij ..........................................
H annxn =Bn

Onpenenutens NOIYYEHHOM MATPULBI OTIIMYEH OT HYJsl U PABEH IPOM3BEACHUIO
IMArOHANbHBIX 3JeMEHTOB. Takum o0Opa3oM, 0,0, ...0,, # 0.3Hauut, Bce nua-

TOHAJIbHBIC 2JIEMCHTHI O ii OTJIMYHBI OT HYIJIA. Pemenne BoccTaHaBIMBaeTCs CIUH-

CTBEHHBIM 00pa3oM: X, = — " W TaK JaJee.
nn
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Teopema. Ecnu cuctema (1) mpu N=m uMeeT €JUHCTBEHHOE PELLIEHUE, TO ONpee-
JUTENh €€ MATPHUIIbl OTIUYEH OT HYJIA.

okazamenvcmeo. 1lpuBenem cucreMy K CTyIIEHYaTOMY BUAY. Tak Kak cucrema
MMeEEeT €IMHCTBEHHOE pelleHue, To ypaBHeHue Buga O[¥, + 0K, +...+00Lk, =0

HE MOSBIAETCS U CBOOOJIHBIX NepeMeHHbIX He OyaeT. CieqoBaTesibHO, MOTYYUB-
wasicst cuctema umeeT Buj (6). Bee uncna o ; ommassl ot Hyist. [Toatomy, onpe-

JIEUTENIb MaTPUIIbl CUCTEMBI (6) oTiMyeH OT HyJs. CTano ObITh, ONPENEIUTENb
UCXOJIHOM MaTpHUIIbl TaK ke OTIUYEH OT HYJIS.

Oonopoonas cucmema ypagHenuil, y KOmopoii Yucjio Heu36eCmHvIX PAeHO YU C-
JIy YPAGHEHU.
[TycTs Bce uncna b B cucreme (1) mpu N=m paBHsl Hymo. [lonyanm cuctemy

[Byy X 8%, +...t & X, =0

(B X T 8%, +...+a,, X, =0

(7)

%nlxl + an2x2 t...ot annxn = 0
Takas cucrema ypaBHeHI/Iﬁ Ha3bIBACTCAA OI[HOpOI[HOﬁ. OHa BCCrJa NMCCT HYJICBOC
pEUICHUC.

Teopema. J1;1s1 Toro 4toOBI cuctema (7) UMeNa HeHyJIEBOE PEIICHUE, HEO0X0IUMO
U JIOCTATOYHO, YTOOBI €€ OMNPEeIUTENb ObLT OTIMYEH OT HYJIS.

/lokazamenbcmeo BHITEKACT U3 IBYX MPEIbIIYIIUX TEOPEM .

Cneocmeue. [ TOro yTOOBI ONPEACTUTENb MATPUIIBI (5) paBHSUIICS HYJIO, HEOO-
XOJIMMO M JIOCTATOYHO, YTOOBI €€ CTOJIOIBI (CTPOKHU) ObUTH TUHEHHO 3aBUCHMBI.
Jlokazamenvcmeo. (CoOrnacHO ONPENCICHUIO JMHEHHONW 3aBUCUMOCTH BEKTOP-
CTOJIOITOB CTOJIOIBI MATPUIIHI (5) ABISIOTCS JIMHEWHO 3aBUCUMBIMH TOT/A M TOJIBKO
TOTJa, KOTJa cucTemMa ypaBHeHHH (7) umeeT HeHyneBoe pemieHue. OTcrona u u3
IPEIbITyIIeH TEOPEMbI TOTYUYUM J0KA3aTeIbCTBO CICACTBHSL.

Oobpamnas mampuya. PaccMoTpuM KBajipaTHyto Matpuity 4(nxn).
Onpeoenenue. Matpuiia B(NxN) Ha3piBaeTCsi 00OpaTHOW K marpuile A, €Clid uX
MPOU3BEICHUE PABHO CIUHUYHON MATPHIIE, TO €CTh

AB=E. (8)
Teopema. Ecnu onpenenutesib MaTpUIbl A paBEH HYIIIO, TO 0OPaTHOM MATPHUIIBI HE
CYILIECTBYET.
Jokazamenvcmeo. TIpeanonoxum, 4To oOpaTHas MaTpuila CyIIecTByeT. Torma
det(AB)=detE=1. [lanee, onpeaecauTeb NPOU3BEACHHS IBYX MATPHI], paBEH IIPO-
u3BeeHuI0 ux onpenaenurencii. [Toatomy, (detA)[(detB)=1. Tak kak detA= 0, To
noJy4yun potuBopedrie. CiaemoBareabHO, 00paTHON MaTPHIIbI HE CYIIECTBYET.
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Teopema. 1lycth onpenenuTenb MaTpullbl A OTIMYEH OT HYJIA, TOTraa oOpaTHas
MaTpula CyIECTBYET U €IMHCTBEHHA.
/Jlokazamenvcmeo. 3anviieM HCKOMYIO MaTpPHILy B BUJIE

B(l Y. ... UIH

X, Yo ... Uy[J
O

D..
v e

MartpuuHoe paBeHCTBO (8) B KOOpAMHATHON (OpME UMEET CIACAYIOIIUNA BUI:

B=

Sall A, ... Bﬁ Y1 ... U [ 0 ... 0
By 3y ... &KX Y, ... U, O 1 ... 0
a. ey 0 B
%ﬁni an2 ann ﬁin yn unE % O 15

CrnenoBaTenbHO, AJisi ONpezesieHus oOpatHOM Matpuuibl B monydaem N cucrem
ypaBHEHUH, OTIIMYAIOIIMXCA APYT OT JIpyra TOJbKO MpaBbIMHU yacTiaMU. Peraem
OJIHOBPEMEHHO BCE 3TU CHCTEMbI METO/I0M ['aycca. 3anuiiemM MaTpuilbl 3TUX CHUC-
TEM B BUJIE

?11 &, ... a,: 1 0 ... 0[
By ay» ... 3,: 0 1 ... 00
= -
%m a, ... a,: 0 0 ... 1

CBezneM 3Tu CUCTEMBI K CTYIIEHYaTOMY BHJy, a 3aTEM, IOJJHUMAsACh BBEPX, pa3pe-
LIMM UX OTHOCUTEIBHO TJIABHBIX IEPEMEHHBIX.
B pe3synbraTte nosy4yuM MaTpUIly TaKOTO BUAA

O°'°Osb11bl2

5

§
M 1 ... 0 : by b, b,, O
DE : 4
ﬁ) 0 ... 1: b, b, bnnﬁ
Marpuiia, cTosiias crpana sSBJISIETCS 0OpaTHOM.
3ameuanue. Iloxkaxxem, 4To
BA=E. 9

B camom gerne, u3 paBeHCTBa (8) cleayeT, 4TO ONpeAeTUTENb 00PaTHOM MATPHUIIBI
otnu4eH ot HyIs. [loaromy i Hee cymiecTByeT oOpatHas matpuma C, To ecTh

BC=E. (10)
YmuoxuM paBeHcTBO (8) Ha Matpuity C. ITomyunm, (AB)C =EC. CnenoBarenbHo,
C=(AB)C=A(BC)=AE=A. Orcrona u u3 paBerncrsa (10) moxydum TpeOyemoe pa-
BEHCTBO (9).



1
3ameuanue. O6patHast maTpuia obo3navaetcst 4. OHa yIOBIETBOPSET PABEHCT-
Bam AA=A"TA=E.

3anuce pewenusa cucmemvl ¢ nomouyplo odpamnoil mampuysl. PaccMoTpum
cUCTEMY N ypaBHEHUH C N HEU3BECTHBIMU

AX=Db, |AZO0.
YMHO)UM 00€ 4acTu CUCTEMBbI ypaBHEHUI Ha 00paTHYI0 MaTpuily. [lomyuum
A'4x)=A"b 0 (A'A) x=A'b 0 Ex=A"Db.
CrienoBaTeiibHO,
x=A'b.

Tema 9

COBCTBEHHBIH BEKTOP U COBCTBEHHOE
SHAYEHUE KBAJIPATHOU MATPHIIbI

Coocmeennblii 6eKmop u coocmeeHHoe 3HaueHue mampuysl. PaccmorpuMm KBaj-

PaTHYIO MaTpPHILY
Eﬁn dp ... A H
(B @ ... &[]

Onpeoenenue. Henynepoil BeKTOp X Ha3bIBa€TCS COOCTBEHHBIM BEKTOPOM MaT-
pHIlbl A, €CITU CYIIIECTBYET YUCIOA TaKoe, YTO
AX=\X. (2)
3anuiieM 3TO paBEHCTBO B KOOPJIMHATHOU popme
By X +a5,X, +o.+ X, =A%
Ealel +a,X, t... 3, X, =AX,

o
%nlxl + an2X2 Tt anan = )\Xn

May, —A)X +a,%, +...+a,%x, =0

[

Ea?lxl +(ag ~A)X +.. +ayx, =0

o

%nlxl Ta X, ...t (ann _)\)Xn =0
B marpuuHoiil popme 3Ta cuctema mpuMeT BH]T

(A-AE) x=0. (4)

Jlist Toro uToObI cuctema (3) uMena HeHyJIeBOE pelieHrne, HeoOX0aUMO U J0CTa-

TOYHO, YTOOBI OIIPCACIINTCIIb €€ MATPHUIIbI PABHAJICA HYJIIO, TO CCTh

det (A — AE)=0. )

3)
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VYpaBHenue (5) Ha3bIBACTCS XApaKmepucmuuecKum ypagHenuem. 3aruiieM ero
JUTSI MaTPULIBI BTOPOTO TOpsJIKa

-A

31;21 a:Li A N = (ayy + @)\ + 38y, — 83,8, = 0.
JIJist MaTpuIbl TPETHETO MOPSIKA XapaKTEePUCTUUECKOE YpaBHEHHE Oy/leT KyOuue-
CKHM.
Kak uckamo coocmeennvie eekmopvi? Buaualie peiaeM XapakTEpUCTHUYECKOE
ypaBHEHHE W HAaXOAUM COOCTBEHHBIC 3HaUeHMs (WX He Oobine N). [l KaxIoro
COOCTBEHHOTO 3HAYCHHUsI A pEIIaeTCsl CUCTeMa OJHOPOAHBIX ypaBHEeHUH (3) u Ha-
XOJISITCSI COOCTBEHHBIE BEKTOPHI.
Ilpumep. Jluneiitnas mooeyb mexcoyHapooOHoil de30ehuyumHnoil mop2oenu.
PaccMoTpuM N cTpaH, OFOIDKETBI X X, , X3,..., X, KOTOPBIX TPATATCA Ha 3aKyIKY TO-

Bapa Ipyr y apyra (1 'y caMmux ce0s B TOM YHUCIIE).
Ilyctb &;— mons Oro/uKeTa X;, KOTOPBIid TpaTHTCs J-# cTpaHOi Ha 3aKyIKy TOBa-

pay i-it crpansl. Torma

q; ta, +..ta,; =1 (6)
Nmeem matpuity
Ball Qo ... Gy H
A= [Ao1 8 ... @[]
l [

%ﬂl an2 annﬁ

KOTOpasi HA3bIBAETCS CMPYKMYPHOU MAmpuyel mopeosiu.
JInst i-i1 cTpaHbl BBIpYYKa OT TOPTOBJIM PAaBHSACTCA P, = &% +...+ 8, X, .
be3neguumTHas TOProwis O3HA4YaeT, 4TO JUIsl KaKIJOW CTpaHbl €€ BbIpydKa HE
MEHbIIIe OI0)KEeTa WK
A X +a,X, .. +a,X, 2 X, =1...,n. (7)
[TokaxkeM, 4TO, Ha CaMOM JieJie, B COOTHOIIEHUsX (7) CTOSIT paBEHCTBA.

[Ipenmnonoxum, 94To XOTs OB B OTHOM U3 3TUX COOTHOILIEHUH CTOUT CTPOroe HEpa-
BeHCTBO. [Ipocymmupyem Bce 3tu HepaBeHcTBa. [lomyuum

QX +HaRXp F AR Xy 8y X T Xyt F By Xy T F Ay Xy F 8K, Ft X, >

>X, F.o+ X,
Otcrona, ucnoiib3ys cooTHoueHue (6), NoJIy4rsid IPOTUBOPEUHE
X ot X, SX X
Taxum o6pa3om, uMeeM paBeHCTBA
Eallxl tapX, ot apX, =X

[(AxnX; T AynX; t...+ a5, X, =X,

i AX=X.
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Buv160oo. UToObI Tipu 3a1aHHON CTPYKTYpPHOM MaTpuile OblIa BO3MOXKHa Oe3nedu-
[IUTHAs] TOPTOBJIs, HEOOXOAUMO, YTOOBI eIMHUIIA OblJIa COOCTBEHHBIM 3HAUCHUEM
ATOW MAaTpHIlbl, a OOKETHI cTpaH 00pa30BBIBAIM COOCTBEHHBIN BEKTOpP, OTBE-
Yarommii COOCTBEHHOMY 3HaYEHUIO, PABHOMY €IMHHIIC.

Ceoiicmea codcmeeHHbIX 6eKMOPO8

Teopema. MHOXeCTBO COOCTBEHHBIX BEKTOPOB, OTBEUAIOIIUX OJHOMY U TOMY K€
COOCTBEHHOMY 3HAYCHHIOA, BMECTE€ C HYJIEBBIM BEKTOPOM OOpa3yeT JHMHEHHOe
npocTpaHcTBo B R" .

Hoxazamenvcmeo. [lycte AQ; = AT, ,i =1,2. Bo3smem mo0Obie uncna a,b. Torma

Ay, +bli,) = A(als,) + A(bW,) = a(Al),) +b(AT,) = aAl); +bAT, =A(ag, +bl,).
Teopema. Ilyctp uncnal, (i =1,...,K) IBISAIOTCS pa3nTUUHBIMU COOCTBEHHBIMH 3HA-
YeHUSIMH MaTpHIlbl. Torna coOCTBeHHbIE BEKTOPhI {J;, OTBEUAIOIINE ITHM COOCT-

BEHHBIM 3HAYEHUSIM, SBJISIOTCS IMHEWMHO HE3aBUCUMBIMHU.

Jlokazamenvcmeo npoBeneM Ui Cayyasi IBYX pPa3IMYHBIX COOCTBEHHBIX 3HAYe-
Hul. [JonmycTum, 4TO OTBEUYaOIINEe UM COOCTBEHHBIE BEKTOPHI SIBIIAIOTCS JIMHEWHO
3aBUCUMBIMU. TOr/a CyIlecTByeT HeHyJIeBoi Habop vucen a,bTakoii, 4to

a, +by, =00 Aay, +bl,) =00 a(Al,) +b(AD,) =00 a\, [, +bA, [, =0. (8)
W3 nepBoro paBeHCTBa MOIy4YUM, 4TO P; = —gtﬂz. IlopcTraBuM 3TO COOTHOLIEHUE

B mocieqHee paBeHCTBO  (8). I[lomyunm  mpoTHBOpEYMBOE  PaBEHCTBO

b(A, =A,)P, =0.

Pewienue nuneiinvix cucmem euoa

X = A%, k=123,..; X, OR"; A-nocmosaunas mampuya. (9)
[Ipu 3a7aHHOM HAYaJIbHOM 3HAYEHHU X, pelleHue cucrteMsl (9) 3amuchiBacTcs B
BUJIE

X, = A%y, k=123.. . (10)

OpnHako BBIUMCIICHWE CTENEHEH MaTpHIIbl SBISETCS TpydoeMKou pabdoroit. Uc-
MOJIb3YS MOHSATHE COOCTBEHHOTO BeKTOpa, (hopmyisl (10) MOXKHO 3amucaTh B ApY-
TOM BHJIE.

PaccmoTpum ciywall, korma martpuiia UMEET N pa3iuyHbIX COOCTBEHHBIX
3HAYeHUH A;, KaXIOMY M3 KOTOPbIX OTBe4YaeT cOOCTBeHHbIH BekTop ;. CormacHo

npenplayIeld TeopeMe 3T COOCTBEHHBIE BEKTOPHI SBIIAIOTCS JTUHEHHO HE3aBHCH-

mbivu. ClieioBarensHo, oHu 00pasyroT 6asuc B R". 3HaumT, 118 KaXIo0ro BEKTO-
pa (10) BepHO paznoxeHue

X, =c0p, + ¢, +..+c¥p,; el cWOR. (11)
[ToncraBum opmyny (11) B cucremy (9) u npupaBHsieM KO3PGUIUEHTHI IPH BEK-
topax ;. [lomyunm

(k+) — (K) A(k+D) — (k) (kD) — (k) (K) = AKAO) (k) — 3k ~(0) (k) — k(0
Cl _)\1(;1 ’CZ _)\ZCZ 1"'1Cn _)\ncn Dcl _)\101 1C2 _)\ZCZ 1"'1Cn _)\nCn .
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[ToncraBum >t uncna B hopmyiny (11). bynem umetsb

X =\ ), + N T, + .+ DT, (12

© O O
¢, ..,cf

Ywucna Cl 2 HaxXoATCA U3 HaYaJIbHBIX YCJ'IOBI/Iﬁ

- _ (0 0 0

XO_Cl()qjl-l-C;)qu-'- +Cr(1)an' (13)
IIpumep. Tlyctb B MOMEHT BpEMERU t, Cpeusis 3apaboTaHHas IUlaTa paBHa X, , a
cpennss uena — Y, . Toraa cpeanuil )U3HEHHBIH YPOBEHb MOYKHO XapaKTEpH30-

BaThb YUCIIOM Z, = a3 (cpeaHee KONMMYECTBO TOBApOB M YCIYr, KOTOPOE MOYXHO
Yk

MpUOOPECTH Ha CPEIHIOI 3apa0OTaHHYIO IuIaTy). byjaem cuuTtaTh, 4TO MPOIIEHT-

HBIM MPUPOCT CpelHer 3apad0TaHHOM MIaThl OOPATHO MPOIMOPLUOHANIEH MOKa3a-

TEI0 CPEOHEr0 YXU3HEHHOTO YPOBHS, a IPOLEHTHBIM NPUPOCT CPENHEN LIEHBI

IpsIMO MPOMOPIIMOHATEH MOKAa3aTEeNI0 CPEIHEro KU3HEHHOTO ypoBHA. Torma Oy-

€M UMETh

Xk+1_xk=f+i’ Y ~ Yk

==L =c+bz; f,a.cb-uneompuyamevnvieuucna.
Xy 4 Yk
Ortcroz1a nojiyuyum
X =@+ F)x +a vy,
Yer = b X +@+0)y,.
3amnuiieM XapaKTepUCTHUECKOE YPaBHEHHE
1+ f =M a
=(1+f -A)(@Q+c—-A)-ab=0.
b 1+c-A
Ortcro/ia HaX0IUM COOCTBEHHbBIC 3HAYCHUS
(f +0)++/(f —c)>+4ab

2
[Tonyunnu ciydait AByX pa3IMuHbIX COOCTBEHHBIX 3HaUeHMM. 13 ypaBHeHMi
HaXO0JUM COOCTBEHHBIE BEKTOPbI

P, :H}\i —:!l-.—fH 1 =12.

[
a

A, =1+

®dopwmyna (12) npumeT BU
X = CA] +CoAY
A, —1-f A,-1-f
Y SCA TN PR k=123,
a a
BrisscHrM n3MeHeHue moKas3aTesst )KU3HEHHOTo ypoBHs. Mmeem

Aok
C, +C(—
X, 1 2(7\1)

Vi cl(Al—l—f)+cz(A2—1—f>(§2>k

1
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Hanee,

1 2
a

_1_f 2 )
AM-1-f  —f4c+(f -c)? +4ab
Takum 06paSOM, MMPpEACIbHOC 3HAYCHUC MMOKA3aTCIIA ) KU3HCHHOI'O YPOBHA HEC 3aBU-
CUT OT HaYaJIbHbIX 3HAUCHUM Cp€aHux Sapa60TaHHOI>'I I1J1aThI 1 ITICHBI.
3ameuanue. Mbl UCITOIB30BAIN TOHATHE npeacia YHUCJIOBOU IIOCJIEA0OBATCIBbHOCTHU
z, . CTporoe onpejiesieHHe ¥ NPAaBUIIa BEIYUCIIEHHUS MIPEIETOB OYIyT U3JI0KEHBI B

A

1

<100 z, - a

CIICIYIOIIIEN TEME.

Tema 10
YUCJIOBBIE NHOCJIEJOBATEJBHOCTU

Ilpumep (naytnHOOOpA3HASI MOJICIIb 00pa30BaHMUs IIEHBI HA PBIHKE). Mex 1y crpo-
COM W TIPEJIOKCHHEM Ha PHIHKE Ha JaHHBIM BHJI TOBAapa CYIIECTBYET 3aBUCHU-
MOCTb, KOTOpasi OMPENeseTCs KPUBBIMHU CIIpoca W TpeioxeHus. Paccmorpum
CIly4yau JIMHEUHBIX 3aBUCUMOCTEMN

p =—aq+b - «xpusas cnpoca; a>0, b >0-const,

p = Aq+ B —kpusas npeonoacenus; A>0,B > 0-const.
KpuBas cnpoca ykas3piBaeT KOJUYECTBO TOBapa (, KOTOPOE TOTOBBI 3aKYyMUTh T10-
Tpebutenu o 1ieHe P. KpuBas mpemioxkeHus onpeaenseT KOJIM4ecTBO ToBapa p,
KOTOPOE TOTOBBI TOCTABUTH HA PHIHOK MPOW3BOAUTENIH T10 33JaHHOH IIeHE (.

BBenem BpeMEHHYIO €IMHHUILY, XapaKTepHYIO I JaHHOTo ToBapa. Ilycts mpous-
BOJUTEIHN TOBapa OLIEHWBAIOT YPOBEHb MOTPEOHOCTU Ok B TOBApPE HA PHIHKE B MO-

MEHT BpEMEHH t, 110 eHe P,,_;, CJIOKMUBIIEHCS HA PIHKE B MOMEHT BPEMEHH t,_;.
Torma

Py =AG +BO g = P13

A A
DTO KOJUYECTBO TOBapa HOTpe6I/IT€JII/I I'OTOBBI 3aKYIIMTB 110 LICHE

a aB +bA
p,=-ag. +b0 p,=ap,,+B «a :_K’B:T'
Brprancnnm neny p,, B sBHOM BHze. Mmeem

P =0 +B, P, =0(ap, +B) +B=0py + (A +DB....,p, =" Py +(@ +a"E .+ +D)B

HpI/I YBCJIIMYCHHUHM YHCJIa N K OECKOHEYHOCTH [oJiydyacM Uuciosyro nocneoosa-

meJjlbHoCmb
a,=a,a,=0%,a,=0°..a, =a",..,
a TaK ke OECKOHEUHYIO CyMMY
l+a+a®+a’+a*+..+a" +...,

KOTOpas Ha3bIBACTCA YUC/I06bIM pﬂOOM.
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[lepelineM K U3yYEHHUIO YUCIIOBBIX MTOCIEI0BATEILHOCTEN.
Ecnu xaxnomy 3HaueHuto n=1,2,3... IOCTaBJI€HO B COOTBETCTBUE JCHCTBUTEIIb-
HOE YMCIJIO @, , TO TOBOPSAT, 4TO 3aJaHa YuUC108as nocieoosamenbHocms. Yucio

a, Ha3bIBACTCS 0OWUM UJIEHOM YUCTI080U NOCIe008AMeNbHOCMU, a cama Toce-
J0BaTEIbHOCTh 0003HaYaeTcs { a, } WK MpocTo a, .

Ilpeoden uucnoesoit nocaedosamenvHocmu

Onpeoenenue. Ynucino A Ha3pIBaeTCsl MPEAECIOM YHCIOBOW MOCIEN0BATEIILHOCTH
{a,}, ecnmu ans moboro yncna €>0 cymectByer HOMep N =N(€) Takoit, uTo

| &, — Al <€ mns Bcex N>N . (1)

Hpumep PaCCMOTpI/IM YUCJIOBYIO MOCICA0BATCIbHOCTD an = H ITIOKaXXEM, 4YTO

S5

unciio A=0 siBrsiercs ee mpezaeaom. Bosemem [1€ > 0.

Ms1 mospkHBI yka3aTh Homep N, 3aBucsmii OT £, Takoi, YTOOBI HEPaBEHCTBO
1
—=0
n

< & BeIIONHAI0CH I BceX N >N, To ectb — < & miag Bcex N>N.

la, =4 =
n

Bo3pmem N = %E+1 ,r1ie [a] o3HayvaeT 1eayro 4acTh Yncia a.

Torna, eciu n>N [ n >1 O 1 <E.
€ n

I'eomerpuueckas uarepnperanus yciaonus (1).
Hepagencmeo |an —A| <€ e A-€t<a,<A4+e = a,U (A -¢&,4 +s) (cM. puc.)

A-¢€ A a A+¢

n

OTcro/1a moJly4rM 3KBUBAJIEHTHOE ONPEEICHUE Mpeaena.

Yucjio A Ha3bIBaeTCsl MpeaesioM YHCJI0BOI MOC/Ie10BaTeIbLHOCTH { &, }, ecnn

st mroooro € >0 cymectByeT Homep N=N( &) Takoii, 4TO BCE WICHBI MOCIEI0BA-
TENBHOCTH { @, }, HaunHas ¢ Homepa N, coepkarcsi B UHTEpBaJie (A —-g, A+¢ )

JIpyrumMu ciaoBaMH, YMCIO 4 HA3bIBAETCS MPENEIIOM YHUCIOBOW MOCIIEN0BATENBHO-
cTH, eciu Juist Jiroboro € >0 BHe uHTepBaia (A—€, A+€) MOXKET HaXOJUTHCS HE

0oJiee, 4eM KOHEYHOE YHCIIO YIEHOB NOCIEA0BaTEIbHOCTH.
Ilpumep. PaccmoTpuM cieayromlyto rmociuenoBareabHocTs 1,-1, 1,-1, 1,-1...

n o
Wi a, = (— 1) . [ToxaxkeM, 4TO y 3TO¥ TOCIICOBATEIFHOCTH HET TIpe/iea.
B camom gene, Bo3bMeM umciio € >0 Takoe, 4TOObI UHTEPBAJIbI (— 1-¢-1+ 8)
U (l—s,l+€) HEe TepeceKkanuch. Torga B KaXXJI0M U3 3THUX UHTEPBAJIOB COJIEP-

JKUTCSI 0ECKOHEYHOE YMCJIO WICHOB IocaenoBareiabHocTu. CiieqoBaTenbHO, Yucia
1 u —1 He MOryT OBITH TIpe/iCIaMu JAaHHON YHUCIIOBOM IMOCJIEA0OBATEILHOCTH. AHa-
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JIOTHYHO TOKA3bIBACTCS, YTO U JIHO0OE JPYroe YMCIO0 HE MOXKET ObITh HpeIeioM
ATOM YMCIIOBOM MOCIEN0BATENLHOCTH.

Teopema (0 eouncmeennocmu npedena). Eciv 4ucioBas mociaenoBaTeIbHOCTh
UMEET IpeJiell, TO ATOT MpeAeI €UHCTBEHEH.
Jlokazamenvcmeo. 1lpennonoxuM, 4TO MOCIENOBATEIBHOCTh {a,} HMEET JBa

npenena A<B.Bossmem uncio € > 0 g0cTaToyHO Majgoe TaK, 9TOOBI
A-€ A A+E B-€ B B+¢&

B-4
A+E< B-€ = SZT. Torpa, HaumHasg c Kakoro-to Homepa N;, Bce

a, U (A -& A4+ E) ¥, HaYMHasg ¢ Kakoro-to Homepa N,, Bce a, [ (B -& B+ s).
CrnenosarenbHoO, pu n > Max(Nl; N2) Ka)XJ0€ U3 YHCENl @, NOJDKHO IIPUHAJJIe-
KaTh JIBYM HeTepeceKaronMces naTepBaiaM. [lomyunnu npoTuBopedue.

Oobo3nauenue npeoena
lima,=4 wm a, - A.

n-oo

1
3ameuanue. Umeem lim==0.
n - oo n

3ameuanue. Ecnu nocnenoBaTeIbHOCTh UMEET IPEe, TO OHA Ha3bIBACTCS CX0-
oawericA.

OueHnounblil npU3HAK CYULeCme06anus npedend
[TycTh 3aaHBI TPU YHCIOBBIX MOCIENOBATENBLHOCTH &, ,D,,C, Takue, 94To BbI-

MIOJTHEHBI CIIETYIONINE YCIOBUS:
1. a, <b, <c,npu Bcex N, HaunHAasE ¢ KAKOT'O-TO HOMEPA.

2.a, -4, ¢, - A.
Torma b, —» A.

Jlokazamenvcmeo. BosbMmeM moboe €>0 . Torna, HauMHas ¢ KAKOro-TO HOMEPA,
BCE YHCIa &, U C, OyAyT HaXoauThcs B MHTepBaie (4-£,4+E). [lo ycnosuto 1,

HauMHas C 3TOr0 HOMepa, Bce yrcia b, OyayT HaXOAUTHCS B 3TOM HHTEpBaie. ITo
O3HaYaer, 4to b, - A.
3ameuanue. Jta TEOPEMA HAZBIBAECTCS «TEOPEMOM O JIBYX MHJIMLIMOHEPAX).

Ilpumep. Tlycte k = 2,3.... Torna O<ik <1. Tak kak 1 - 0, 10, cormacHo
n n n

npeasitynien reopeme, —- — 0.
n
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1
Ipumep. Tlokaxem, uto — — 0. B camom nene, npu N =1,2,... BEINOJIHEHO HEpa-
2n

1 1
BeHCTBO 0< — < o Jlanee npuMeHsieM NPEeAbIAYILYIO TEOpEMY.
Ynpasicnenue . 11okxazars, yto ecim |an| - 0,10 @, - 0.
1
Ipumep. Tycts |o|<l. Torma a" - 0. B camom gere, |o|"<= mpu
n

nz10 ja* - O.

3ameuanue. Eciin yucionas IMoCJacaA0BaTCIIbHOCTG IPUHUMACT OJHO U TO XK€ 3HA-
YEHHE a, TO €€ NPEAC U €CTh CaMO 3TO 3HAYCHHUEC a.

anaofcuenue. HOKaBaTB, YTO M3MCHCHHMC KOHCYHOI'O 4YHCJIa YJICHOB ITIOCICOOBA-
TCJIIBHOCTH HC BJIMACT HAa 3HAYCHHUEC €€ IIPCALia (CCJ'II/I OH CYI_I_IeCTByeT).

Teopema o npedene cymmul, pazHocmu, RPOU36E0EeHUA U YACMHO20 08YX YUCTI0-
ébix nociaedosamenvhocmeit. Illycts a, - A /b, —» B. Torma ux cymma, pas-
HOCTb, IPOU3BE/ICHUE UMEIOT MPEIEIbl U
(a,xb,) - AxB; (a,b,) - AB.

Ecmu b, #0 u B# 0, 10 cymecTByeT npenen 4acTHOTO U

a A

b, B
Jlokazamenvscmeo tipoBeneMm s cymMMmbl. Bozbmem mo6oe uucio€ > 0. Torma

€
cymectByror Homepa N;,N, Takume, 4ro |an —Al<§ g ao0six N2 Nju

b, - B| <§ st moobix N> N,. CrnenoBarensho, ipu N= N = max(N;;N,) Oy-

IyT BBITIOJIHEHBI 00a 3TUX HepaBeHCTBa. [loaTomy

€ €
| (@ *B) ~(A+B) | =] (@, ~ A+ (b, ~B) | s[a, ~ A +]p, ~B <>+ =e, On=N.
3ameuanue. Ilycts a, — A, a Cc—umucno. Torna (ca,) — CA.

Hoxazamenvcmeo. BozbMeM b, = C 1 npuMeHNM peapIIynIyio TEOpEMY .

Onpedeﬂeuue. Yucnosas IIOCJICA0BATCIIBHOCTD an Ha3bIBACTCA ozpauulteuuoﬁ

ceepxy (cHu3y), ecnu cymiectByeT uncyio C Takoe, 4To JjIs TF000T0 HOMEpA 71 BbI-
II0JIHEHO HepaBeHCeTBO &, < C (a, 2 C).

Ecnun nocnenoBarenbHOCTh OrpaHUYeHa KaK CBEPXY, TaK U CHHU3Y, TO OHA Ha3bIBa-
€TCs 0ZPAHUYEHHOU.

Ilpumep. a, -1 [J O<a, <1.
n

o1



Teopema. Besikasi cxonsmasicst IOCIEI0BATEIBHOCTb SIBISIETCS OTPAaHUYECHHOM.
Hokazamenvcmeo. Illycts a, — A. 3apukcupyem uncno £€>0 . Torna, HauuHas ¢
HekoToporo HoMepa N, BBIOJTHSAETCS HepaBeHCTBo| a,— A | <egl |an| < |A| +€.
Jlanmee, UIsl OCTABIIMXCSI WICHOB MocienoBaTenbHocTd ipu N=12,...,N BbImom-
HEHO HEPaBEHCTBO |an|< max (a,,a,,...,ay) = K. CrenoBarenbHO, 4nuciIOBas 110-
CJIEIOBATENLHOCTh OTPaHUYEHA YHCIIOM
C = max( |A +¢, K).
3ameuanue. O6paTHOE YTBEPKICHUE HE BEPHO, a UMEHHO, HE BCSIKasi OTpaHUYCH-

Hasl IOCJIEIOBATENIbHOCTh UMEET Tpeen. B kauecTBe mpuMepa MOKHO B3SITh paHee
pPacCMOTPEHHYIO moclieioBarenbHocTs 1, -1, 1, -1,... .

Onpeoenenue. 1locnenoBarenbHOCTh &, HA3bIBACTCSA Go3pacmaroweti (yovleaio-
weti), €CIU JUIsl BCEX /1 BBIIIOJHEHO HEPABEHCTBO a,,, = &,

(8,4 < @a,). Bo3pacraromue u yObIBaromuye MOCIEAOBATEILHOCTH HA3bIBAIOTCS
MOHOTOHHBIMH.

Teopema (0 npeoene MOHOMOHHOU 0ZPAHUYEHHOU nOced0samenvHocmu). Bes-
Kas Bo3pactaromiasi (yObIBaroIIasl) OrpaHWMYCHHAs CBEpXY (CHU3Y) YHCIIOBAs TO-
CJIEI0BATEIBbHOCTh UMEET MPEIE.

okazamenvcmeo. PaccMOTpUM cilydall BO3pacTarollled, OTPAaHMYEHHOU CBEPXY
MOCJIeIOBATENBHOCTU. TOr/1a YNCIOBOE MHOKECTBO, COCTOSIIIEE U3 3HAUCHHI BCEX
YJICHOB MOCJIEA0BATEIbHOCTH, OTpaHu4YeHO cBepxy. Cie10BaTeNbHO, Y HETO CyIlie-
CTBYET TOYHAsi BEpXHss IpaHb, KOTOPYIO o0o3HauuM yepe3 A.U3 onpenenenus
TOYHOM BEpXHEH I'paHM CIEyeT, 4To Bce a, < A u ais moboro uncia € 0 cyme-

crByeT Homep N Takoi, uto a, > A— £ . Tak Kak Mmocie10BaTeIbHOCTh BO3pacTa-
eT, To A=2a, =a,,,>A—- ¢ npu Bcex N>N. Takum obpaszom, s >0 N,
gyro |a,—A| <& s O n > N. D10 o3Hauaet, 4to yncio A sBISETCS MPEAeIIoM
paccMaTpuBaeMoOU NOCIEN0BATEIILHOCTH.

O,Z[HaKO 13 BCSKOU OFpaHquHHOﬁ oCjacaA0BaTCIbHOCTH MOXXHO BBIICIIUTDH
CXOAIYHOCA ITOAIIOCIACA0BATCIbHOCTD.

Teopema. V3 BCAKON OrpaHUYCHHOM MOCIEAOBATEIIBHOCTA MOXKHO BBIAEIUTH CXO-
JSIITYIOCS ITOAIIOCIIEA0BATEIbHOCTb.

Jlokazamenvcmeo. V3 orpaHudyeHHOCTH cleayeT, uro a,O[AB] , rae
A=-C,B=C. Pa3genum OTpe30K [A, B] nonoJyiaM. Torga B OJHOM M3 OTPE3KOB

1. A+B[J A+B _[]
—— UJIN ,B COI[ep)KI/ITCH 66CKOH€‘-IHOC YHUCJIIO YJICHOB IIOCJIICO0BaA-
o H 52 'H

TenbHOCTH. [1ycTh 3TO mepBbIil oTpe3ok. O003HaYUM
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A=ABl=A;B

pe3ke [Al,Bl].Tor):[a
ASAlsanlSBlSB, Bl—A&=B%A\.

AHaNOrUYHYI0 IpoLEypy IPUMEHUM K OTPE3KY [AL, Bl] , U TaK Jianee.

141 anl HepBLIﬁ YJICH ITOCJICIOBATCIBHOCTH, COI[Gp)KB.H.IHﬁCH B OT-

B pesynbrare momyduM nocieoBaTeIbHOCTH
B-A
AsA<..<A<.<.<B<.<B<B B -A=——, Ac<a <B.
2

[TocnenoBarensHOCTh A, (B,) orpanmuena cBepxy ( CHH3Y) U BO3pacTaer

( yosiBaer). [loaToMy y HUX CYIIECTBYIOT MpeAenbl. Tak Kak

B-A
B —A = - 0,

2
TO ATH MOCIIEAOBATEILHOCTH UMEIOT OJIMH U TOT ke npezen. [lo oneHouyHOMy mpu-
3HAKY CXOJMMOCTH JTOT K€ MPEET MMEET MOANOCIIEI0BATENBHOCTD &,

Hucno e. PaccmoTpuM 3a7a4y O HENPEPHIBHOM HAYUCIEHUH MPOLEHTOB MO BKJIA-
ny. lpenmonoxkum, 9To OauH pyOIIb TOJIOKIIIA IO/ CTO MPOIIEHTOB TOJOBBIX B
6ank. Hauncnenue npoueHToB IpOU3BOAUTCS clieAyroium obpa3zom. Beck rog ae-
JUTCS HA N PaBHBIX MPOMEKYTKOB BPEMEHH, IO UCTEUEHUH KaXKJIOTO U3 KOTOPBIX
HAUYUCIIAIOTCA MPOLEHTHI OT UMEIOIIEHCS Ha cueTe CyMMBbl. [[eHbru co cyeTta He
cHuMaroTcs. Torma yepe3 MepBbId MPOMEXYTOK BPEMEHH OyleM UMETh CyMMY

1
1+= . Yepes BTOPOi NPOMEKYTOK TIOTYIHM CYMMY
n
1 1.1 1
1+=+(1+=) = =(1+ )2,
n nn n
1
Ioce k-ro mpomexyTka Bpemenu Oyaer cymma, pasaas (1 +=)%. ITo ncreuenun
n

1
roga Ha cuere Oyzaer cymma, pasHas (1+=)". TlokaxeM, 9TO YKCIOBas IOCIENO-
n

BAaTCJIIbHOCTDb
1 n
An = B‘+7H
0 n{

BO3pAcTaeT U OrpaHuyueHa cBepxy uuciaom 3. Toraa mo mpeablaylield Teopeme y
Hee CYILECTBYET Mpeiell, 3HaYeHUE KOTOPOTo 0fo3nauaemcsa OyKBOH e , TO €CTh

im3+ 10 =e e=2718. ?)
naoolj nl:l

[Ipu nokazarenbcTBe UCHob3yeTcst popMyna OuHoma HeroToHa:
~1[n-2]..[n-k+
nin—1[n g [n-k+1] v+ +y". 3

(A+y)"=1l+ny+..+
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3ameuanue. 3anucey m! obo3nauaer npousseneHue M(M-1)(M-2)...2[0 u guraercs
M ¢paxmopuanos. Takum obpazom, 11=1, 2! = 2, 3! = 6. [Tonararot, uto O! = 1.

Ynpasxicnenue. naykiueit o yuciny N gpokazate Gopmyny (3).

[Tonoxxum B popmyine (3) y = 1 . Bynem umets
n

YT L TN T Y Lt TR Y S
n 2 n k! n n n n! n n

Pacniumiem sty Gopmyny ans N+1.Yucno cnaraembix yBenuuutcs. [Ipu 3amene
yycia N Ha 4uciio N+1COMHOXKUTEIN YBEIIMYUBAIOTCS, TOCKOJIBKY

k k
1-——=1-—. Takum oOpa3zom, a,,; =a,.
n+1 n
[TokaxkeM, 4YTO TOCIIEOBATEIBHOCTh OrpaHUuYEHa cBepxy uucioM 3. Mmeem

a,< 2+%+...+%+...+1’. Tax kak kl=k(k-1)(k-2)..1 =2 10 umeem
! n

_ n+l
HEPaBEHCTBO A, SZ+—+—2+...+i_l=1+ﬂ33
2 2 2" (05)

Tema 11
YUCJIOBBIE Ps/1bI

ITpumep. PaccMoTpuM OECKOHEUHBIC CYMMBI

1.1 1

1+ =+ =+ + =+ (1)
2 n
1+q+q?+..+q" " +.... 2)
B oOmiem ciydae, 3aaHa 4rciIoBasi MOCIENOBATENBHOCT &, . Yucnoevim paoom
Ha3bIBaeTCsl OECKOHEUHAs CyMMa
a+ta,+taz+...+ta, +... . 3)

OO 4jieH NOoCIe10BaTEIbHOCTH &, HA3bIBAETCS OOIMM WIEHOM psija.

Ilpumep. B psne (1) obmmii uneH 3amaetcs (HOpMyIoin aﬂ:l, B pane (2) —
n
a,=q"".

(o)
I[pyra;[ 3aIIMCh YHUCJIOBOI'O psiaa z an .
n=1

Yacmnoii cymmoit paoa (3) Ha3bIBAaETCA KOHEUHAsI CyMMa
S,=a +ta,+...+a,.
IlIpumep. PaccmoTpuM psif (2) ¥ BBIYUCIUM €r0 YaCTHBIE CYMMBbI:
§ =1 g+q +0 +. Q" =Lk g+ g - =10 gL g ) =

1-9™+gS$ O 1-9)S, =1-q".



CnenosarensHo, ecin #1, To S, = 179 IIpu q=10 S, =n. Takum oOpa-
-q
30M,
H n, npu g=1
= -q" : 4
Sh=0 1-9 ,npu g1 )

3ameuanue. Psiyn (2) Ha3pIBaETCA PSAJIOM FEOMETPUIECKON MTPOTPECCHH.
Takum oOpa3zoM, ¢ YUCIIOBBIM PsoM (3) CBsi3aHA YMCIIOBAsl TOCIEI0BATEILHOCTD
€TI0 YaCTHBIX CYMM.
Psin (3) Ha3bIBaeTCS CX00AMUMCA, €CTTU CYIIECTBYET
limS, =S.

100

(o]

3HaueHUe 3TOTO Mpeieia Ha3bIBACTCs CYMMOIU psada 1 0003HAYAETCA Z a, =S.
n=1
Ecnu mocnenoBaTenbHOCTh YaCTHBIX CYMM HE MMEET IpeAena, TO PSAJ Ha3bl-
BAETCS PACXO0AUUMCA.
Ilpumep. PaccMOTpUM Pl TEOMETPUYECKON MTPOTPECCUM U BBIICHUM, IPU KAKUX
3HAYEHUSX (OH CXOJMTCS, a IPU KAaKUX — PACXOIUTCH.
N3 dbopmyisl (4) crnemyert, 4To
1
limS, =0 1-q
= ﬁie cyujecmeyem, eciu |q| >1.

, €CJZu|C|| <]

Takum oGpazom, npu |q| <1 psn reomerpuueckoi nporpeccuu pacxoautcs. [Ipu

|q| <1 5TOT psin cxoAUTCS U

< qn—l =S= _1
n=1 1- q
Ilpumep (ycTanoBjeHUE IICHBI HA PhIHKE). Panee Obuta momydyeHa dpopmyna
L a aB +DbA
=q" + C(kl’ a=-—, =,
pn pO Bkzl A B A

[TosTOoMy, ipu |O( | = %< 1 Oynem umeTh

an_)o iak—l_)im p —)B 1 =aB+bA-
& 1-a n 1-a A+a

Teopema (Heodx00umblii NPUHAK CXOOUMOCHIU YUCT08020 PAOQ).
Ecnu psan (3) cxoguTcst, TO €ro o0IuiA Y4IeH CTPEMUTCS K HYIIO, TO €CTh

a, - 0. (5)
Hokazamenvscmeo. Imeem a, =(S,-S,;) - S—S=0.
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. > n+l
IIpumep. CxonuTest 11 YUCIOBOI Psix ) ?
n=1 n + 2

Omeem. Pacxonurcs. B camomMm nere,

[EEY

+

S5

_n+l_

= = 51
n+2

a,

[EEY

+

SN

3ameuanue. VI3 Tor0, 4TO OOIIMIA WIEH CTPEMHUTCS K HYIIO, HE CIEIyeT, BOOOIIE
TOBOPSI, CXOJUMOCTbD Psijia.
Ilpumep. Paccmotpum psia (1), KOTOPBI HA3BIBACTCA 2APMOHUYECKUM pSAOOM. Y

HEero o0ImuMi ujieH — cTpeMuTcs K Hymo. [lokaxkeM, 4To, OIHAKO, PSA PACXOIUT-
n

CA. PaCCMOTpI/IM YaCTHBIC CYMMbI C YCTHBIMHU HOMECPaAMHU

1 1 1 1 1 1
=1+ (E+ S+ )+ A+,
S (2 3 4) (k K+1 2k)
Nmeem
1 1 1 1 1 i+1 1
T i e
i i+1 2 T 2i 2 2 2

Takum o0pa3zom, yacTHasg cymMMa S,, MOXET OBITh CJlieJaHa CKOJIb YTOJHO OO0JIb-
1I0M. 3HAYUT, P PACXOJUTCS.
PaccmoTpum aBa psana:
(A4) a+ta,+tag+..+a +ta, +..+a, +..,
(4% & +a,+ag+..+a, +ta., +..+ta, ...
OTH J1Ba pAla OTIIMYAIOTCA APYT OT JIPYra TOJbKO KOHEYHBIM YHCJIOM YJICHOB.

Teopema. Ecnu cxoautcs psf (4), To cxoautes v psn (A*), 1 Hao00poT.
Jlokazamenvcmeo. Ilpu N> K

. k .
SA=S" +¢c, c= > (ai —a ) = const [ {Sr']A } —cxooumcesl < {Sr']A } — cxooumcsi .
Bl

Bosbmem unciio b # 0 u paccmorpum psig
(B) ba, +ba, +bas +...+ba, +....
Teopema. Psin (B) cxonutest Toraa v TOJIBKO TOT/Ia, KOTAA CXOMUTCS psif (A4).
Hokazamenvcmeo. veem
S°=bS*,bz00 {Srf‘ } — cxooumcs .:.{ S,} — cxooumcs .

Hpyrumu cioBamu, U3MEHEHHME KOHEYHOTO YHMCIIA CIaraeMbIX B Psf€, a TAKKE YM-
HOKEHME BCEX YJICHOB Psijia Ha YHUCIIO, OTIMYHOE OT HYJIS, HE BJIEYET UBMEHEHU B
CXOJIMMOCTH PsiJIa.
Psn (3) Ha3biBaeTCs abCcontomuo cxo0amumca, eCiu CXOauTcs psif, COCTaBIICH-
HBIA U3 €r0 MOJyJIEN

lay| +[a,| +|ag| + ... || +... . (6)
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Teopema (06e3 noxasarenbcTBa). Beskuit aOCOMIOTHO CXOASIIMICS psl SBIsSETCS
IPOCTO CXOASIIUMCH.
Ipumep. Psan

1+———+———+...+(—1)”i+...
2n

CXOOUTCA, TAK KaK pAO
1D LR L

COCTaBJICHHBIN U3 MOJYJIEH €ro CjIaraeMblX, CXOAUTCS.
Psin (6) siBnsieTcst psiioM, Y KOTOPOTO BCE CllaraeMble OOJIbIIE UM PABHBI HYIIO.

Paovi c HeompuyamenvnoimMu ciazaemvimu
PaccmoTpum psg
a,+a,taz+..+a,+...;, a,=200On=1. @)
VY Takux psA0B MOCIIENOBATEIBLHOCTh YAaCTHBIX CYMM S, He yOBIBaeT, MOCKOJIbKY
Sn+l = Sn + Ans+1 2 Sn'

Teopema (xpuTepHii CXOAMMOCTH YUCIIOBBIX PSAIOB C HEOTPHUIATELHBIMU ClIarae-
MbIMH). UuCIOBOW psifi C HEOTPUIATEIHHBIMH CJIATAEMBIMU CXOJUTCS TOTJA W
TOJIKO TOT/a, KOT/Ia MOCJIEI0BAaTeIbHOCTh €T0 YaCTHBIX CYMM OIpaHHUYEeHA CBEPXY
HEKOTOpBIM ymciiom C.

Jlokazamenvcmeo. Ilycts Bce S, <C. Ilo Teopeme o npexaene HeyObIBarOIIEH

OTrpaHUYEHHOW CBEPXY MOCIEI0BATENBHOCTH S, — S. 3HAUYUT, psJ CXOIUTCS.
IlycTh mocnenoBaTeNbHOCTh YaCTHBIX CyMM S, — S. Torma ona orpaHnyeHa
CBEpXY.

Ouenounwlil NPU3HAK CXOOUMOCMU YUC1068020 pAda. PaccMOTpuM JiBa psia
(4) a,+a,+ag+..+a, +...,
(B) by+b, +by+...+b, +...,

Y KOTOPBIX
O<a,<b,, 0On=z=1. (8

Teopema. Ecnu psan (B) cxoautcsi, To cxonutest u psf (A). Ecnu pan (4) pacxo-
JMTCS, TO pacXoauTcs u psin (B).

Jlokazamenvcmeo. 1lycts psan (B) cxogurcs. I[lo npeasiayiiei Teopeme Bce €ro
YacCTHbIE CyMMBbI OTPaHUYEHBI CBEPXY HEKOTOPBHIM unciioMm. 13 ycnosuii (8) nme-
eMS < S). CnenoBarenbHO, 3TUM K€ YUCIOM OTPaHUYEHBI CBEPXY BCE YAaCTHBIE
cymmbl psia (A). [lo npeapiayeit Teopeme psif (4) CXOauTCsl.

[Tycts psg (A) pacxomutcsa. Ecou Ov1 psan (B) cXomuics, TO CXOOWICS Obl U PSJT
(4). 3nauur, psan (B) pacxoauTcs.

3ameuanue. Tak KaK W3MEHEHUE KOHEYHOTO YKCIIA YJICHOB PsI/1a HE BIUAET HA €ro
CXOJIMMOCTh WJIU PACXOJIUMOCTh, TO MOKHO CUMTATh, YTO HEPABEHCTBO (&) BBIMNOJI-
HEHO He 1s Bce n= 1, a uist Bcex n, HaYMHAasI ¢ KAKOTO-TO HOMEPA.
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Teopema (Ilpusnax /lanamoepa). I1ycts B uucioBom psze (7)

a, >0, ﬂsq<1 Ea£+12q>1é On>1. 9)
n

n
Torna psin cxoautcs (pacxoauTcs).
Jlokazamenvcmeo nipoBenem ais ciaydas ( <1. imeem HepaBeHCTBa
a, < 0ay, a; < ga, < q°ay,..,a, < q"ay,....
Paccmotpum psin
ag+a,q°+aq’+..+a9"" +....

OTO psiA TEOMETPUUECKON TPOrPECCHH, BCE WIEHBI KOTOPOIO0 YMHOMXEHBI Ha YUCIIO
a, 7 0. OH cxomurcs, Tak kak 0< q<1. [lo npenpiaymieil Teopeme CXOAUTCA U
psiz (A).

3ameuanue. Tak Kak M3MEHEHNE KOHEYHOTO YHCIIA YJICHOB Psi/ia HE BIUSIET HA €ro
CXOJIUMOCTh WJIM PACXOJUMOCTb, TO MOXXHO CUUTATh YTO, YTO yCcia0BuUA (9) BINOI-
HEHBI HE JI BCEX /1, HAUWHAS C TIEPBOTO, a JIsl BCEX 71, HAUWHAS C KAKOT0-TO HOMEpa.

Ilpeoenvnwrii npusznax /lanamoepa. 11yctb, HaUMHAs C Kakoro-To HOMEpa, BCE
. a
a,, > O0u mycts cymectsyer lim—"1 = ¢. Torxa,
N - oo an
O ecau q <1, psao cxooumcs,
(10)
[ecau q >1, pao pacxooumcs.

Jlokazamenvcmeo. Paccmotpum citydail  <1. Bo3smem uncno <q < 1(cwm. puc.)

q q* !
Torz[a, HadYuHAaAigd C KaKOoro-T1o HOMepa, 6y):[yT BBITIOJIHATHCA HepaBeHCTBa
a *
~n+l < q <1.
a

n

o N
IlIpumep. Psn Z —- cxoaurcs. B camom gere,

n=1
. . +1)2" .
||mﬂ:||mw:||mla+15:1_
n- o an n- oo 2n+ n n-»ooZD nD 2

Teopema (npusnax cxooumocmu Kowu). I1yctb

a, 20, Q/;nSq<l (Q/?nzq>1), [(n>1. (11)
Torna psin cxoautcs (pacxomauTcs).
Jlokazamenvcmeo. Paccmorpum cinyuaii <1. Torma Bce a, < q". Tak kak psn

g+ q2 + q3 +..+ qn +... CXOOHUTCH, TO IO NPU3HAKY CXOJAMMOCTH CXOOUTCS U P

(4).
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3ameuanue. Teopema ocTaeTcsi cipaBeasuBoM, eciu ycnoBus (11) BeimomaHSAIOTCS
He JJid Bcex N=1, a s Bcex N, HAYMHAsA ¢ KAKOTO-TO HOMEDA.

Ilpeoenvnwii npusnaxk Kowu. 1lycts, HaunHasg ¢ Kakoro-to Homepa, Bce a, =0

u cymectByet limy/a, = (. Toraa

n- oo

O ecau q <1, pso cxooumcs, (12)
[eciu q>1, psao pacxooumcs.
Jloxazamenvcmeo. Paccmorpum citydait  <1. Bo3smeMm uwnciio q<q* <I. Torna,

*
Ha4yMHas C KAKOro-To HoMepa, Bce N/a, < <1.3Hauur, psa CXOAUTCS.

< n+1
Ilpumep. Psn Z BT]EI cxonures. B camoMm nerne,
n=1 n

1

1+

_n_=

rlllm\/i_ll_,r?o n+1_r|1l_,o<>2+l 2
n

3ameuanue. B npenenvubix npusHakax [lanam6epa u Komm cayqait g =1 tpeOyer
JAJBHEUIIIETO UCCIEA0BAHNS.

Ilpumep. Y pacxopsuierocs rapmoHuyeckoro psiga (1) @ _ N _ 11 1
a, n+l1 , 41
n
1
i 8, _(N-Jn_n’-n_ 1-
V psana Z OTHOILEHHE 1t = N, 1. ITokaxkeM, 9TO 3TOT
& n(n+1) a, n(n+1) n°+n 1+1
n

PsA CXOOUTCH. B caMoM JIeJie,
1 1 1 1 1
_ o1
= Z,k(k+1) 0 2%% 3%% 4% -1 n%@% n+1D “n+l
AHanornyHele MpUMepbl MOXHO MPUBECTH M [ peeabHOro npusHaka Kommn.

3unakouepeoyrowueca paovt. PaccMoTpum psij
a,—a,+a;-a,+ag—..+(-)"™a, +..; a,=2a,,=200n=21. (13

Takou psil Ha3bIBAECTCS 3HAKOUEPEOYIOUIUMCA.

Ipumep.

1—l+ —l+...- (14)
2 6

1 1.1
4=
3 4 5
Teopema (npusnax Jleionuya). Ilycts B 3HaKOUEpeAyIOUIEMCS psiie OOIIUHN YieH
a, — 0. Torna psn cxoautes.

Joxazamenscmeo. PaccMoTpuM 1OCIIEIOBATEIBHOCTD YaCTHBIX CYMM C YETHBIMU HO-
mepamu S, =(a, —a,) +(a; —a,) +(as —ag) +.... PazHocTH, cTOSIIIME B CKOOKAX,
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00JbIlIe WM paBHbI HyMO. [loaTOMY mocneaoBaTeabHOCTh YAaCTHBIX CYMM C YET-

HbIMU HOMepaMu Bo3pacTtaeT. [lokakeM, 4To OHa OrpaHUYeHa CBEPXY .

B camom nene, S, =a, —(a, —a3) — (8, —a5) —... = (By_p —8y4) — Ay < .
[To Teopeme 0 mpenene MOHOTOHHOM OrPaHUYEHHOM IOCIIENOBATEIBHOCTH,

MOCIIEA0BATEIBLHOCTh YACTHBIX CYMM C YETHBIMH HOMEPaMH UMEET Mpeell.

O603nauum 70T npeaen S. [TokaxkeM, 4TO MOCIETOBATENIEHOCTh YACTHBIX CYMM C

HEYETHBIMU HOMEPAMH TaK e CTPEMHUTCS K 3TOMY 4yHciy. B camom nere,

Sosr = Sok tags » STO=S.
Ipumep. Psn (14) cxogurcsi.

Tema 12
IMOHATUE UNCJOBOM OYHKIHNHN

Ilonamue uucnogoit hynkyuu. Mpl yxxe BUJEIH, YTO MEKIY BEITUUMHON cripoca
Ha TOBAp U €ro IICHON CYINECTBYET CBS3b ((hynxyus cnpoca) P = f(q). Anajgorud-

Hasl CBSI3b CYIIECTBYET MEXAY NPEJIOKEHIEM Ha TOBAp U €T0 ICHOM.

PaccmoTtpum emie onuH ipumep.
Ilpumep (3asucumocms 6enuuunvt cnpoca om 0oxooa). B momensx nompeou-
MenbcKko20 Ccnpoca UCTob3yloTess GpyHkumnn TOpHKBUCTA, MOJETHPYIOIINE CBS3b
MEXTy BETMYMHON JOX0Ja X W BEIMUYMHOM cripoca Y

ax(x+
= (Z—B) (na manoyennvie mosapul);
X"ty
ax .
y= B (a mosapul nepsoui Heobxooumocmu);
X

a(x— y
_ax-y) " By) (na mosapvl omnocumenshou pockouiu),
X

y= ax(x-y) (na npeomemor  pockowr).
X+
ITpumep (npouszeoocmeennas ynxyus). PacCMOTpUM IIPOU3BOJCTBO, B KOTOPOM
UCTIONB3YIOTCSI PECYpPCHI M BBITTyCKaeTCs MPOayKIusi. CUnTaeM, 9T0O MCIOIbh3yeMbIe
pECYpChl MOXKHO XapaKTE€pH30BaTh OJHMM YHCIOM X (Hampumep, 3aTpaueHHOE
pabodee BpeMsi), a BBIITYCK XapaKTEpU3yeTCs YuciaoM Y (Hampumep, CyMMapHBIN

00BEM BBIMTYCKAaEMBIX TOBApoOB). Torga KakJoMy 3HAUEHHUIO MapaMmerpa X COOT-
BETCTBYET MaKCHUMAaJlbHO BO3MOKHBIM 0OBEM BBIITyCKa MPOIYKILUH, [IPOU3BEICH-
HOM IIPY UCIOJIb30BAHUU ITUX 3aTpaT. JTa cBsi3b Y = F (X Ha3bIBAETCS NPOU3BOO-

cmeennou @yukyueu. Jlns Hee YaCTO WUCIMOJIB3YETCsl CTENEHHAas 3aBUCHUMOCTH
y=Dbx?, rae b u a ABnAIOTCA 3aJaHHBIMM HOJIOKUTEILHBIMU YUCIaMu. Takas 3a-

BHUCHUMOCTb BO3HHKACT U3 IMPCANOJIOKCHUA, YTO IMPOMU3BOACTBCHHA (I)YHKI_II/IH AB-
JISACTCA O,Z[HOpOI[HOﬁ CTCIICHU A&, TO €CTh

F(x)=t*F(x), Ot=0.
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OTO0 paBEHCTBO 03HAYAET, YTO C POCTOM 3arpaT B t pa3 cyMMapHblii 00beM BbIITyC-
Ka [pOAyKuuM usMmensercs B t° pas. Ilomoxkum x=1. BymeM umerhb
F (t) =hbt®, b=F (l) TaxuMm o0pa3om, MOJIY4YHIIU CTENIEHHYIO 3aBUCUMOCTb.

Onpedenenue. 1'0BOPAT, UTO 3a/7aHa 4YUCIOBast QYHKUUA Y = f(x), €ClIi 3aJaHO
noaMHOXkecTBO X R um mpaBuno f, koropoe kaxmomy uuciay XU X ctaButr B
COOTBETCTBHUE YUCIIO Y = f (x)

MHOXeCTBO X Ha3bIBACTCS 001acmbvio onpeoeienus U 001acmvio 0Onyc-
mumvix 3uavenuii (OJ13) pyukun y = f (X)

3ameuanue. Jlanvme OyneM TOBOPUTH O (PYHKITUSX, OIMyCKasi, MHOT/Ia, Ha3BaHUE
YHCIOBAsL.

I'pagpuk ¢pynkyuu. Beenem Ha TIIOCKOCTH MPAMOYTOJIBHYIO CUCTEMY KOOPAUHAT
X0y W HapHuCcyeM MHO>XECTBO TOYEK, Y KOTOPBIX KOOPAMHATHI (X, y) cBs3aHBI CO-

OTHOLIEHUEM Y = f(X). [Tomyunm KpuBYIO, KOTOpasi Ha3bIBaeTCs TpaduKoOM FTOU

byHKIIH.
Ilpumeput uucnosvix pynkyuii.
1. Jlunetinas pynxyus Y = kx+b. Ee rpadukom sBiisieTcs npsmast THHUS

y y y

b

=0 /
e
X X X

k>0 k<O

2. Mooyns yucna y = |X| Ota pynkuus onpenenena npu scex XL R u ee rpadu-
KOM SIBJISIETCS «IIPSIMOM YToJD» ¢ BEPIIMHOM B HaYaie KOOpJAUHAT (CM. pHC.)
y

45°

X
3. Cmenennas pynxyus y=Xx" (n=234,..) onpenencna npu Bcex X[OR u B
3aBUCHMOCTH OT CTEIEeHU N ee rpaduk UMeeT CICIyIOIHiA BUI:

y y
N — 4€THO N — HEYETHO
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1
Crenennas ¢pynkuus Yy =X" (n=234...), koTopas sBJISIeTCI KOpHEM N-# cTere-

HU U3 4Kclia X U 00o3Havaercs Y = Vx, B Cllydae YeTHOTO YMclia N ompezesieHa
npu X>0. Ecnu yncno N sBAsieTCs HEUETHBIM, TO 3Ta GYHKUHUS ONpeieeHa npu
Bcex X[ R. B 3aBucuMocTu ot yucia N rpaguk KOpHS UMEET CIeAYIOIUN BU/I:

y
y

N — 4€THO N — HEYETHO

Crenennas Qynkuus Y = X%, rae a — (UKCUPOBAHHOE AEHCTBUTEILHOE YHCIIO,
omnpeneneHa npu x> 0 u ee rpaduk M300pakeH HA CIEAYIOIIEM PUCYHKE:

a<0
a1

a=1

O<ax<l

4. IToxazamenvnas ¢pynxyus Y =a*, rae uncno a# 1, a>0. I'padux s1oii QyHK-

MU UMEET CIAEAYIOIINN BU:
Yy
a<l a1

\

[TokasaTenbHas GyHKLIHUS Y = € HAa3bIBAETCS SKCHOHEHMOLL.

5. Jlocapugpm y =109, X npu GukcupoBaHHOM OCHOBaHMM a % 1, a> 0 ompenencH
npu Bcex X>0. Ecnu B34Th B KauecTBe OCHOBaHUs 4ucio €= 2,718..., To momy-
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qyuM  JorapudM, KOTOPBIM HA3BIBACTCS  HAMYPAIbHLIM |
log, X =Inx.

['paduk dbynkumu y =10g, X UMeeT Cleayomui BUI;:
y a1

o003Hayaercs

O<ax<l1

6. B mkoapsHOM Kypce MoApOoOHO M3yYaluCh TPUTOHOMETPUYECKUE (DYHKIIUU

y =SinX, Yy = COSX,

KOTOpbIE omnpezenensl npu Bcex X[ R u umerot cienyroniue rpaduku:

1N\ £ ]

[

/N
ma e N NA
N NS AR

X

y=sinx Yy = COS X
C nomo1pio 3TUX GYyHKIMN ONpeesroTCs
tgx = S , xzkim(k=%1#243..) ctgx= @ X Z Lt kit(k =+14243,...) .
COSX sinx 2

I'paduku pyakmmii y =tgX, y = CtgX UMEIOT CIEAYIOIINUA BHUI:

-TU2

g ——————
N

2

y=1gX y = ctg X
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Apugpmemuueckue oeiicmeusn ¢ pynkyuamu. C TOMOUIBIO ONEpPALIMI CIOKEHUS,
BBIYMTAHMS, YMHOXKEHUS U JICJICHUS

(9+od 16-96. (ol 2

MO>KHO, UCXO/Isl U3 MIPOCTEHIINX QYHKIUH, paciIupuTh Kinacc Gpynkuuid. imenHo ¢
MOMOIUIBIO ATHX OMNEpaluil U3 CTENEHHBIX (YHKIUNH KOHCTPYUPYIOTCS (DyHKUIUU
TopHkBuUCTA.

Cnoscnan gynkyua. Oyaxuun Buga cosx?, €™ Help3s OMYYHTh C TOMOLIBIO
apumeTryecKux IEHCTBUIN U3 TMpocTermux. /i 3TOro UCmosib3yeTcs: onepanus
CYNEPIO3ULINHI PYHKIUH.

[lycts pynkums y = f(X) onpeneneHa Ha MHoxkectBe X [ R m mpuHumaer
3HadyeHus u3 MHOXkecTBa Y [ R, a dynknus z=F (y) ONpEJETICHa Ha MHOYKECTBE
Y. Torjga Ha MHOKECTBE X orpezesneHa pyHKIus

z=F(f(x)),
KOTOpasi Ha3bIBACTCSI CIONHCHOU YyHKYUELL.
Ipumep. Oynxuus z= cosx? sBiseTcs Cyneprno3ulue 1Byx QyHKIHMN Y = X% u
Z=cosy.

Oopamnasn ¢hynkyusa. Ene oiHa onepaiiysi, ¢ MOMOIIBIO KOTOPOI CTPOSITCS HOBbIE
YUCJIOBbIE (DYHKIIMH, 3TO BBIYMCIECHUE OOpaTHON (PYHKITUH.
Teopema. Ilyctb Ha UHTEpBaJE (a,b) ornpejeneHa YucioBas QyHKIUs Y = f(X),

KOTOpasi IPUHUMAET 6Ce 3HAYCHUs U3 UHTEPBAJIA (A, B), TO €CTh
Oy0(A,B)O OxO(a,b) Taxoit, uro y = f(x). (1)
IlycTs s AByX pasubix 3uadennii X (i =1,2) u3 sToro nHTepBama GpyHKIus
IPUHUMAET Pa3Hble 3HAUYEHUS, TO €CTh
x O(ab),x, O(@b),x #x, 0 f(x)z f(x,) (2
Torna na untepsane (4, B) onpeneneHa pyHkuus x = F(y) Takas, 4to
F(f(x)=x, OxO(a,b). 3
Joxazamenscmeo. st kaxporo uncaa Y (A, B) cymectByer exmHCTBEHHOE
ancio x(a,b) takoe, aro  y = f(x). D10 uncno o6osmaunm x = F(y). Takum
o6paszom, nonyunan GpyHknuio x = F(y), kotopas onpezeneHa Ha uHTepsaie (4, B)
U yJIOBJIETBOPST TOXKAECTBY (3).

Monomonnwte ¢pynkyuu. Ycnoue (2) BBIIOJHEHO ISl MOHOMOHHbIX (QYHKIIUH.
OyHKIUA f(X), ONpEACTICHHAs: HA UHTEpPBAJE (a,b), Ha3bIBACTCA go3pacmarouyel

(vowisarowett), ecmm

% <%0 f)<f00) ( f(x)>f(x)).

OkpecmHuocmb u npoKo10mMas OKpecmHOCms mo4Ku. [ BeIYMCICHUS Tpefe-
70B (YHKIIUHM JOCTATOYHO 3HAThH 3HAUEHUs 3TOM (QyHKUMHU BOIU3U paccMaTpuUBae-
MO Touku. C 3TOil LIeNBI0 BBOAUTCS MOHSATHE OKPECMHOCMU TOUKH.
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Onpeodenenue. OKpecTHOCTBIO TOUKU X, [JR Oynem Ha3piBaTh J1:000H MHTEpBa
(XO —&, Xt 8), [Je> 0. UtoObI mogquepKHYTh pa3Mepbl OKPECTHOCTH, MHOTa TOBO-
PAT «E -OKPECTHOCTHY.

Ynpascnenue. Tlokazath, uTO mepeceyeHre U OObEIUHEHUE JBYX OKPECTHOCTEH
OJTHOM ¥ TOM € TOUKH SIBIISIOTCS €€ OKPECTHOCTSIMH.

Ilpumep. PaccMoTpyM MPOU3BOJACTBEHHYIO (QYHKIHIO Y = F(X) U MIOCTPOUM OT-

HOIIICHUC

OHO xapakTepu3yeT KOJIMUECTBO BBITYCKAEMOW MPOAYKITUH, IPUXOSIICH HA €1-
HUILY 3aTpaurBaeMoro pecypca. ITo oTHouleHue He omnpeneneHo npu X =0. Ha-
npumep, QyHKIUS

X
onpeneneHa Bcroay, kpome Touku X =0. UToObl M3yyaTh Takhe CUTyallud, HaM

NOTPEOYIOTCS IOHATHUSL NPOKOJIOMOL OKPEeCMHOCMU TOUKHU.

Onpeoenenue. 1 IpoKOI0TON OKPECTHOCTBIO TOUKU X, HA3BIBAETCS €€ OKPECTHOCTh
C BBIOPOLIEHHOM CaMON TOYKOHN X;, TO €CTb 00bEIUHEHHUE IBYX HHTEPBAJIOB

(% —&.%)U (x9.% +¢).
Ilpumep. Oyukus (5) omnpeneneHa B 000N MPOKOJIOTON OKPECTHOCTH TOUYKH
Xy =0.

Tema 13
MHNPEJAEJ ®YHKIIUHU B TOYKE
N HA BECKOHEYHOCTHA

JlomycTuM, 4TO MBIl XOTUM BBIYUCIUTH 3HAUCHUE OTHOIIICHUS
sinx
y=—— (1)
X
mpu X = 0. DTo 3HAYUT, YTO MBI XOTHUM ONPEACIUTH (eciiu Mo 803MOHCHO) TAKOE
qucio A, 9TOOBI MPY MAJIBIX YHCIIAX X MPUOIH3UTEIHHO BBITOTHSIIOCH PABEHCTBO
sinx
— = A.
X
[Tpubmm3uTenbHOE PAaBEHCTBO PACIIU(PPOBHIBACTCS CIEAYIOMNUM 00pa30M:
sinx
ELLSyWTS
X

rae (pyHKims I(X), onpejereHHass B MPOKOJOTOW OKPECTHOCTU TOYKH 0, MOXKET
OBITH C/IeIaHa CKOJIb YTOJHO MAJION MpU CTPEMIICHUH MEPEMEHHONU X K HYJIIO.
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Beckoneuno manvie ¢ mouke pynkyuu
Onpeoenenue. ®ynxuus |(x), onpeneneHHas B IPOKOJIOTOH OKPECTHOCTH TOYKH

Xy, HA3bIBAETCSl OECKOHeuUHO Manou B ITOW TOYKE, €CIU Ui JH00ro (cxoias
Y200H0 Manozo) uncaa € >0 MOKHO yKazaTh uucio & = d(g)> 0 Takoe, 4To
||(X)| <€ 1mpH BCEX X £ Xy, |X = Xo| <O, TO ecTh

Oe>0 [B=8(e)>0:0<[x—x|<80 [I(x)<e. (2)
Hpumep. Oynxumn 1 (X)=x—X,,1,(x)= X = Xo| SIBISIOTCS. GECKOHEUHO MasIbIMHU

B TOYKE X;. B camom nene, Bo3bMeM 0=¢. Torma, eciu O<|X—XO|<5, TO

1 (%) =|x— x| <B=k.

Ceolicmea 6ecKoHeUHO MAIBIX PYHKYUIL

Ceoitcmeo 1. Oynkuus I(X) ABJISIETCSI OECKOHEYHO MaJlol B TOYKE X, TOrzAa W
TOJIBKO TOT/Ia, KOTJ]a TaKOM sBIsieTCA (PYHKITUS |I (XX .

Ynpasinenue. Jlokazats 510 CBONCTBO.

Ceoiicmeo 2. Cymma, pa3HOCTh, IPOU3BEJCHUE IBYX OECKOHEUHO MAJIbIX B TOUYKE
Xo pynkiuii |; X),i =12, sBasercs 0ECKOHEUHO MaJION B 3TOM TOYKE (PyHKIIHECH.

/Jlokazamenvcmeo 1poBeaeM ero nans  npousBeneHus. CylIeCTBYET YHUCIO
9, > OTakoe, 4TO ||1(XX<1HpI/I Beex O0<|X—Xo|<0,. Bospmem mr06oe uncio

€>0. Torma cymecrByer uucio O, >0Takoe, dTO |I2(XX <& mpu Bcex
0 < |X = Xo| <d,.CrenosarensHo,

0<|x=%|<&=min(8,;8,) 0 |1, (0, (x) =l ()1, (x) <& =e.
Ynpaoicnenue. Jloxkazate 310 yTBEpKACHUE 11 CYMMBI U PA3HOCTH.
Cneocmeue. Tlpn mobom k =123,... dynkumn (X—X, )<, X = x0|k SBJISIFOTCS
OECKOHEYHO MaJIbIMH B TOYKE X,. JTO BBITEKAET M3 Pa300OPaHHOIrO BBIIIE CITydast

k =1 u u3 cBoicrBa 2.

Ceoitcmeo 3. Ilycts Qpynxuus 1(x) sBnsercs GECKOHEYHO MO B TOYKE X,, a
(ynkius ¢(x) orpaHMYEeHa B HEKOTOPOW MPOKOJOTOM OKPECTHOCTH TOH TOYUKH.
Torna ux npousBeneHue ABIseTCs 0ECKOHEYHO Majioi (PyHKIHEH B TOUKE X, .

Jokazamenvcmeo. Ozpanuueniocms gyuxyuu $(x)6 npoxoromoii okpecmmuocmu
O3HayaeT, yTo cymiectByeT uncio M > 0 Takoe, yTo |¢(XX <M pns Bcex X u3

IPOKOJIOTOM OKPECTHOCTH TOUKH X, . Jlanee, cormacHo (2),
€
Oe>00B=38()>0: 0<|x—x,|<d0 |I(x]sﬁ.
CrnenoBarTelipHO,

1O (¢) = 1 ()| (x) < 1 (x) =5M =€ omecex 0<|x—Xy|<3.
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310 o3Hauaer, uto dynkmus | (xX)p(x) aBaseTcs GeckonedHo mamoi B TouKe X .
Cneocmeue. TIponssenenue GeckoHedHo Manoit B Touke Xdymkmmu |(x) Ha

YUCJIO a sIBJsEeTCs] OECKOHEUHO MaJIOM B 3TOM TOYKE (PyHKIIHMEH.
Ceoiicmeo 4. Ilycte Qpynkiun |, (x),i =123 omnpeneneHsbl B MPOKOJIOTOH OKPECT-

HOCTH TOYKH X, U YIOBJIETBOPSIOT HEPABCHCTBAM
11 (x) <1, (x) <15(x), 3)
npuaem yskrmn |, (X) 1 15(X) sBmsores Geckonedro Mansvu B Touke %,. Torma
GEeCKOHEYHO MaJioii B 3T0if Touke sBmsercs u hyrkuus |,(X).
Hoxkazamenscmeo. Bosbmem mro6oe uumcno €>0. Toraa CymiecTBYHOT 4HCiIa
0, > 0,0, >0 Takwue, 4TO
0<|x=%o| <& O [l (x) <& 0<[x=x|<8, 0 [I5(x) <e.
CrnenoBaTeipHO,
0<|x=X|<8=min(3,;8,)0 —e<l,(x)<e, —e<ly(x)<e.
Otcrona u U3 HepaBeHCTB (3) MOIyYuM, YTO
0<[x-X,|<&=min(3, ;3,)0 —e<l,(x)<e (= [I,(x)<e).
O6o3nauenue. Ecmu dynxuus |(X) sBnsercs GecKOHEUHO MaNoOi B TOUKE Xg, TO
Oynem mucath
1(x) 0% 0 umu 1(x) - Ompur X — X,. 4)

[TokaxkeM, uto pyHKIUS SN X [ 0. Jlnst 5Toro B Hauame JOKAKEM HEpPAaBEHCT-
BO
sinx|<|x|<|tgx|, Ox#O0, (5)

13 KOTOPOTO, MPUMEHSIst CBOHCTBO 3, moxydnm, uto Snx [ 0.

PaccMoTpuM OKpY>KHOCTh €IMHUYHOTO pajiyca U Ha Hell BozbMeM Touky A. by-
JIEM CUHUTATh, YTO yroja X>0 (cMm. puc.).

Torpa momane TpeyronbHuka OAB MeHbIle
wiomanu cekropa OAB, koTopas B CBOIO oue-
peabs MeHblIe Mmomanu tpeyronbauka OCB, To
€CTb

0
B 1sinx<1x<1tng SinX< X <tgx.
2 2 2

Ecmm X<0, To mpeapiayiiee paBeHCTBO MPUMET
BUJL sinx| <[X < [tgx.

Ortcrona mosrygaem TpedyemMoe HepaBeHCTBO (5).

Teneps MOkeM MEPEUTH K ONpeIeNIeHUIO Tipeiena QyHKIIMKA B TOUKE.

C

Ilpeden pynkuyuu ¢ mouke
PaccmoTpum ¢yHkImuio Yy = f(X), KOTOpasi ONpEENIeHa B MPOKOJIOTON OKpe-

CTHOCTHU TOYKH X .
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Onpeoenenue. Ynucno A HazbIBaeTcs npeoenom @ynkyuu f (X) B TOUKE X,, €CJIM
f(x)=A+I(x), (6)

npudeM QyHKIuUS | (X) ABJISIETCS] OECKOHEYHO MAJIOM B TOUKE X, .

Onpeoenenue (sxeusanrenmnoe). Yncino A Ha3bIBaeTCs npeoeiom QyHKyuu f(x)
B TOYKE Xy, €ciau (yHKUUA f(x)— A (@ |f(x)— Al) ABJISIETCS. O€CKOHEYHO
MAaJjoi B TOUYKE X .

Onpeoenenue (sxeusanrenmnoe). Yncino A Ha3bIBaeTCs npeoeiom QyHKyuu f(x)
B TOYKE Xy, €CIM JJs Jr0oro yucna €> 0 MOXKHO yKas3aTb 4YUCIIO 6=6(€)>O
f(x)- A <€ ans Beex uncen X Takux, 910 0<| X=X,/ < 9.

TaKoe, 4To

I'eomempuueckuii cmvic onpedenenus npeoena

o A St

-EtA [y

- 5+Xn X0 X 5+Xn

Teopema (o eduncmeennocmu npeodena). Ecan cymectByeT mpenen (pyHKIUUA B
TOYKE, TO OH €IMHCTBEHEH.
oxazamenscmeo. JlonycTum, 4TO UMEIOTCA JBa npejaena. Toraa

f(x)=A +1,(x), ,(x)O® 0,i=12, O L,(x)-Lx=A-A%#0.
OnHako Mo CBOWCTBY 2 pa3HOCTb Il(x)— |2(X) IBYX OECKOHEUHO MaJjbIX B TOUKE X,
byHKIIMIA MODKHA OBITh OECKOHEYHO Majioii B 93ToM Touke. [lomydeHHoe
IPOTHBOPEUNE U JJOKA3bIBAET €IMHCTBEHHOCTD IMIpeiea.
[Ipenen pyukmu B Touke 0003HAYACTCS

(lim f(x) = A)unu( £(x) > Anpux - xg)w(f(X) 08 A)wm( f(x)08  A).
X=X

ITpumep (nepswiii 3ameuamenvusiii npeoern).

. SIinX
lim——=1. (7)
x>0 X
Jloxazamenscmeo. Ilycts x>0. Torna u3 HepaBeHcTBa (5) OyaeM UMETh
sinx sinx
coOSX< ——<1e 0<1-——<1-cosx. (8
X X
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Hanee,

. X . X X
1-cosx =2sin’ =< 2sin—{<2- =|x.
2 2 2
Otcrona u u3 (8) noayyum
sinx
0<[1-"—H <. (9)
X
HepagenctBo (9) Boimonnsiercss u ans Bcex X<0. [IpumeHnm k HepaBeHCTBY (9)
. sinx
cBOMCTBO 4 g OeckoHeyHO ManbiX. [lomyuum, uto pynkuus [1- ABIIACTCS

OeckoHe4Ho Masoi B Touke X, = 0. Otcrona cnenyer Tpedyemoe paBeHCTBO (7).

Ceoiicmea npedenoe pynkuuii 6 mouke

Ceoiicmeo 1. Ecnu
limf(x)=A O lim|f(x)=|A.
X Xg X Xg

Hokazamenscmeo. Nmeem O S| |f(x)‘ - |A | <|f (x)- A. Orciona, npuMeHss

CBOMCTBO 4 117151 0ECKOHEYHO MaJIbIX (PYHKIIHH, TOIyYUM, YTO
[T -|A]oe 0.
Ceoiicmeo 2. Ecu f(x)=c=const O lim f(x)=c.
X=X

Ceoiicmeo 3 (meopema o npeodeire CyMmbl, PA3HOCMU, NPOU3BEOCHUS U
YaACmMHO20).
Iycrs Gpyuxmun f(x) 1 g(x) ompeseners! B MPoKonOTONH OKPECTHOCTH TOUKH X,
U CYIIECTBYIOT IIPEIEIbI

lim f(x)= A, lim g(x)=B.

X Xg X=X
Torma CymiecTBYIOT Ipeesibl CyMMEBI, Pa3HOCTH, ITPOU3BEACHHUS dTUX (DYHKIMHA 1
BBIITOJTHEHBI PABEHCTBA

im(1()20)= A, im(f(Kol)=Ae. (10

f(x)

Eciu B # 0, To cymecTByeT npeaen 4acTHOro ﬂ Y BBITIOJIHEHO PABEHCTBO
g\X

im T2 A (11)
X=X g(x) B
Jlokazamenbcmeo IpoBeieM 11 Clydas yacTHoro. Mmeem

f(x)=A+1(x), g(x)=B+1,(x); 1,(x)0% 0,i=12.

Tak kak uncio B # 0, To cymectByer uncio 0> 0 Takoe, 4To

B
0< |X - X0| <o || 9 (XX < > Otcrona, yunThiBasi HEPaBEHCTBO
B

B —|g(X)‘ < |g(X)— B < > HOJIy4YHM, 4TO
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2

0<[x=X|<80 0< <|gx)| I]

CrnenoBaTeiibHO,

) _A_|A+1(x) A _[BL(X)-AL(x) _| x] 2 iy
AT o e o ) < e A

Kak cymma nByx OeckOHEUHO MayibiX (YHKIUN (DYHKIUS |(X) SBJIsIETCS OECKO-
HEYHO MaJloil B Touke X,. [loaTOMy, coryiiacHO CBOUCTBY 4 Uil GECKOHEYHO Ma-

I(x)
g(x)
YaeT, YTO BBIMOJHEHO paBeHCTBO (11).

Ynpaosicnenue. 11lpoect 10Ka3aTeIbCTBO IS CYMMBbI, PA3HOCTHA U JJISl IPOU3BE-
JICHUS.

Cneocmeue. Tycts O lim f(x). Torma s OcO RO Olim(cf (x)) = ¢ lim f(x).
X— X X - Xp X—Xg

()
B/ g(x)

SABJIAETCS OECKOHEYHO MaJIOM B ATOM TOYKE. DTO O3HA-

TBIX, QYHKIUS

Jokazamenscmeo. Hy)XHO TIPUMEHUTH TEOPEMYy O Tpejesie MPOU3BEACHUS IS
dymiamii T (x), g(x) =

Csoiicmeo 4 (oyenounvlii npuznax cywecmeosarnusi npedena). Ilyctb B HEKOTOPO
IPOKOJIOTON OKPECTHOCTH TOUKHU X,ompenenensl pyHkuuu f (X),g(x), p(x) TaKue,

4To
f(x)<g(x)< p(x) » Olim f(x)= A Olim p(x) = A. (12)
X Xg X Xg
Torga O lim g(x)=4.
X=X
/Jlokazamenvcmeo. U3 (12) MOJIYYUM HEpPaBEHCTBA

f (X) - A< g(X) - A< p(X) — A. Tlostomy, coriiacHO CBOMCTBY 4 /i OECKOHEYHO
MaJTbIX, (QYHKITHS g(x) — A sBisiercsi OECKOHEYHO Majoi B TOuke X,. CiemoBa-
rensro, lim g(x)=A.

X=X

Botuucnenue npeoena cnoxcnou ¢pynkuuu. Iycrs pynkaus y = f (X) ompenee-
Ha B NIPOKOJIOTOW OKPECTHOCTU TOUYKU X,, & PYHKIUS Z = F(y) onpeJiesieHa B OK-
pecmHocmu TOUYKHU Y. JIOIyCTHM, 4TO CyLIECTBYET

lim f(x)=y,.

X=X
Torna, kak cnenyer u3 onpezaeneHus npezaena (7), CymecTByeT Takas NpoKoJoTas
OKPECTHOCTb TOUKH Xy, UTO, /Ul KaXJ0H TOUKM X W3 KOTOPOW, 3HAUEHUs (QYyHK-

o y=f (X) HaXOJATCSl B TOM OKPECTHOCTU TOYKHU Y, TJ€ onpenenacHa PpyHk-
ous Z= F(y). CnenoBarenbHO, B HEKOTOPOU MPOKOJIOTOM OKPECTHOCTH TOUKH X,
olnpefeNeHa cnoxcHas pyukyus Z=F (f (X))
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Csoiicmeo 5 (meopema o npedene croxcrou gynukyuu). Ilycts dynkius y = f (X)
oIpesieJIeHa B IPOKOJIOTON OKPECTHOCTH TOUKU X, a pyHKIus z=F (y) ompene-
JIeHa B OKpeCmHOCMuY TOUYKH Y,. Jl0omycTuM, 4TO CyIIeCTBYIOT

lim f(x)=yo, limF(y)=F(y). (13)
X—Xo Y-Yo
Torma
IlmF F@lmf @ F(y,). (14)

Jlokazamenscmeao. 3aqml<cnpyeM gyuciio €>0. Torma Halimercs dYHCIO
o =o(g) > 0 raxoe, uro
|F(y)—F(yOX<EI[JI}IBCGX |y—y0|<0. (15)
Jlns  HaiimeHHoro uwmcna O >0MokHO ykazath uucino O >0rakoe, UTO
| f (X)— y0| <0 s Beex 0< |X— Xo| < 9. Orcrona u u3 (15) nomy4nm, 4ro
|F(f (x))- F(yOX <g gmaBeex 0<| X=X <d.
DTO 03HAYaeT BhINOJIHEHUE paBeHCTBRA (14).

ITpumep. Tlokaxxem, uto ajs io0oro uuciaa W# 0L [im SNWX_
X=X X
B camowm gee,
' ' Ew—dny npu 'y #0
SNWX _ o INDX _ (£ (x)),c0e F()=mx, F(y)=p y T |
X X
EIJ, npu 'y = 0.

Jls 3Tux QyHkuumii B Toukax X, = 0,Y, =0 BeinonHeHs! paBeHcTBa (13). IlosTomy

u3 Gopmyisl (14) momyuum TpedyemMoe 3HaUeHUE TIpeierna.
Ipumep. 11okaxeM, 4TO

B camom nexne,
1-cosx 25in2§ Ersm g o
_ 2—2D_D F(f(x)),20e F(y)=2y?, f(x)=

X2 G ﬁ ﬁ X

Hanee, Iirrg f (X) = % : Iirq F (y) = E [Tpumensist paBeHcTBo (14), momyuum Tpedye-
X‘V y%—
2

N | X

MO€ 3HauCHHUE Tpeiea.
Teopema (o npedenax npocmetiwiux gynxyuil). BeIoJIHEHBI paBeHCTBa

lim x = X,; I|m|x| %o |; I|mx =X;,n=23,...; Ox,0OR. (16)
X %o
limx®* =x5,0a0R, Ox, >O. (17)
X%
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lima*=a®,a#1a>0,0x, 0R. (18)

X=X
limlog, x=10g, X,,a#la>0,0x, >0. (19)
X=X

limsinx=sinx,; limcosx=cosx, odzallx,UR. (20)
X— Xg X Xg

lim tgx = tgx, B<O¢E+an lim ctgx = ctgx, (%, # k). (21)
X=X 0 2 [ x-X

Jlokazamenscmeo. llepBoe paBeHcTBO (16) cieayer U3 TOro, 4To
X=X, +(X=%), (x—%,)0% 0.
Btopoe paBenctso (16) cnenyet u3 cBoiicTBa 1 aJist npeaenos.
[Tokaxem, 94TO MPH KaXkJAOM 11eJIOM N =1 BBITIOJHEHO PAaBEHCTBO

lim x" = xg .
X=X
B camom geme, X°=xXx u limx=X,. Hosromy, limx*=xZ. Iycrts mpu
X— X X - Xg
HekoTopoM N>1 Bemomaeno limx" =xJ. Torna u3 paeencta X" =X"X

X=X
MOJIY9MM, YTO TPEABIAYIINN Tpeaest BepeH u st N+1.
PasenctBa (17), (18) u (19) npumem 6e3 10Ka3aTenbCTRA.
[IpoBenem nokazarenbcTBO paBeHCTB (20). 13 HepaBeHcTBa (5) UMeeEM, UYTO

|sinx—sinx0|:Zsinx_zx‘)HcosterOISZSin _XOISZ |:|x—x0|.
AHanornyHo, |COSX-COSXO|=23inX_2 I I < X=X/
anee,

X - Xy O [x=%| 02 00 |sinx—sinx,| 02 0, |cosx—cosx,| X 00 (20).

sinx
[Tpumenum k dopmynam tgX = ——, CtgxX = —
COSX SinX

nByx ¢ynkui. Toraa, cornacHo (20), OyaeM umetsb hopmysl (21).

TEOpEeMY O Tpelesie YaCTHOIO

Oonocmoponnue npedenvt Yynkyuit 6 mouke
Ilpumep. Oynxuusa y = N onpezenena npu X = 0. I[lostomy 17151 Hee B TOUKE
X, =0 HeNIb3s NPUMEHATH olpeacieHue npenena. OAHAKO €ClIM  YyCTPEMUTH

MEePEMEHHYI0O X K HYJIO, OCTaBJISISI €€ BCe BpeMs OOJbllle Hylsl, TO 3HAYEHUE
GbyHKIIUU OyIeT CTPEMUTHCS K HYJIIO.

Takum o00pa3oMm, TPUXOAUM K HEOOXOAUMOCTH BBEJCHUS TOHSITHUS
OJTHOCTOPOHHETO TMpeena.
Onpeoenenue. [Tycth byHKIUSA f (X) ornpezaeneHa npu
xO(%y,% +a) (xO (X, —a,%,)),@a>0. Yncno A maspBaercs npaswviv (1e6bim)
npedenom 3TON (PyHKIHMU B TOUKE X,, €ClM A Jroboro uuciaa €>0 MOXHO

ykasarthb yrciio 0 < d < a rtakoe, 4To
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Xo SX<X+8 (% —8<x<x)0 |f(x)-A<e.
Jlis  OMHOCTOPOHHHMX  MPENENOB  OCTAIOTCS  CHPABEJIUBBIMH  CBOWMCTBO
€IMHCTBEHHOCTH TIpE/elia, TeopeMa O Mpeesie CyMMBbI, pa3HOCTH, MPOU3BEICHUS
M YaCTHOTO JIBYX (DyHKIIHH.
IIpasuviii (neswitl) peaest 0003HaYACTCSI

fm 16 i £ G

Ipumep. Nokaxem, uto lim +/x =0. Bosemem d=¢2. Toraa

X - 0+

0<x<d=¢*0 |f(x)-A=Wx-0=+x<e.

Ynpasxicnenue. Jloxazats, uTo (QyHKIIMS MMEET B TOYKE MPEIET TOT/Ia U TOJIHKO
TOTJIa, KOTJ]a B 3TOW TOYKE CYIIECTBYIOT €€ MpaBblil U JIEBBIM Mpeeibl, MpUuieM
OHU PaBHBI.

1
Beckoneuno oonvumue pynkyuu ¢ mouke. Paccmorpum ¢ynkuuto Yy =—. Ilpu
X

CTPEMJICHUU MEPEMEHHOM X K HYJII0 3HaueHUe (PYHKIMM MOXKHO CJieJIaTh CKOJb
YTOAHO OOJIBIIIHAM.
Onpeoenenue. Oynxuns f (X), OIpe/ieJIeHHasl B POKOJIOTON OKPECTHOCTU TOUYKU
Xy, Ha3bIBACTCS OeckoHeuno 60abuwiol (nonodcumenvHol 6ECKOHeUHO 601bUol
WIA ompuyamenbHol 6eckoneyHo 60bwiol), €ClIi s JIH000ro CKOJb YroJHO
0osbioro uncia E >0 mMoxHO ykaszate unciao O >0 takoe, 4To

0<[x=X|<80 |[f(x)>E (f(X)>E wm f(x)<-E).
B stom ciyuae nuiryTt

lim f(x)= o0 wm f(x)00% oo

X=X
@imf(x)zﬂowm F()00%  +o0; lim f(x)= 00w f(x)OC% —oo@.
- X X = Xg

[lo ananoruu C OJHOCTOPOHHUMH IpEIeNIaMH ONPEACISIIOT ¥ OJHOCTOPOHHUE
OECKOHEUHBIE MPEAEIBI

0 o
lim £()=Hreo;  lim f(x)= Droo.
X - Xo+ H—oo X Xo B—oo

Hccneoosanue nogedenusa hynkyuu na 6eckoneunocmu
[Tycte dynkuus f (X) orpejesieHa mpu BceX X>a ( Bcex X<a ).

Onpeodenenue. Yucno A HazwpiBaeTcs npeaeioM GyHkmuu f (X) npu X — +00
(X —-00), ecnm st [£> 0 0 B = B(g) >0 rakoe, uto

1f(x)-Al<e omaOx>B(e) (022 Ox<-B(e)). (22)
TouHo Tak e, KaKk u A npeaena GyHKIUA B TOUKE, I0Ka3bIBAETCS, YTO €CIIU 3TH
Mpeiesibl CYIECTBYIOT, TO OHU €IMHCTBEHHBI. DTH Mpeaebl 0003HaYaI0TCA
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[im f(X)= A, unu f(X) - Anpu X - +oo, unu f(X)D T A

X = +00

lim f(x)= Aum f(x) > Anpu x - -0, wm f(x)OTE A

X — —0o
Iycts ¢ymxmms f(X) ompenenena mpu Bcex X >a. Eciu y Hee CywwecTBYIOT
Ipeaensl IpH X —+00 ¥ pH X —-00 ¥ OHU PaBHBL, TO 00IIee 3HaYEHHE 3THX IIpe-
I€JI0B HA3BIBACTCS MPeesIoM (YHKIHHU IIPU X — 0 1 0003HAYaeTCs

limf(x)=A, ww f(x) > Anpux - o, wm f(x)0T2 A,

X - 00
Ynpasxcnenue. Jloka3zars,
4TO lim f(x)= A = 022 0 >0[B =B(g)>0 takoe, uro | f(x)-Al<e

X — 00

IS BCEX |X| >B.

. 1
IIpumep. Tlokaxem, uyto lim——=0. B camom nene, mis [le >0 Bo3bMeM
x~o X—a

B=B()= 1 +a. Torna, eciu X >B= % +a, TO

x-asy-> 10| L s

Jlst BBEACHHBIX NPENENIOB OCTAIOTCS CIPABEIJIMBBIMA BCE CBOWCTBA TIpejelia
(YHKIIUY B TOUKE.

[IpuMeHrM OIIEHOYHBIN MPU3HAK CYIICCTBOBAHUS Tpelesia K BBIYUCICHUIO
6MOP0O20 3ameuamenbHozo npeoena

im3+2H =e. (23)
X-»oo|:| XD
JlokaxxeM B Haydaje, 4To
im [+ 1 -
limQ+= =e. (24)
x—+o[]  X[]

[Tycts X >1. O603HauuM uepe3 N = [X] IEJIYFO YacTh 3TOr0 4yKcia. Toraa
nsxsnein B LH <A SR B LE B2
O n+1[
Takum o6pazom,

0 n+1
Hanee,
+1 +1
EI,+—H e LH A azeH+2F =H+1HHm ase
n+1] [0 n+10 [h+2] O nOd O nOQgd nQd

[1o oleHOYHOMY MPU3HAKY MOJy4aeM PaBEHCTBO (24).

74



ITycTth Tenepp X — —oo. Torma Yy =—X - +oou

o8 HRE Bl B e«

[IpumeHrM TeopeMy O Ipenerne CyMMBI, Pa3sHOCTH, ITPOM3BEICHHSI M YaCTHOTO
IBYX (PYHKIMI K BBIYUCICHUIO TIpeena paunoHanbHoi apobu. [lycts n>m. To-
raa

8" +. +am_,w%knlm%“ e Hi %5%” Ty %O
i el

x-o X"+, 40 x- ‘ot 1E oo XM
g 8 Binfheon

Ynpasxcnenue. 1loxazars, uro

. x"+..+a
|Ima0 . n :@.
x-o hox" +...+b, by

Tabauua npeoenoe HeKOMOPBIX GLIPANCCHUTL

im3NX =, )
x-0 X
. 1-cosx_1
lim =—. I
Im— > (1)
im3+ 10 =e. )
X-»oo|:| X|:|
1
I|m(1+ X)x =€ (V)
X0
_ +
||mM =1. (V)
X-0 X
®dopmyna (IV) cnenyer u3z Broporo 3ameuarenbHoro mpeaena (1) mpu 3amene
X1
X

Hoxkaxem popmyny (V). Ucnons3ys Teopemy o mpenesne CloXHONH (QyHKIUU
u hopmymny (1V), nonyaum

I|m(—In(1+x))—I|rr3§n1+x @-In@(mghx Q—Ine 1.
X— -

Beckoneuno Gonvuue ynkyuu na deckoneunocmu. dynxums f(x), ompene-
JleHHast pu Beex |X| > a (x>a; x<a), nassBaercs Geckoneuno Gonvuoii (Gec-

KOHEYHO NOJIONCUMENbHO OONbULOL, OECKOHEeUHO OMpUYamenrbHo OOabUWoN) TIPU
X — 00 (X - 00 X - —oo), ecnu i moboro uncna E >0 MoXHO ykazath 4nCIio

B = B(E) > 0 rakoe, uro
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X>BO |f(x)>E (f(x)>E; f(x)<-E)
x>B0 f(x)>E (f(x)>E; f(x)<—E)H.
x<-BO [f(x)>E (f(x)>E; f(x)<-E)]

Hcnonb3yroTes cienyromme 0003HaueHus:

jim fx)=co lim f (x) = +oo; lim f(x)=~oo)

ELIierf(x)zoo lim f(x) = +eo; lim f(x) = -0 )

! g
Uy = ' ) O
D(Ilrpmf(x) o Ilrpoof(x) ; lim f(x)=- .
Ynpasicnenue. 11okaszatp, uro npy m>n
a,x" +..+a

lim . M =00,
X—0 box + ...+bn

Acumnmomut x zpaguky @ynxyuu. Iycts Gymxums f(x) ompenenena mpu
x>a(x<a).
Onpeoenenue. Ilpsimas

y= kx+Db (25)
HA3BIBACTCS HAKIOHHOU acumnmomot K rpaduky ¢pyHkiuuu Yy = f (X) npu X — +0o

(mpu X — -00), €CJIM BEpPHO PABEHCTBO

f(x) =k +b+B(x), (26)
rae
B()=0( lim B(x)=0). (27)

Teopema. Ins toro 4toObl (QyHKIIUS f(X)I/IMeJ'Ia HAKJIOHHYIO aCHUMNOTOTY MpHU

X —+00 (X - -00), HEOOXOAMUMO U JOCTATOYHO, YTOOBI CYIIECTBOBAIM MPEICIIbI

fim 20 =k 28)
lim (f (x)- kx) = b. (29)

X - +oo
(AHAJIOTHYHO I X — -00),
Jlokazamenvcmeo. 11ycts psiMast IBIIIETCS HAKIIOHHOM aCUMIITOTOM MPHU X — +00,
Torna BeIMONHAIOTCS cooTHOLIEHUs (26) u (27).CienoBatensbHo,

[im f( = I|mH<+b+B(X)H—

Xo+oo X x_,+oo|:| X X
anee,

lim (f (x) = kx) = lim (b+ B(x)) =

X — +0o0

ITycTs Teneps cymecTByrOT npenensl (28) u (29). Toraa us (29) cienyer, 4to
f(x)-kx-b=B(x)0 L O.
Otcrona cnenyroT paBeHcTBa (26) u (27).
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Ikonomuueckuii cmoict koIppuuyuenma K. Ecniu f(x) — npoumssopcTeennas

GyHKIUA, TO 9yucio K sBISETCS MpeaebHbIM 3HAYCHHEM KOJIMYECTBA BBITyCKae-
MO# MIPOAYKIIMH, TPUXOASAIIETOCS Ha €IMHUILY 3aTPauy€HHbIX PECYpPCOB, KOTa KO-
JMYECTBO 3aTPAYEHHBIX PECYPCOB CTPEMUTCSA K OECKOHEYHOCTH.

Tema 14
HEITIPEPBIBHBIE ®YHKIINU U UX CBOMCTBA

[Ipu BeUMCIEHUU Tpenesia CIOKHOW (DYHKIIMH MBI MCIIOJIB30BAIH CIEAYIO-
II[e€ CBOMCTBO:

m f(x) = f(x,). (1)

li
X=X
Onpeodenenue. OyHxuus f(x), OIpe/IeJIEHHAasl B OKPECTHOCTH TOUKH X, Ha3bIBa-

€TCSl HenpepvlHOU 8 SMOlL MOUYKe, €CIIH CYIIECTBYET €€ Mpeaea B 3TOM TOUYKE U
BBITIOJTHEHO paBEeHCTBO (1).
Ipumep. Panee OTMEYaJIOCh, 4TO MPOCTEUIIINE byHKIIIH

y=kx+b,y=|x,y=x%y=a",y=log, X, y = sinx, y = cosX, y =tgx, y = Ctgx
B KQXKJIOM TOUYKE 00JaCTH ONPEEICHUS yIOBIETBOPSIIOT STOMY YCIOBHUIO.

Ynpaxcuenue. Moxxuo nu goonpeaenuts npu X =0 ¢ynkuuio f (X) = TaK,

X
4yTOOBI OHA ObLIIa HETIPEPhIBHA B 3TOU TOUKE?

. SInNX
Pewenue. meem lim ——=1. [Tostomy nonaraem f (0)=1.
=0 X

Ceoiicmea @pynKyuil, HenpepvléHbIX 6 HOUKE.

Teopema (o 3nake nenpepwienoi gynxyuu). Illycts ynkmus f (X) ompeseieHa B
HEKOTOPOM OKPECTHOCTH TOYKH X, M HempepsiBHA B 3TOoM TOouke. IlycTts
f (Xo) <0 (f (Xo) > O).Torz:a B HEKOTOPDOM  OKDECTHOCTH  DTOM  TOYKH

f(x)<0 (f(x)>0).

Jlokazamenvcmeo. Bospmem € = —@ >00 [D>0Takoe, uro
el <8 1109~ 1) <100 1)+ ol 1)< 1) - FU) = T

Teopema (0 Henpepvl@HOCHU CYMMbL, PAZHOCMU, NPOUBEOCHUS U YACHHO20
¢yukyutr). Ilycts hyHKIIUU f(x), g(X) OTpeIeJICHbl B HEKOTOPOH OKPECTHOCTU

TOYKU X, U HENPEpBIBHBI B 3TOU TOYKE. Torma B 3TOM TOYKE HENPEPBIBHA HUX
CyMMa, pa3HOCTb, ITpousBeieHue. Ecnu g(xo);t 0, TO HENpEPHIBHBIM B TOUKE X,
f(x)

OyneT 4acTHoe :
9(x)
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Jloxazamenvcmeo. HenpepblBHOCTh CYMMBI, Pa3HOCTH U MPOU3BEACHUS CIEAYET
U3 TEOPEMBI O MpeJIee CYMMBbI, pa3HOCTH, TPOU3BENICHUS IBYX (PYHKIUH.
Paccmorpum caywarr yactHoro. Ilycts, Hampumep, f(xo)> 0. Torna,
COTJIACHO TIpEbIAyIel TeopeMme, f(X)>0 B HEKOTOPON OKPECTHOCTH TOUKH X, .
HenpepblBHOCTh 4acTHOro  CIEAYET W3 TEOPEMBI O TPEAENIE YaCTHOrO JIBYX

byHKIHA.
Teopema (0 npedenvHoM 3HAUEHUU HENPEPLIGHOU (QYHKYUU HA CXOOAUEUCS]
nocieoosamenvrnocmu). Ilycts  ¢yukums f(X) ompemereHa B HEKOTOPOH

OKPECTHOCTH TOUKU X, U HENpepbIBHA B 3ToH Touke. Toraa 1uist mo00H 4uCiIoBOH
MOCJIE0BATEIBHOCTH X,, — X, BBIIOJHEHO PABEHCTBO

lim f(x,)= f(x,)- )
Joxazamenscmeo. Bossmem (g >0 [B=5(€)> 0 Taxoe, uto
Xx= x| <80 |f(x)-f(x) <e. 3)

W3 cxoauMocTy TIOCTeN0BaTEIhbHOCTH CIEAYET, YTO JUIs yucia 6 >0 CyIIeCTBYeT
HoMep N Takoit, yto [n>N [ |Xn —XO| <9. Orciona u u3 (3) cimemyer, uTo

On>NO [f(x,)-f(x)<e O limf(x,)="f(X).

Teopema (o Henpepvienocmu crodcrou ¢Gyuxyuu). Ilycth QyHKIHS Y = f(X)
ONpesie/ieHa B OKPECTHOCTH TOYKH X, M HENpPEpPHIBHA B OTOH TOYKe. IlycTh
(ynxus z=F(y) onpeneneHa B OKpecTHOCTH TOYKHU Y, = f(x,) ¥ HempepsiBHA B
5T0if Touke. Torja B HEKOTOPOM OKPECTHOCTH TOUKH X, ONpEJEIEHA CIOXKHAs
bynxius  ¢(x)=F(f(x)), koTopas sBisETCA HENPEPHIBHOW B TOYKE  X,.
Jlokazamenvcmeo ClenyeT U3 TEOPEMBI O TIPEIENIE CIOKHON PYHKIINH.

Pa3zpuvienvie ¢ mouke gynxkyuu. OyHkiys, onpeeacHHas B OKPECTHOCTA TOYKU
XoU HE SBIIAIOIIASACA HENPEPBHIBHON B HEU, HA3bIBACTCS pA3PbIGHOU B ITOW TOUKE.

OT0 03HaYaeT, 4To, MO0 HEe CYIIECTBYET Ipezena GyHKIUH B PacCMaTPHBACMON
TOUKe, MO0 3HAUCHHUE IpeieNa HEe COBIAJAeT CO 3HAYCHHEM (YHKIMU B ITOU
TOUKE.
B cmyuae, xorma Olim f(x)# f(x,), MoxHO mepeompenemuts 3HaueHme
X=X

(GYHKIIMM B paccMaTpUBaeMoON TOUYKE, MOJOXKHUB €ro paBHbIM 3HAUEHUIO Mpejena.
[Tocne sToro mosmyumBLiasicss GpyHKIUs OyneT HENpEepbIBHOM B Touke X,. Takue
TOUKH pa3pbiBa (QYHKLNU HA3bIBAKOTCS YCMPAHUMBIMU.

MoskeT oka3aThCs, UTO CYIIECTBYIOT OJTHOCTOPOHHHUE Mpeaenbl (pyHKIUH B
paccMaTpuBaeMoOil TOYKE W OHM HE paBHBL. Takue TOUKH paspeiBa (PyHKIUU
Ha3bIBAIOTCA PAa3phIBAMU 1EPEO20 POOd.

Cesoilicmea pyHKyuil, HenpepvlI6HbIX HA OMPe3Ke
Onpeoenenue. I'oBopsT, 4TO (QYHKIHMS HENPEPHIBHA HA OTPE3KE [a,b], KOTJ]a OHa

HCIIPEPLIBHA B Ka)KI[OI\/'I TOYKE X, [ a,b d B KOHIIax 3TOro OTpE3Ka BBIITOJIHEHBI
0 )
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pasenctea lim f(x)= f(a), lim f (x)= (o).

X-at
Teopema (o myne menpepwignoii na ompeske ymuxyuu). Ilycts Qynxmus f (x)
HeTpepbIBHA Ha OTpe3ke [a,b] M B KOHIAX 3TOro OTpe3Ka OHA MPUHUMAET 3HAYEHHUS
pasHoro 3Haka. Torja oHa oOpaiaercs B Hyllb B HEKOTOPOH TOUKE 3TOTO OTPE3Ka.
Jloxazamenscmeo. Jlns onpenenennocty cantaem, uto f(a)<0, f(b)>0.

paadsS
Pazo6beM 3T0oT 0Tpe3ok mononam. Ecmu f > 0, To Bce AOKa3aHo.
' [ [

+ +
Cuwnraem, uro f gk;% 0. O6o3naunm &, =a,b, = aTb. Torma

a<a, <b<b, b -a :béza, f(a)<0, f(o,)>0.
Pazo0beM oTpe3ok [al,bl] IOT0JIaM U IPHUMEHHUM MPEIbIIYIINe PacCyKICHUS U

Tak gainee. Takum o6pa3om, 1100 HA KOHEYHOM IIare HailieM TOUKY, I1e QyHKIus

oOpariaercs B HYJIb, 6o HOCTPOUM HOCJIEeI0BATEIbHOCTH
a<a <..<a,<..<b, <..<b <brakue, uto

b-a

f(a,)<0,f(b,)>0; b, -a, = .

2n

[TocnenoBatenbHOCTh &, (bn) Bo3pactaeT (yObIBaeT) M OTrpaHUYEHA CBEPXY
(cHU3Y) 4HCIOM b(a). [TosToMy mno TeopemMe O TpeAene MOHOTOHHOU

orpannyeHHoi nocnenoBarensHocty U lima, = A, U limb, = B. [Tokaxewm, urto

n- o n- o
3HAUCHHA 3TUX IIPEACIIOB PABHBI.
: : : . _b-a
B-A=limh, - lima, =lim(b, —a,)=lim——-=00 A=B=CO a, - Ch, - C.
n-oo n-oo n-oo n-oo
PaccmarpuBaemast pyHKIMs HEenmpepbIiBHA Ha oTpeske. [lo Teopeme o mpeaenbHOM
3HAYCHUH HEMPEPHIBHON (DYHKIIMM HA CXOMASIICHCS MOCIEN0BATEILHOCTH UMEEM,
uto f(a,) - f(C) f(b,) -~ f(C). Hanee,
f(a,)<00 f(C)<0; f(b,)>00 f(C)=0 O f(C)=0.
3ameuanue. ITa TEOpEMA UCIOIB3YETCS MPU J10KA3aTEIbCTBE TOTO, YTO KAKOE-TO
YPaBHEHHE HMMEET KOPEHb. B IIKOJIBHOM Kypce MAaTEMATUKHM HMMEHHO HAa HEU
0a3upyeTcsi METO UHTEPBAJIOB JJIsl PEIICHUSI HEPABEHCTB.

Teopema (06 ocpanuuennocmu HenpepvieHol Ha ompeske @ynxyuu). Ecim
byHKIHS f(x) HETIPEphIBHA HA OTpPE3Ke [a,b], TO OHAa OTPaHWYEHA HAa STOM
OTpEe3Ke, TO eCTh

M >0: OxOfab] O [f(x)<sM.
Jokazamenvcmeo. Ilpennonoxum, 4to (QyHKUMS HE SBISETCS OTPAHUYECHHOM.
Torma quig kaxxaoro yucina N=123,.... HaligeTcs Touka X, [ [a,b] ] |f(XnX >n.

N3 ston OFpaHquHHOfI MOoCaCA0BATCIbHOCTH MOXXHO BbIACIUTL CXOOAITYIOCA
MMOAIIOCICIOBATCIBHOCTD Xnk — CD[a,b] . 13 TECOPEMBI O MMPCACIbHOM 3HAYCHHNH
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HENPepbIBHOM (yHKIMM Ha CXOIMLIeHcs MOCIEeIOBATENbHOCTH CIIENYeT, YTO
f(Xnk) - f(c). C apyroit cropowsi, f(Xy )2ne - +o O f(X, ) - +oo.

[Tonyunnu npoTUBOpEUnE.

Teopema (Betiepuumpacca). Ilyctb QyHKITUS f(X) HETpephIBHA Ha OTPE3Ke [a,b].
Torma cymectByer Ttouka [ [a,b], B KOTOpOW (YHKIUS MPUHAMAET
HaunOoJIbIee (HAMMEHBIIIEE) 3HAYCHHUE, TO €CTh

xOfablO fc)=f(x) (f(c)= f(x)).

Jlokazamenvcmeo. Tak xak (pyHKIMS HENpepbiBHA Ha OTPE3KE, TO OHA HAa HEM
orpannudeHa. [loaToMy €€ MHOXKECTBO 3HAYEHHMM SBISAETCS OrPaHUYEHHBIM
YUCJIOBBIM MHOKECTBOM. (JIeIOBaTENbHO, Yy HEro CYIIECTBYIOT KaK BEPXHSISA
M =sup f(X), Tak 1 HrokHAg M=Inf f(X) rpanu. PaccMOTpuM BEPXHIOKO I'paHb.
N3 ee onpenenenus cuemyer, yro X[|a,b|0d M = f(x). Ilootomy Hyx)HO
nokasatb, uto [cOlab|, tne f(c)=M. U3 onpeneneHus BepxHEl rpaHH
cllelyeT, 4To Ajs aroboro yncna N =1.23,...Haiinerca Touka X, U[a,b] Takas, uto

M—%sf(xn)sl\/l. ()

N3 3TON 4MCIOBOM MOCIEIOBATENLHOCTH MOKHO BBIICIUTH CXOASIIYIOCS

IOJIOCIEI0BATENBHOCTE X, — CD[a,b]. N3 HenmpephIBHOCTH paccMaTpuBaeMoOun

dyskuumn nomyuum, uro f(x, ) - f (C) OTcrona u U3 HepaBeHCTBA (4) clieayer,
aro f(c)=M.

3ameuanue. 11pn HaX0XKACHUU MaKCUMaIbHBIX U MUHUMAJbHbBIX 3HAYEHUN BaXKHO

3HaTh, YTO OHM CYHIECTBYIOT. OTBET Ha 3TOT BONPOC YACTO MOYKHO IOJIyYUTh
IIPUMEHUB Teopemy Belepirpacca.

Teopema (0 npomedscymouHvix 3Hauenusx HenpepvisHou @yukyuu). IlycTb
byHKIUSA f(x) HEIpEPBIBHA HA OTpPE3KE [a,b]. O6o3Haunm yepes M (M) ee

MaKCHMalbHOE (MUHHUMAIIbHOE) 3HAUYE€HHE Ha 3TOM OTpeske. Torma mas 1r000ro
yrciaa P [m,M Halinercs Touka t [ [a,b] takas, 4ro f (t) =p.

3ameuanue. DTa TEeopeMa TOBOPUT, UYTO HEMpEpbIBHAA HAa OTpe3Ke (QYHKIUA
OPUHUMAET BCE CBOM IPOMEKYTOUYHBIE 3HAYEHUS (CM. PUC.).

f(X)
M
p
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Hokazamenscmeo. CornacHo npeapIylield TEOpeMe CyleCTBYOT TOUKH
Xu () Olab] 0 100 ) =M (f ()= m).
PaccmoTpum HENPEPHIBHYIO GyHKumI0 F(x)= f(x)- p. Torna
F(Xm) =m-p<0, F(X,\,I )= M - p>0. Ilo Teopeme 0 Hyl€e HENPEPHIBHOM Ha
orpeske QyHKIMHU TpeOyemas TouKa t HaXoauTCsa MEXIy TOUKaMH X, Xy, -

Henpepvignocmo oopamnoui ¢gynkyuu. B Teopeme 00 oOpaTHOW (QyHKIHMH
TpeOOBaIOCh, YTOOBI MCXO/IHA (QYHKUIHS MPUHUMAIA BCE CBOM MPOMEKYTOUHbBIE
3HaUYEHUs. DTUM CBOMCTBOM, KaK MbI BUJIEIH, 00JIaJaeT HENMpepbIBHAS (DYHKIIHS.

Teopema (o cywecmeosanuu u nenpepvisHocmu oopamuou @yuxyuu). Iycth Ha
uatepBane (a,b) ompenenena  menpepwienas eozpacmarowas (yovisarowasn)

bynkims y = (x). O6o3Haunm

A=inf{ly:y=f(x),a<x<B, B=sup{ly:y=13,a<x<g. (5
Torna Ha wuHTEpBaje (A, B) ompenesieHa oopamuas PyHKIUS X = F(y), KoTopas
BO3pacTaeT (yObIBaeT) Ha dTOM WHTEpBAJie W SBIACTCS HEMPEPHIBHON B KaIOH
TOYKE ATOTO UHTEPBAJIA.

Hokazamenscmeo. Paccmotpum ciayuaii, korna ¢yHkuus BospactaeT. [lokaxem,
aro s moGoro y(A,B) cymecrsyer uncio x [ (a,b) rakoe, uro y = f(x) (cm.

puc.) . y

a X b

B camom nene, u3 (5) cinemyer, uTo HaiyTtcs uyucna a<a, <b, <brakume, 4to
A<f (al) <y<f (bl) < B. Jlanee Hy»HO PUMEHUTH TEOPEMY O MPOMEKYTOUYHOM
3HAYEHUM JJIs HENpepblBHOM (YHKIMU Ha OTpE3Ke [al,bl]. Ilo Teopeme 06
oOpaTHOM (PyHKIIMM Ha WHTEpBAJe (A, B) ornpezeneHa gospacmarowas GyHKIusA
F (y) TaKas, 4To

F(y)O(ab). oyo(AB) x=F(f(x)),OxO(@b)  y=f(F(y).OyD(AB). (6)
[Tokaxem, 4TO OHa HempepbIBHA. J[OMyCTHUM, YTO B HEKOTOPOM TOUke Y, [ (A, B)
OHA SIBJISIETCSI PA3pbIBHOM. DTO 3HAYMT, UTO cyujecmeyem 4ucio €, > 0rtakoe, 4To

sl Kaskcooeo ducna O, = (n=1,2,3,...) Hatioemcs TO4Ka Y, D(A, B) TaKas,

n
qTo
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Yool <0 F(y)-F )|z <o G

CuunraeM, A ONPENETIEHHOCTH, YTO BCE Y, >Y,. Torna HepaBeHcTBa (7) NpUMYyT
CIEIYIOIINMI BU:

1
Yo<¥n<Yo+—, F(¥n)2F(¥o)*eo 8)
B cuny mnepBoro HepaBeHcTBa (8) MOXEM CcuMTaTh, 4YTO YHUCJIOBas
MOCNIEAOBATEIBHOCT Y yobiBaeT. bymem paccmarpuBaTh HOMepa N
1
JOCTaTO4HO 0O0JIBIIUMH, 4TOOBI Yo +—<B. Torna YHCII0Bas
n

HOCJIEI0BATENBHOCTh X, = F(yn) TaKke yObIBaeT U, COIJIACHO IEPBOMY
HEpaBeHCTBY (8),

b>F§yo+§§>xn = F(y,)>F(yo)>a. ©)

[Io Teopeme o0 mpenene MOHOTOHHOM OTpaHWYEHHOW IOCIEA0OBATEIBHOCTH
X, — Xo U (a,b). [To ycnoButo Teopembl pyHKius f (X) SABJISIETCA HEMPEPBIBHOM.
[loaTomy, mpuMeHsiss TeOpeMy O MPEeIbHOM 3HAUYE€HHWU HENPEPhIBHON (pyHKINU
Ha CXOASUIENCS MTOCIEA0BATEIBHOCTH, ITIOIYYUM, YTO

lim f(x,)=f(x,) - (10)
Hanee, cormacHo (6), f(Xn)= Y,. Orcrona u M3 nepBoro HepaBeHCTBa ()
cnenyer, uto f(x,) - Y,. YuuteBas pasenctso (10), 6ynem uvets f(X,)= Y,
170031
Xo = F(yo)- (11)
C npyroii cTOpoHbI, CCOIIACHO BTOPOMY HEPABEHCTBY (8),
x, 2 F(y,)+&, O % 2 F(y,)+&, > F(y,).
[Tomyunnm mpoTuBopeune ¢ paBeHcTBOM (11).

Onpedenenue cmenenHnoil, NOKa3ameabHol YyHKyuil u nozapugpma

Hcnone3ys TeopeMy O HENPEPHIBHOCTH OOpaTHOM (PYHKIIMH, JaTuM cenldac
oTpeeNieHue 3TUX PYHKIUH.
Kopenwv n-it cmenenu. Ilpu mobom uucine N=123,... ctenieHHas QyHKIHUS TPH
mro6om X > OcTporo Bo3pacraer, HempepblBHA U pUHUMaeT 3HadeHue u3 (0;+00).

[To TeopeMe O CylIeCTBOBAaHUU U HEMPEPHIBHOCTH OOpaTHOW (PYHKIIMU HA 3TOM
1

MPOMEXYTKE orpeneneHa oopatHas Gpynkuus X = Y". OHa HenpepbIBHA B KaXKIOU

ero TOYKe U CcTporo Bo3pacraeT. llepeobo3Hayasi mepeMEHHbIE, MOIY4YUM
(GYHKIIIO Koperb N-U cmenenu

y=x" < y="x.
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1 1
OtmetruM ( ¥ 3TO Aajblie OymeM HMCIOab30BaTh), yto X" >1 < x" <14 mpu
y H p

x>1 (0<x<1).
Cnyuaii PAyUOHAIbHOZO0 nokasameins. [Tpu TEJTBIX
n=123,... m=12g3,...paccMoTpuM (PyHKITHIO

m
y=x"= x%x% ...x% .
m
Ora ¢yHKuusa omperneneHa npu Bcex X>0 u mo TeopemMe O HEMPEPHIBHOCTHU
MIPOM3BEICHUS HEMPEPHIBHBIX (PYHKIINI OHA HETIPEephIBHA.

J7is OTpUIATENbHBIX HENbIX YUCEN M 3Ty (PYHKIUIO ornpeaesnsieM GopMyioit
m

y:xﬁ =——, x>0.

X n
[TIo Teopeme 0 HEMmpepBHIBHOCTH YAaCTHOTO 3Ta (YyHKIUS OyneT HENPEpHIBHOW B
KaXXI0W TOUKE 00JIACTH OMpPEICICHHUS.
Ilokazamenvnan ¢ynkyus. Bozpmem uncino O0<az#1l. Torma mpu Kaxaom

m
paMOHAJIBHOM YHUCJIC X = — OHNPECIACICHO YHCIIO
n

m

a*=an.
Jemma. Eciia X, =—,X, =—=, T0 axlaxz — aX1+X2 _
n n,
Jlokazamenscmeo. PaccMoTpuM Citydail IOJIOKUTEIBHBIX yncen. Torna
1 1 1 1 My +Mpry
n n e e Mny+mpny
Xl = rr]l 2 ,X2 oy M |:| aXlaXZ :(an_I_nZ ".anlnz )(anlnz -"anlnz ) = a Ny - aX1+X2 .
nn, nn,

Jemma. Jlyia 11000r0 MOJOXKHUTEIBHOIO PAalMOHATIBHOTO YHCIIA X BBIIOJHEHO
HEpaBeHCTBO a* >1 (ax < 1), ecrn a>1(0<a<1).

Jloxkazamenvcmeo. PaccmotpuM ciydaii a>1. Torna
1 101

m — — —
=——,a">1 0O a“=a".a">1.
n

Jemma. Ecim a>1 (O <a< 1), X; <X, — 1Ba pallMOHAJIbHBIX YHCa, TO
a®<a® (a"1 > aXZ).
Jlokazamenvcmeo. Paccmorpum cityvait a>1. Torna
a2 = a(XZ_X1)+X1 — 22 ™Mg% >1a% =%

Ilyctp 4mcino X SBIAETCS UPPALMOHAIBHBIM. BO3bMEM BO3pacTaroUlyrO
IIOCJIEA0BATEIBLHOCTD PALMOHAIBHBIX YUCEN X, — X. Torma uyucioBas Iocien0oBa-
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TENLHOCTH A" B ciaydae a>1 (0< a<1) BO3pacrtaeT (yObIBaeT) M OrpaHHYEHA

cBepxy (cHuzy). Ilo Teopeme o mpenesie MOHOTOHHOM OrpaHUYEHHOW IMOCIEN0BA-
TEJILHOCTU y HEe CyLIeCTByeT npesei. JlokaspiBaeTcs, 4YTo 3HaYeHUe 3TOro mpeje-
Ja HE 3aBHCHUT OT BBIOPAHHOM MOCJEN0BaTeNbHOCTU. Ero 3HaueHne u npuHUMAaeT-

cs 3a ynenno a*. Dra QyHkuus onpenaenena npu Bcex X[ R u sBinsercs Henpe-
PBIBHOM.

Jozapughm. ITpn a>1 (O <ac< 1) crenenHas QyHKIms Y =a” Bospacraer (yObl-
BaeT) M NMPUHUMAET 3HAUCHUS U3 WHTEpBaa (O, + 00). [To Teopeme 06 oOpaTHOI

(GyHKIMY Ha 5TOM UHTEpBaJe oIpezesieHa o0paTHast pyHKIMs, KOTopas 0003Hava-
erca X=log, y,y>0.

[Tepeobo3nauas mepeMeHHbIe, MOMyYnM QyHKIHIO Y =109, X, KOTOpas  om-
penenena rpu Bcex X > 0 u sBIs€TCS HENPEPHIBHOM.

Ecnu B34Th B KauecTBE OCHOBAHUS B3ATh YUCIO €=2,718, TO moiay4um jora-
pudM log, X, KOTOPBII Ha3bBIBACTCS HAmMYpalbHbiM JorapupmMomM U o003HAYAETCs

Inx.

Tema 15
MNPOU3BOJHASA ®YHKIIUU

Ilpumep. PaccMOTpUM MPOU3BOJICTBO, B KOTOPOM HCITOJIb3YEMbIE PECYPCHI Xapak-
TEPU3YIOTCS OJJHUM YHCIOM X, a MAaKCUMAJIbHO BO3MOXXHOE KOJUYECTBO BBIITYC-
KaeMO# MPOIYKIIMH MPH WCIOJIB30BAaHUU 3TOTO KOJMYECTBA PECYpCOB 3aJIaeTCs
npoussoocmeennou pynuxyuet Yy = f (X) [Tpusneuenue HoBoro AX >0 koiudect-

Ba pecypcoB (mubo cokpamienue, eciu AX<0) mpuBener Kk TOMy, 4TO MaKCH-
MaJIbHO BO3MOJKHBIH BbITYCK Oyser paBeH f (X + Axi a ero MPUPOCT COCTABUT
AF (x) = £ (x+4x) - f(x).
VYPpOBEeHb OpraHM3aIlK MPOU3BOJCTBA XapAKTEPHU3YET OIS MPHUPOCTA, MPH-
XOJALIETOCS, Ha OJHY €IMHHIy BHOBH NPHUBIEKAEMOTO KOJIMYECTBA PECYpPCOB, a
UMEHHO

f(x+Ax)— f(x) (1)
A~ :

Jlnst mpou3BoICTBEHHOM GQyHKIMU Y = X* Gopmyna (1) mpuMmeT clienyromui BU/I;
(x + Ax)* - X2
AX '

[Tpu a =2 umeem
f(x+Ax)— f(x)_(x+Ax)*—x?
AX AX

=2X+ AX.

IIpu a=3 dopmymna (1) mpumeT BuL



f(x+Ax)- f(x)
AX
Jnia 60see CI0XKHBIX 3aBUCUMOCTEN 108 npupocTa (1) Beuucisercst ropas-
10 cioxkHee. OKa3bIBa€TCs, YTO JTOCTATOYHO IMPOCTO BBIYMCIAECTCS MPEAEIIBHOE
3HAYCHHE

= 3x® +3xAx+(Ax)?.

im f(x+Ax)—- f(x)

AII 0 ’ (2)

KOTOPOE€ Ha3bIBAECTCS npedenvHulM npodykmom. IIpyu HE3HAUUTENBHOM NPUPOCTE
Ax mpenenabHOe 3HaueHue (2) OyaeT Majio OTJIMYaThCsl OT BeMUYuHBI (1).
Ilpumep. Paccmotpum rpaduk GyHKIMN Y = f(X). XOTUM ONpPENeNnuTh Yyroa o,

KOTOpBIH 00pa3syeT ¢ ockto OXKacaTenbHasl, IPoBeleHHas K rpaduxky QyHKuuHU B
touxe A(x, f (x)) (cm. puc.).

Y

X
0 /[ X+AX x

Jlist 3TOro BO3bMEM Ha IrpadUKe TOUKY B(X+ AX, f (X + AX)). VYroun, koTopslii 00-
pasyer cekyiias BA ¢ ocero OX, o6o3naunm f3. Toraa
f(x+Ax)- f(x
gp = B0 100
AX
Yerpemum AX - 00 B - A, B - a U tgf - tga (3mech ucmonb3yeTcs Hempe-

PBIBHOCTH QYHKIMH tg ). Takum oOpazom,
tga = lim f(X+AX)_f(X). 3
AX-0 AX
Nwmeercs ewe psia 3a1a4d, KOTOPbIE NPUBOJAT K BBIUMCIEHUIO MTPEAEIIOB BU/IA
(2). OTBiEKaAACH OT ATUX KOHKPETHBIX 3aJay, AaJUM CJIEAYIOUIEe OMpeAcsICHHE.
Onpeoenenue. Ilycty pynkuus f onpeneneHa B OKPECTHOCTH TOUKU X. Ecnu cy-

HIeCTByeT mpefen (2) , TO ero 3HaueHue Ha3bIBACTCA MPOU3BOIHON QPyHKIMKU f B
Touke f m oGo3nauaercsa f'(x). Takum oOpasom,
f(x+Ax)- f(x)

I — H 4
0= m 1050 @
+ —_
Ilpumep. Nmeem  (X)' = Iimw=l,
AX-0 AX
2 _ 2
(Y = lim BT =X i (ox + Ax) = 2x.
Ax-0 AX Ax-0
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IHpumep. 11ycTb f(X) = |X|I/I touka X = 0. Torma
f(0+Ax) —f(0) _|AX @, Ax>0
AX AX [T1LAx<0

Otcrona BUHO, uTo npu AX — Ompeaen OTHOIIEHUS HE CYIIECTBYET (CYIIECTBY-
10T TOJILKO OJHOCTOPOHHME MPEACIbl U OHU He paBHbI). CrenoBaTenbHO, QYHKIUSA
|X| HE UMeeT Npou3BoJHON B Touke X = 0. 3HauuT, He 6ce hynKyuu umerom npo-

U3600HbIE.
C npuBieYCHUEM TOHATHS KacaTeIbHON K rpaduky (YHKIHH, TaTUM T'€O-
METPUYECKOE 0OBSICHEHUE TIPEABIAYIIIEMY IPUMEDY.

Ypasnenue kacamensnoii. 13 popmynsi (3) ciaegayer, 4to

tga = f'(x). (5)
[ToaTomMy ypaBHEHHE KacaTelIbHOM, MPOBEACHHON K rpaduKy QyHKIUU B TOUYKE C
KOOPIAMHATAMHE Xo,Y = T (X, ) (cM. puc.)

Y

Yop----------

LA

UMEET BUJ| y:(X—Xo)f'(Xo)+ f(XO). (6)

3ameuanue. Eciu B TOUKe X, CyLIECTBYET MPOU3BOHAS (DYHKIMH, TO B COOTBET-
CTBYIOLIEH TOUKE Ha ee TpauKe MOKHO IMPOBECTH KACATEIbHYIO M TOJIBKO OJHY.
I'paduk pynkmu y = |X| B Touke X =0 umeer «yrom». B 3Tol Touke MOXKHO

MIPOBECTH CKOJIb YTOJTHO MHOTO MPSIMBIX JIMHUH, UMEIOIINX C TpaduKoM (yHKIIHA
TOJIBKO OJIHY OOIIYIO TOUKY (CM. pHUC.).

3ameuanue. [Ins onpeneneHus NpOU3BOIHON UCIIOJIb3YETCA U TaKasl 3aIliCh:
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, . f(t)- f(x
/() = lim O~ () %
tex  t—X
HpI/IBeI[eM caIc OAHO IMPHUMCHCHUC ITOHATUS HpOI/ISBOHHOﬁ B OKOHOMHNYECCKUX
HUCCIICOIOBAHUAX.

ITpumep (31acmuunocms cnpoca no yene). Ilyctb CBA3b MEXKIY KOJIMYECTBOM ]
MOKynaeMoil TPOAYKIIMU TpU JaHHOW IeHe ( 3amaercsa (yHKIMEH cropoca
p=f (q) [Ipu u3MeHeHuu 1eHbl Ha BenuuuHy AQ CIpoc WU3MEHUTCS Ha HEKOTO-
pyto BennunHy Ap. B xadyecTBe mokasarenield, KOTOpbIE XapaKTepU3ylT YPOBEHb
W3MEHEHUSI LIEHbl M CIPOCA, UCIOJb3YIOTCS MX MPOLEHTHBIE W3MEHEHUS
Ag.Ap

g’ p

OTtHomeHnue MMpOOCHTa IMPUPOCTa CIIPpOCa K MPOUCHTY MPHUPOCTA LICHbI HA3bI-
BaCTCs 271aCmu4YHoCnvio cnpoca no yene u €€ BEJIIMIYNHA PaBHACTCA

Ap
P _fpa.
Ag  Aqg p
q

[Ipenen atoro otHomenus npu Aq — O paBeH

E=t(q)fo e29=2P
P q P

CrnenoBatenbHO, €ciii 3HaueHne E Mano, To mporeHTHOe U3MeHEeHue crpoca 0y-
JIET MaJibIM MPU JOCTATOYHO OOJIBIIUX MPOILIEHTHBIX MU3MEHEHUSX 1LIeH, U Hao0o0-

pOT.
Buviuucnenue npouszeoonvix npocmeiiniux ynkyuii. [lokaxem, 4ro

(ax) =a"lna, O<azl. (8)
B camom nemne,

1 ! (x+Ax)ina _ LxIna Axlna _ t
. e e . € 1 e -1
(@) =) = 1im =e“"Inalim ————==a*Inalim =a*Ina
X0 JAV -0 AxIna t-o t
B yvactHOCTH,
(ex) =e*. 9)
Hanee,
1
(log, x) =-log,e, 0<azl (10)

JlelcTBUTENBHO, UCTIONB3YS (hOPMYITY Mepexo/ia K HOBOMY OCHOBAHMUIO, MOJTYyYUM

InB,+A—XH

0O x0O_1

Ir‘(X-'ﬂ‘x)_lnx—1|Ogae|im f|ogae.
X

(log, x)' =((log, €)Inx) =log, elim =" - = log,elim
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B gactHoCTH,

(inx) =1 . (11)
X
JI71s1 TpUTOHOMETPUYECKUX (PYHKIIMN UMeeM
(sinx) =cosx, (cosx) =-sinx. (12)
JleCTBUTENBHO,
. AX
. 29 nBA—X H:osB( +—
(sinx) = lim sin(x+Ax)-sinx _ _jim_ 020 0 20
Ax-0 AX AX 0 AX
S nBA— B:osB( +—
= AIi mO Ax D— COSX.
2
AHaJIOrn4Ho,
AX gx + AX
. cos(x+AX)-cosx _ . ZsmH— EE 0 2 H
(cosx) = lim = lim
AX—0 AX Ax-0 AX

Tema 16
INPABUJIA BBIYUCJIEHUS ITPOU3BO/JAHBIX.
JTNOOEPEHIIUAJ ®YHKIINN

HenpepeiBHas B Touke X QyHkuus f npuaumaer 3naveHus f(t): f(X)

Ui BceX t mocTarouHo ONMM3KHMX K 3TOW Todke. YacTo BO3HUKAET MOTPEOHOCTH B
0oJiee TOYHOH OlleHKE Pa3HOCTH 3HAYCHHUH (DYHKIIUU.
Onpeoenenue. I'oBopsT, uTO QYHKIHSA f(X) oughgepenyupyema B TOUKe X, €CIU

OHAa Ompe/ieieHa B HEKOTOPOM OKPECTHOCTH A3TOM TOYKHU M CYLIECTBYIOT uncio F
1 OECKOHEYHO Majasi B 3TOW TOUKe QyHKIIUS a(t) TaKHue, 4To

f(t)=f()+-x)F +t-xat) (FORal)ot o (1)
I BCEX TOYeK t M3 3TOM OKPECTHOCTH.

3ameuanue. VI3 hopmynel (1) cremgyer, 4To B OKPECTHOCTH TOUKH X nuddepen-
nUpyeMyro (pyHKIHIO MPUOTUZUTEIHHO MOXKHO 3aMEHUTH JIMHEHHON (yHKIHUEH, a

MMEHHO

ft)=f(x)+(t-x)F.
Ilpumep. Ilycts f (X) = x+x%. Torza
fE)=t+t2=x+x2+{t-x)1+2x)+(-x)° 0 F =1+2x,a(t)=t-xOIX O.
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Teopema (kpumepuii ougghepenyupyemocmu gynuxyuu). OyHKIHS f(X), ompeie-
JICHHAsl B OKPECTHOCTH TOUKH X, AuddepeHiupyemMa B 3TOH TOUKE TOr/Aa U TOJIBKO
TOI/1a, KOT/a CYIIECTBYET MPOU3BOIHAS f’(x). [Tpu stom F = f'(x).
Jlokazamenvcmeo. I1ycTh CylecTByeT IPOU3BOTHAS f’(x ) O603HaYNM
f(t)— f(x ,
alt)= M - £'(x).

t—X

f(t)= f()+{t-x)f'()+t-xet) ) o). 2
ITycts Teneps BeimoaHeHo paBeHcTBO (1) . Torna
%;(X): F+a)  lima()=0.
CrnenoBatenbHO, CymiecTByeT Ipou3BoaHas f '(X) =F.

Torma

Ceoiicmea ougpgepenyupyemoix ynkyuii
Ceoiicmeo 1. Eciiu pyskmus quddepennmpyema B TOUKE, TO OHAa HEMPEpPHIBHA B
9TOM TOUKE.
Jlokazamenvcmeo. 1lpaBas yacth paBeHcTBa (1) cTrpeMuTcs K Hyo mpu t — X.
CrenoBarelpHo, !im ft)=f(x).

X

Ceoitcmeo 2 . Ilycts GyHKIUSA f(X) =C=const B okpecTHOCTH TOYkKH X. Torma

oHa audepeHrpyeMa B 3TOI TOUKE U €€ MPON3BOAHAS paBHA HYJIIO.
Jokazamenvcmeo. V13 onipenienieHus IpoOU3BOJHON

: - f()-f(x)
f'(x)=lim——— 3
() =lim—"— (3
M M3 PaBCHCTBA f(t)— f(X)= O nns MOCTOSHHOW (YHKIIMM TIOMYyYUM, YTO

f'(x)=0.

Csoiicmeo 3 (meopema o0 npous800HOU CyMMbL, PA3HOCMU, NPOU3BEOCHUSL U YACTI-
Hoeo 08yx ¢yukyuii). Ilyctb GpyHKUIMM u(x),v(x) nuddepeHnrpyeMbl B TOUKe X.
Torma B 3T0# TOuke nuddepeHIupyemMbl UX CyMMa, Pa3HOCTh, MPOU3BEIACHUE U
BBITIOJTHEHBI PAaBEHCTBA

U V() = u(x)= v (x)
(UOMG) = u (M) + UG (x).

Ecnu pynkums V(X) OTJIMYHA OT HYJsS B TOUKE X, TO B 3TOH Touke auddepeHu-
pyemoii pyHKIMEl SBIsSETCS YaCTHOE U BBITIOJIHEHO PABEHCTBO

%E _ u'(><)V(>\</)2—()l:)(><)/’ (x)

/lokazamenscmeo npoBeaeM NI ciiydas nmpoussenenus. 13 dopmyiel (2) umeem

u(t) = u(x)+ (t = xpu'(x) + (¢ = xa(t), a()d> O;
v(t) = v(x)+ [t -3 (x)+ (- x)B(). BH)IE ©.
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CrienoBaTeibHO,

(Ev(t) = ubvlx) + (£ = xfu' (Xx) + v () + (£ = x)x (),
X (1) = u(x)B(t) + v(x)ar(t) + (¢ = xKu'(x)v (x) + 0 (x)B(t) + v (xJat) + a(®)B(t)) 02 ©.

Otcrona u u3 kputepust 1uddHepeHIpyEeMOCTH ody4yaeM TpedyeMoe paBEHCTBO.

Ynpascnenue. IlpoBectu 10Ka3aTeNIbCTBO OCTABLIMXCS CITy4YaeB.
Cneocmeue. 1lycts dyHKUHA f(x) muddepenurpyema B Touke X. Torma mpu

moboM unciae C Qynxuus Cf (X) sBisieTcs quddepeHupyeMoit B 3TOM TOUKE U

(cf (x)) =cf'(x).
Jokazamenvcmeo. HykHO IpPUMEHUTHL (OPMYITy BEIYHCIIEHUS IIPOM3BOIHOM ITPO-
M3BEIEHUS IBYX (yHKIUH u&) = f(x),v(x)=c.

BBIIIOJIHCHO paBCHCTBO

Ilpumep. I1okaxem, 4TO

o) ==, (ctge) =——~ . ()

B camowm nene,

. ! . ! . ! 2 . 2
' Sin X SinX) CcosX — sin X{Cos X COS” X+ sin“ X 1
(tg)() = H = ( ) 5 ( ) = 5 = >
[ICOSX[] COS™ X COS™ X Cos™ X
Ynpaswcnenue. Beiectu BTOpyto hopmyiy (4).
Ipumep. Boraucnuth npousBoanyo Gpyakuuu f (X) = X|X| B Touke X =0. [Ipous-

BOJHAs (YHKIIUM MOMIYJISI B 3TOM TOYKe He cymiecTByeT. [loaTtomy dopmynoit mms
MPOU3BOAHON TPOUM3BEICHUS HE MOXEM BOCIOJB30BAaThCS. byaeM BBIUMCIATH
MIPOU3BOAHYIO UCXOIS U3 ONPEICTICHUS
£'(0)= tim 1@+ &)= 1(0) _ jim 2% 2o,
Ax-0 AX -0 AX
B stom mpumepe onna dyHkius He nuddepeHuurpyemMa, apyras QyHKIIHUS
muddepennupyema, HO ux npousBeneHue TudepeHnmupyemo.

Teopema (o npoussoonoii croxcrou gynuxyuu). Ilycts pynkmus f (X) mubdepen-
nupyema B Touke X, a pynkuus U (y) muddepennupyema B Touke Yy = f (X) To-
raa ciuoxkHasi QyHKUuus u(X) =U (f (X)) auddepeHnrpyemMa B TOYKE X U BBITIOJHS-
€TCsl PAaBEHCTBO

u'(x)=U"(f (x)) 0 (). (5)
Jlokazamenvcmeo. V3 popmyisl (2) uMeeM paBEHCTBO

U(z)=U(y)+(z-yW'(v)+(z-y)B(2), B2 o.

[Moxcrasum croga z= f (t), y=f (X) Torma
u(t) =0 (f () =0 (f (x))+ (1) - £ (8 () + (£ (1) - FB(E ). A(FER)O2 0.

CruenoBaTeiibHO,
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) = im0 =B = 0 5 ) (s )= 109071 0)
Takum obpazom, ¢popmyna (5) nokazaHa.

Ilpumep. Ilpumenum dopmyny (5) K BBIYMCICHUIO TPOU3BOJHON CTEIEHHOM
dbynkuuu. [Mokaxem, 4To

(x“) =ax® ™, (6)
B camom peine,

(Xa ), — (ealnx)' — (ealnxXalnx)' — gealnx — gxa — axa—l.
X X
Jugpppepenyuan pynkuyuu. lagum Gopmyie (2) reoMeTprudecKyr0 UHTEpIIpETa-
nuto. Cnaraemoe (t — X f'(X) B (opMmyie (2) HA3bIBACTCS 21ABHOU YACMbIO TIPU-

pamenust pyakuuu. [Ipu t = X umeem (cM. puc.)

F(t)= £ (x)+{E-x)f'(x). ©

Y
i 4)a (t)
4 (tx) £ (x)= (t-X)tgP
1) |
Yt ox

Onpeodenenue. I'naBHas 4acTh NpupalieHuss QyHKIMU B TOUKE X HA3bIBAETCS €€
ougpgepenyuarom B ITOU TOUKE U 0003HAUACTCS
df (x) = f'(x)(t - x).
[Tpupamene He3aBUCUMON TIepeMeHHO 0003HauatoT dX =t — X. Torma
df (x)= f'(x)dx. (8)
B cootBercTBUM € 3TOM (opMyJION HCHONB3yeTCA IPyroe 00O3HAuYE€HUE MPOU3-
BOJIHOM

f’(x):dfd—s(x). (9)

3ameuanue. Ilonnoe npupaiienne QyHKIUU

Af(x)= f(x+Ax)- f(x)
BO MHOTHX CJIydasix ObIBAaeT TPYIHO BBIYMCIUTH. [loaTOMY NpuOIKEeHHOE paBeH-
ctBo Af (x)= df (x) mo3Bomster Gonee MPOCTO BHIUUCTUTE IPHpAIICHHE (BYHKIHIL

Ilpumep. 1lycTb 3aBUCUMOCTDH KOJIMYECTBA Y €IMHUIL BBIITYCKa€MOTO MPOAYKTA OT
HCTOJIb30BAHHOTO B ITPOU3BOACTBE KOJIMYECTBA €AUHUL] X ChIPbS 331a€TCS CTEIICH-

HOM (yHKIMEH Y = 03Vx. [TycTh kK KOMUYeCTBY ChIpbs X =100 eauHuUIl mprudaBu-
au eme AX=005emnunun. Torga npupocT BbIIyCKa MOPOAYKIIMU COCTaBUT

Ay =0,3,/100,05 -0,3v100. [IIpubnuxxennas dopMmyna majisi mpupamieHus QyHK-
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[IUU B PaCCMAaTPUBAEMOM Cllydae mpuHUMaeT Bua Ay = 03— 1 0,05=0,00075.

> e

' 1
3nech ObLIa KUCTONb30BaHa (hopmyna (\/;) =—.

2/x

Teopema. Ecnu pynkuuu V(X),U(X) audepeHuupyeMsl B Touke X, To nudde-
PEHIMAIIBI KX CYMMBI, Pa3HOCTU U nliomBez[eHI/m paBHBI

d(u(x)+ v(x)) = du(x) = dv(x),

d(u(xv(x)) = v(x)du(x) + u(x)dv(x).

d Ejgg E: v(x)du( i</ ;2 (—Xu)(x)dv(x) |

Otu GopMyIibI CAEAYIOT U3 COOTBETCTBYIOMIUX (POPMYII AJIsE TPOU3BOTHBIX.

Ecmu v(x)# 0, 10

Hneapuanmnuaa opma ougpgepenyuana. Paccmorpum muddepeHnupyembie
byHKIIIH Z=U(y Y = f(X). Torma, npumensisi Gopmyny (5) ans BbIYMCICHUS

npowusBoHoii croxkro# dyrkian u(x)=U (f (x)), momyuum

du(x) = u'(x)dx =U"(f (x))f"(x)ax =U"(f (x))df (x)=U"(y)dy.

Hpyrumu cinoBamu, popmyna auddepeHinana octaercs TOH e camMoid, eciu ap-
TYMEHT, B CBOIO OUYEPE/ib, SBJISIETCS 3aBUCUMOMN MTEPEMEHHOM.

Teopema (o npouzsoonou obpamnou ¢ynxyuu). Ilycts GyHkuus y = f(X) SIBJISI-
€TCSl HEMIPEPHIBHONW B HEKOTOPOW OKPECTHOCTH TOYKHM X W Bo3pacraer (yObIBaeT)
HEH U UMeeT NMPon3BoIHYy0 f '(X) # 0. Torma obparnast pynkmust X = F (y) TaKXKe
UMEET B COOTBETCTBYIOIICH Touke Y = f (X) IPOU3BOHYIO, IPHUEM
oy 1
F'(y)= TR (10)

Jokazamenvcmeo. V13 onpenenenust oOpaTHOl GyHKIINH cledyeT, uto t = F (f (t))
JUTSI BCEX TOYEK t 13 okpecTHOCTH ToukH X. [loaTomy,

F@-FO)_F(O)-FGI . t=x 1 g

z-y -t f)-fl) FO-T0)
t—x
OOparnast pyHKIUS SABISETCS HepepbhiBHOUW PyHKIMEH. [TloaTomy,
z-yOt=1(2)- f(y)=x.

ITepexons B popmyne (11) x npeneny, noayuum Tpedyemyro ¢opmyiy (10).

Ilpou3zeoonvie 0opamnvix mpuzonomempuyecKux QyHKyu

. U mrm
@yHKIUA Y = SINX BO3pacTaeT Ha OTPE3KE H_E 28 Y IPUHUMAET BCE 3Ha-
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YEeHUS U3 OTpe3Ka [— 1,]]. [TosToMy Ha 3TOM OTpe3Ke omnpeseneHa ooparHas QyHK-
st X = arcsiny . CornacHo ¢opmysie (10),
.y 1 1 :
(arcsiny) = = ,X=arcsiny.
(S| n X) COS X

ITockosbky COS(arCSin y): \1-y? , To, mepeobo3Hayas mepeMeHHbIE, TOMyHHM

(arcsinx) = _.
1-X
Ynpasicnenue. JIokazare, 4to

(arccosx) = -t . (arctgx) = (arcctgx) = -

Ji-x2 1+x%

1+ x2

Tema 17
TEOPEMBbI O IN®OOEPEHIIUPYEMBbIX ®YHKIHUAX

®ynkius cripoca P=f (q), koTopas ycTaHaBIUBACT CBA3b MEXKIY IICHON ( HA
KOHKPETHBIN TOBap U CIPOCOM P Ha HEro MpH JaHHOMU LI€HE, JOJKHA YObIBATh MPHU
yBeJIMYEeHUH 1eHbl. [107TOMY BO3HHMKAET MOTPEOHOCTh B MATEMATHYECKOM armapa-
T€, C MOMOIIBI0O KOTOPOTO MOXHO BBISICHATH BO3pacTaHUE WJIM yObIBaHHE KOH-
KpeTHOM QyHkiuu. OKa3bIBa€TCsl 3TO MOXKHO JIeJaTh C MOMOIIbIO MPOU3BOIHON

byHKIUH.

Teopema. Ilyctb dpynkius f(X) onpenencHa Ha uaTepBate (a,b), nnddepennupye-
Ma B KaXJI0H TOYKe 3TOro mHTepBasa. Torna, eciam oHa yowvieaem (6o3pacmaem)
Ha 5TOM MHTepBasie, To ee npomsomnas f'(x)< 0 (f'(x)=0) mwis Bcex Touek X u3
ATOTrO MHTEpBAJIA.
Joxazamenvcmeo. PaccMoTpumM ciydaid, korna QyHKIus yobiBaeT. 3adukcupyem
TF00YI0 TOYKY X M3 3Toro mHrepsana. Torma f(t)= f(x) npu t<x u f(t)<f(X) npu
t>X. CnenoBaTensHO,

MS 00 IimM = f'(x)<0.

t—X t-x  t—=X

[Tpu 3amannoi nene  BenwunHa F(Q) = q f(Q) onpenensier BEIpydKy OT peainsa-
1K ToBapa. [Ipeanoaokum, 4To XOTUM ONPEICIIUTh IICHY, P KOTOPOH BhIpYYKa
Oyzaet HanOombIIel. Kakum ycinoBusM JOMKHA yAOBIETBOPSATH 3Ta IieHa?
PaccmoTpuM 31y 3amady B 001IeM BHIE.
Onpeoenenue. Ilycts QyHKIISA f(x) omnpejieieHa B OKPECTHOCTH TOYKH X. JTa

TOYKA HA3bIBACTCSI TOUKOU JI0KATbHO20 MUHUMYMA (IOKANbHO2O0 MAKCUMYMA), €C-

. (%)< 1 () (%) ()

JUISL BCeX X U3 ATOM OKPCCTHOCTH TOYKHU X.
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3ameuanue. Ha cienyronieM pUCyHKE TOUYKA x, SIBJISIETCS TOUKOW JIOKAJIbHOTO MakK-
CUMYMa, a TOYKa X, — TOYKOH JIOKaTbHOI'O MUHUMYMA.

y

Teopema ®Depma. Ilycthb
1) dbynkuus f X) OmpenesIeHa B HEKOTOPOU OKPECTHOCTH TOUKHU X.

2) 3Ta TOYKa X SIBISETCA €€ TOYKOM JIOKAIbHO20 MUHUMYMA (TIOKANbHO2O
MAKCUMYMQ).
3) B TouKke X CyIIeCTBYeT Mpou3BoHas f '()?)
Torma sta mpou3Boanas f '()?) =0.
Hokazamenvcmeo. PaccMoTpuM citydal JIOKaJbHOTO MUHUMYMa. Torma
f(x)-f(x) X0, x<X

X — X 0, x>%X
CrienoBaTeibHO,
Iimwzo O f(x)=0; IimMsOD f'(x)<0
X X+ X — X X - X— X —X
O f'(x)=0.

A

Ilpumep. Jlonyctum, 4TO mpu 1ieHE ( BBIpyYKa OT pealu3aluu ToBapa Oyner

HanGonbmeit. [Tockonbky mpomssoxras (qf (q))’ = f(q)+qf'(q), To, mpupaBruBas
ee K HyJII0, HOIy4uM

@)=Y =)=
q (@)

TakuM 00pa3oM, NpPH ONTUMATLHON II€HE 3JACTUYHOCTh CIPOCA IO IEHE
paBHa —1.
DTO 03HAYAET, YTO MTPU ONTHMAIILHOM 1IeHE YBEIMYEeHUE €€ Ha O1H HPOLEHT IIpH-
BOJMT K yMEHBIIEHHUIO CIIPOCA HA OIUH MPOLIEHT.
IIpumep. lyctb f(x)=|x|.

y
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Touka X =0 sBisieTCAs TOUYKON MUHUMYMa 3TON (DYHKIIMHU, HO IPOU3BOIHAS Y pac-
cMaTpUBaeMOil GyHKIIUU B 3TOM TOUKE HE CYIIECTBYET.

Ilpumep. Paccmorpum pyHK1MIO, Tpaduik KOTOpOit U300pakeH Ha pucyHke. Tou-
Ka X = asBISETCS €€ TOUKOM MUHUMYMA.

y

—

O a E) X

@OyHKIMA He onpe/esieHa B OKPECTHOCTH TOYKM & W MPOHM3BOJHAS B TOUKE & HE
paBHa HYJIIO.
Ilpumep. Ilycth X XapakTepu3yeT 3aTpaThl )KUBOTO Tpyna B MPoU3BoACTBe, a f(X)

f(x

3a7a€T KOJIMYECTBO BBIIYCKAEMOI'O MPOJAyKTa. Torma BeaMYuMHA L;nsJI;[eTc;{
X

MPOU3BOJAUTENBHOCTBIO TpyAa. JJomycTum, 4To npu X [IPOU3BOAUTENBHOCTD TPYIa

nocturaet Hanbonbluee 3HaueHue. Torga no Teopeme depma ee MpoU3BOJHAS B

ATOU TOYKE paBHa HYJIIO. [TockoIbKY

OF () _ X9 1 ()
Ox O x?

TO B ONTHMANIBHOM TOuKe GyaeM uMeth paBerctso f'(X)=
X

Jlpyrumu ciioBamu, B ONITUMAJIbHOM TOYKE MPENEIIbHBIA IPOAYKT PABHSAETCS MakK-
CUMAJIBHOMY 3HAa4€HMIO MPOU3BOAUTEIBLHOCTH TpyAa. Jlanee, nmpu mansIx nmpupa-
meHuax AX nmeem
f(x+Ax)-f(X) _ /(%)= f (%) - f(%+0x)- f(X) _ Ax
Ax X f(x) %
Takum 00pa3zom, B ONTUMAJIBHON TOUYKE YBEIMUYEHUE UCIOIB3YEMOTO )KUBOTO
TPyJa Ha OJUH IPOLEHT IPUBOJIUT K IIPUPOCTY HA OJMH MPOLEHT BBITYCKaEMON
IPOLYKIHUU.

Teopema Ponnsa. Ilycts QyHKIMSA f(X) HenpepbIBHA Ha oTpeske [a,b], auddde-
peHImpyeMa B Kaxoii Touke untepsana (a,b) u f(a)= f(b). Torna cymecrsyer
Touka C[] (a,b), r7ie Ipou3BoHas paBHa (.

/lokazamenvcmeo. HenpepbiBHass Ha OTpe3ke (QPYHKIMS JOCTUTAeT CBOMX Hau-
00JbIIIET0 U HAaUMEHbIIero 3HaueHui. [lycte M — HaumeHblee 3HaUeHnEe PyHK-
un f (x), a M — ee HanboJIblIee 3HAUEHHE HA 3TOM OTpE3KE.

IIycte m=M . B 3ToMm ciiyuyae ¢yHKuMs sBisgercs noctosHHon . Crnenona-
TEJIbHO, €€ MPOU3BOHAS TOXKJIECTBEHHO paBHA HYJI0. B KauecTBe TOUKH C MOXK-
HO B34Tb JIIOOYIO TOUKY.
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[Tyctb mM< M . Tak kak Ha KOHIIaX OTpe3Ka (QYHKIUS MPUHUMAET OJIMHAKO-
BbI€ 3HAYCHUS, TO, JIMOO HaWMEHbIee, TMO0 HauboJbllee 3HaYeHHue (CM. puc.),
JOCTUTAETCS BHYTPU OTPE3Ka.

[Tycts BHYyTpH OTpe3Ka (PyHKIWS JOCTUTaeT HauOoJIbIIee 3HaYeHHE (CM. pHC.).

|

0 « c b X

Torna o Teopeme depma B 3TOM TOUKE Tpon3BoAHAS (PYyHKIMHU paBHA (.

Teopema Kowwu. Ilycts QyHKINH f(x), g(X) HETPEphIBHBI Ha OTpe3ke [a,b] u

auddepeHIpyeMbl B KaXI0H Touke nHTepBaia (a,b), mpuyem ¢ '(X) Z 0 npu

Bcex XU (a,b). Torna cymectByer Touka C L (a,b) TaKas, 4YTo
f(b)-f(a)_f(c) "
g(b)-g(a) g'(c)

Hoxazamenvcmeo. 11okaxxem B Havalle, 4To g(b) % g(a). B camom zene, eciau Obl

g(b) = g(a), To mo Teopeme Pomst g'(x)=0 B Hexoropoii Touke x[1(a,b). Onua-
KO 3TO 3aIPEIIEeHO YCIOBUEM TEOPEMBI.
Paccmotpum yHKIHIO
f(b)-f(a)

F(x)=f(x)-f(a)-(9(x)—-g(a))C :
g(b)-9(a)
JUis Hee BBINOJIHEHBI PABEHCTBA F(a)= F(b). Ilo Tteopeme Pomia cymecTtByer

touxa ¢[1(a,b), rze F'(c)=0 mm
f(b)-1(a)_,

o
(©)=900) by~ g(a)

Ortcrona mosryunm Tpedyemoe paBeHCTBO (1).

Ipumenenue npouse00HbIX NPU EBIYUCTEHUU NPEOEOE

Teopema (npasuno Jlonumans). Mycrs dyaxuun f(x),g(x) onpenenensr u mud-
(GepeHIMpyeMbl B HEKOTOPOW IPOKOJOTOM OKPECTHOCTH TOYKU Xy, IMIPUYEM
g(x)# 0, g'(x) # OB 3T0it IPOKOTOTOI OKPECTHOCTH.

[TycTh cymiecTByIOT )!ir)r(l f(X) =0mu )!irpo g(x) =0. Torga, ecmu CymecTByeT KO-

HEYHBIA WM OECKOHEYHBIN TIPEaeIT

f'(x)

lim ——~=A, 1o cymecTByer
x=% g'(x)

lim M: A.

x=% g(x)
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Jokazamenvcmeo. JloonpenenuM Mo HEMPEPHIBHOCTH B TOUYKE X, 3TU (YHKIUH,
nojioxkuB f (XO) =0, g(xo) =0.Torna >t ¢pyHKIMHU OyayT HEIPEPHIBHBI B HEKOTO-
pOU OKPECTHOCTH TOUYKH X, . IlycTh, Hampumep, X > X,. Torna no teopeme Komm
f(x)— f(x '
EbD(XO,X)D f(X): () (0): f'(C)-
9(x) 9(x)-9(x) g(c)

[ockomeky €O T2 Xy, TO

—h

—~
(@)

N—r

3ameuanue. llpapuno Jlonurans ocTaeTcs cripaBeUIUBLIM, koraa lim f(X)=o u
X- Xg

lim g(X)=0c0, a Takxe a1 ciydas lim (X)ZOO, |img(x)=oo,
X—> 00

X- Xp X — 00
Ipumep. [1ns byskium
in X
&, npu X # 0,
foo=0 x "
H , npux=0

BBIYUCIIUTH MTPOU3BOJIHYIO B Touke X=0.
Pewenue. meem

sinx HeonpeoeeHHOCb
, . f(x)-f(0) . T dnx—=x 0 . (sinx-x
f (O)=I|mM=I|m X =lim >— = |6uda —. IIpumenum :llmgz
X-0 X X-0 X X-0 X 0 X-0 (XZ)
npasuno Jlonumans
HeonpeoeieHHOCb
. cosx-1 0 . (cosx -1 . —sinx
=lim =|euoa —. [lpumenum :|Im( ; ) =lim =0.
x-0  2X 0 x-0 (2X) x-0 2

npaeuno Jlonumans

Teopema Jlazpanyca. 1lycts GyHKIIUS f(x) HEenpephiBHA Ha oTpe3ke [a,b] u
nuddepennupyemMa Ha uHTepBaie (a,b). Torma cyiiecTByeT TOYKa CD(a,b) u3
ATOTO MHTEpPBAJIA TaKasi, 4TO
f(b)- f(a)=(b-2)f"(c). ®

Jokazamenvcmeo. Bo3pMéM g(x) = XU npuMeHuM Teopemy Koin

f(b)-1f(a)_1'(c), f(b)- f(a):f.(c)_

g(b)-g(a) g(c) b-a
Orcroaa nosyuuMm popmymy (2).

Hccneoosanue nosedenusn ougpghepenyupyemoii hynkyuu
Teopema. ITycts pynkuus f (X) muddepeHnrpyeMa Ha HHTepBae (a,b). Torma
f(x)=const - f'(x)=0, OxO(a,b).
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Joxazamenscmeo. Ecmu f(x)=const, ro f'(x)=0.

ITycte f '(X) =0, [OxO (a,b). Bo3sméMm nBe Toukn a< X, < X, <b. Toraa u3 teo-
pemsl Jlarpanka cienyer, 4to

OcO (4. %)0 (%)= f(x)=f'(c)(x, —x). (3)

fx)=f0x).

Otcrona u u3 paserctsa f'(c) =0 momyumm, uro

Teopema.
1. Ecmu f'(x)20(f'(x)>0

ITOJIHCHO HCPABCHCTBO

Ox O (a,b), TO JJIs MOOBIX &< X; <X, <b BHI-

Fx
2.Ecm f'(x)<0(f'(x)<0
TIOJTHEHO HEPABEHCTBO

JlokazaTenbCTBO ciieayeT U3 paBeHcTBa (3).

Hccnedosanue nosedenusn zpagpuka ynkuyuu 661u3u mouex J10KAiIbHO20 MU-
nHumyma u makcumyma. Paccmorpum yukuuro f(X), ornpenencHHy0 B OKpeCTHO-
CTH TOYKHU Xy, B KOTOpPOH f'(xo)z 0. O603HaUYUM TOYKY JIOKAIBHOTO MUHHUMYyMa
nocpezcTBoM 3anucu locmin f, Touky nokansHOro Makcumyma — locmax f . Bos-
MOXKHBIC CITy4au U300pa’KEeHBI Ha CIICTYIONINX PUCYHKAX.

f'(X) ' (X)

f(X) X f(x)

1
[}
[}
[}
[}
[}
[}
[}
[}
. I
locmin i
1
[}
[}
[}
[}
[}
[}
[}
[}
[}

<\
& X
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f(x) (%)

Xo

f(x)

locmax

Xo
X f(x) / \ X

Xo X Xo X
3ameuanue. Touky JTOKATLHOTO MUHIMYMA U JIOKAIBHOTO MakcumyMa GyHKIuu f
HA3bIBAIOTCS TOYKAMHU JIOKAIbHO20 dKcmpemyma v 0003Hadarorcs locext f.

Ilpouszeoonvie evicuieco nopsaoka. Ilycts (yHKIMSA f(x)zm(p(bepeﬂunpyeMa B

K01 Touke nHTepBal (a,b). Torma B KaxkI0i TOYke 3TOr0 MHTEpBAIA OINpPEJIe-
JeHa ee MPOU3BOIHAsS f'(x). [lycTe oHa B cBOIO ouepenb aAuddepeHuupyema B

!

Ka3k/I0H Touke 3Toro nuTepsana. Torna ee nponssonnas (f'(x)) maseiBaercs BTO-

(93 (93 n N,
poii npoussomoit Gyrximn f (X)u o6osmauaercs f"(x). [Ipoussoauas oT BTOPOi
IPOM3BOJIHON HA3bIBAETCA TPEThEW MPOU3BOJHON M Tak janee. IIpousBomnas ot
(n—l)—ﬁ IPOU3BOJHOM Ha3bIBaeTCs N-ii MPOM3BOJHOM M 0003HAYaeTcs £V (X)
d" f(x)

dx"

X

Hpumep. (ex )(n) =e".

50) 050

Tema 18
BbBIITYKJIBIE U BOTHYTBIE ®YHKIINUNU

DKOHOMHUYECKHN 3aKOH YOBIBAIOIIECH OTJAA4M TIACUT, YTO C YBEIWYCHUEM
KOJIMYECTBA UCTOJIb3YEMOTO B IPOU3BOACTBE PECYpPCa NPEAECIbHBIN MTPOAYKT C HE-
KOTOPOrO MOMEHTa HauMHaeT yObIBaTh. I1ycTh F( X) — KONMMYECTBO BBIMyCKaeMOM
MPOIYKIIUK TIPU 3aTpare pecypcoB X. BozeMem X, <X<X,. Torma u3 3akoHa yObI-

BaIOI[I€I>’I OoTJa4uu CJICAYyCT HEPAaBCHCTBO

FOR)=FO) _ FOO=FO) F(X)ZE E:( X )+ L < FOx).

X, = % X=X,
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BBeneM HOBYIO IEPEMEHHYIO
)= Xe =X
X ™%X
Torna pynknus F (X) ynoBieTBopseT HEpaBEHCTBY
F(Ax + (L= 2A)%,) 2 AF(x )+ (1= A )F(X,).
Oyuknus f (X): — F(X) ynoBreTBOpsieT HEpaBEHCTBY
F(Ax +(1-2)%) < M () + (L= 2) T (x,), D
KOTOPOE Ha3bIBAETCS HEPABEHCTBOM leHceHa.
Onpeoenenue. Oynkums f (X), ONPEACICHHAs HA WHTEPBAJIC (a,b), HAa3bIBAETCSA

0 x=Ax +(1-1)x,,A 0]o]l.

8bINYKJIOU HA TOM MHTEpBaJle, €CIIU /s JI0OBIX TOUEK X;,X, M3 3TOr0 MHTEpBasa
u 1714 o6oro uncna A [ [0,1] BBINIOJHEHO HepaBeHcTBO Mencena (1).
TI'eomempuueckuit cmoicii 3mozo onpedenenusn (CM. PUC.) 3aKIIOYAETCS B TOM,
4TO KyCOK rpaduka QyHKIUH, COEMHAIOMNNI

nBe Jo0ble Touku A U B Ha 3TOM rpaduke,

JIC)KUT HHUIKC XOPAbI, COGI[I/IHHIOH_[eﬁ 9TH TOY-

X KH.

Teopema. Ecnu pyHkuus f(X) ABJIAETCS BBIIYKJIONW Ha MHTEPBAE (a,b), TO JJIS
TFOOBIX TOUeK a< Xy <X <X, <D BBIIOIHEHO HEPABEHCTBO

FOx) = T06) _ FO6) = (%) _ F(%) = (%)

< < : (2)
X1 = Xo X2 = Xo X=X
Hokazamenvcmeo. imeem
) :%D[O;I] 0 % =A% +(1=A)%, O (%)< Af(x)+ @L=A)f(x,) O
2 "o
1 10)- 160)= (A1) 1 () £ 0= 1) T o)
1~ %o 27X

Hanee,
F(x)< A (1) + (=2) 06) 0 £(,) = £ ()2 A(F (1)~ £(0)) =222 (£ ) F0;))

X =%
) te) te)-fl)
X=X X =%

3ameuanue. IlosicHUM reoOMETPUUYECKHUI CMBICI HEpaBeHCTBA (2) (CM. puc.).




Torna i yrios
a,<a,<a, 0 tga, <tga, <tga,.
C npyroii CTOpOHHI,
f(xl)_f(xo), tga, = f(xz)_f(xo)1 tga, = f(XZ)_f(Xl).

tga, =
X~ Xp Xo = X Xo =X

Ilpumep. Oynkuusa Yy = |X| SIBJISIETCSL BBIMMYKJIOM HA BCEU YMCIIOBOW ocu. B camom

JieTie, U3 CBOICTBA MOYIIS clienyeT, uto mpu 0 <A <1
A%, + (L= 2)%,| S [AX] +[(L=A)%,| = x|+ L= A)x,].

Teopema (kpumepuii svinykiocmu ouppepenyupyemorni gynurxyuu). Ilycts QyHK-
st f (X) muddepenimpyema Ha uatepsaie (a,b). Torna ona sBiseTCs BBITYKIIOM

Ha HEM B TOM M TOJIBKO TOM CIIy4ae, €CH €€ MPOr3BOJHasl He YObIBaeT.
Jokazamenvcmeo. 3apuxkcupyem ABe TOUKU X; < X, M3 3TOro MHTEpBana. Bo3b-

MEM JIOCTaTOYHO Maible TMOJOXHTeNnbHbIe uwuciaa h,h, Takwe, dYToOBI
X, +h <X, —h,. Torna u3 HepaBenctsa (2) Oyznem UMETh
Fix +h)—f(x) f(xz) f(x; —hy)
hy h, |

Otcrona, yerpemsist wucia hy,h, k mymo, monyunm f'(x )< £'(x,).

[TycTh Teneps MPOM3BOIHAS HE YObIBacT. Bo3bMeM JIBE TOUKH X, < X, H3 3TOT'O
UHTEpBaJa U PACCMOTPHUM (YHKITUIO
p(A)= (A% +([L-2)x%)-Af(x)-A-2)f () AC[0d. @
Ecnu mokaxem, 4To ¢()\)S 0,00 [0,1] , TO TIoJy4uM HepaBeHCTBO (1). [IpumMenss
Teopemy 0 nuddepeHIupyeMoCTy CIOKHON HYHKIIUHU, Oy1eM UMETh

9" (A)=—1"(Ax, + (L= 2D, )%, = %)= f () + F(x,)=
(- ) o) )
X ™%X
[TpumenuB Teopemy Jlarpanxka, Halijem Touky C[J (Xl X )TaKy}O, 4TO

f (%)~ f(x) = £'(c).

X =X

$'(A)=(x, —x, )(f'(c)= f'(Ax, + (1-2)x,)).

Tak Kkak npomssogmas He ybwmaer, 0 ¢'(A)20 mpu c2Ax +(1-A)x, u

CrienoBaTeibHO,

¢'(A)< 0 B mporuBHOM cityuae. OGo3HAUNM

X, —C

X, =X,

Torna ¢yHKIMSA ¢()\) yobiBaeT mpu 0< A <A, unpu A, <A <1 oHa Bo3pacraer.

A* =

Jlanee, u3 ¢popmynsl (3) momyunm pasercra ¢(0)=¢(1)=0. Crnenosarensho,
¢(/\) <0,0A0 [O,]] (cMm. puc.).
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¢'(A)

d(A)

Teopema (xpumepuii evinykiocmu 06a pasa ougpgepenyupyemori Gyukyuu).
[Tycts pynkums f(X) nBa pasza nuddepennupyemas Ha UHTEpBaJeE (a,b . Torna
OHa SIBJISICTCSI BHIMYKJIOM HA HEM B TOM U TOJBKO TOM CiIy4ae, KOTJa ee BTopas
npousBonHas f "(ng 0,0xO(a,b).

Joxazamenscmeo. Umeem f(x) Bomyxma < f'(x) me yGpBaer o

(') = £"()>0.

— 2 ~ ~ ~
Hpumep CDYHKI_II/IH f (X) = X" ABJISIETCA BBIITYKJIOM HAa BCCHU YHMCIIOBOU OCH .

Onpedenenue. Oyuxuus f(x), onpenencnnas na unrepsane (a,b), HassBaercs
602HYMOT Ha YTOM MHTEPBAJIE, €CIM JUIA JTIOOBIX TOYEK X;,X, M3 OTOrO MHTEPBAsA
1 A7t moboro umcna A [ [0,1] BBIIIOJJHEHO HEPABEHCTBO

(A% +[@L=A)x,) = Af (%, )+ L= 2) (x,). (4)

TI'eomempuueckuii cmvici 3mozo onpeodesienus (CM. PHC.) 3aKIIOYAETCSI B TOM,
YTO KyCOK Tpaduka (yHKIHH, CO-
CIMHSIOMUN JABE JIIOObIE TOUKH A U
B Ha 3TOM TpaduKe, JEKUT BHIIIC
XOPIbI, COSAMHSIONIEH ITH TOYKH.

Ynpasxcnenue.  Jlokazatp, 4TO
byHKIHS f(X)HBJI}IeTC}I BOTHYTOM

TOT/Ia U TOJIBKO TOrja, Korjaa (yHK-
X LU ¢(X) =—f (X) SIBJISIETCS BBITYK-

JIOU.
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Teopema (kpumeputi 6oenymocmu ouppepenyupyemo hyHKyuu).
1. lubdepenmupyemass Ha uHTEepBajie (PYHKIUS SBISETCS BOTHYTOM Ha HEM
TOTJIa ¥ TOJILKO TOT/a, KOT/la €€ MPOM3BOIHAS HE BO3pacTaeT Ha 3TOM HHTEpBAJIE.
2. [IBa paza auddepeniupyemas Ha UHTEpBayie (QYHKIUSA f(X) SIBJISIETCS BO-

THYTOM Ha HEM TOIJa U TOJBKO TOIAA, KOTJa €€ BTOpas IIPOU3BOJIHALA f"(X)S 0

JUTS BCEX TOYEK X W3 ATOTO MHTEpBaJIA.
Jlokazamenvcmeo cienyer M3 MPEbIIYIIEro yNPaXHEHUS W U3 KPUTEPUEB BHI-
nykjaocTu guddepeHnpyemoit u ABax sl 1uddepeHuupyeMon QyHKIIUM.

Onpeodenenue. Touka X, Ha3bIBaeTCAd MOUYKOU nepezuda (HyHKIUU f(x), eCIIH

CJe€Ba OT PTOW TOUKH (PYHKIMS SBISETCA 8bINVKIOU (802HYMOIL), & CIIpaBa — 0-
2HYmMOU (8bINYKIIOUL).

Ynpasicnenue. 1lokazate, uto ecnu QyHKIuMs nBa paza muddepenmupyema, To B
TOUKE Mepernda ee BTopas MPoU3BOAHAS paBHA HYJIIO.

Ynpasicnenue. 1lokazats, yTo MMHEIHAsS (QYHKIUS SBISETCS W BBITYKJIOW, U BO-
THYTOM.

Ilpumep. Ilyctb X — KOIMUYECTBO pecypca, MUCHOIb3YeMOro B IMPOU3BOJCTBE, a
f(X) — TPOU3BOJICTBEHHAsT (QyHKIMsA. Torga mpousBogHAs f'(x) SBJISICTCS TIpE-

JEbHBIM MPOAYKTOM. DKOHOMHUYECKHI 3aKOH IJIaCHUT, YTO HpedenbHblil RPOOyKm,
HAYUHAA C KAKO20-MO KOAUYECmea X., UCHOAb3yeMo20 6 nPou3e00cmee pecyp-

ca, Hauunaem yovigams. 3HAUUT NMPOM3BOICTBeHHAs QyHKIUs f(x) Ha MHTEpBae
(x. +0) Gymer BOrHyTOi.

Ipumep . 13 ycnoBust 0JJHOPOAHOCTU MPOU3BOACTBEHHON (yHKIMM paHee ObLI
BBIBeeH ee obmmii Bua f(X)=bx?, rae b u a monoxuTenbHbIE TOCTOSHHBIE.

Jlanee, moTpeGoBas, utobsr Bropas mpomssoxsas f”(x)=a(a—1)bx*? Geua o1-

pHUIIATEIHHON NP TOJIOKHUTEIBHBIX YnCcIaxX X, moyuanm yciosue 0 <a<l.
Teopema. Ilycth Ha unTepBasie (8,0) bynknus f(X) sBisercs muddepenupyemoit
Y BBIMTYKJIOW (BOTHYTOM) ¥ IycTh B TOuke CL[a,b) npousBognas f '(C) =0. Torna
f(x)=f(a) (f(x)<f(a)) ama Bcex XU (a,b). 4)

Jokazamenvcmeo . PaccmoTpum ciydail Beimykiioi ¢yHkiuu. Toraga ee mpous-
BOJHAs HE YObIBAaeT. ITO 3HAYUT, UTO

f'(x)< f'(c)=0,0x0(a,c);, f'(x)= f'(c)=0,0x0(c,b).
Crano ObITh, ci€Ba OT TOYKH ¢ (YHKIUS yObIBAeT, a CpaBa OT 3TOM TOYKH OHA
Bo3pacTaeT. OTCro/1a MOJly4aeM HEPABEHCTBO (4).
3ameuanue . ]I BRIMYKIIBIX (BOTHYTHIX) QYHKIUNA TOYKA JIOKATLHOTO MUHIMYMa
(MakcuMyMa) SIBJISIETCSL U TOUKOU aOCONOMHO20 MUHUMYMA
(makcumyma).

Apugmemuueckue oelicmeus c evtnyxkavimu (602Hymoimu) ynkuusmu

1. ITycth dyHKIUS SBIsSETCS BBIMYKION (BOrHYTOM) Ha MHTEpBasie . Toraa mpu
YMHOKEHUHM €€ Ha HEOTPUIATEIbHOE YHUCIIO MOJIy4aeTcsl BBINMyKJas (BOTHYTas)
dbynkusa. B camom nene, npu yMHOKeHHH HepaBeHCTB (1) u (4) Ha HeoTpuIla-
TEIHHOE YMCJIO UX 3HAK COXPAHSIETCS.
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2. CyMMa AByX BBINYKJIBIX (BOTHYTHIX) HA OAHOM U TOM K€ UHTEpBaJie (PyHK-
IIUHA SIBJISIETCSl BBIMYKJIOM (BorHyTo#) pyHKuue. B camom nene, npu cioxeHUU
NBYyX HepaBeHCTB Buja (1) Buaa (4) moiaydaercst HEpaBEHCTBO TOTO JK€ BUJIA.

Teopema (o svinyknocmu (6ocnymocmu) cinoxcuou gyukyuu). Iycts QyHKIHS
F(y) Bo3pacraer (yObiBaeT) Ha unteppaie (A,B), Beimykia (BOrHyTa) Ha 3TOM HH-
tepBaiie, a ¢yHkus f(X) sBisercs Bbimykioi (BorHyToi) Ha uHTepBaie (a,b) u
npuHUMaeT 3HaueHus u3 uurepana (A,B). Torna cioxxnas GyHKIus

w(x) =F(f(x))
SIBJIICTCS BBIMTYKJIOW (BOTHYTOM) Ha HHTEpBase (a,b).
Jokazamenvcmeo. 1lpoBenemM aiis ciiydas BbIMykJIoW GyHKunU. Bo3pmem mo0bie
gucia a<x;< X, <b,0< A <1. Torna BemmonHeno HepaBeHCTBO (1). OTcrona umeem

w(dx, + (1= 2)x,) = F(F (x + (L-2)x,) < < F(Mf () +(1-2)1 ()<

no ycjlo6uio eblnyKiocmu

<
pynryuu F (Y)

no ycioeuro 603pacmaHusl

pynxyuu F (Y)

< AF(1 () + @=2)F (1 06)) = Anl(x) + L= Aw(x, ).

ITpumep(maxcumuzayus npubviiu gupmoet). I1ycTh CBI3b MEKAY KOJUYECTBOM X
UCTIONIB3YEMOTO ChIPhSI M KOJIMYECTBOM Y BBITYCKAEMOU MPOAYKIIUU 33/1a€TCS MPO-
n3BojicTBeHHOM (yHKImen Y=f(X). [leHa eauHUIBI ChIpbs paBHA P, a IICHA CIUHM-
1[I TOTOBOM MPOIYKIMHU paBHa (. Ha mpuoOpereHne X enuHUIl ChIpbs pupma Tpa-
TUT PX ACHEXHbIX enunuil. [Ipu peamusamuu f(X) eauHUI] TOTOBOI MPOIYKIMH
¢upma monyuaer qf(X) aeHexxkHbIx eaunHuil. CleaoBaTeabHO, MPUOBUIL (HUPMBI
paBHa R(X) = gf(x) — px. IIpousBoacTBeHHas GyHKIUSA SBISETCsA BbIMTyKiIon. [o-
aToMy QyHKIUS R(X) kak cymma JBYX BOTHYTHIX (DYHKIHH SIBIISIETCS BOTHYTOU
¢yukmueit. Llens mpou3BoACTBa 3aKIII0YAETCS B MOJyYEHUH MAaKCHUMAaJIbHOW Mpu-
obutn. B ontumaneHol Touke mpomsBogHas (f'(X) — p = 0. Orcioga moaydum,

YTO B ONITUMAILHON TOYKE

q(f (x+Ax)- f(x)) = pAx.
I[pyrI/IMI/I CJIOBaMH, B ONTUMAJIbHOM TOYKE HUYETO HEIb3s JOIOJHHUTCIIBHO I10JIY-
YUTb OT BHOBb IMPHUBJIICKACMOI'O CbIPbs, ITOCKOJIBKY BBIPYYKaA , IIOJIYUYCHHAA OT O0-
IMOJIHUTCJIBHOI'O IMMPHUPOCTAa NPOAYKINH, paBHA 3aTpaTaM Ha 9TO JOIOJHUTCIBHOC
CBIPBE.

Tema 19
DdOPMY.JIA TOUJIOPA

HuddepeHurpyeMyo B TOUKe a (PYHKIHUIO MOXEM NPUOIU3UTH JIMHEHHOM
¢ynkiueit. Ecnu xe (QyHKIUS UMeeT Mpou3BOoIHbIE 00JIee BRICOKUX MOPAIKOB, TO
€€ MOXHO MPHUOIN3UTH MHOTOYWIEHOM 00Jie€ BHICOKOW CTETICHH.

Teopema. llycts dynkuus f(X) N pa3 quddepenpyema B OKPeCTHOCTH TOUYKH d.
Toraa g KaXa0M TOYKU X U3 3TOM OKPECTHOCTU CYLIECTBYET UHCIIO C, JIEHKAIIEE
MEX1y TOUKaMU d U X TaKOe, 4TO
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' " (n-1)
f(x):f(a)+f](_la)(x—a)+fz(la)(x—a)2+...+—f(n_()?)(x—a)”’1+
' 1)
+ f )(C)(x—a)”.
n!
Jokazamenvcmeo. Paccmorpum QyHKIINIO
(n-1)
o) = F(x)- f(t)—f(t) —t)—.. - %(x £yt -
_(x=1)'0 @),y ") il
) - ()~ f(a)-—(x-a) 1) (x-a)" 0

Nmeem, @ (a)=¢ (x)=0. ITo Teopeme Pomist cyiecTByeT ToUKa ¢, JIexkKaas MEKIy
TOYKaMH a U X, Takas, uto ¢'(c)=0. CnenoBarensHo, nuddepenuupys mno t GyHk-
Ui @ , HonquM

__fl(c) (C)

f'(c) _ f‘”’(C) 1, FP(C), L 2
m (n 1)| -C) +W(x c) “+
f( f"(a)

8 (x-a)-. LB x-ayipn

(n-1)

(x-c)+
,nx=c)™ O
(x-a)’

f (n) (C) (X _ c)n_l Lnx=c) - n(x = C) f (X)— f (a) (a) (X a) _f (n-1) (a) (X a)” 1%

(n-1) (x-a)" (h-1)

Ortcroaa noJiy4yuM TpedyemMyro (popMyJ]y (1).

Df(X)- f(a)-

3ameuanue. Ciaracmoe
f (n) ( C)
n!

(x-a)"

B (opmyne (1) Ha3bIBaeTCSs ocmamounvim yieHom 6 Gopme Jlaeparoica, a cama
dopmyna (1) HazpiBaetcst Gopmynoii Teinopa ¢ OCTaTOYHBIM YJIEHOM B (opme
Jlarpanxa.

Onpeodenenue. dynxuuio Y(X), OnpeneCHHYIO B IPOKOJIOTONH OKPECTHOCTH TOYKU
9 k
a, Ha30BEM «0 — MaJICHbKOM OT (X-8) " mpu X — a» ,eciu

B (Xy_();))k =0

Ipumep. (Sn(x-a))*= o(x-a).
Takum o6pazom, yepe3 0((x—a)k) o603HayaeM J1t000€ BBIpAKEHHE TaKOe, YTO
OTHOIIIEHUE

o((x-a)")
(x-a)"
TO €CTh SIBJSIETCS] OECKOHEYHO MaJIOil B TOUKE a.
W3 cBOMCTB A1t 6ECKOHEYHO MajbIX CIEAYET, YTO, €CU (QYHKIIUU

Y, (%) = o((x-8)") (i=1,2),

-0 pun X— Q,
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TO UX cymMa Takxke sBisiercst o((x-a)¥). Jlanee, TpOM3BEEHHE GbyHKUIMH, OTpaHU-
YEHHOU B HEOKOJ'IOTOI/I OKPECTHOCTH TOUKH &, Ha o((x-a)¥) B cBOIO Ouepens siBIIs-
etcst o((x-a)").

Bepnemcs k popmyne Teitnopa. [Ipeanonoxkum, 4to N-s1 mporu3BoAHAsS PyHK-
wn  f(X) HempepsiBHa B Touke a. Torma fO(c)— f7(a) npu (X
a) - 0.Cnegosarensto, {7 (¢)=f"(@)+ |(x-a), rxe 1(X) - 0 mpu X - a.
[ToacraBum 310 paBeHcTBO B hopmyny Teitnopa (1). Bynem umets popmymy

' _ (2) _ 2 (n) _ n
(9=f@y L (@x=a) fD(@)(x=a)® | t(a)(x=a)" o
1 2! n!
KOTOpas Ha3bIBACTCA qbopmyfzoﬁ T edﬂopa C oCcmamoy4HbIM YTIeHOM 8 qbopme Ileano.

Paznoocenue nekomopuvix pynxuuit no gpopmyne Teiinopa. Bozpmem a=0. Torna

2 n
=1+ 2+ X 4, +X_+0(x)
il 2I
2k+1
sin x= x——+—+ A+(-1)* o).
2k+1)I
2
cosx—l—X—+X—-X—+ +(-1)* +o ().
21 4 6 (k)l
ITpumep (npumenenue gpopmynol Tetinopa ons eviuucieHUs NPeoeos).
_n 3y _
. SINX—X_ . X 6 to(x7)=x o(x) 1
lim————=1im = lim (——+ )= —=
X-0 X3 X-0 X3 X-0

Ilpumep. O603HaunM uepe3 f(X) KomrUecTBO BBITyCKaEMOM HpOI[YKI_II/II/I npu Ko-
JMYECTBE X UCTOIb3yeMoro pecypca. CoriiacHO 3aKOHY yOBIBAIOIIEH OTAauu Mpo-
I n
u3BoaHas f'(X) yOwiBaer ¢ poctom x. CiaenoBarensro, f" (X)<O.
[Tpenmoyiokum, 94TO B TEUESHUE KAXKIOTO I-ro u3 N JHEH UCIOIB3YEeTCs CBOE

n

X+Y, KOJUYECTBO PECYpPCOB TakK, UTO z y, =0. Ucnons3ya ¢popmyny Teiinopa,
Bl

MOJTyYUM

F(x+y;)= Hf(x)+f(x)y. "( ¢) ZHSf ..

[Ipocymmupyem Bce 3TU HEPABEHCTBA. HOJIqu/IM
n
> f(x+y )<nf(x).
=1

Takum o0pa3oM, eciy B T€YEHHE BCEX JTHEH MCIOJIB3YETCs OJHO M TOXKE KOJIH-
YECTBO PECYPCOB, TO CYMMAapHBIN BBIITYCK MPOIYKIMU OyIeT OOJbllle, eXer B IPo-
1iecce MPOU3BOJICTBA KOJIMYECTBA HCIIOIb3YEMbIX PECYPCOB KOJIEOIIOTCS OKOJIO X.

106



Tema 20
CTEIEHHBIE PsI1bI

CmenenHbIM PsA0OM HA3BIBACTCS BBIPAKECHUC
aot apt ax’+ as x>+ .+ an x"+ ..., (1)
/I @i —3aJaHHbIC YHCIA.
CreneHHbIC PsAABI BOSHUKAIOT W3 GopMyiibl Teidiopa, eciii ee paciuchiBaTh
1o 6eckoneunoct. Hampumep,

bepem koHKpeTHOE 3HaueHue x, Torna psa (1) npespaiaercs B uncinoBoil paa. OH
MOXET CXOAMUTHCS, a MOXKET U He cxonutbes. [Ipm x=0 mo00il cTeneHHOM pAn
CXOJUTCH.

Teopema. Eciu creniennou psin (1) cxonutest B TOUKe XoZ 0, TO OH CXOIUTCS a0COo-
JIOTHO TIpH JIFO00M X, Yy KoToporo [X[X [y Ll

Hoxazamenvcmeo. Ilyctb psn (1) cxoaurcst B Touke Xo. Torma, mo Heo6XoIuMoMy
HPU3HAKY CXOAMMOCTH YHUCIIOBOIO psija, ero oommit wieH [B.x; > 0 mpu N— oo,

CrnenoBatenbHo, cymectByeT uyncio M >0 takoe, uro Bce [AX[ X M. Bozpmem
mo00e gucio X, y koroporo [X [K[¥,Ll Torma

[anX" A = EAX] q&
X X,

X

“<Mg”,g=x0 <1.

YucnoBou psn ZMg” SABIIIETCS PSIAOM TE€OMETPUUYECKOW IMPOTPECCUM, KaXKIbIU
1=

YJIEH KOTOPOM YMHOXEH Ha OJHO U Toxke uncio M > 0. 3Hauur, oH cxogutcs. 13
OLICHOYHOT'O MPHU3HAKA CXOAMMOCTUA PSAOB C HEOTPULATENbHBIMHA YJIEHAMU ClIe-

a"x"|cxonurcs.

IyET, 4TO P Z
1=
Paouyc cxooumocmu cmenennozo psaoa. Onpenenum 4uciio

R= SupEp(O >0: Y a,%g — cxodumc;z%
U n=0 l
Torna u3 npeaplayiei TEOpeMbl CIeAyET, UTO
1) eciu R=0, To psig cxoautes Toabko npu x = 0O;
2) ecniu R=+00, TO psifi cCXOAUTCS MPHU BCEX X;
3) eciu O<R<+o0 [] mpu  [XIXR psn cxomgurcs, a mpu [X[FR psin pacxoaut-
col.
Uucno R HazwiBaeTcs paduycom cxooumocmu CTEIEHHOTO Psija, a MHTEpBaJ
(-RR) Ha3wIBacTCcs unmepsarom cxooumocmu CTCIICHHOTO PsiJia.
Ynpaosicnenue. 1lokazate, uto paguycel cxogumocTu psaa (1) u psiaa, cocraBiieH-
HOT'O U3 MOAYJIEH
(o3 Chax o3 Caax ..+ "3 . (2)
OJIMHAKOBBI.
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Buviuucnenue paouycoe cxooumocmu
Teopema. IlycTh CylIeCTBYeT KOHEUHBIN MM OECKOHEUHBIN

a'n+1

a

lim

N — oo

:q_

n

Torna
[0, npu Qq=+o

R=0-, npu 0<q<+o. 3)
A

Hro, npu q=0
Jlokazamenvcmeo. 3adukcupyeM 4UCIO X U pacCMOTpUM psfa (2). DTo psax ¢ mo-
JIOXKUTEIbHBIMHU KO3 duiueHTamu. [IpuMeHnM K HeMy IpeaebHbIN nmpu3Hak Jla-

nambepa. Umeem

n+l
A

[im

n- o

=qX.

a,x" ‘
Otcroga cienyer, 4yTo

1) ecmn g=0, To qx[F0 mnsa mroboro x. CremoBaTenbHO, psia (2) cXoauTcs
pH JF000M X. 3HAYHT PaJnyC CXOAUMOCTH R=+00;

2) eciu 0<q<+oo, To Lx[X1 mpwu Dcl?é (psim cxomutes) u L1 mpu |X|>§

(psim pacxoauTcs) . 3HAUUT PATUYC CXOJUMOCTH Rzl;
q

3) eciu Q= +o0, TO Tipu Tr000M [X[Z 0 psig pacxomuTces.

Teopema. 1lycThb CylIeCTBYeT KOHEUHBIN MM OECKOHEUHBIN
limy/la,| =q.
n— oo

Torma pammyc cxomumocTtu psga ompenensercs dopmynoit (3). JlokazarenbcTBoO
IIPOBOJIUTCS C IOMOILBIO TPUMEHEHUS MpeenbHOro npusHaka Komm st psaa (2).

Jugphepenyuposanue cmenennvix paooe. Paccmorpum crenennou psag (1) ¢ un-
TepBasioM cxoauMocTH (-RR).
Teopema (6e3 ookazamenvcmea). Ha uHTEpBaAIEC CXOAMMOCTH CyMMa CTEIIEHHOTO
psana
S(X)= aptaxtas S ran "+

apisieTcs: AuddepeHuupyemMod QyHKIUMEH U ee NMPOW3BOJHAS SIBISETCA CYMMOM
CTENEHHOTO psijia:

S(X)=ar+2az x+3as x*+ ...+ Nap x"+ (N+ Daneg X"+ .. 4
[Ipuuem psn (4) ©UMeeT TOT ke UHTEPBAI CXOAUMOCTH, 4TO U psix (1).

Cneocmeue. IIpuMeHUM NPEIBITYIILYIO TEOPEMY K CTEIIEHHOMY psiay (4), HOIyduM
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S"(X)= 2a+6as x+...+nl{h-L)an x>+ (N+ 1) Napeq x4+ .. (5)
u Tak ganee. CilenoBaTeNbHO, €CIU Kakas-To (PyHKLHS 3a7aeTcsl B BUAE CyMMBbI
CTENIEHHOTO Psi/ia, TO OHa OeckoHeuHo pa3 nuddepenupyema. O6paTHoe, BooOIIIe
roBopsi, He BepHO. MmeroTcs nmpumepsl O0eckoHeuHO auddepeHIupyemMbIx (PyHK-
[IUH, KOTOPBIE HEJb3sI MPEACTaBUTh B BUJIE CYMMBI CTETIEHHOTO psifa.

Botuucnenue xorgppuyuenmos cmenennozo paoa. llonoxum B Gopmynax s
HPOU3BOJIHBIX CYMMBI CTE€IIEHHOTO psifa x = 0, Hody4um

' " (n)
a=0), ay= Sio); af%:---; an=sn—!(o);....

Paznoocenue nekomopuvix hynkuuil 6 cmenenmbvle paovl
2 3 n
X X5 X X
=1+ -+ . A+
1 2 3 n!

3 5 7 9
sinx:x——+x— _X X ®)
3 5 79
x> x* x5 X3
coSx=1—-"—+"— - —"—+"—"— - ...
21 4 o 8

Ynpasicnenue. Jloxazars, 4TO paanychl CXOJUMOCTH ITUX CTEICHHBIX PSAJIOB PaB-
HBI +00,
3ameuanue. loactasum B popmyiy mist € umcno x=1. [Toayuum mpeacrapieHue

quciia € B BUAC CyMMBbI YHUCJIOBOTO pAda:

e=1+1+l+l+...+l+...
2! 3!

n!

®Dopmyna Jiirepa. [oxctasuMm B psaj 18 € BMecto X=i¢, tne ¢LR, i>=-1. Torna

2 3 4 2 4 3 5
do=q4i® 0 _ 97,9 —.=(1- LA ¢—+...) +i(¢ P, ¢—+...).
r 2 3 4 20 4 3 9
Orcrona v u3 Gpopmyit (5) onyuum popmyity Jiisepa:
€?= cosg+i sing . (6)

B obmem ciydae, s m000ro KOMIUIEKCHOTO 4Hcia Z=a+iw popmymna Ditnepa
MMEET BH/T

e’=e’(coswrising).
3ameuanue. ®opmyna Diinepa «3aBA3pIBacT» BOZHHKAIOUIUE B PA3HBIX pasjienax
MaTeMaTUKM 4Kcia —1, 7T e, i oquoi dopmyioii €= — 1.
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Tema 21
HEOHPEI[EJIEHHl)Iﬁ HUHTEI'PAJL IIEPBOOBPA3HAS

beprymnu cran pemats 3amady o0 onpeneneanu Buaa Gpynkmun F(X) , pas-
HOM KOJHMYECTBY YAOBOJILCTBHS , KOTOPOE MPUHOCHUT YEIOBEKY OOJagaHHE CyM-
MOI JieHeT paBHOM X NEHEXHbIX eAuHHL. OH MPEeANOOKUI, YTO MPUPOCT YIO-
BOJICTBHUS MTPOIIOPLIMOHANIEH TPOIIEHTHOMY MPUPOCTY JACHET, TO €CTh

F(x+Ax)-F(x)= k%,k >0 - const.

PaznenuB 310 cooTHomenne Ha AX u yctpemuB 3areM AX — O, momydum, 4TO
POM3BOAHAS UICKOMOM (DYHKIIMM JOJIKHA PABHATHCS

Kk
F'(x)==.
X
Takum 06pa3oM, NPUILIM K 3aja4e BOCCTAHOBJIEHUS (DYHKIMH IO U3BECTHOH ee

npou3BoIHOM. OTHOM U3 TaKuX (QYHKIUHN SBIISIETCS
X
F(x)=kInZ,a>0-const.
a

PaccmoTtpuM Takyto 3amauy B o0imem Buje. [lycts Ha uHTepBasie (a;b) ompe-
nenena ¢pynkius f(X).
Onpeoenenue. Oyuxuusa F(X), nuddepenupyemas Ha uaTepBaie (a;h), Ha3bIBa-
eTCs ee MepBOOOpa3HOM Ha ATOM MHTepBaje, eciu ee mpousBogHas F'(X)=f(X) mus
mo6oro x[(a;b).
ITpumep. Ilycts f(X)= —Sin X, Toraa F(X)=cos X.

Teopema. Ecmu F1(X) u F2(X) nBe mepBooOpa3Hbie oHOM 1 Toi ke pyHkuuu f(X)
Ha MHTEpBaje (&;h), TO OHK OTIIMYAIOTCS HA 3TOM WHTEPBaje Ha MOCTOSHHYIO.
Joxkazamenvcmeo. imeem F,'(x) — F,' (x)=0. [Toaromy F1(x) — F,(x)=const.
Onpeodenenue. MHOXECTBO BcexX NepBooOpasHbiXx QyHkuuu f(X) Ha wuHTEpBase
(a;b) HazbIBaeTCs ee Heonpedenennvim unmezpaiom u 0003HaYACTCS

I f(x)dx.
W3 npeapiayiieii TeopeMsl cieayer, 9to eciu F(X) — HekoTopas mepBooOpasHas
¢bynkiuu f(X) Ha nHTEpBae (a,b), To HeonmpeAeIeHHbIH HHTETPaT €CTh

If(x)dsz(x)+C, C — const.

Ceoiicmea neonpedenenno2o unmezpana. VI3 onpeneneHus HEOINPEACICHHOTO
MHTErpaja U U3 CBOMCTB MPOU3BOJHON (PYHKIIMU MOJYYHM CIIETyIOIIUE CBOMCTBA
JUTSl HEOTIPEAEIEHHOT'0 HHTEerpaa:

1. d_[ f (x)dx=f(x) dx.
2. _[dF( X)=F (X)+C.

3. J’( f(x)£g(x))dx= J’f(x)dxij’g(x)dx.
4. J’af (x)dx=a J’ f (x)dx, a = const.
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Ynpaosicnenue. 11IpoBeputh 5TH CBOMCTBA.

Tabauya neonpedenennvix unmezpanog. VI3 tTabnuipl s MpoOU3BOAHBIX (PyHK-
U TOJIyYUM CIIETYIONIYIO TaOIUILy JIJIsl HEONpeIeJIeHHBIX HHTErPaJIoB:

1. Ide=c (31ech U B mocaeayoumx Gopmynax C — IpOU3BOJIbHAS IOCTOSHHASA).

2. Ildx= x +C.
a+l

3. Ix"’dx= X +c, a #-1.
a+l

4. I%:InD@-c.

X

5. Iexdx:e"+ C.

6. [a%dx= & 4ca>0,azl.
Ina

7. Isinxdx=—cosx+ C.

8. Icosxdxz sin X+ C.

dx
0. =tg X +C.
| cos? X J
dx
10. Isinz . —ctg x+c.
11 dx =arcsin x+c = —arccosx, -1<x<1
- ‘r\/l—x2 ) ) ’ '
ax _
12. I1+ v =arctg x+c.
dx > .
13. I m =InCx++/X° £ 1[0+C (muHHBIA JIorapudMm).
dx 1, |1+X
14. =—|n—=—|+C (BbIcOKU Jorapudm).
Il— x> 2 [1-x ( pHpM)

15.[v1+ x?dx = %%«/H X2 + In‘x+ V1+ X2

dx 1 X
—— ——arctg—+c,az0.
X“+1 a a

Ot popmyssl JOKa3biBaloTCA myTeM AuddepeHIMpOBaHUs BbIPAXKEHUH,
CTOAIIUX B MPaBBIX YACTAX COOTBETCTBYIOUINX (DOPMYIL.
Ynpasicnenue. 11poBeputsb 3T CBOMCTBA.

=+,

16. I

Dopmyna 3amensvt nepemennoll 6 HeonpeoeneHHom unmezpane. VI3 Gopmyisl
g depeHIUPOBaHMS CI0KHON QyHKINU

(G(¢(x))'=G'(6(x)) ' (x)
noJryanmM, uto eciia G(y)= Ig( y )dy,
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TO
Ja(e(x)p'(x)dx=G(p(x))+C. (1)
YuuteiBas, uto @' (x)dx=d@(X), 3TO paBeHCTBO MOYKHO 3aIucaTh
Ja(e(x)dp(x)=G(é(x))+C.

[Ipu BBIYMCIEHUN UHTETPATIOB 3TO OGOPMIISIOT B BUE 3aMEHbI IEPEMEHHOM:
: y =¢(x),
j’g(¢(X))¢(X)dX=‘ ‘=jg(y)dy=G(¢(X))+C-

dy = ¢'(x)dx
Ipumep. Berancium
y=x°

i xe* dx =
dy =2xd

><Iz’[%eydy:%jeydy:%ex2 +C.

Dopmyna unmezpuposanus no YACMAM
J’ u( x )V'( x)dx= u(x)v(x) — I v( X )u'( x)dx. (2)
B camom nene, u3 Gopmynsl Juisi IPOW3BOAHOM TPOU3BEACHUS NBYX (DYHKITAN
UMEEeM, YTO
(UEIV(X))'=v (U(X)+U (X)V(X).
HuTerpupys 3T0 paBeHCTBO, HOayduM U(X)V(X)= IV’( x)u( x)dx + Iu’( X( x)dx.
Orcrona cienyer popmymna (2).
Oty (popMymy 3aMHCHIBAIOT U B CIEAYIONIEM BUJIC:
Iu( x)av( X) = u(X)v(x) — J’v( x)du( x).

ITpumep. Ixcosxdx=J’xd sinx = xsinx—Isinxdxz XSinX+ cosx +C.

Teopema 06 unmezpuposanuu cymmovl cmenennozo paoa (6e3 0okazamenbemeda).
[TycTh cTeneHHom ps
S(X)= agt+ apx+ aC+...+ an X'+... 3)

uMeeT uaTepBai cxoaumoctu (-R;R). Toraa Ha aTOM HHTEpBase

[S(x)dx=c+ a0x+la1x2+la2x3+...+Lanx“+1+... (4)

2 3 n+l1

U psj (4) UMEeT OJIMH U TOT K€ MHTEPBAJl CXOJIUMOCTH, 4TO U psif (3).
Ilpumep. Vicnonb3ys 3Ty TeopeMy, IPEICTaBUM YUCIO TIB BUIE CyMMBI YUCIOBO-
ro psnaa. Ilpu |g|<] umeem

1+aq+aP+g*+.. +q'+..= L
1-q
[ToncraBum B 3Ty dhopmyny = —x npu [X[X1. [Tonyuum
N T (5)
1+ X

Brruucnum paguyc R cxonumocTu 3Toro creneHHoro psana. Umeem ag=1, ay=-1,
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an +1

a,=1,..., a,=(-1)". CnenosarensHo, =10 R=1. Janee

n

. 1
(arctg x)'= i =1 %%+ X*-.... (6)

31ech nenois3oBad GopMmyiy (5) ¢ 3aMeHOi B Heil x Ha x°.
[IpounTerpupyem psia (6). [oxyuum arctgx =C + x — %Xg + %XS-. .

[Tonoxxum B 3T0M hopmyne x=0. [Tomyuum arctg 0= 0 [J C= 0. Takum oOpazom,

arctg x=x- ¢+ Ly (7)
3 5
B0313M6:M3c=L Torna m_ 1 _ 1 + 1 1 +
V3 6 V3 V3 53)° 7V3)
CienoBatensHo, TE=2+/3 (1—%+ %-%+ o)
3 35 37

Humezpuposanue opooHo-payuonanvrvlx yukyuii. PaccMoTpuM MpaBHIIBHYIO
poOb

RY (x) = a,x" +a X"+ .. +a,
byX™ + b, X" + ...+ b

[IpencraBuM 3HAMEHATENb B CJICIYIONIEM BU/IE:

m>n. (8)

s

beX™ +bx™ + . +b_ =hy (x=x ). (x—x )" (x2 + pX+ ql)rl ...(x2 + P X+ qs) .
3mech X — JIEHCTBUTENbHBIE KODHA MHOTOWIEHA, a |, — MX KpaTtHOCTH. Jluckpu-
MHWHAHTBI KBaAPAaTHBIX MHOT'OYJICHOB X2 + pJ X+ q] SABJAOTCA OTpULIATCIBHBIMHA
quciiaMu, TO €CThb

Dj = pj2 —4qj <0,j)=1..5s

Cymma kpatHocTeld |, +...+ 1, + 2(rl + ..+ rs) =m.

Teopema o pasznoxcenuu npasunbHOU OpoodU HA CymMMy Rpocmelumux opooeil
(6e3 doxazamenvcmea). BepHo paznoxeHue

b,Ry(X) =
H - G, Lo MDGEND O MpXEN, M x-+Ng +H
Hoxo (el (o)t T rpxra (Cepxrqf  (Crpxtq)t H

3nmeck ¢! ,M,',N;! — HekoTOpBIE BIIOJIHE ONpPEIEIEHHBIE YHCIIA.

C yuyeToMm 3TOW TEopeMbl 3a/aya MHTETPUPOBAHMS MPABUIBLHON pallMOHAIIb-
HOW poOU CBOAUTCS K MHTETPUPOBAHMIO BBIPAXKEHUH CIIEIYIOIIETO BU/A:
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l. ax =Inx-a/+c.

X = a
1

e a) T —Kx-a)"

[IycTh KBaIpATHBI MHOrOWIEH X + PX+( HMeeT OTPHIATEIbHbIH AHCKPHMH-
p?
HaHT, TO ecTbh A =( —7 > 0.

+c,k>1.

Mx + N M N'I\; X*g
[1. —dX:—lnX2+ X+ + arctg——= +c.
Ixz + px+q 2 ‘ . CI‘ NA J VA

Hanee,
Mx+ N t=x+2 M _dft?+a) Mpr
v s TXTg M) By o
(eperaf  Jw=ax | 27(E+af D * +4)
IlepBblit HHTETPAII, CTOSIIIUM B PABOU YaCTU 3TOTO BBIPAXKEHUS, UMEET BUJI NHTE-
rpana u3 nmyHkra .

OGo3naunM A = a® u paccMOTPUM BTopoﬁ I/IHTeraJ'I ( )
dt 1 _ dlt®+a®
Lk)=~—— - t .
O S} " a a )
Bropoii uaTerpan B B(TOM BBIPQKEHUH HHTETPUPYEM IO YaCTIM
dit® + azf

It( =- t s 1 L(k -1).

2+a2) (k-2 +a?)" k-1

CrnenoBarenbHO, OyieM UMETh

t 1 1
(k)= (k-2 + a2)+¥%_ 2(k—1)%(k 1)

L) = [ d =larctg£+c.

t?2+a%? a
W3 3TOro peKyppeHTHOTO COOTHOIICHHS MOXEM BBIUYHCIHTH JIFOOOH WHTErpas
L(K).

ITycts Teneps B (8) N=m. Torga, pa3aenuB YUCIUTENb HA 3HAMEHATENb, TPEACTa-

BHM (8) B BUE fOXd + flxd_l + ...+ fy + npaBunpHas ApoOk.

Humezpupoeanue mpuzonomempuueckux Qynxyuil. Yuueepcanivnas noocma-
HO06Ka. PacCMOTPUM BBIP@KEHHE, 3ABUCAIIEE OT JBYX TIEPEMEHHBIX, CIIEIYFOIIETO
BUJIA:

2 2
Ao + Aol +agV +axU° +ayUv+agy” +..+agu”

2 2 m
Bgo + by + 10y, + byou® + by uv +by,ve + L+ by U

R(u,v) =
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Ipumep.

2 2
us+2v
Rluv)=4 "2
uv
PaccmoTtpum nHTErpan

J = [R(sinx,cosx)ix.
Ipumep. PaccMOTpUM NpEABIAYIIAN TPUMED
sin® x + 2cos” x

J= J’ _ dx.
SIN XCOS X
PaccmoTpum yrusepcanvhyio nodcmauoeky
t—tg X0 x= 2arctgt,dx =2 d
1+12
Torna
. 1-12
SNX= ,COSX = .
1+t2 1+t2
CnenoBaTeiiLHO,
2t 1-t*f 2

[R(sinx,cosx)dx =

Eil+t 1+t2Eil+t

[Tpunuiu k 3a7a4e UHTErPUPOBAHUS PALTMOHAIBHOU JPOOH.

Tema ZUZ
OINIPEJEJEHHBIN UHTEI'PAJI

[Mycts dynkmus f(X) onpenencna Ha otpeske [8,b]. Pazodbem 3TOT OTpe3ok
TOYKAMH
a=X< X< ... <X <Xi11<...<X;=D.
HazoBem ouamempom 31or0o pa3oueHus: YUCio
d= max(Xi+1—X), 1=1, ....n-1.
Bosbmem []t[]X,X+1] ¥ COCTaBUM CyMMY

5 ()50 —%). ®

KOTOpasi HA3bIBACTCS UHMESPAIbHOU CYMMOU.

Onpeodenenue. Yucno | Ha3pIBaeTCs MpENEioM HHTErpajibHBIX cyMM (1) npu nua-
meTpe pasouenns d - O, eciu s (@ >0 [ = O(€) >0 takoe, 4To IS BCEX pas-
ouenuii ¢ nuametpom d <O u ms ar060ro Habopa Touek ti X, Xi+1] BHITOIHSICTCS
HEPaBEHCTBO

n-1
D=3 (4 XX, =% )XE. 2)
i:=0
T eopema. Ecim npeacia HHTCIrpaJlbHbIX CYMM CYHICCTBYCT, TO OH CAMHCTBCHCH.
,Zlomzsameﬂbcmeo. HPGIIHOHOX(I/IM, 4qTO CYHCCTBYIOT ABa IIpEaciia | 1< |2.
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Bosbmem mo6oe uucno € > 0. Toraa s Bcex pa3OMEHU ¢ TOCTATOYHO MajbIM
JMaMeTPOM HepaBeHCTBO (2) BoinoaHsaeTcs u Ay |y, u ais |,. CnenoBarensHo,

o=li= 1S (4 XXy =X )A 1S (4 X%~ %, )| S 46 =26,

i:=0
Yerpemum € — 0O, monyunm npotuBopeune l—l; < 0.

Onpeoenenue. [lpenen uHTErpanbHbIX CyMM (1) Ha3bIBACTCSI OnpeoeeHHbIM UH-
mezpaniom U 0003HAYAETCS

j)’f(x)dx.

Oyuknus f(X) B 3T0M ciiydae Ha3bIBaeTCs urnmezpupyemotl na ompeske [a, b].

T'eomempuueckuii cmuicii onpeodesieHHo20 uHmezpana
PaccmoTpum 3amady o6 omnpeneneHue IIomaal KPUBOJUHEHHOW Tpareinuu

aABD (cwm. puc.).

3aMeHUM KpUBOJMHEHHYIO Tpaneiuro
N CUCTEMOM  MpsAMOYroibHUKOB. CyM-
MapHast TUIOIIAb 3TUX MPSIMOYTOJIbHU-
KoB ompenensiercss  dopmyrnoir  (1).
[Ipenen unHTerpanbHbix cymm (1) mpu

I
I
I
I
I
i
|
! muameTrpe d—0 u Ha30BeM ILIONIAJIBIO
I
I
I
I
I
I
I
I
|

KPUBOJIMHEVMHOW TpAaIlCIUu.

Urak, ceomempuueckuu cmwvici onpe-
0elleHH020 UHmezpana — 3mo Niouads
a X tXa p X kpueonunetinot mpaneyuu aABD.

IKonomuueckoe npunoicenue onpedeiennozo unmezpana (3aoaua o cooupae-
Mot cymme Hanoeos). Ilycrs T(X) — cymMma TO0OBOTO HAJIOTa, BBHITIAYUBAEMOTO
roCy/apCTBY HaJOTOIIATENBIIMKOM C TOJIOBOTO J0XOJa PAaBHOTO X JEHEKHBIX
eaunui. CyuTaeMm, 4YTO MaKCMMaJIbHO BO3MOKHBIM TOJOBOM TOXOJA B CTpPaHE HE
PEeBOCXOUT uucia b.

O06o03HaunM yepe3 F(X) KoauuecTBO HAJIOrOIIIATEIBITUKOB, HMEIOLINX T0J0-
BOU JOXOJ cTporo MeHblie uncia X. [TycTh Bcero HajaoromuaTeNbIuKOB B CTPpaHe
paBHo N. Torna pyHkIus

P (x) :%X)

npuHUMaeT 3HadeHus u3 otpeska [0,1] u ee 3HaUeHME B TOUKE X PaBHO J10JIe HAJIO-
rOIJIATENBIIMKOB C TOJOBBIM JOXOJIOM CTporo Mmenslue X. Ilpeamonoxxkum, 4to
¢ynkuus P(X) sBisercs nuddepenuupyemoit. 3adukcupyem nsa uncia 0< 'y <z
Toraa pa3HOCTh

F(2) - F(y) = (P2 -P(y))N
paBHA KOJMYECTBY HAJIOTOIUIATENBIIMKOB, FOJ0BbIE JOXOJbl X KOTOPBIX YAOBIE-
TBOPSIFOT HEPABEHCTBaM Y < X < Z
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Bosbpmem pazouenne 0<x;<...< X,< b. Toraa, o Teopeme Jlarpanxa, KOJIUIECTBO
HAJIOTOILIATEIIBIIUKOB C TOJIOBBIM J10X010M X[[X;, Xi+1) paBHO

F(X+1) — F(6) =(P(x..) =P )IN=P'(t) (X+2-%) N, 0[%;,%2).
[Ipu manom nuamerpe 3TOro pa3doMEeHHs MOXKHO CUUTATh, YTO BCE HAJIOTOILIA-
TEJBIIUKHA C TOIOBBIM J0X0JI0M X[I[Xj, Xi+1) IUIATAT OAHY M Ty>KE€ CYMMY PaBHYIO
T(t;)). TTosToMy npHOIM3UTEIILHOS 3HAYCHHE COOMPAEMOM rOCYJapCTBOM CYMMBbI
paBHO

N (Pt X =)
IIpenen aTol CymMMBl pH I[I/Ialll\/Inge pa3obuenus d - 0 paBeHn
N}T( X)P'(x)dx.
Ota ¢popMyiia 3aJa€T BETUUUHY congaeMoﬁ roCy1apCTBOM CyMMBI.

Jluneiinvle ceoiicmea onpeoeyieHHO20 UuHmMezPala
1. Ilyctp ¢ynknus f(X) uaTerpupyema Ha otpeske [@,b]. Torna mns [Jc=const
UHTErpupyemMoin sipisiercst pyHkius Cf(X) 1 BBINOJHEHO paBEHCTBO

}cf(x)dxz cj)’f(x)dx.

b
Jlokazamenvcmeo. I1ycts 1= J’ f(x)dx.
a

Torma mist (@ >0 [J = O(€) >0 Takoe, uTo 1 Bcex pa3doueHuii ¢ quamerpom d <O
U U1 11000ro Habopa touek G/ [X, X+1] BbimoHseTcs HepaBeHCTBO (2). CieaoBa-
TEJBHO,

n-1 n-1 b
[el — iZOCf(ti XX, — X% )Xele O Ci;Zof(ti XXy = %) —»le(x)dx npu d- 0.

2. Ilycts dyukmun fi(X), f2(X) uarerpupyemsl Ha oTpeske [a,b]. Torma Ha
3TOM OTPE3KE MHTETPUPYEMBI KX CyMMa M Pa3HOCTb M BBIMOJIHSICTCS PABEHCTBO

}( f(x)+ fz(x))dxz} fl(x)dxi} £,(x)dx.

b
Hokazamenscmeo. O603naumM | = J’ f.(x)dx,s=12. Torna [ >0 [ ==9(c)
a

>0 Takoe, 4TO IS BceX pa3oueHuid ¢ auamerpoM d <O um s roboro Habopa To-
uek t[]X, Xi+1] BBIIOJHSAIOTCS HEPABEHCTBA

n-1
i:=0
CrienoBaTeiibHO,

14125 (16)+ L6 ) =x) < 3

=1 s=1

-5 1. )(xiﬂ—xi)( <2

=1

117



OTO 03HAYaAET, UTO
n-1

> (fut )+ 206 Nxa = %) - Ji(fl(x)_i- f,(x))dx mpu d - O.

=1

Teopema 06 ouenke onpedenennozo unmezpana. Ilycts pynkuus f(X) uarerpu-
pyema Ha otpe3ke [a,b] u ynoierBopsier HepaBencTBy M<f(X)<M. Torna
b

(b-a)ms [ f(x)dx< (b-a)M . (3)

Jlokazamenvcmeo. Kaxnas uarerpainbHas cymma (1) yioBierBopseT 3ToMy Hepa-
BeHCTBY. CnieZioBaTeNbHO, EMY YIOBJIETBOPSAET U UX MPEJEN, TO €CTh HHTETrpal.

Teopema 06 unmezpupyemocmu nenpepwleHoii pyukyuu (0e3 doxazamenbcmea).
Ecim ¢pynkmus f(X) HenpepsiBHA Ha oTpeske [a,0], To oHA HHTErpUpyeMa Ha 3TOM
OTpe3Ke.

Teopema o cpedonem 3HauUeHUU ONPEOCNIEHHOZ0 UHMEZPANA OM HEnpPepbléHOll
¢ynxyuu. Ilycts Gyukius f(X) HenpepbiBHa Ha oTpeske [@,b]. Torma waiimercs
gucio tl[a,b] rakoe, uro

j)’f(x)dx= f(t)(b-a). (4)

Jlokazamenvcmeo. O603HaunM vepe3 M (M) MunumanbHOe (MaKCHMaIbHOE) 3HA-
yeane pynkmum f(X) Ha orpeske [@,b]. Torma m<f(x)<M. U3 (3) cnenyer, 4to
ms<p<M, rae

_ 10
p—mlf(x)dx.

HenpepbiBHast QyHKIUS NPUHUMAET HA OTPE3KE BCE MPOMEKYTOYHbIE 3HAYCHHUS
MEXJy MUHAMAJIBHBIM U MaKCUMaJIbHbIM CBOMMH 3HaueHHsMHU. ClIe0BaTEIBLHO,
[t0[a,b] rae f(t)=p. Orcrona ciieayer TpedyemMoe paBeHCTBO (4).
Teopema (6e3 ooxazamenvcmaa). Ilycts pynknus fi(X) uHTErpHpyemMa Ha OTpe3ke
[a,b], a hbynkmus fy(X) maTerpHpyema Ha [b,C], Torna yHkmwms (cMm. puc.)

% Of,(x), as<x<b

X)= []
Of,(x), b<x<c

SIBIISICTCSI HHTETPUPYEMOM Ha OTpe3Ke [&,C] ¥ BBIMOIHSIETCS PaBEHCTBO

c b c
f(x)dx = f(x)dx+f,(x)dx.
! (x)dx !; (x)dx %’ (x)dx

St
—~
X

o t-------

f1(x)

m —_———————
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Humezpan ¢ nepemennbiM 8EPXHUM HpeOesoM OH HENPEPLIGHOU QyHKUuU.
ITycte dynkuus f(X) HempepbiBHa Ha oTpeske [@,b]. Torma mms mobdoro a <x < b
CYIIIECTBYET HHTETPAJ

X
FO)= [ F(t)c.
a
OH HAa3vleaemcs uHmezcpaiom ¢ nePpeMeHnbiM 6EPXHUM npedeﬂom. HonaraeM

}f(t)dt:O.

Teopema o ougpgepenyupyemocmu unmezpana ¢ nepemeHHbIM 6EPXHUM npeode-
Jaom om nenpepvienou gynxkuuu. Ilycts ¢pyukius f(X) HenpeppIBHa Ha OTpe3Ke
[a,b]. Torna uHTErpan ¢ MepeMEHHBIM BEPXHHUM IpeaesioM sBisercs auddepeH-
pyemMoi (hyHKITMEH 1 BBITTOJIHEHO PaBEHCTBO
F'(X)=f(x). S
Mokazamenvcmeo. meem
X+AX X X+AX

FOeA) —F()= [ f(t)dt—[f(t)dt= [f(t)dt.

CornacHo dopmyie (4) LT[ x,x+ AX] Takas, uyTo
X+AX

[ f(0)dt = (1A

[ToaToMy
F(x+AX)—F(x) _ £(1)
= _

Hanee, mpu AX— 0 Touka T— X [ f(7) - f(x) O F'(X)=f(x).

Humezpan c nepemennvim HudscHum npedenom. Takum Ha3pIBaeTCs
D(X)= } f(t)dt.
HNmeem paBeHCTBO '
D(X)+F(x)= } f(t)dt.
a

Orcrozia mosyyaem
(2(X)+F(X))' =001 @'(X)+(x)=0 1 @'(x) = —(X).

Teopema (hopmyna Heromona — Jletionuya). Iycts dyukuus f(X) HenmpepbiBHA Ha
otpeske [a,b], a dynkius Y(X) ee mepBoodpasnas. Torma

b
[ F(x)dx=¢(b) — (). (6)
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Jlokazamenvcmeo. VInterpain ¢ nmepeMEHHBIM BEPXHUM IIPEICIIOM, SIBIISIETCS Iep-
BooOpazHoi.  IToaromy  F(X)=(X)+Cc, rme c=const. CremoBareibHO,
Y(a)+c=F(a)=0. Crano 0bITh, F(X)=((X)—a). TTonoxum, X=Db. TToxydum paBeH-
ctBo F(b)=y(b)-yY(a). Orcrona cienyer hopmyia (6).

a b

[To onpeneneHnto moJiararT {f(x)dxz —J’ f(x)dx. pyrumu cioBamu, npu 3ame-
a

He mecmamu npedeﬂoe UHmMmecpupoearusl unmezcpail MeH;iem 3HAK.

Tema 23
MHOKECTBA B R"

Eciu B mpon3BOICTBE MCIIONB3YETCS OJUH BHJ] ChIPbS, TO KOJIMYECTBO Y BbI-
MyCKaeMOW MPOJYKINH SIBISICTCS (PYHKITUECH OJTHOTO NMIEPEMEHHOTO OT KOJIMYECTBA
X UCIIOJIb3YEMOTO ChIpbs. ECiH ke B MPOU3BOACTBE MCIIOIB3YeTCs N BUIOB CHIPHS,
TO KOJIMYECTBO Y BBIITYCKACMOW MPOIYKIIUU 3aBHCHT OT TOTO, KAKOE KOJUYECCTBO
X Kaxmoro i-ro (i = 1,..., N) Buga ChIpbs OBLIO MCHOJB30BAHO B MPOM3BOJICTBE.

Jpyrumu cioBaMy, Y 3aBUCUT OT Habopa
X = (X, X0 X, ), X OR. (0)
Kaxapiit Takolt Habop paccMaTprBaeM Kak TOUKY JIMHEHHOTO apHU(PMETHUECKOTO

npoctpanctea R".
Onnaxo He Kaxaas Touka (0) MOKET 3a1aBaTh BO3MOXKHBIN HAOOpP PECYPCOB,
MCIIOJIb3YEMBI B pou3BocTBe. Hampumep, yenosus X =0 (i=1,..., N) BbIAENAIOT

MHOKECTBO TOYEK C HEOTPUIATEIbHBIMU KOOpAMHATaMU. Jlajee, ecim Ka bl I-i
BUJ] CBIPBS 3aKyMaeTcs Mo IeHe [, a IpeAnpUHUMAaTeIh 00J1aaeT CyMMOM JeHer

Q, To Bo3MokHbIe HaOOpPHI (0) ¢ HEOTpULIATEIBLHBIMU KOY(PHUIIMEHTAMU TOKHBI
eIlle yIOBJIETBOPSTH HEPABEHCTBY

iHNSQ-

[TooToMy paccMOTpUM MHOKecTBa B R, 1eliCTBYUS ¢ HUMH M MX CBOMCTBA.
Hrak, kaxapii Bekrop X [ R"3anuceiBaem B Buae crpoku (0). Jns AByX BEK-
topos PpIR",XOR" onpeneneno ckarsprnoe npoussedenue

n
(P.X) =3 piX .
Eil
Hopma Bextopa 3agaetcs hopmysioi

X =/(%.%) =

Paccrosinue Mexay nBymsi ToukaMu X,yYB R" 3amaetcst hopmysoit

x= 9 =00 = i)+t (% = ¥, )
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Ilpumepvr mnosxcecme. 3apukcupyem HeHyneBor Bektop PLIR" u neiictButens-
Hoe yucio b. Toraa MHOXeCTBO

M:{XIZI R”:<E,X>=b} (1)
B CJy4ae JBYX NEPEMEHHBIX SIBJISETCSA MPSIMOM Ha IJIOCKOCTH. B ciydae Tpex me-
PEMCHHBIX OHO ABJISICTCA IINIOCKOCTBIO B TPEXMEPHOM IIPOCTPAHCTBE. B O6H.I€M

CJIydac 5TO MHOKCCTBO HA3bIBACTCA cUNEepniocKoCmasio.
MHOX€eCTBO N, 3a/1aBa€MoO€ JIMHCHHBIM HCPAaBCHCTBOM

N={xOR" : (p.x)<b}, 2
HA3BIBACTCS NOJLYNPOCMPAHCIMBOM.
MHuoxecTBO
P={xOR": (p,x) <b} &)
HAa3bIBACTCSI OMKPBLIMbIM HOJYNPOCHPAHCHIBOM.
MHOXeCTBO
G={xOR": (p,x)>b} (3%)

MOXHO 3anucaTh B Bujae Gopmyisl (3):
G ={xD R":((-P).X) <(—b)} :
Y 3HAYHT, OHO TAK)KE SBIISCTCS OTKPHITHIM TOTYTIPOCTPAHCTBOM.
BadukcupyeM Touky a JR" u uucno b > 0. MuOXkecTBO

x={xOR": [x~a] =1} @
Ha3bIBaCTCs chepotl paduyca b ¢ yenmpom 6 mouxe a .
MHoxecTBO
v={xOR" : |x -2 < b} (5)
HA3bIBACTCS wapom paouyca b ¢ yenmpom 6 mouke a .
MHO0k€ecTBO
z={xOR":|x-a| <y (6)

HA3bIBACTCSL OMKPLIMbIM wapom paouyca b ¢ yenmpom 6 mouxe Q.

[Ipu u3yyenuu mnpexpena (QPyHKIUU OJHOTO TMEPEMEHHOIO HCIOJIb30BAIUCH
MOHATHUSI OKPECTHOCTU M MPOKOJIOTOM OKPECTHOCTU. AHAJOTMYHbIEC MOHATHUS TIO-
TpeOYIOTCS U MPU U3YUEHUH QYHKIIMUA MHOTHX MTEPEMEHHBIX.

Hazosem &-oxpecmuocmoto (Wnu okpecmuocmoto) Todku a u3 R" OTKpbITHIT
map paauyca € > 0 ¢ HEeHTpOM B 3TOH Touke. Jpyrumu cioBamu, 3T0 MHOKECTBO

touek X JR" Takux, 4ro HX - ﬁ” <& (cM. puc.).
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AHaNoOru4HO, E-NPOKOIOMOU OKpeCmMHOCMbl0 TOYKA d  Ha3bIBAeTCs €€
£-OKpPECTHOCTh 0€3 caMoi 3TON TOUYKH. JIpyrumMu ciioBaMu, 3TO MHOKECTBO TOUEK
X OR", ynosnersopsromux ycnosuro 0 < H)_( - aH <E.

Ilpumep. IToxaxeM, 4TO Kaxaas TOYKa X OTKPBITOrO MOJYNPOCTpaHCTBa (3) mpu-
HaJJIE)KUT EMY BMECTE C HEKOTOPOM OKPECTHOCThIO. B camom niene, mycthb

<E,)_(> <b. Bo3pMmeM uncio € > 0 takoe, 4TOOBI <F),)_(> + SHEH <b. Torna, eciu

yOR", |y-X|<e, (7)

TO
no HepaeeHcmey

.y =(p,x)+(p,y-X)< <({p,x)+|pllly-x| < (p,x pl<b-
(PY) =(PX)+ (DY RIS\ — Bmscoseroso] = \PX) FIPHY =] < {P.%) +£]p] <
Ipumep. TlokaxeM, 4TO Kakaast TOYKa X OTKPBITOrO Iapa (6) NpuHAJICKUT eEMY

BMECTE C HEKOTOPOM OKPECTHOCThIO. B camom pnene, mycth H)_( - ﬁ” <b. Bo3pmem
uncno € > 0 takoe, 4ToObl X —a|+€& <b. Torma ams 1060i Touky (7) BBIION-

HCHO

|y-a]<| ™ P g g+ |y - %] <[x~a] +& <b.
mpeyeonbHuKa
Ilpumep. Iokaxxem, 4TO KaXk/1as TOYKa X MHOYKECTBA
A= {)‘( OR":|x-a|> b}, (b>0) (8)
NPUHAIICKUT €My BMECTE C HEKOTOPOW OKPECTHOCTBIO. B camoMm nene, ImycTh
HX - éH >b. Bo3smeM ynciao € > 0 takoe, 4TOOBI H)_( - ﬁ” —& >Db. Torma mus mro-
0011 ToukH (7) BBITIOJTHEHO
[x-a|<|x-y|+|y-a]<e+|y-a]D |y-a|>[x-a]->b.
,,,,,,,,,,, . B o6mem ciayuae muHOkecTBo X B R"HasweiBaerca om-
S / KpblmblM, €CIIA KaXJas €ro TOYKa MPUHAIJICKUT eMy
/ BMECTE C HEKOTOPOH CBOCH OKPECTHOCTBHIO (CM. PHC.).

~< -

3ameuanue. CaMo IMPOCTPAHCTBO Rn ABIIACTCA OTKPBITBIM MHOXKCCTBOM.

Teopema. Ecnu nepeceueHne
K
X=X,
i=1

KOHEYHOI'O YMCJIa OTKPBITBIX MHOKECTB HE SIBJISIETCS IIyCTBIM MHOKECTBOM, TO
OHO SIBJIIETCS OTKPBITBIM MHOXKECTBOM.

Jlokazamenvcmeo. Ilycts Touka X[ X . Torga oHa NpHHAMIEKUT KaXKIOMY OT-
KpbITOMY MHOXECTBY X;. CieoBaTesbHO, OHA IPUHAIEKHUT EMY BMECTE C HEKO-

TOpOI>'I Ei -OKPECTHOCTBIO. PaCCMOTpI/IM MNOJIOKUTEIBHOEC YUCIIO & = minsi .
I<i<n
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Torma € -OKpeCTHOCTb TOUKH X COIEPKHUTCA B KAKAOU E; -OKPECTHOCTHU ITOU TOU-
KU U, CIEJ0BATENIbHO, COJAEPKUTCS B KKIOM MHOXecTBe X;. Ctano ObITh, TOUKA

X TPUHAIEKUT NEPECEUECHUIO 3TUX MHOKECTB BMECTE C 3TOM & -OKPECTHOCTBIO.
3ameuanue. 1o onpeneneHUIo MoJaralT, YTO MYyCTOE€ MHOXKECTBO SIBISAETCA OT-
KPBITBIM U B (DOPMYJIUPOBKE TEOPEMbl TPEOOBAHUE HEMYCTOTHI MEPECECUCHUS
OITYCKaloT.

3ameuanue. llepeceuenne 6ECKOHEYHOTO YMCIIA OTKPBITHIX MHOXKECTB MOXKET U HE
ABJISITBCSL OTKPBITBIM. B camoMm Jene, paccCMOTpUM OTKpBIThIE IIapbl paguyca

= I— 1 =123,... ¢ ICHTpOM B Hauaje KoopauHat. Torma ux rmepecedeHrue coCcTo-

UT U3 OJTHOM TOYKH (KaKoil ?) U HE SIBISAETCS OTKPBITHIM MHOXKECTBOM.

Teopema. O6benuHeHre OO0T0 YKUCIIa OTKPBITHIX MHOXKECTB SIBJISETCS OTKPHI-
THIM MHOECTBOM.
Jloxkazamenvcmeo. 1lycth TOuka MPUHAIICKUT OOBEAUHEHUIO OTKPBITHIX MHO-
*ecTB. Torjna oHa NPUHAIICKUT OJTHOMY M3 ATUX OTKPBITBIX MHOXKECTB U , CJIEJI0-
BaTEJIbHO, IPUHAIC)KUT €My BMECTE C HEKOTOPOH CBOEH OKPECTHOCTHIO. 3HAYUT,
C 3TOM OKPECTHOCTBIO OHA MPUHAICIKUT 00BEAUHEHUIO.
HamomHuM, YTO MHOXXECTBO TOYEK, HE
Xn npHHaIeKaImx MHOkecTBy Y u3 R’ HaswiBaer-
csi ero donoaueHuem (CM. puc.) U 0003HAYAETCs

Y.

MuoxectBOo Y Ha3bIBaCTCS 3AMKHYMbIM, €CIU
\ €T0 JOTOTHEHUE OTKPBITO.

Ilpumep. IlonynpoctpancTtBo (2) sBisercs
3aMKHYTBIM MHO>KECTBOM, IOCKOJBKY €ro Jmo0-
MOJITHEHUEM SIBJISIETCSI OTKPBITOE TOJIYIIPOCTPaH-
ctBO (3*). 3aMKHyTBIM siBHseTCs 1map (5), Tak
Kak ero JIOTOJHEHUEM SIBIIIETCS] OTKPBITOE MHOXKECTBO (7).
3ameuanue. Tax Kax IONONHEHMEM Bcero mpocrpanctsa R" gBmgercs mycroe
MHOECTBO, KOTOPOE TI0 OTPEIEICHUIO SBISICTCS OTKPHITHIM MHOKECTBOM, TO Ca-
MO TMPOCTPAHCTBO SBJISETCA 3aMKHYTBHIM MHOKECTBOM. [lanee, TOmoIHEeHHeM Imyc-

TOI'O MHOKCCTBA ABJIACTCA BCC IMPOCTPAHCTBO. CJ'ICI[OBaTCJ'IBHO, IIyCTOC MHOXKCCT-
BO ABJISCTCA 3aMKHYTBIM MHOXKCCTBOM.

X1

Teopema. O6benuHeHne

k
x =X (©)
i=1
KOHEYHOTO 4ucia 3aMKHYTBIX MHOXkecTB X; [ R" sBisieTcst 3aMKHYTBIM MHOXKe-
CTBOM.
Jlokazamenvcmeo. JlonmyctuMm, 4to 11 MHOXeCTBa (9) BEpHO paBEeHCTBO

X=X, . (10
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Tak KaK KaXXJ10€ U3 MHOXKECTB X; SBJISIETCA OTKPBITHIM, TO uX nepeceuenue (10)
TaK)K€ ABJISIETCS] OTKPBITHIM MHOXECTBOM.
Jloxaxxem paBeHcTBO (10). Umeem

Kk
XOX « XOX = XOX, (0i=12,...,k) « xOX, (0i =12,...,k) = )_(Elﬂ)?i .
i=1
Teopema. Tlepeceuenne X m000ro Ymcia 3aMKHYTBIX MHOJKECTB X; SBIIAETCS
3aMKHYTBIM MHO>KECTBOM.
Jlokazamenvcmeo. IlycTb ToOuka HEe IPUHAIICKUT nepeceueHuto X. Torma oHa He
IPUHAUIEKUT KAKOMY-TO U3 [IEPECEKAEMBIX MHOKECTB X;. JIpyrum cioBamu, oHa
MPUHAJICKUT €ro JOMOJHEHUIO, KOTOPOE SBISIETCS OTKPBITBIM MHOXECTBOM.
Crano ObITh, OHA MPUHAIICKUT 3TOMY JOMOJIHEHUIO BMECTE C HEKOTOPOU OKPECT-
HOCTBIO. Takum 00pa3oM, BCE TOUKH ITOW OKPECTHOCTH HE MPUHAJJIC)KAT MHOXKE-
CTBY X; W, CII€[JOBATEIbHO, HE MpUHaAsexaT nepeceueHuro X. [loatomy, sta ok-
PECTHOCTh MPUHAJICKUT JOMOJIHEHUIO MHOXKECTBA X.

Pacnonoscenue mouex ommnocumenbHo MHoOMcecmed. JIns (UKCHPOBAHHBIX
MHOkecTBa X M TOUKM a M3 npocTpanctea R" Beerna BeIONHAETCS OJIHA M3 TPEX
BO3MOXKHOCTEH.

1. CymecTByeT OKpeCTHOCTh TOYKH a, COJEpIKallascs BO MHOXKeCTBe X.

2. CymecTByeT OKpECTHOCTh TOYKH @, COAEPIKAIIAACS B JOINOJTHEHHH X .

3. Bcskas OKpecTHOCTh TOYKHM & COACPKHUT KaK TOYKH W3 MHOXKECTBa X, TaK U
TOYKH U3 €T0 JOIOJHCHHS.

Touka a, oOnagaromiasi CBOMCTBOM 1, Ha3bIBACTCA GHYMPEHHEU MOYKOLU
MHOXkecTBa X. MHOXKECTBO BHYTPEHHHMX TOUEK MHOXECTBa X Ha3bIBAeTCA €ro
8HYMpeHHOoCmblo U 0003HavaeTcs int X.

Touka a, obnagaroniass CBOMCTBOM 2, HAa3bIBAETCS GHEUlHel MOYKol MHOXKE-
crBa X. MHOKECTBO BHEIIHUX TOUYEK MHOKECTBA X HA3BIBAETCS €0 BHEUIHOCBIO.

Touka @, obnanaroniasi CBOMCTBOM 3, HA3bIBAETCSl 2PAHUYHOU MOYKOU MHO-
xectBa X. MHOXKECTBO IPaHUYHBIX TOUEK MHOXKECTBA X HA3bIBAETCS €TI0 epanuyell

u o0o3Hauvaercs 0X.

Teopema. BayrpeHHOCTS iNt X SBIISETCS] OTKPBITHIM MHOKECTBOM.
Hokazamenscmeo. Ilycts Toukn allint X. Torma cymiectByer 2E-OKPECTHOCTh
9TOI TOUKH, COAEPKALIAsics BO MHOKeCTBe X. DTO 3HA4uT, 4TO ecau |y —al < 2¢,
to YU X. Bo3pmem mo0yio Touky x[IR", yZOBIETBOPSAIOIIYI0 HEPABEHCTBY
||X - é” <¢. Torma, ecin |z2-X| <€, TO ||Z - ﬁ” < ||2 - )_(|| + ||X - ﬁ” <g+eg=2¢.Cne-
JOBATENIbHO, KaX/1asi TOYKa Z M3 E-OKPECTHOCTH TOYKH X TMPHHAJICKUT MHONKE-
ctBy X. [loaTomy kaxnias Touka X U3 E-OKPECTHOCTH TOUKH a SIBJISETCS BHYTPEH-
HEW TOYKOW MHOXeECTBa X.

3ameuanue. BHeNHOCTh MHOXKECTBA X SIBIISICTCS OTKPBITHIM MHOXKECTBOM, TaK Kak
OHa eCTh HE YTO MHOE, KaK BHYTPEHHOCTb JIOMONHEHUsT X (J0Ka3aTh 3T0). Takum

o0pa3zoM, 00beTMHEHNE BHYTPEHHOCTH M BHENTHOCTA MHOXECTBA X SIBJISICTCS] OT-
KPBITBIM MHOXECTBOM. CTano ObITh, JOMNOJHEHUE UX OOBEIUHEHUS SIBISETCS
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3aMKHYTBIM MHOKECTBOM. JTO JOIMOJHEHUE SIBISETCS TpaHUILIE MHOXecTBa X
(moka3zaTh 3T0). Takum 00pazom, rpaHuia 0X sBJISICTCS 3aMKHYTHIM MHOKECTBOM.

Onpeoenenue. MHOXECTBO X HA3bIBACTCS 0O2PAHUYEHHbIM, €CITH CYIIECTBYET YHC-
jo L > 0 takoe, 4To ||)_(|| < L,0x0OX. JOpyrumu cnosamu, MHOkecTBO X u3 R" Ha-

3bIBACTCS 02PAHUYEHHBIM, €CITM OHO COJIEPXKUTCS B 1Iape paauyca L ¢ nentpom B
Hayayie KOOpJAUHAT.

Bbll’lyKJlble MHOYIcecmea. BaXHbIM Kl1accoM MHOXKCCTB, BCTPCUAIOIINXCA B MATEC-
MAaTUYCCKUX MOJCIIIX SKOHOMUKH, ABJISIOTCA BBIITYKJIBIC MHOKCCTBA.
Onpeoenenue. Muoxectso X [ R"HasbiBaeTcs suinyxivim, €ClIM BMECTE C IBYMSI
J'II06BIMI/I TOYKaMH1, CMYy IPUHAICKAINIUMHU, OHO COACPKUT BCCh OTPEC30K, COCAU-
H}IIOH_II/Iﬁ 9TH TOYKHU, TO €CTh

xOX,yOx,A0[010 x, =Ax+{1-A)yO X.
Ilpumep. IlonynpocTpaHCTBO (2) sIBISETCS BBIIYKJIBIM MHOXECTBOM. B camoM ne-
Jie, MyCTh TOUKU X U Y YIOBIETBOPSIOT HepaBeHCTRY (2). Torna

(P.%))=A(P.X)+{1-A)P.y) < Ab+({1-A)p=b.
3HAYUT OTPE30K, COSAMHSIOMINN ATH TOUKH, TPUHAIICKUT TOTYTIPOCTPAHCTBY (2).
AHAJIOTUYHO MOKAa3bIBAETCS BBITYKIOCTh OTKPBITOTIO MOTYNPOCTpaHCTBa (3).

Teopema. HemycToe niepeceueHre TO00TO YKCIIa BBIMYKIBIX MHOXECTB SIBISICTCS
BBITTYKJIBIM MHOXECTBOM.

Jlokazamenvcmeo. 1lycth ABE TOYKHM MPHHAJJICKAT dTOMY TepecedeHuro. Torma
OHM TIPUHAIJICKAT KAXKIOMY M3 TEpeceKaeMbIXx MHOKeCTB. ClieioBaTeIbHO, OTpe-
30K, UX COCIUHSIONMINN, MPUHAMICKHUT KKIOMY H3 TEPECEKaeMbIX MHOXKECTB.
[ToaTOMY 3TOT OTPE30K MPUHAIICKHUT MEPECCUCHUTO.

3ameuanue. MHOXECTBO, KOTOPOE 3a/1a€TCS CHCTEMOU ITMHEHHBIX HEPABEHCTB,
MOHO TPEJICTABUTH B BUJIE MTEPECCUCHUS MOIynpocTpancTB. ClenoBaTeabHo, 3TO
MHO>KECTBO SIBIISICTCSl BBIMYKJIBIM. CyYIIECTBYET Teopema, KOTopas yTBEpXkKIaeT,
YTO BCSIKO€ 3aMKHYTOE€ BBITTYKJIO€ MHOXECTBO SBJISIETCS MEPECECYCHHEM 3aMKHY-
TBIX MOJYIPOCTPaHCTB Buja (2). Crano ObITh, KaXI0€ BBIMYKIOE 3aMKHYTOE MHO-
’KECTBO MOKHO 3aJ]aTh CUCTEMOU (BOOOIIIE TOBOPs, OECKOHEYHOTO YMCIIa) JINHEH-
HBIX HEpaBEHCTB Bua (2).

Tema 24
MMOCJEJOBATEJBHOCTHU B R"

PaCCMOTpI/IM IIOCJICA0BATCIbHOCTh TOUCK
Xy =(X1,k’X2,k’---,Xn,k)D R". k=123,.... (1)

Takum 00pazom, yToObI 337aTh MOCIEAOBATENBHOCTD (1) HYX HO 3a7aTh N YUCIO-
BbIX KOOPJMHATHBIX MOCIEA0BATEIIbHOCTEN

Paageh b X - (2
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Onpeodenenue. Touka a = (al,a2 ,...,an)D R" HasbIBaeTcs mpenenoM IMoCienoBa-

tenbHOCTH (1), ecnam
lim”)_(k -a|=0 . ©)

Teopema. Touka a = (al - V- )I] R" sBIseTCs IPENENoM MOCIeN0BaATENLHOCTH

(1) Toraa m TOABKO TOTAA, KOTAA JJIsl KaXJAO0W KOOPAMHATHOM MOCIEA0BATEIbHO-
CTH
lllrg X =@ ,1=1,23,...,n . 4)

Jokazamenvcmeo. 11ycts BeinonneHo (3). Toraa, npumeHsist K HEpaBEHCTBAM
0<|x, —a|<|% -]
OLICHOYHBII IPU3HAK CYLIECTBOBAHUA IMPEJEsia YMCIOBOM IOCIIEIOBATEIBHOCTH,
MOJTyYUM paBeHCTBA (4).
IIycTtes Tenepsb BbloHEHBI paBeHcTBa (4). Toraa |Xi K —a1-| - 0 mpu k — oo.

CrienoBaTeiibHO,
N 2
> bu-al =[x -a]" -0
1=

npu K — co. Ctajno ObITh, BBIMOJIHEHO paBeHCTBO (3).

W3 3T0ii TeopeMbl, a TaKKe M3 TEOPEM O Mpelenax YHCIOBBIX TOCIeI0Ba-
TEIHHOCTEH, MOTYyIUM CJICIYIONHNE CBONCTBA ISl TIPEISTIOB TOCIE0BATEIIBHOCTEN
(2).

Ceoiicmeo 1. Ecnu npenen y nocienoBatenbHOCTH (1) cymiecTByer, To OH €QuH-
ctBeHeH. [Ipenen o6o3Havaercs

limx, =a .

Koo

Cama OCJICA0BATCIIBHOCTh HA3BIBACTCA CXOO}ZIM@IZC}Z.

Ceoiicmeo 2. 11ycTh CyllIeCTBYIOT MPEEIbl IBYX MOCIEA0BATEILHOCTEN
limx, =X, limy, =y . (5)
K- o Koo
Toraa cymecTByIOT MpeAenbl UX CyMMbl, Pa3HOCTH, CKAJIIPHOTO MPOU3BENEHUS U
BBITIOJTHEHBI PABEHCTBA
lim(% £y, )=x£y; lim(%.%,)=(x.9).

Ecaun ynciaoBas II0CJICI0BATCIBbHOCTD Ck - C Ipu k — 00, TO
lim(c, X, ) = cX.
Koo

Ynpasicnenue. 1IpoBeputh cripaBeyIMBOCTh 3TUX CBOMCTB.

Teopema. Ilyctb Bce 3HaU€HUSI CXOdIIEHCs ocieaoBaTeabHOCcTH (1) comepxarcs
B 3aMKHYTOM MHOxecTBe X. Torma ee npenen Takke NPUHAJIEKAT 3TOMY MHOXKE-
cTBYy X.

okazamenvcmeo. 11pennonoxum, 4ro npenes a He NPUHALIEKUT MHOXKECTBY
X. CnieioBaTeNnbHO, OH TIPUHAIEKHUT €ro J0TNONTHEHHI0 X , KOTOPOE SBISETCS OT-
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KPBITBIM MHOeCTBOM. CTasio ObITh, TOUKAa @ MPUHAIJICKUT JOMOJHEHHIO X
BMECTE C HEKOTOPOU E-OKpecTHOCThIO. 13 onpeaenenus npeaena (3) cieayer, uro,
Ha4YMHAas ¢ HEKOTOPOTO HOMEpa BCe WiIEeHbI nocieaoBarenbHocTu (1), OyayT Haxo-
JIUTHCSI B 3TOM OKPECTHOCTH U , CIEOBATENIbHO, HE MPUHAJIEKATh MHOXKECTBY X.
[Tonyunnu npoTuBoOpeyue.

Onpeoenenue. [locnenoBatenbHOCTh (1) Ha3bIBae€TCS 02paHUYEHHOU, €CIU CylIe-
ctByeT uncio L>0 rakoe, 4To ||)_(k|| < L jisg Bcex HOMEpOB K.

Ynpaoicnenue. Tlokazate, yTo mocnenoBaTeabHOCTh (1) sABISIETCS OrpaHUYEHHON
TOT/Ia U TOJILKO TOT/Ia, KOTa OrpaHUYCHHON SIBISCTCS KaXaas KOOpJUHATHAs T0-
CJI€JIOBATEIBLHOCTD (2).

Teopema o évidenenuu cxo00auieiicsi NOONOC1€006ameIbHOCIMU U3 0ZPAHUYEH-
HoUl nociedosamenvuocmu. V3 orpaHMdueHHON nociienoBaTebHOCTH (1) MOXKHO
BBIJICJIUTH CXOJSIIYIOCS MMOAIOCIEN0BATEIBHOCTb.

okazamenvcmeo. PaccmotrpuM citydall AByX nepeMeHHbIX. Kaxnas koopauHart-
Hasl TIOCIIE0BATEIbHOCTD SIBIISIETCS OTpaHUYeHHOW. BhiaenuM u3 nepBoil Koopau-
HATHOM  IMOCJIEAOBATENBHOCTH  X)  CXOJISILIYKOCSA — MOANOCIEN0BATENLHOCTh

Xlki — al. N3 MOoAIIOCIACIOBATECIIBHOCTH XZk,- BTOpOﬁ KOOpHHHaTHOﬁ mocjacaoBa-

TCJIBHOCTH BBIACIHUM CXOAAIIYIOCA ITOAITIOCICIOBATCIBHOCTD sz — az. Tor):[a
li.
J

MOAIIOCICIOBATCIBHOCTD Xlki — al. CJ'IGI[OB&TCHBHO, IOoAIIOCIC1OBATEIBHOCTD
"]

kxl,&j Kok, ) - (ay.a,).

Tema 25

HEITPEPBIBHBIE ®YHKIINUA
MHOI'MX IEPEMEHHDBIX

Ilpumep pynkyuu mnozux nepemennwix. 11ycth B MIpOU3BOJCTBE UCIOIB3YIOTCA
N BUJIOB CBHIPhSI U HA BBIXOJE MOJyYaeTcsi OAuH ToBap. KomudecTBo i-ro Buaa Chi-
pbsl, UCIOJIB3YEMOTO B IPOU3BOACTBE, 0003HAUMM depe3 X . MakcumanbHO BO3-

MOXHOEC KOJIHMYCCTBO BBIHYCKaeMOﬁ MNPOAYKIHHN IIPU HMCIIOJB30BAHHUH 3adaHHBIX
KOJIMYCCTB ChIpbA 6y,Z[CT 3aBHUCCTH OT OTHUX BCIIMYHH, TO €CTb SABJIACTCA (I)YHKHHeﬁ

n HepeMeHHLIX
f(X)= (%, %5 00X, ),

KOTOpasi Ha3bIBACTCSI NPOU3B0OCMBEHHOU PYHKYUElI.
Hanee, npou3BoacTBeHHas QyHKIUS ompenerneHa Tonbko npu X = 0. Takum

00pa3oM, OHa oIpejiesieHa He Ha BceM npocTpaHcTBe R", a Ha MHOkecTBe
R£‘={X = (X X 4oy X, JOR" 1 % 2 0,%, 20,...,%, = O}.
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YacTo B KauecTBe NMPOM3BOACTBEHHOU (yHKIMU O6epyT PpyHkuuto Kob66a — Jlyrna-
ca (ITOK)

f(i)z f(xl,xz,...,xn)szf‘lxgz...xr?”, (1)
Ha3BaHHYIO TaK MO0 UMEHH aMepUKaHCKUX 3KOHoMHCTOB KoO6a u Jlyrmaca, mpen-
JIOKUBILIMX €€ HUCIMoab30BaTh B 1929 rogy B 3KOHOMHUYECKUX HCCIEAOBAHUS.
[lycTh, Hanpumep, K — 00beM UCIIOJIb3yEMOT0 B MPOU3BOJCTBE OCHOBHOT'O KarIlu-
Tana, a L — oObeM 3arpar xuBoro tpyaa. Torga ajs 3aBUCHMOCTH CYMMAapHOTO
BBIITYCKAE€MOTO TPOAYKTa Y UCIONIBb3YIOT GOpMYITY

Y=bK*L%,

Tak, HanpuMep, Ha ocCHOBaHUM JaHHbIX 10 3koHOMUKe CCCP 3a 1960 — 1985 ro-
1b1 ObLTH paccunTanbl napamerpsl [TOK/T:

Y: 1’022 K 0,5382 L0,4618 .

Ilpeoen gpynkuyuu ¢ mouke. CxeMa MOCTPOCHUS TCOPHUU Tpesiesia GYHKIIUHA MHO-
I'MX TICPEMEHHBIX B TOYKE Ta XKE camas, YTO M B ciiydae (YHKIIMH OJHOTO Tepe-
MEHHOTO.

Onpeodenenue. Oyukuus |(X), onpenescHHas B MPOKOJIOTONH OKPECTHOCTH TOYKH
a, Ha3BIBACTCSI OECKOHEeYHO MAaol B 3TOM TOYKe, €ClIM I Jroooro yucna € > 0
MOJKHO yKa3aTh uncio 0 =0 (&) > 0 takoe, uro (X)X € m1s Bcex ToUek X, ya0B-
neTBopstonux HepaBeHCTBY O0<[x-a|<d (To ecTh It Bcex Touek u3 O-TIpo-

KOJIOTOI OKPECTHOCTH TOYKH a ).
O6o03HaueHNEe OECKOHEUHO Majioi QYHKITUU:
I(X) > Ompu X - a.
Ilpumep. Jluneiinas GyHKIUSA
f(x)= (p.x)-(p.3)
SBIIIETCS OECKOHEYHO Majoi B TOUke a. B camom jerne, HCrolib3ysi HEpaBEHCTBO
Kot — ByHSIKOBCKOTO, MOTyYHM
0f () L p.)-(p.2) = [(p.x - &) < pl [k -]

CJ'IGI[OB&TGJIBHO, €CJIM B34ATh

TO OyJIeM UMETh
0<|x-a|<ds(e)0 |f(x)<e.

Onpeodenenue. Oynxuus f(X), onpeneneHnas B MpoKOIOTOH OKPECTHOCTU TOUKU
a, Ha3bIBACTCS O2PAHUYEHHOU B OTON MIPOKOJIOTOW OKPECTHOCTH, ECIIU CYLIECTBY-
et uncio L > 0 taxoe, uro f (X)[2 L ams Bcex Todek X U3 3TOif MPOKOIOTOH OK-
PECTHOCTH.

3ameuanue. TouHO Tak ke, KaK U B CIy4ae (PyHKIUH OJHOIO IIEPEMEHHOIO, 10Ka-
3bIBAETCS, YTO €CJIU JBE (DYHKIUH SIBJIIOTCSI OECKOHEYHO MAJIbIMU B OJHOM U TOM
K€ TOUKE, TO UX CyMMa, Pa3HOCTb U IIPOU3BEIEHHE SABIAETCS OECKOHEUHO MAJIbIMU
B 3TOH e Touke. [lanee, eciu ¢pyHKIus |(X) sBiaseTcss 0CKOHESYHO MaJIOi B TOUKE
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a, a pyHkuus f()_() ABJISIETCS OTPAHUYEHHOM B HEKOTOPOM IIPOKOJIOTOM OKpECT-

HOCTHU 3TOU TOYKH, TO UX MPOU3BEACHUE SBISAETCS OECKOHEYHO MaJION B TOUKE a .
[Tepeiinem k onpeneneHuto npenena GyHkmuu f (X), OIIPENICIIEHHON B ITPOKO-

JIOTOW OKPECTHOCTH TOUYKH a .

Onpeoenenue. Yncno A HazpiBaeTcs npeaenom Gyakmuu f (X) B TOYKE &, €CIIU

f(i)=A+ I(X), tne I(X) - Ompu X - a.
Kak u B ciiyyae ¢pyHKUMU OJAHOTO MEPEMEHHOIO JOKA3bIBAECTCS, YTO €CIIU IMpeael
CYILLIECTBYET, TO OH €IUHCTBEHEH.

[Ipenen obo3HavaeTcs
lim f(x)=A.

X-a
3ameuanue. TouHO TaK ke, Kak U B ci1ydyae (PyHKIMH OJJHOTO IEPEMEHHOT0, J0Ka-
3BIBAETCs, 9TO eciu ABe pynkuuu f (X) U g(X) ompeneneHsl B MPOKOJIOTON OKpe-

CTHOCTH TOYKM & M UMEKOT B 3TOW TOYKE MPENEIIbl, TO B 3TOM TOUKE CYIIECTBYIOT
npeaciibl X CyMMBI, Pa3sHOCTHU, IMMPOU3BCACHHA WM OHH PaBHbI, COOTBCTCTBCHHO,
CyMMe, pa3HOCTH U MPOU3BEIACHUIO MPEEIIOB 3TUX (YHKIIHIA.
Ecimm g(X) u Llrg g(X) He oOpalarTcs B HYJIb, TO CYIIECTBYET IPe/Iei YaCTHOTO
18], i 1) 10T
g(x) ~ x-a g(x) limg(x)

Dyuxkyuu, HenpepvleHble 8 MOYKe
Onpeoenenue. Oynxnus f ()_(), ONPEAEICHHAS B OKPECTHOCTH TOYKH a , Ha3bIBa-

€TCSl HenpepuvléHOol B 3TON TOUYKE, €CIIU CYIIECTBYET €€ MPeJIel B 3TOM TOUKE U

lim f(x) =f(a).
3ameuanue. ToUHO TaK JKC, KaK M B CJIy4ac (I)YHKIII/II/I OJHOI'0 IMEpEMCHHOI0, JOKa-
3BIBACTCSI, YTO ecliu ABe GyHKIuUU f (X) 1 g( X) HermpephIBHBI B TOYKE A, TO B 3TOM
TOYKE HENPEPHIBHBI UX CYMMa, Pa3HOCTh U IIPOU3BEICHHE.

f(x)

9(x)
dbyHKIMEH B TOUKE A .
Ipumep. Oynxuus Kob6ba — Jlyriaca sSBIeTCsS HENMPEPHIBHON B KaXJIOW TOUYKE
obnacTtu omnpeneneHus. B camom jerne, oHa SIBISETCS MPOU3BEIECHUEM KOHEYHOTO

Ecim g(@) He oOpamaercst B HyJb, TO YacTHOE SIBJIIETCS. HENMPEPBIBHOU

Yrcia HeMPepBIBHBIX QyHKUUHN f; (X)= X2
Xy . .
Ilpumep. OyHxuUA f(Xl,XZ):— ABJIAETCS HENPEPBIBHOU B KaXX 0N TOYKE
X X
o0JlacTu onpeaenaeHus, To eCTh IpU X; # X,. B camom nene, BelpaxkeHue, crosiee

B 3HAMEHAaTeJe, SBJSETCS HeMPEPhIBHONW (PYHKIIMEN KaK Pa3HOCTb JIBYX HEMPEPHIB-
HeIx Qynkuumid. Torna yakums f (Xl,xz) SBJISIETCS] YACTHBIM JIBYX HEMPEPbIBHBIX

GbyHKIIUN U, CIeI0BaTeIbHO, OyIeT HeNIPEPHIBHOM.
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Teopema o nenpepvienocmu caoxcnou gynxkuyuu. Ilycte pyaknus f (X) SABJISIET-

Csl HEIIPEPBIBHOM B TOUKE A, a PyHKIUU X(t) = (Xl (t),X2 (t),...,xn (t)) OIIPENICIICHEI B

OKPECTHOCTH TOUYKH T, HenpepbIBHBI B Held 1 X (T) = @ . Torna crnokHas GpyHKIus

¢ (t)=f(X (t)) OyneT HenmpepbIBHOM B TOUKE T.

/lokazamenvcmeo. V13 HenpepbIBHOCTH paccMaTpUBaeMbIX (QYHKIUN UMeeM
f(x)=f(a)+I(X), rne I(X) -~ Ompu X - a; (2)
O =a +y@® 7t ¥ - O0mpu t- T

CrnenoBaTenbHO, 1715 CII0KHON (PYHKIIMM UMEEM

¢ (O=f(x (1)) =f (a+y(t))=f (@) +1(a+y({t))-f(@)=¢ (Dupn t - T

Teopema o npedenvhom 3naueHuu HEenPEPovIGHON QYHKYUU HA CXO0AWENCA nO-
cneoosamensvrocmu. Ilycts dynkuus f (X) SIBIISIETCSI HETIPEPHIBHOW B TOUKE &, a

HocJIeIoBaTelbHOCTh X, — a npu K — o0, Torma f (X, ) - f (&) npu k - .
Jloxazamenvcmeo. HyxHo B popmyiie (2) mojgoxKuTh X= X, .

Ceoiicmeéa  ynkyuii, Henpepvi6HbIX HA  3AMKHYMOM  0ZPAHUYEHHOM
MHOMCEcmEe

Onpeodenenue. Oynxuys, ONpeIeICHHAs HA MHOKECTBE X, Ha3bIBAETCS HENpepble-
HOTi HA HEM €CJIY OHA SIBJISIETCS HENPEPHIBHOM B KAXKIOH TOYKE DTOI0 MHOXKECTBA.
Onpeodenenue. ®ynxius f(X), onpeneneHnas Ha MHOKeCTBe X, Ha3bIBAaeTCs 02pa-
HUYeHHOU Ha 3TOM MHOXKECTBE, €clu cyliecTByeT uncno L > 0 takoe, uro [If (X) <

L m1g Bcex Touek X M3 3TOrO MHOXKECTBA.

Ilepeasa meopema Beiiepuumpacca. Eciiu GyHKIMS HENpepbhbiBHA HA 3aMKHYTOM
OTPaHUYEHHOM MHOKECTBE, TO OHA HA HEM OTPaHUYCHA.

Jlokazamenvcmeo. llpennonoxum npotuBHoe. Torga s KaxkIoro 4vucia
k=1,2,3,...Touka X, (X takas, uto [If (X, ) k. Tak kax MHOXecTBO X SBIsIeTCS
OTpaHUYEHHBIM, TO MOJyUYEHHAas MOCIEI0BATeIbHOCTh OyJeT orpannueHHou. Crie-
NOBAaTEJIbHO, U3 HEE MOYKHO BBIICIUTh CXOASUIYIOCA IOIIOCIEA0BATEIBHOCTD
X, — a.Tak kak MHOXeCTBO X SIBIICTCS 3aMKHYTBIM, TO Touka @ LJX. Paccmar-

puBaemast GpyHKUMs HenpepbiBHa B 9Tod Touke. [lostomy, f (X )— f (&) npu

ki —co. C mpyroii croponsl, [f (X ) k;. [lonyunin npotnsopeune.

Bmopasa meopema Beitepwumpacca. Eciv GyHKIUS HEpepbhiBHA HA 3aMKHYTOM
OrPaHUYCHHOM MHOXKECTBE, TO OHA Ha HEM JIOCTUTAET CBOCTO Hauborvuteco (Hau-
MeHbule20) 3HaAUCHUS, TO €CTh CYyIllecTByeT Touka a [1X Takas, 4To

f(x)< f(a) (f(x) = f(a)) g Bcex Touexk XX .
Jlokazamenvcmeo npoBesieM NIl HauOOJbILIEro0 3HaYeHus. Tak Kak paccMaTpu-

BacMasd (l)yHKIII/ISI OIrpaHHM4Y€HA HAa MHOXKCCTBC X , TO YHUCJIOBOE€ MHOKECTBO
Y=0y=f(x): xOX O
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SIBJISICTCSL OTPAaHUYCHHBIM CBepXy. [103TOMY y HEro CymecTByeT TOYHas BEPXHSS
I'paHb, KOTOpYI0 0003HaunM depe3 F. 13 ee onpeaenenus cieayer, 4To I Kak-
noro gncna K=1,2,3,...cymectByer Touka X, [1X Takas, uto

sz(ik)zF—%. 3

Tak kak MHOXkECTBO X BJISIETCS OTPAHUYCHHBIM, TO MOJTYYEHHAs MOCIeI0Ba-
TEJILHOCTh X, Oyzaer orpaHudeHHOW. CrenoBaTeNbHO, U3 HEE MOYKHO BbIIEIUTH

CXOJISIIYIOCS MOATOCIEN0BATENBHOCTE X, — &. Tak Kak MHOkeECTBO X ABISETCS
3aMKHYTBIM, TO Touka a[JX. PaccmarpuBaemasi (yHKIMsS HETNpepblBHA B 3TOM
touke. [Toaromy, f (X, )~ f (@) . Orciona n u3 (3) nonyunm, uro f (a) = F. [a-

nee, u3 onpenencHus yucia F cnenyer, uato f(X) < F mns Bcex Touek XX .

Tema 26
JNPOOEPEHIIMPYEMBIE ®YHKIINN
MHOI'UX IIEPEMEHHBIX

ITpumep. Ilycts f (X) sBOseTCS NPOU3BOACTBCHHON (QyHKIIMEH. M3MeHuM Komye-
CTBO X, IIEPBOr0 BUJAA ChIPbS , UCIIOJIb3YEMOI'O B POU3BOJICTBE, HA BeIMUUHY AX; .
Torma mpupocCT BBIIyCKaeMOW MPOAYKLWH, IPUXOISIIEH HA €IUHUILY BHOBb IIpHU-
BJIEKAEMOI'0 B IPOU3BOJICTBA CBIPbsI, PABHAETCS
FOX + DX, X4, X )= TOX, X5 400, Xy )
Ax, '

Hanpuwmep, nns [IOK]] y = Xf ’3Xg 7 BeIpaskenue (1) HUMeeT BH

03,07 _ ,03,07
(X +DX )X =X "Xy
AV
Bosiee pOCTO BLIYKMCISETCS NPENEIIbHOE 3HaUeHHE BhIpakeHus (1), KoTopoe mpu

JIOCTATOYHO MAaJbIX 3HA4YCHUSAX AX, NMPUOIM3UTENbHO paBHseTCs BenuuuHe (1).

[IpenenpHOE 3HaueHne BeaUUHHBI (1) HA3BIBAETCS B 9KOHOMUKE NpedesibHOl Npo-
U3600UmMenbHOCMbIO TIEPBOTO BUA ChIpbsi. B Maremaruke 3T0 npeneiabHOe 3Haue-
HUE Ha3BIBACTCS YACMHOU npou3e00Hot GyHkuuu f mo mepemeHHoi X;.

(1)

Onpeoenenue. Ecnu cylmiecTByeT npeen

lim FOXp e X o X5 FAX  Xig v Xny ) = FOX e X210 X 5 Xy 5ees Xy )
A% -0 AX; '

1
TO OH Ha3bIBACTCs uacmuou npoussoonou pynkiuu f (X) B Touke X 1Mo mepemMeH-
HOU X; .

of (X)
oX;

0 ,,_ -
YacTHast npou3BoHas 0003HAYAETCS , WK O_f (X), mmm f, (X).
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Buvtuucnenue wacmmuoit npouszeoonoii. B hopmyie, kotopoit 3agaHa GyHKIUS, BCE
nepeMeHHbIe, KPOME NEPEMEHHOM X;, CUMTAIOTCS MOCTOSSHHbIMU. Cama QyHKIMsS

paccMaTpuBacTCAa KakK q)YHKHI/ISI 3TOro IEpeMEHHOro X; U OT HEC BBIYUCILICTCA

POU3BOIHAS IO OOBIYHBIM MTPABUJIAM.
Ilpumep. Vicnonb3ys Gopmyiny Juisi MPOU3BOAHOM CTermeHHOM (yHKIuM, Oyaem

UMCTb
a XO,3X0,7 B
( 1 2 ) — O,3X 0,7X0,7.
a 1 2
X
YacTHas IMpOU3BOAHAA f); ( )_(), B CBOIO O4€pPCAb, SABJIACTCA (pYHKHHeﬁ MHOTHX IIC-

peMeHHbIX. OT Hee MOXKHO BBIYUCIATH YACTHYIO MPOU3BOAHYIO MO MEPEMEHHOU
X;, KOTOpas Ha3bIBACTCS CMEWAHHOU YACMHOU NPOU3600HOU W  0003HAYACTCs

92f(X)
0X; 0x;
Jlanee, IPUHATO CIEAYIOIIEE 0003HAYECHHE:
92f(X) _ 9%f(X)
oxox  axE

WIIH f);'xj (X).

Ipumep. [Insa dyukiuu [IOK]] umeem
0 (")

- (03)(0,7)x°"x;°2.
2Y ™M
62 XO,3X0,7 B B
—(axlaxz ) - (0,7)(03)x %" x;°2.
i R}

Takum 06p330M, B JaHHOM IIPHUMEPEC BBIIIOJHACTCA PpaBCHCTBO CMCIIAHHBIX YacCT-
HBIX IIPONU3BOJHBIX

92f(x) _ 9%f(X) o
ox;0%  Ox0x,
Teopema (0 pasencmee cmewanHvlx 4acmuvix npouszeoonsix). Ilycts GyHkius f
HUMEET B TOYKE X HCIIPCPBIBHBIC CMCIIAHHBIC YaCTHBIC IIPOMU3BOAHBLIC
92F(X) ..
—= (1,j)=1,2,..

%0 ,N). Toraa myst Kax10# mapsl 17] BHIIOJHEHO PaBEHCTBO (2).
X; OX:
] 1

Jugpghepenyupyemoie ghynkyuu
Onpeoenenue. Oynxuus f, onpenencHHas B OKPECTHOCTH TOYKU X, HA3bIBACTCS
oughgeperyupyemoti B 3TO TOUKE, €CJIM BepHa Hopmyria

F(X+AX) = F(X) = ADX +5 a,(A%)AX, (3
B =
rae A — uuncina, a pyakuun o, (AX) yIOBICTBOPSIOT YCIOBHIO
a;(AX) - 0(=1,2,...,n)npu AX - O. 4)
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Ilpumep. Iycts f (X,X,) = X X,. Torna
CrnenoBarenbHo, paccMaTpuBaeMasi GyHKIUS sBIsIeTCs AudPepeHpyemMon u

o( X, X 0( X, X
A=x2=%, A, =xl=%, a, (A, A%, ) = DX, ,a,( A% ,A%, ) =0 .
1 2

Teopema. Ilyctb dynkus f muddepennmpyema B Touke X. Torma B 3TOl TOUkKe y
Hee CYIIECTBYIOT YaCTHBIE MPOU3BOIHBIE U BBITIOJHEHBI PABEHCTBA

MX) = p (=12, 1), (5)
0X;

|
Joxazamenvcmeo. 113 popmyinsl (3) ciaegayer, 4yTo
FOX s X 3 X5 FAX X oo Xiy ) = FOX ey X 0 X s X 50000 X )
AX;

= At a; (D).

[Tepexons k npeneny npu AX — O, moxyuum paBeHCTBO (5).
3ameuanue. Vimerorcs nmpuMepsl GYHKIHM, Y KOTOPBIX YaCTHBIE MPOU3BOIHBIC B
TOUKE CYIIECTBYIOT, HO GYHKIIMH HE AU(PPEepEHIUPYEMBI B 3TOI TOUKE.

Teopema (0ocmamounvle ycaosus ouggepenyupyemocmu @pynxyuu). Ecnmn GyHk-
ust f uMeer yacTHBIC MPOU3BOHBIE IO BCEM IMEPEMEHHBIM B HEKOTOPOM OKPECT-
HOCTHU TOYKM X, MPUYEM BCE 3THU YaCTHBIE NMPOM3BOJHBIC HEMPEPHIBHBI B camMoin
TOUKE X, TO yKazaHHas QyHKIMs nuddepeHnupyema B 3T0i TOUKE.

Jugppepenyuan pynkyuu mnozux nepemennvlx

Onpeoenenue. /lugghepenyuanom nudpdepeHnupyeMoit B touke X ¢yHkiuu f Ha-
3BIBACTCS TJIABHAS JIMHEHHAS OTHOCUTEIIBHO MPUPAIICHUN apTyMEHTOB YacTh TPHU-
panieHus 3Toi QyHKIHMH, TO €CTh

o ()= AL . (6)

Ucnions3ys paBeHcTBa (5) BeIpakeHue A nuddepeHnuana 3anumieM B ClIeayro-
IISeM BHUIC:
_ nof(x)
df (X) =
(X) ; ox

[Mon muddepennmanom dX, He3aBUCUMOW TEPEMEHHON X; MOHMMaeM Jir00oe

AX . @)

npupaiienue A X 1ol nepemeHHOH X;. C y4eToM 3TOil JOroBOPEHHOCTU (PopMy-

na (7) npuHUMaET BUJT

of (X)
0X;

df(x)zi dx . (8)

Teopema o npoussoonou ciroxcnoi gynxyuu. Iycts Gpynkuus f(X) Ha HekoTo-
POM OTKPBITOM MHOKECTBE X M KaXJI0M €ro TOUKE UMEET HENpPEpPhIBHbIC YaCTHBIC
OpOU3BOJHBIE MO BceM  mepeMeHHbIM. IlycTh  ckaisipHble  QYHKIUU
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¢,(1),0,(t),...,0,(t) onpenencust u nudhepeHIUPYEMbl B KXKI0H TOUKE HHTEP-
Basia (0, 3) u mpu Bcex t u3 aroro unrepsana Touku § (t) = (¢,(t),9,(t),....¢,(t))
[OX. Toraa cnoxkuas ¢pyuaxius U(t) =T (@ (1)) auddepenimpyema B Kak 101 TOUKe
uHTepBana (A, B) 1 ee MPOU3BOAHAS BEIYUCIIAETCS 1O GopMyIie
, nof
'@= “’7())¢(t) ©
Eil

/okazamenvcmeo. 13 J:[H(b(bepeHquyeMocm Kaxaou pyHkuuu ¢,(t) cruemyer,
gro ¢;(t+At) = ¢, (t)+ ¢, (t)At + At B, (At),rne B (At) — 0 mpu At - O.
W3 muddepennupyemoctu ¢pyukiuu f caemyer, 94to

U(EHAL) = (§y(1)+ $y ()AL + At By(AL),..., 8, (1)+ 6, (1AL + At B, (At)) =
CACIENCIES af(¢())(¢(t)+ﬁ(At))+

LAY (8(0) + B(a0) @ (400t + ot Bl(m),...,m'(t)m + At B, (A1),

[Tpuuem

a. (¢, (DAL + At By(AL),..., ¢ ()AL + At B.(At)) - 0 npu At — O.
CrienoBaTeibHO,
u(t+At)- u(t)
At

Z (af(¢())+ai(¢l'(t)m + Ot By(AL),..., ¢, (1AL +
+At ﬁn(At»(qbi'(t) + B, (A)).

[lepexoas B 3TOM BhIpaxkeHuu K nipeaeny npu At — 0, monyuum popmyny (9).
Teopema (gpopmyna ons KOHEUHBIX NPUPAWEHUTE PYHKYUU MHOSUX NEPEMEHHDIX).

[Tycts ¢ynkims f uMeeT HenpepbIBHBIC YaCTHBIC MPOU3BOIHBIC TI0 BCEM MEPEeMEH-
HbIM Ha BBIMYKJIOM MHOXecTBe X . Torma juist noObIX TOYeK X U Y U3 3TOro

MHokecTBa Haiinercs yncio Al 0,1] rakoe, uro
- _ n of(y+A(X-Yy
() -f(y)=3 T )y (10
=1 aXi

Jokazamenvcmeo. VI3 BRITYKIOCTH MHOXeCTBa X CIIEAYET, 4TO MPH JIFOOOM YHCIIe
tll 0,1] rouka tX+(1-t) yUX. CnenoBatensho, pyukmus U(t) = f(tX+(1-t) y)
ompenenena npu Beex tl[l 0,1]. Mo Teopeme o nuddepeHIUPYEMOCTH CIOXKHOM
byHKIIIH

=y Ty, (1)

Hanee, npumensisi Teopemy Jlarpamka nis GyHKIIMHU OJHOTO MEPEMEHHOTO, Haii-
aem gucio Al 0,1] rakoe, uto

f(x)—f(y)=u(d) -u©0) = (1-0)u’(A) = u'(A).
Orcrona u u3 popmyssl (11) cienyer Tpedyemas hopmyina (10).
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Hesgnovte pynkyuu. PaccMoTpum ypaBHEHHUE
X2 +y?=1. (12)
Ha mockoctu XOy 3T0 ypaBHEHHE 3a/1aeT OK-
M PY’KHOCTh €IUHUYHOTO paguyca C IIEHTPOM B
% Havasie KoopauHat. PaccmoTpum Tpu Touku M,
N, A Ha 3TOM OKPY>KHOCTHU (CM. pHC.) .

Yi

CymiecTByeT NpPSIMOYTOJILHHK, KOTOPBIA CO-

A nepxut BHyTpH cebst Touky M, Takoi, 4To me-
pECceUeHue ero ¢ OKPYKHOCTBIO 33/1aeTCSI B BH-
ne rpaduka 0JHO3HAYHON (PYHKIIHH

7 y=A1- .

N — AHnanoruyHoe nepeceuenue s Touku N 3ama-

X1 eTcsl B BUJie rpadrika 0IHO3HAUYHON QyHKIUU

N

y= -V1-x? .
I[J'Iﬂ TOYKH A Taxkoro MpAMOYTOJIBHUKA, 4TOOBI MNEPECCUCHUC 3a1aBaJIOCh B BHU/IC
rpaduka o1HO3HAYHON (QPYHKIUH, HE CYLIECTBYET.
BrIsicHEM, IOYEMY Tak moiydaercs. YpaBHeHue (12) MOXKHO 3amucarh B BUIE

f(xy)=0,rme f(xy)= x*+y* -1
YacTtHasa npousBoaHas
of (x,y) _ 2y
oy
B Touka M u N He paBHa Hymi0. B Touke A oHa oOpataercsi B HyJb.
[TepeiineM Kk paccMOTpEHUIO 3a1auu B oOmieM Buje. 3agana pyHkmus f (X,y),

2
KOTOpas ompejelieHa Ha HEKOTopoM MHokecTBe XL/R®. 3amana Ttouka (X,,Y,),
SBIIAOIASICS BHYTPEHHEH TOYKOM MHOKECTBA X M YAOBIETBOPAIOIIAs yPABHEHHUIO

f( X0, Yo) =0. (13)
PaccmarpuBaercs 3amada o pa3pelieHnd ypaBHEHUS
f(xy)=0 (14)

OTHOCUTEJILHO MEPEMEHHOMH Y.

Teopema o nessnou pynxkuyuu (6e3 ooxazamenvcmea). Ilycts dynkmus f (Xy) u
€€ YacTHBIC MPOU3BOJIHBIC IO BCEM MEPEMEHHBIM HEMIPEPHIBHBI B HEKOTOPOI OKpe-
CTHOCTH TOYKH ( Xy, Yp), IpHUUEM
of (%,Y0) £0.
oy
Torma cymecTByeT MpsSAMOYTOIBHHK (CM. PHC.)
=0 (xy)OR*: x-x,¥Xa, b, <y<b,
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TaKoM, 4To nepeceueHue kpuBoi (14) ¢ atum

YA PSIMOYTOJIBHUKOM 3aJ1aeTCsl B BUAE rpaduka
b, 00HO3HaAuHOU Jughghepenyupyemoti GyHKIIUN
Yo I y= ¥(X), onpeenennoit npu X- X, [¥a un
by \/ yIOBIIETBOPSIONIEH paBeHCTBY Y(Xy) = VY-
a1 Xota XpXo-a & X [IpousBoaHas HESIBHOW (DYHKIIMU BBIUUCIISICT-
csi o popmyIie
: Fe (X y(x))
y(x)=-—r———- (15)
fy(%,¥(x))

ITpoBenem BeiBOA popmyisl (15). Mmeem Toxkaecto f (X, Y(X)) = 0. [Ipumensis
Teopemy 0 nudPepeHIupyeMOCTH CIOKHONU (HYHKIIUH , TOJYyIUM PABEHCTBO

0= f (X y(x))+ f, (X, Y(X))y'(X).
Orcrona cneayet popmymna (15).

TI'paouenm ¢ynxyuu muozux nepemennsvix. Ecnmu pyuxuus f iuddepenumupyema
B TOYKE X, TO BEKTOP

CUCINNCIR(EIN
o o

HasbIBaeTcs epaduenmom Gynkuun f B Touke X m obo3nawaercs gradf (x).
Hcnonb3ys 3anuch CKaJIIPHOTO MPOU3BEACHUs, (HopMyITy Jisi pupaineHus QyHK-
IIUY MOYKHO 3aIMCaTh B CIICIYIOIIEM BH/IC:

f(X+A4%) - f(X)= (A%, gradf (X)) + (AX,a(AX)).

Onmumanvroe ceoticmeo epaouenma. byaem IBUTATbCS U3 TOYKU X TIO HaIpaB-
JICHUIO €IMHUYHOTO BeKTopa P, To ecTh bepem AX=t p,t>0.

Torma f(X+t p)=1f(X)+t (p,gradf(X)) +t(p,a(tp)), npuuem (p,a(tp)) —
Omput — 0. [IpeneOperas MaJIbIMU TIO CPAaBHEHMIO C t cllaraeMbpIMU, TIPU MaJIbIX t
NMEEM HpI/I6J'II/IBI/ITeJILHOG PaBCHCTBO

f(x+t p) =f (x)+t (p,gradf (X)) .
Bonpoc. I1lo xakoMy HanpaBJECHUIO HY)KHO JABUTAThCS U3 TOUKH X, YTOOBI MpHpa-

nmeHue GyHKIUHA OBLIO KaK MOYKHO OOJbIne?
Omeem. 1o HalpaBIEHUIO €TUHUIHOTO BEKTOPA

—_ gradf ( X)
|gradf (x)|

B camom niene, u3 HepaBeHcTBa Komm — ByHSIKOBCKOTO cienyeT, 4To Juist JIF000ro
€AMHUYHOIO BEKTOPa P BBIIOJIHEHO HEPABEHCTBO

(p,gradf (X)) < [p [ Myradf (X)IE Myradf (x)II
Ho na Bektope (16) BBITOJIHEHO PaBEHCTBO
(p,gradf (x))= Myradf (x)I

CrnenoBatenbHO, TpaiueHT (GYHKIIUN HAMIPaBJICH B CTOPOHY €€ BO3paCTaHUsl.

(16)

136



l'eomempuueckuii cmvicn epaduenma. PaccMoTpuM (DYHKIMIO JIBYX MEPEMEHHBIX

X2

oG 806)., 01 .80 )01 o

f (x,,X,). Bosbmem umcio C 1 Ha IIOCKOCTH
PaccMOTPHM KPUBYIO Y , 3a[JaHHYIO ypaBHE-
unem f(x,X,)=C. Ora kpuBas HaspBacTCS
nunueti ypoens GyHKIu f.

JlomycTuM, 9TO B OKPECTHOCTH TOUYKH X 3Ta
KpuBas 3a7aercsa B Bujae rpaduka auddepen-
mupyemoit  dymkmuu X, =@(x,). Torma
f (x.,¢(x )= C. Ipumensis Teopemy o muc-
bepeHIUpyeMOCTH CIOXKHOW (YHKIUH, MO-
TYIAM

of (xl Xy )
0X,

xl):—j—)af ) (17)

0X,

C npyroil cTopoHsbl, eciii yepe3 O 0003HAYUThH YroJi, KOTOpbId oOpasyeT Kaca-
TeNbHasA, IPOBEJICHHAs K KPUBOH B TOUKE X, C OCBIO X, TO @'( X, ) =tgo .
Orcrona u u3 paBeHctsa (17) crnemxyert, 4To

of (x,,%,) Lof (Xl’XZ)tga ~0-

0X,

Bekrop C koopaunaramu (Ltga )= (L ¢'(X,)) HampaBieH o KacaTeIbHON K KpH-
Boil. CnenoBatenbHO, gradt(X;,X,) NEepHEeHAUKYISPEH KacaTeIbHOU, MPOBEICH-

HOU K KpUBOM B TOYKE X.

Tema 27
BBIITYKJIBIE U BOTHYTBIE ®YHKIIUU
MHOI'YX IEPEMEHHBIX

Onpeodenenue. dynxuus f(X), onpenenénnas na seimykinom muoxectse X [ R,

HA3BIBACTCS 6bINYKAOU, €CIU JUIA Mo0biX Touek X,y X u mus moboro uyucia

AO[0]1] BeimosnneHo HepaBeHcTBO MeHceHa:

FOAX+(1-X)Y) S AF(X)+(1-A) (V). ()

BadpuxcupyeMm moobie X[ X, pOR" u paccmorpum QyHKLIUIO OZHOIO HEpeMeH-

HOI'O

$(t)=f(X+1p),t0l, rae | =0t: x+tp 01 0. 2)
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Ynpasicnenue. Vicrions3ys BBITYKIOCTh MHOXECTBa X , IOKa3aTh, uTo | siBisiercs
MIPOMEKYTKOM, TO eCTh eciii ToukH t,,t, I, To mpu modom uncne A J[0,1] Tou-
ka At + (1-A)t, O,

3ameuanue. Ecn Qpyuxuns f onpenenena ma Bcem mpocrpanctee R, To mpome-

KYTOK | sIBIIsIeTCS BCEMl UUCIOBOM OCBIO.
Ynpaxcuenue. llokazarp, uto ecimu ¢Gyaknus f Beimykma, To It JTHOOBIX

k k k
% UX,A 20,5 A =1 omonneno Hepasencrso () Aix )< H A f(x).
i=1 =1 =1

Teopema. Oynkuus f(X) BbIIykJIa TOrJa W TOJBKO TOI/A, KOTJA JUIS JIFOOBIX
X0 X,p0R" Bemyknoii sensercs Gpynxuus (2).
Jokazamenvcmeo. Ilycts dyukius f(X) Beimmykiaa. Bo3zsmém A [[0,1], Touku
t,,t,0l,. Torna
P(A, +(1-A, ) = F(X+(At +(1-A)t,)p) = F(AX+(1-A)X+ A, p+(1-A),p) =
= f(A(X+tp)+(1-A)X+P)) <A (X+t,p)+(1-A)f(X+t,p) =
=20(1,) + (L= A)p(t,).
Takum 06pazom,
G(At +(1-A)t, )< Ad(t ) +(1-A)o(ty). ©)
ITycts mng mooeix X O X, pOR" dpynxuums (2) semykna. [Tokaxem, 94To U QyHK-
st f(X) sBusercss Beimykiaod. BospméMm moObie TOuku X,y Xwu uwmcio
A[J[0,1]. Torma, ucnomnb3ys HepaBeHCTBO (3), OyIeM UMETh
f(AX+(1-2)y)=T(Y+A(X-¥))=0(A1+(1-A)0)<A¢(1) +(1-A)¢(0) =
=A(X)+(1-A)T(Y).

Onpeoenenue. Oyuxmus f(X) Ha3wpIBaeTCS 602HYymMOU, €CIUA JJIA JTHOOBIX TOYEK
X,y X u qyst mo6oro yucia A [1[0,1] BBIIOIHEHO HEPABEHCTBO

F(AX+(1-A)Y) 2 AF () +(1-A)F(Y). (4)
Ynpascuenue. Ilokaszare, uto ¢pynkius f(X) sBisiercs BOTHYTOM TOTAA U TOJIBKO
toraa, korna pyakius (- f( X)) sBisieTcst BRITYKIION.
Ynpaxcuenue. Ilokazate, uyto ecau ¢yHkuus f  BorHyra, To mus JIHOOBIX

k K k
X UX,A 20,5 A =1 seimonsero HepaseHetso f(H A% )2 H A (X ).
=1 B B

Ynpascuenue. Ilokaszare, uto ¢pyakmust f(X) sBisiercss BOTHYTOM TOTAA U TOJIBKO
Toraa, koraa GyHkius ¢(t) (2) sBaseTcss BOTHYTOM 1O MEPEMEHHOM t 17151 JTF00bIX
xOX,pOR".

Teopema (kpumeputl evinykiocmu (6ocnymocmu) ouggepenyupyemoii pynkyu).
[Tycts ¢ynkmus f(X) wmeer HenpepbIBHBIC YaCTHBIC MPOM3BOJHBIC. Torma oHa
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ABJIAETCS BBLIMYKJIOW (BOTHYTOM) TOrga W TOJIBKO TOIJA, KOrja Ui JIFOOBIX
X X,p0R" Beipaxkenne
n f(X+tp)
Y—— P (5
G 0

BO3pacrtaeT (yObIBaer) 1o t.
Jokazamenvcmeo. Oynkuus f Beimykia (BOrHyTa) TOrJa M TOJIBKO TOTJIA, KOT/Ia
byakmusad(t) (2) Bemmykia (Borayra). Ilo Teopeme o muddepeHIpyeMOCTH

cinoxxHou PpyHkuuu, GyHKuus (2) J:[I/I(bq)epeHquyeMa U e€ MPOM3BO/IHAS paBHA
tf(X+1tp)

Oynkmus ¢(t) BeIyKITa (BorHyTa) TOTJIa ¥ TOJLKO TOT/Ia, KOT/Ia €€ TTPOU3BOTHAS
¢'(t) Bo3pacraet (yObIBaeT) 1o t.

Teopema. Ilycth Boinykias (Boraytas) ¢pynkuus f(X) umeer HenmpepbIBHBIC Ya-
CTHBIE TIPOU3BO/IHBIC. Torz[a st moObIX X,y U X BBIMOTHEHO PaBEHCTBO

_ A f(x
f(y)- f(x)>z )y, %) (f(y)—f(x)sz—gx)(yi—xi)). ©)
X 1=1 i
Joxazamenvcmeo npoBeaéM tst BeIyKIocTH. V3 HepaBencTBa (1) umeeM, 4ro

f(X+A(Yy—-X))—- f(X _ o
(XA 1) < ) 1),
Yerpemum A — 0. Tornma B JIeBOi 4acTH MOCIIEAHETO HEPABEHCTBA OYJET CTOSATH
IIPOM3BOIHAS ¢'(O) byukiuu (2) npu p= Y — X. DTa NpoU3BOJIHAS ONPEACIISICTCS

dbopmynoii (5). OTcroaa moydyuM HEpaBeHCTBO (6).

Teopema (kpumeputl evinykiocmu (6ocnymocmu) 08a pasza Oug@epenyupyemoi
@yukyuu). Ilycte pynkius f(X) umeer HenpepbIBHBIC YaCTHBIC MPOM3BOIHBIC

BTOpOTO nopsijika. Toraa oHa sIBJISETCS BBITYKIION (BOTHYTOM) B TOM U TOJIbKO TOM
ciydae, korja juis irooeix X [ X, p U R" BBIMTOTHEHO HEPABEHCTBO

90%f(x) 0° f(x)
|jz—1 0%,0x PPy 20 (Ijz_l pp; <0). (7)

Jloxkazamenvcmeo. JIna pynkuun (2) umeem

=35 Pp 0 g lela o PP

Oyukuus f BeImykia (BOrHyTa) TOr[a M TOJNBKO Toraa, Koraa GpyHkmus ¢(t) BeI-
nykna (Boruyra) < ¢"(t)=0 (¢"(t)<0) mim mobeix XOIX,pOR", OtOI .
[Tonaras t = 0, noyuum ycnosue (7).
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n
Ilpumep. Jluneitnas pyHkuus y =a, + Z a; X, ABJISIETCSA KaK BBIITYKJIOM, TaK U BO-
Ei
raytoit. Kagpar ot nuueitnoi GyHKuuH (X ,...,.X, ) = (8 +aX + ...+ a, X, )?
SIBJISIETCS BRIMYKJION yHKIMEH. B camom nene,

01(X) _ 2(8g Ay +...+taX, )a; [
0 X,

CrnenoBatenbHO, ycnoBue (7) IpuHUMAET BU

zalaj pi pj :(alxl +..+ aan )2 =>0.
i]=1

3ameuanue. Cymma KOHEYHOTO YHCIIa BBIMYKIIBIX (BOTHYTHIX) (DYHKIWHN SIBISIETCS
BBITTYKJION (BOTHYTOM) (DYHKITUEH.

Kpumepuii nonosxcumenvnoit (ompuyamenvHoii) onpeodeneHHocmu Keaopa-
MUYHOU CUMMEMPUUECKOU MAMPULbL.

O003HaUYNM
_0%f(x) 8
% ox;0X;
Torna u3 paBeHCTBAa CMEIIAHHBIX YAaCTHBIX IMTPOU3BOJIHBIX MOJYyUHUM, YTO
a&; =4a;;- 9)

CrnenoBarenbHO, MaTpUIla

Efill Ao . alnH

a P |
%521 22 2n g (10)

%nl an2 ann E
saBisieTcs cummempuynou. HepaBenctsa (7) mpumMyT BUJ

_zaij pp;20 (_Zaij pp; < 0).

|,j=l |,J:l

A=

Onpeoenenue. Cummerpuynas Marpuiia (10) Ha3bIBACTCS nOI0MHCUMENBHO
(ompuyamenvno) onpedenennoil, ecinu ajs 10000 HEHYJIEBOro Habopa uucen p,

I=1,..., N, BEITIOJTHEHO HEPABCHCTBO

_zaij pp;>0 (_Zaij P p; <0). (11)

i,j=1 i,j=1

Teopema (kpumepuii noIOHCUMENLHOU ONPEOCTEHHOCMU KEAOPAMUYHOU MAMPU-
yst). Jlyist Toro 9ToOBI CHUMMETpUYHAsT KBaapaTnaHas matpuia (10) Opu1a momoxu-
TEIHHO OMPECICHHONW, HEOOXOIUMO U JOCTATOYHO, YTOOBI BCE €€ TJIaBHBIC MHHO-
PBI OBUTH TTOJIOKUTEIBHBI, TO €CTh
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& &, - &y,
a, a, .. a

W %504 = SR DY) (12)

A =a,>0, A,=
' ' ? a'21 a'22

a, a, .. a

nn
Jlokazamenvcmeo. 1IpoBeneM ero it Cirydasi MaTpUIIBI BTOpOTo mopsiaka. Torma
HepaBeHCTBO (11) mpumer Bua

au? + 2buv +cv? > 0. (13)
3nech 0003HaYeHo a=ay,;,b=a, =a,,C=2a,,uU=p,;,v=p,. [lepenumem yc-
noBus (12) B HOBBIX 0003HAYCHUSIX:

a>0,ac-b*>0. (14)
ITycTh BeinosHEHbI yenoBus (14). Torna
_Rh2
au? +2buv+cv2=(\/5u+£v)2+uv2. (15)

Ja a

CrnenoBarenbHO, HepaBeHCTBO (13) OyzieT BBIMOJIHEHO.

ITycth BoImosHeHo HepaBeHCTBO (13). Torma, monaras B Hem V = 0 u U =1, mony-

b
guMm a> 0. BospMem V=1, u=— —.
a

Torna u3 (13) u (15) nonyyum BTOpoe HEpaBeHCTRO (14).

Cneocmeue. JIns Toro ytoObl CUMMeTpUYHasi kBagpatuuHas matpuna (10) Obuia
OTPULIATETILHO OMNpPENIEIEHHON, HEOOXO0AUMO M JOCTaTOYHO, YTOOBI 3HAKU €€
[JIABHBIX MUHOPOB Y€pPEI0BANIMCh, HAUMHAS C OTPULIATEIBLHOTO, TO €CTh

a, a, a; a, ag
A, =a, <0, Azzal a2>0, A,=la, a, a,l<0,... (16)
21 22
d; Qdz Aag

Jlokazamenvcmeo. Matpuna (-A) sIBIsSieTCS MOJIOKUTEILHO OMNPEICIICHHOW U €€
TJIaBHBIC MUHOPBI A, CBA3HBI C TJIABHBIMH MUHOPAMH A, MAaTPHIBI A CIIEIyIOIIH-
MH cOOTHOIIeHHsIMH: A = (-1)' A.. OTCI0/a U U3 KPUTEPHS MOJIOKHUTEIBHO OIpe-
JIETICHHOCTH TIOJIYYHM JI0KAa3aTEIbCTBO YTBEPKICHUS CIICICTBUS.

DynKyus nonesnocmu u eé ceoicmea. PaccMOTpuM PHIHOK, HA KOTOPOM MMEETCS
HA0Op N BUIOB TOBApOB ¥ yCIyT. [IpeaArnonoxum, 4To MpUOOPETEHHOE KOJUUECTBO

A KQKJIOr0 TOBapa M KaKIOW YCIyTd MOYKHO
Xn 0XapaKTEepPH30BaTh HEOTPHUIATEILHBIM YHCIIOM.
Torma Habop yCIyr MOKHO 3a1aBaTh BEKTOPOM
X = (X{,X5 X, ), TOE X, — KOJMYECTBO TIEp-
BOTO BHUJA YCIIYTH, ..., Xy — KOJHYECTBO N-TO
BUAa ycnyru. I[Ilpocmpancmeo mosapoe — 310

X1 MHOKeCTBO BekTopoB X I R" | y KoTOpHIX BCe
» xoopauHatbl X = 0(cMm. puc.). OHO 0003Haua-

ercsa R!.
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Opnnako He Bce HAOOPBI TOBAPOB HYXHBI WJIU AOCTYNHbI noTpedurento. Cun-
TaeM, YTO 33JaHO MHOXKECTBO JOCTYIHBIX a1 morpedutens toBapoB XLIR!.
OOBIYHO CYUTAIOT, YTO 3TO MHOKECTBO JOCTYIMHOCTH YJOBJIETBOPSIET CIAEAYIOLUIUM
CBOWCTBAM.

1. MHOeCTBO JOCTYMHOCTH SIBJISIETCS 3aMKHYTBIM. DTO O3HA4aeT, YTO €CJH
i Habopa X. MMEETCs CKOJIb YrOJHO OJM3KUN JAOCTYIHBIN Habop, TO U caM Ha-
00p X. sIBISETCS TOCTYIHBIM.

2. MHOX€eCTBO JOCTYITHOCTH SIBIIICTCS BBIMYKJIBIM. JDTO O3HAYAET, YTO €CIIU
Ha0Opbl X W Y SABISIOTCSA JAOCTYIMHBIMH, TO JIFOOas WX JWHEHHAs KOMOWHAIUS

AX+(1-A)y pu r060M 0 < A < 1 TaKkKe SIBISCTCS JTOCTYITHBIM HA0OPOM.

Korna notpebutens uaét Ha ppIHOK MPUOOPECTH HEOOXOUMBIE €MY TOBaphI,
TO OJIMH HAaOOp TOBApOB JIA HETO MpEANoYTUTENbHEE Apyroro. byaem cuutarh,
yTo 3amaHa GyHkus U(X), koTopas 3a1aéT Takoe MPeaoYTeHUE, & IMEHHO: Ha-
0op X npeonoumumenvhee HabOpa Y TOrAa M TOJIBKO Toraa, koraa U( X)=u(y).
Ota pyHKIMS HA3BIBACTCS (hYHKYUEl NOAE3HOCTIU.

Ceoticmea pynkuyuu noneznocmu. IKOHOMUCTBI TPeOYIOT, 4TOOBI (DYHKIUS TIO-
JIE3HOCTH OblLjIa «IPABUIIBLHOI, TO €CTh YTOOBI OHA YAOBJIETBOPSIA Py YCIOBHIA.
Ycnosue 1. Henacviwyyaemocms. HeHachIaeMoOCTh COOTBETCTBYET HECIIOCOOHO-
CTH MHJUBHIA ObITh MOJHOCTBIO YJIOBJIETBOPEHHBIM. DKOHOMHUCTHI ATO (POpMYJIH-
PYIOT CIEIYIONTUM 00pa3oM : «HE UMEET 3HAYCHHs , KAK MHOTO TOBApOB U yCIyT
HAXOJUTCS B MHAWBUAYAIbHBIX BJIAJECHUSIX, U3 HOBBIX TOBAPOB U YCIYI YEIIOBEK
BCET/1a CyMEET U3BJIEYb JOTOJIHUTEIBHYIO MTOJIb3Y».

MareMaTiudecku 3To 03Ha4aeT, 9To U( X, + AXy, Xy .., Xy ) SU(X, Xy ey X,) TIPH

Ax,> 0. CiienoBarensHo,
U( X, + AX X ey X ) = UK X ey X )
AV
DTa BeIMYMHA PABHIETCA J0JIe MPUPAIIEHHON MOJE3HOCTH, MPUXOASAIIEH HA KaxK-
Y10 HOBYIO €IMHUILY TEPBOro toBapa. [IpenenbHoe 3HaU€HUE 3TOr0 OTHOLICHUS
pu Ax, — 0 Ha3bIBaCTCS npedeibHOl noe3HOCMbio0 TIEPBOTO TOBApOB. Takum 00-

pasoM, MpejesibHas MOJIE3HOCTh NEPBOT0O BHJIa TOBApA SIBISIETCS YACTHOM MpPOM3-
BOJIHOM (DYHKLIMU MOJIE3HOCTHU IO NMEPEMEHHON X, . M3 ycia0BHs HEHAChIIaeMOCTH

>0 npu mr00oM  AX; .

CJICaAyCT, 4TO YaCTHad MPOMU3BOAHAA
OU( Xy, X5 e Xy, )
0X,
AHANOTHYHO JUJIsl IPYTUX BUIOB TOBAapoB. OOBIYHO CUMTAIOT, YTO BCE HACT-
HBIC ITPON3BOAHLIC

> 0.

OU( Xy, X5 s Xy )
0X;

>0 mgBeex 1=1,2,...,Nn. (17)
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Ycnosue 2. Yovisarowasn npeoenvnas nonesnocms. 310 COOTBETCTBYET TOMY 00-
CTOSITEJIbCTBY, YTO C MPUOOPETEHUEM BCE OOJBIIET0 KOJIUYECTBA KAKOr0-TM0O0 Mo-
TPeOUTENHCKOTO TOBAapa KaXKJasi HOBas €IMHUIIA ATOTO TOBapa 0OeCcreunBacT BCe
MEHBIIUHN JOMOTHUTENbHBIN BKIIAJl B OOIIYIO MOJIE3HOCTD.

DTO0 yCclOBHE HA3bIBAETCS nepevim 3akonom I'occena (HeMeUKuil SKOHOMUCT
XIX Beka Ha NMpakTUKE MOJAMETHJ JCHCTBHUE ITOTO 3aKOHA) WUJIIU 3AKOHOM )Obl-
saiowjell npedebHOl NOJIe3HOCMU — NPeOebHaAs NOIe3HOCMb 1-20 mosapa yovl-
eaem c ygeiuueHuem 00vema INMo20 moeapa npu NOCMOAHHBIX KOJAUUECHBAX
opy2ux 6u008 moeapoe.
OTO0 03HAYAET, YTO

OU( X + A%, X5 X, ) OU(Xy,Xg 50y X, )
0%, 0%,
AV

[Ipenen 3TOro OTHOIIEHUS SIBJISIETCS BTOPOM YaCTHOW MPOM3BOJHON U, ClIe/IOBa-
TEJILHO,

<0 mpu mrobom AX,.

0°U( Xy, Xy 10X, )

<0.
ox,°
AHanornyHo s Apyrux nepeMeHHbpiX. OObIYHO MOJAraroT, YTO
2 4
0 u(zx) <0... 6 u(x) (18)
0X, " 9%x,

Ycnosue 3. Yovisarowas npedenvras zamewaemocmo. 1lo mepe Toro, Kak nmpuoo-
peTaeTcs OMOJIHUTENbHAS eUHHIIA |-TO TOBAapa, OHA CTAHOBUTCS MEHEE IMpHBIIE-
KaTEJIbHOW 10 OTHOIICHHIO K JPYTUM TOBapaM. DTO 3HAYHUT, YTO MpeaeabHas Io-
JIE3HOCTh MEPBOTO BHJIA TOBAPOB PACTET, €CIIM PACTET KOJMYECTBO BTOPOTO BHUA
TOBApOB.

3amuiieM B MaTeMaTudeckoi gopme 3To ycinoBue. Bo3eMem nBa Habopa To-
BapOB ( Xy, X5, X3,.., X, ) U (X + A%, X, + AX,,X3,...,X,, ) OJAWHAKOBOI MOJIE3HOCTH,

TO ecTh U( X; + AXy, Xy + AXy, Xz, Xy )= U( X, X5, Xg 400y Xy, ) -
au(i)A +6u(i)

Otcrona nosy4um, 4rTo X Ax,= 0.
1 X2
N3 ycnoBus nenacviyjaemocmu CienyeT, 4To Ax, U AX, UMEIOT pa3HbIe 3Ha-

KH.
Orcroma moayunMm [Ax, / Ax, [F — (Ax, / Ax) = (aU(X) 0;)((x))
B oOwiem ciyuae,
Axk‘ 0X;
= - 19
AX; ‘ ou(x) (19)
0X,
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HpeIICJ'IBHOE: 3HA4YCHUC

. |AX o
lim == M¥(X) (20)
AX;j -0 ij
HA3BIBACTCS npedebHol HOPMOU 3ameuenus |-eo mosapa K-w mosapom. OHa 10-
Ka3bIBaeT, CKOJIbKO eauHUIl K-ro ToBapa 100aBOYHO MOTYT KOMIICHCHPOBATH
YMEHBIIICHUE KOJIMYECTBA |-TO TOBapa Ha OHY CIUHMILY.
U3 (19) u (20) cneayet, 4TO mpeaeiibHAas HOpMa 3aMeEIleHus |-ro ToBapa K-m
TOBAapOM paBHA OTHOILIEHHUIO MPEJEIbHBIX MOJIE3HOCTENH ITUX TOBAPOB
ou(X)
ME(R) = o (21)
X)) = —.
ou(X)
0X,
VYcaoBue yObIBaroliel MNpeaenbHOW 3aMElaeMOCTH O3HA4yaeT, 4To  (PyHKIUs
M (X11 " J’

BBITMOJIHEHHSI paBeHCTBa U( Xy yeees Xj geees X yeees X ) = const.

X 1+, X,y ) YOBIBAET C YBEJIMUYEHHUEM IIEPEMEHHOM X; IPH yCIOBUM

PaccmoTpum ciywai nByx toBapoB. Torama paBeHCTBO U(X,, X,) =CONst 3amaer
Ha IUIOCKOCTH KPUBYIO, KOTOpasi Ha3bIBAECTCA Kpusou be3pasznuuus. 11o Teopeme o
HESBHON (DyHKIIMHM B OKPECTHOCTH KaKIOW TOYKH, Jiexkalled Ha ITOU KPHUBOM,
KpuBas 0e3pa3nuuusi MOKET ObITh 3a/1aHa B BUJE rpauKa 0JTHO3HAYHON (YHKIHH
X, =X, (X,), IpHYemM

ou(Xx)
d _ X
d_xl XZ(Xl) - au()—() .
0X,

OyHKIMS M2 (X, X, (X)) YOBIBAET C yBEIMUYCHHEM X,. 3aIHIIEM YCIOBHE OTPHIIA-
TEJIBHOCTH €€ MPOU3BOIHOM:

6u(>‘<)
d 2 _
d_Xl Ml (Xl 2(X1)) ( aU(X) ) -
0X,
Au(x) ou(x)
0° u(x) 0°u(X) au(x) 0°u(x) _0°u(x) au(x) au(x)
(( x> 0X,0% (OU(X) ) (ax ox, ox: (GU(X) )) )/( )
0X, 0X,
9° u(x) ou(Xx) azu(>‘<) ou(x) au(x) 9°u(x) au(x) ou(x)
( ( 0X, ) 0X,0X, 0%,  0X, ox? ( ) )/( 0X, ) <0.

3nech 6BIJIO KCIIOJB30BaHO PABEHCTBO CMEIIAaHHBIX HpOI/IBBOI[HBIX. Otcrona u u3
yCJIOBUS HEHAChIIaeMocTH (17) mojiyduM HepaBEeHCTBO
2. (T o 2. /< - —
0°u(Xx) (au(x))2_2 0°u(x) du(x) au(x) 0°u(X) (au(x)) <0 (22)
0X,0X, 0%  0X, ox; 0X,
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O0603HaYuUM

- ouwx) _ ou(x)
2 1
Torna nepaBeHCTBO (22) NPUMET BHI
d*u(x) 62u(x )
lu(x P42 —= <Q. 23
t;x(f iy axon, 7 p o @3

TakuMm 06pa3oM, ecid GYHKUHMA MONE3HOCTH SBAAETCH CTPOro BOTHYTOH, TO
HepaBeHcTBO (23) BeimonHeHo. ClleqoBaTeNsHO, IS CTPOTO BOTHYTOH (QyHKUHUH
T0JIE3HOCTH YCIIOBUE YOBIBAIOLIEH NPENETbHOM NMOJIE3HOCTH BBIMIONHEHO.

3ameuanue. ViHorna or QyHKUMH TONE3HOCTH TPeOYIOT, 4TOOLI OHa OTpaxana
CAEMyIOLEe CBOUCTBO: JAyuuie uMemv KOMOUHAYUIO MOEGPOE hycmb Oajce 6
MEHBWLUX KOAUHECMEAX, YeM OOUN U3 SMUX MOEAPOE HAUMEHbULEU NONEIHOCMU.
Yto6s1 GopMaH30BaTh ITO YCI0BHE, 0003HAYUM Yepes
€ =(00,.,010..0) ,
y KOTOpPOTO €IMHHL@ CTOMT Ha i-M Mecre. Torna moboii Habop NpEenCTaBuM B
BUIE X = X,& + X,&, +...+ Xx,€, . O603HauuM yepes
QO=x;+x,+...+x,

of11ee KoM4ecTBO TOBapoR. Toraa copMynHpPOBaHHOE YCIHOBHE IPHHUMACT BHA

u(x) 2 minu(QEg, ).

. Isisn

Ecii ¢pyHKIHS 0I€3HOCTH BOTHYTA, TO 3TO HEPABEHCTBO BHIMIOIHEHO.
B camom pene, umeem

A=2i20, A+ A+ 4d, =1,x =4 -Q DF= Zl(Qe)

IO

[ToaToMmYy,

u(X)—u(Zl(Qe )>Ziu(Qe )2

i=l

2(A4+4, +...+/1,,)lrg_1£u(Qe,-)— 1rg_zgu(Qe,

Tema 28
YCJOBUSA DKCTPEMYMA
O YHKIIUN MHOT'UX IIEPEMEHHBIX

Onpeoenenue. Touka ° eXcR"(X,€XCR") HasbiBaeTCA TOUKOW JOKAILHOZO
maxcumyma (Munumyma) GYHKUMM MHOTHMX NepeMeHHbIX f(X), onpeneneHHoH

Ha 3ToM MHOXecTBe X, ecnu f(X° )2 f(X) (f(%,)< f(X)) ans Beex X €X nu3

HEKOTOPOJ OKPECTHOCTH TOYKH X (X,). TOUKH JOKATBHOrO MaKCHMyMa U
MUHHMMYMa Ha3bIBAIOT TOUKAMH JOKAILHO20 FIKCHPEMYMA.
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Teopema. Ilycth TOUYKA JTOKAIBHOTO MakcumyMa (MuHUMyMa) ¢yHKiuu f(X) sB-

JsieTCsl BHYTPEHHENW TOUKOM MHOXKecTBa X, a caMa (yHKIUS UMEET B 3TOH TOUYKE
YaCTHBIE IPOU3BOHBIE. TOT1a OHU BCE PABHBI HYJIIO.
Jlokazamenvcmeo. 3apukcupyem Bce NepeMEHHbIE, KpoMe MepBoi. bynem nMertsb

dynkumio ogHoro nepemenroro f(X,,x%,..,x%n ). Honydennas dbyHKImMs oxHOI

TepeMEHHOI ONpe/eieHa B HEKOTOPOi OKPECTHOCTH TOUKH X'1 (Xyy) M MMEeT B
ATOM TOYKE JIOKAJbHBI MaKCUMyM (JOKaIbHBIA MUHUMYM). 3HAUUT(IIO TEOpeMe
depma) e€ mponsBoaHas (a 3TO M €CTh YaCTHAsI MPOU3BOIHAS 110 IEPEMEHHOU X, )
B 3TOM TOYKE paBHA HYJI0. AHAIOTUYHO JJI IPYTUX MMEPEMEHHBIX.

Taxum oOpazom, s ompeAesieHusl ToueK 3KcTpeMyma auddepeHupyemoit
(GYHKIIMHM N IepeMEHHBIX UMeeM N ypaBHEHU ¢ N HEU3BECTHBIMHU:

-
D | (1)
[

Onpeodenenue. Touka X OXOR" (X OXOR") HasbiBaeTcst TOUKON abComiommozo
maxcumyma (mMunumyma) QyHKIMH MHOTHX mepeMmeHHbIX f(X), ompeneneHHOi

Ha 5ToM MHOXecTBe X, ecr (X )2 f(X) (f(X )< f(X)) ams Beex X OX.
Touku abCONIOTHOTO MaKCHMyMa W MHUHUMYMa Ha3bIBAIOT TOYKAMHU aOCO-

JIIOMHO20 IKCMpeMyMd.

3ameuanue. Kaxnas Touka abCONIOTHOrO MakCUMyMa (MUHHUMYMa) SIBJISIETCS TOY-

KOH JIOKAJIbHOTO MakcuMyMma (MuHuUMyMa). OGpaTHOE, BOOOIIIe TOBOPS, HE BEPHO.

Teopema. Ilyctb pynkmus f(X) ompesnerneHa Ha BBITYKIOM MHOXECTBE X, HIMEET

Ha 3TOM MHOKECTBE HENPEPHIBHBIE YACTHBIE MPOU3BOJHBIE U SIBJISETCS BBIMYKION
(Boruyroit). Torna, eciv B Touke X BBIINOJHEHHI paBeHCTBA (1), 3Ta Touka ABISET-
Csl TOYKOM a0COIFOTHOTO MUHIUMYMa (MaKCUMyMa).

Jlokazamenvcmeo nipoBeEM IS BHIMYKIONH (GyHKIUH. Bo3bMEM mM00YI0 TOUKY
y O X.Torna u3 kputepus BHITYKIOCTH (PYHKIIMA UMEEM

(9)= 1002 5 Ty =) =l cuny (1] =00 1(9)2 1(0).

Memoo naumenvuiux keaopamos. IlycTb TpOU3BOACTBEHHAs (YHKIUS UMEET

Bun Y = AX?®, 3necs, Hanpumep, X — seauuuna zampasuéaemozo pecypea, a Y —
00veMm gvinyckaemou npooykyuu. VIMeroTcst CTaTUCTUYECKUE JTAHHBIE, C TIOMOIIIbIO
KOTOPBIX XOTUM ONpeaeauTh koddduimeHTs A u a.
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Oo6o3naunm y=InY, x= InX, a,= a, a,=InA. Torma uckomas 3aBUCHMOCTb
OpUMET JIMHEHHBIA BUA Y= a X+ a,. CTaTHUCTUYECKUE JaHHBIC 3alMIIEeM B BHJIE

TaOJINLIBI

X X1 Xo Xn

y Y1 Y2 Yn
CocragisieM cyMMY TSl KBaAPaTOB JJIMH (CM. PUC.) OTKJIOHEHUH A

n
_ 2
y ¢(al’a2)_Z(a1Xi +a,-y,)
------------------------- 1=1
Vi bommmmmoe L E} oY

Kak cymMa BBIMYKIJIBIX (PYHKIIHI 3Ta (PyHK-
1Usl BBIMyKJA. 3HAUCHUs MMapaMeTpoB 8, U

3.2 HIICTCA M3 YCJIOBUA MHUHHMYMaA ATOM

X QyHkuuy. 3anumem a1d Heé YCIOBHE MH-
HUMyMa
m = iz(alxi +a, -y, )x =0,
08, Ei
m: iz(alxi +a,-y;)=0.
0a, =

OTcro/1a MoJIy4rM CUCTEMY JTMHEHHBIX anreOpandecKkux ypaBHEHUM

D n n n
%alzxiz ta,y X =Y XY,
Ei Ei Ei
D n n
%12& ta,n=3%y,.
Ei Ei

OHa CcITy’KUT AJIs ONPEAEIICHUS YUCET &, a, .

Ycnoeuwtii skempemym. llpenpiaynmii npuMep paccmaTpuBaics 0e3 KaKux-1u00
OTpaHMYEHUI Ha MapameTpsl &, a,. Eciu ke notpedoBaTh, 4TOOBI BBHIIOJIHAIOCH
ycinoBue 0< @, < 1, To noiay4yuM 3agady ¢ orpaHnueHusMH. JlJid Takoi 3a1a4u yc-
JIOBUS DKCTPEMYMa NPUHUMAIOT APYrOil BU/L.

3anuiiem 3a7ady Ha YCJIOBHBIN IKCTPEMYM B O0IIEM BUJIE

fo(X) » min, f,(x)=0,... f,(x)=0,f,,(X)<0....,f,(X)<0, xOX. (2
Bce Qyukuuu f,(X) onpeneneHsl Ha MHOXkecTBe X. ®ynkums f,(X) HasbBaeTCs

neneBoil pynkmueit. CBsi3u, T€ CTOST 3HAKU PaBEHCTBA, HA3BIBAIOTCS CBA3SMU
THIA PABEHCTB, A I'JI€ HEPABEHCTBA — CBA3SMU THIIA HEPABEHCTB.

Onpeoenenue. Touka X [IX sBisercs perreHueM 3agadn (2), ecid OHA YAOBJE-
TBOPSIET BCEM CBA3SIM ATOW 3a/1auu U i J000i Touku X [X, Takxke yJgoBiIeTBO-
psAronIe BceM CBA3SM B 3aj1a4e (2), BHIIOIHEHO HEPABEHCTBO

f(X )< f(X). 3)
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PaccmoTpum B Havase ciiydyanl OIHOM NMEPEMEHHOW MPU HAJMYUU OJHOU CBS-
34 TUIIA HEPABEHCTBA.
Jdemma. Tlycte Gyukmuu f (X) u g(X) onpenenensl u quddepeHIUpyeMbl Ha HH-
TepBaiie (a, b), a rouka y [I(a, b) sBasercs perennem cnenyroiei 3a1a4n:

f(X) -min, g(x) <0, x(a, b). 4)
Torna cyiecTByeT Henynesol nabop 4ucei A , V Takou, 4To
DA=0,v=0;
2)vay) =0

AT (Y+vg(y=0.
Jlokazamenvcmeo. V3 nudpepeHpyeMOCTH paccMaTpuBaeMblX (YHKIUN ciie-
JyeT, YTO OHU HETIPEPBIBHBI HAa UHTEpBaJIe (&, b).
[Tycts g(y) < 0. Torna u3 HENPEPLIBHOCTH TON PyHKIUU ciieayeT, uTo g(X) <
0 st Bcex gmcen X, A0CTaTo9HO Onm3kuX K Y. CienoBaTenbHO, TOYKA Y SBISICTCS
TOYKOH JIokaapHOro MuanMyma pyukmuu f (X) . ITo Teopeme depma npoun3BoaHAs
f'(y) = 0. Bozsemem A = 1,v = 0. IIycts g(y) = 0 u g’ (y) = 0. Torna npu

A =0,v=1 ycious 1) — 3) BbIIOJIHEHEI.
IMycts g(y) =0u @' (y) <0. Torma npu Bcex X, JOCTATOYHO OJU3KUX K Y, BBIOJI-
HEHO HEPaBEHCTBO

g(x)_ 9(x)=a(y) _,

X=-y X=y

CrnenoBarteibpHO,

gX)<O0mpu x>y u g(X)>0npu Xx<Y.
3HAYUT, IPH TOCTATOYHO OJU3KUX X >V BbINOIHEHO HepaBeHCTBO f (Y) < f (X).
CrienoBaTelibHO,

try) = lim ST S
X - y+0 X—y

B sTom ci1y4dac yucia

A=1y=— 1) (5)

YAOBJIETBOPSIOT yCIOBHAM 1) — 3).
Amnanoruuno mokaseiBaetcs, uyto eciii g(y) =0u g'(y) >0, to f'(y) <0.

Uucna (5) 1 B 3TOM ciiydae yJI0BIETBOPSIOT YCIOBUsIM 1) — 3).
PaccMmoTpuM Temeph ciiydam ABYX MEPEMEHHBIX NPHU HAIWYUHM OIHOHN CBS3H
TUTIA PABEHCTBA U OJTHOW CBS3M TUIIA HEPABEHCTBA:

fo (k%) =min, f; (x,%) =0, f, (x,%) <0, (x,%)UXOR*.  (6)
Teopema. 1lycTb BHYTPEHHSISI TOYKA (X; ,X;) MHOXecTBa X SIBJISIETCS PEIICHUEM

3agauu (6) , a Bce pynkuuu f;(X;,X,),1=0,1,2 UMEIOT B OKPECTHOCTH 3TOW TOY-
KU HENpPEpPHIBHBIC YACTHBIC MPOU3BOIHBIE MO TIEPEMEHHBIM X, U X,. Toraa cyiue-
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CTBYET HeHyesol Habop uucen A, , 1 =0,1,2 Takoil, 4TO BBIIOIHEHBI CIEAYIOIINE
YCIIOBUSI:
1) Ap=0, A =0 (ycioBue coriacoBaHUs 3HAKOB);
2) Axf5 (X, X5, ) =0 (yciioBuE IOTONHSIONIEH HEXKECTKOCTH);
* *
2 ofi(x ,%;)

3) Z)\ v =0, 1= 1,2 (yciaoBus CTallHOHAPHOCTH).

1
JHokazamenvcmeo. Ecnu

(% %) _ (% %)
0X, 0X,

Tto yncina Ag= 0, A1 =1, A, = 0 yI0BACTBOPSIOT ycaoBusim 1) — 3).
of(%,% )
0X,
€T OKPECTHOCTh TOUKH ( X, , X, ) TAKas, 4YTO MHOXKECTBO TOUEK U3 ATOW OKPECTHOCTH,
yIoBieTBopsitonmx ypaBaenuto fi(x,x,) = 0, 3amaercs B Buae rpaduka OmHO-

:O,

IlycTh, Hanpumep, # 0. 1o Teopeme 0 HEABHON (PYHKIMH CYIIECTBY-

3Ha4YHOW (DYHKIUU X,= Z (X ). DTa QyHKIMS omnpeneneHa u muddepeHnupyemMa Ha
HEKOTOpOM HHTepBae (a,0), mpuueM X, = Z (X, ) 1
of, (%, 2(%,))

0%,
ofy(x,2(%))

0X,
Touka X, ABIASCTCS PEUICHUEM CIICAYIOIICH 3a1auu :

F(x) = fo (x, Z(x)) »min, g(x) =1, (x, 2(x)) <0, xU(a.b).

[To mpeapiayIeii JeMMe CYIIECTBYET HeH)Y1e80t Habop ducell A , V TakKoM, 4To
DHA=0,v=0;
vo(x)=00 vih(x,x)=0;
AT (x)+vag(x)=0.
Hcnone3ys npasuio quddepeHIMpoBaHus CI0XKHONW (PYHKIIUU, TTOCIIEIHEE PABEH-
CTBO 3alHIIIEM B CJICTYIOIIEM BU/IE:

FPfO(Xl’XZ afo(xl’xz)zr(xi) +v Hofo (%, %, +af2(xl’X2)z'(X; )=
H 0X, 0X, H 0X, 0X,
[ToncraBum croga popmyny (7). bynem umets

) Epf o(X ) O (X, %5 ) Of(%;,%; ) Of (xl,x2 E

Z(x)=— (7)

0X%, 0X, 0X,

|:pf (X, %, ) Of, (xl,xz) of, (%, ,X;, ) Of, (xl,x2 0.
H 0X, 0X, 0X,

910 PAaBCHCTBO MOHO 3alTMCAaTh U TaK:
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AMo(6.%) LK) [h,00%) 0L(X.%)
of (%, %) Ofi(X Xz ) of (X, %) Ofi(X,%;)
0X, 0X, 0X, 0X,

Otcroga cienyer, 4yTo

oo (X.%) ,  0a(6.). 5 Ao .0%) | 3x(% %)
0X, ox, X, X,

afl(X;.’X’;) (A +V)afl(x;.’x’;)
0X, 0X,

o (X, %)
0X,

HenyieBas. Ceq0BaTeNbHO, CYLIECTBYET HEPABHOE HYIIIO YKCIIO C TAKOE, UTO
afo(X1’X2)+Vaf2(X1’X2) of (% ,%; )

A

(A+v)

Tak kak A +V> 0 u # 0, To mocneqHsAs CTPOKa B TOM OIPEACIIUTENE

A =c(A+v)——==,
Xy Xy 0X,

/\afO(X;.’X;)_'_VafZ(X;.’X;):C(A +V)af1(X;.’X;).
0X, 0X, 0X,

BoszemeMm Ag=A, A1 =—c (A +V), A ,=Vv. Torna 3Tor HaOOP YJAOBIETBOPSET BCEM
TpeOyEeMBIM B TEOPEME YCIIOBHUSIM.
3ameuanue. Paccmorpum QyHKIIHIO

L(X) =2, fo(7)+ A fl()_()+ Az fz(x)-

Torna ycnoBus 3) MOKHO 3alucaTh B CIEAYIOIIEM BUJIE:
oL(X )

0X;

Ora QyHkuus HaseiBaeTcs (yHKIuen Jlarpamxka, MHOXUTENNM A, Ha3bIBAIOTCS

=0,i=0,12

muoxcumensmu Jlazpamnoica.
PaccmorpuM 3amauy (2) B o6mem Buae. OHa pemaeTcss ¢ MOMOIIBIO Heonpe-
oenénnvlx mHoxcumenei Jlaepansica Ao, A1,..., A, ..., Am. CocTaBnsercs GyHKIUs

Jlarpanxa:
L(%) = A fo (%) + A, f1 (%) + ..+ A F () + Asg Faa )+ + A F (). (8)

Teopema. Ilycty penienue 3aaaun (2) X SIBISeTCS BHYTPEHHEHW TOYKOW MHOMKE-
cTBa X, a Bce QYHKIMHA UMEIOT HEPEPHIBHBIC YaCTHHIE MMPOU3BOIHBIC TIO BCEM II€-
PEMEHHBIM B OKPECTHOCTH 3TOM TOYKH. TOraa CymecTBYeT HeH)iedoti Habop
MHOKUTENEN JIarpanxa Takou, 4To

1) 020, A, 20, ...,An =0 (ycrmoBue coryiacoBaHHUS 3HAKOB);

2) Aif; ()‘(D): 0, j=k+1,..., m(ycnoBue AOMOJHSIONMEH HEKECTKOCTH);

3) % =0, i=1,..., n(ycloBUe CTAllMOHAPHOCTH).
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3ameuanue. Ecniu B MCXOMHOW 3ajaue CTABUTCS 3a/Java O HAXOXKJACHHUH MaKCH-
MaJIbHOTO 3HaYeHUsT HeKOTOpoil GpyHkimu f (X) , To B KauecTBe 1e/ICBON (QYHKITUH
CTOUT PacCMOTPETh QYHKIUIO fo(i) =—f(X).

3adaua nompedumenvckozo eévib6opa. PaccmoTpum 3a7auy O MOBEJACHUU TMOTpE-
outens Ha peiHKE. [IycTh MHOXECTBO X TOCTYITHBIX TOBAPOB UMEET BUJT

X= OX=(X Xy s X ) 2 X 28,1 =1.2,...,n [,
3neck a =0 — 3amgaHHble yucia. Hanpumep, ux HabOp 3amaeT MoTpeOUTEIbCKYIO
kop3uHy. Ha mHOXecTBe X onpeneneHa GyHKIHS Mojae3HOCTH U(X) . Caurtaem, 94To

u(X)> 0, ecmu X >a npu Bcex | =1, ..., N, (9
¥ Ha TPAHMIIE 3TOTO MHOXKECTBA (DYHKIIHS TIOJIE3HOCTH OOpaIiaeTcsi B HyJb, TO
eCTh

u( Xy yeees@ 4oy X, )= 0. (10)

Jlanee, cuurtaeM, 4To (PYyHKIMS TOJE3HOCTU SIBISETCS HEMPEPHIBHOW BOTHYTOMU
dbyHKIIMEH HA MHOXKECTBE X, UMEIOIIECH B KaXKJI0M BHYTPEHHEH TOUKE dTOr0 MHO-
YKECTBA HEMPEPHIBHBIC YaCTHBIE TPOU3BOAHBIE IO BCEM MEPEMEHHBIM.

Ynpasicnenue. 1lokazars, yto Ppynkius Croyna

WX X e X ) =00 =2 ) e (% =8 )5 .., =3, ), k; >0 mpu Beex i =1, ...,n  (11)
YAOBJICTBOPACT 3TUM YCIIOBUSM.

Ha peInke cymecTByer neHa p; > 0 Ha i-if Bujg ToBapa, i =1,..., n.
[ToTpebuTenb, UMes CyMMY JCHET

Q> ajprtaspot ...+ anpn, (12)
CTPEMUTCS BBIOpAaTh HA0Op TOBAapPOB CTOMMOCTBIO, HE MPEBOCXOAAIIEH ITON CyM-
MBI 1 HanOOIbIIIeH mone3HocTH. Mimeem 3amady

—u(X) - min, X;pr+tXoPot... X p- Q<0, - x +8,<0,..~x,+a,<0. (13)
MHo0)ecTBO TOUCK [IX =( X, X,,.., X,) 1 X = a,i =12,...,n; Xy PrtXo Pot.. ¥ X, pn £Q U
SIBJISIETCS 3aMKHYTBHIM M OrpaHUYEHHbIM. DYHKIIMS MOJE3HOCTU SIBISIETCA HEmpe-

peiBHO#. [To Teopeme Beiiepuirpacca pemenne X B 3aaade (13) cymiecTByer.
CocraBuM ¢ynkuuto Jlarpanxa:

L) =-Xa(x) + Ay xp ~QEF S Au(-x +a). (14

U 3anumem YCJIOBUS OIITUMAJIbBHOCTHU

1) /\02 O, )(12 O, )(22 0,. . -;/\n+12 0,
2) )\1§ X p —ngo, Au(=X +a)=0, i=1..n.:
=1

3) —/\OMH\lpi -A4 =0,i=1,...,n.
0X;
U3 ycnoswmii (9) u (10) caemyer, uro Bce x >a . CiaemoBarenabHO, U3 YCIOBHIA 2)
HoJy4uM, uTo Aj+1= 0 mpu Bcex i =1, ..., n.
C yuetom 3TOT0 3aMevaHus nepenuineM ycinoBus 1) — 3). Bynem umetsb
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1) /\020, A= 0;
2) Algz X P _QH= 0;
=1 0

3) ‘%%H\lpi =0,i=1,..., n.

1
HonyctuM, uto Ag= 0. Torma u3 ycmosus 3) momydum paBeHCTBO A; = O .
3nauut, Habop MHOXxuTteneil Jlarpamxka HyneBoil. OgHAKO 3TOrO, MO YCIOBHUIO
TEOpPEMBI, He MOXeET ObITh. ClieoBaTeIbHO, uncio Ag> 0.
W3 paBeHCTB, CTOAIMX B YCIOBHS 2) U 3), cilieqyer, yTo MHoOxuTenu Jla-
rpaHXka OIpPENENSIOTCS ¢ TOYHOCTBIO /10 OOIIETO MOJIOXKUTEIBHOTO MHOMKHUTEIS.
[TosTOMY MOXKHO MONIOKHUTE Ag= 1. ByieM uMeTh COOTHOILICHHUS:

1) A;=0;
2) Al@ X P _QH= 0;
=) [

3 augf )y

1
[Tokaxkem, uto A; > 0. JomycTtum, uro A; = 0. Torma u3 ycnoBust 3) moiry-
YHM paBEHCTBA

N L T o )

ou(x ) _
oX.

0 mpu Bcex i=1,..., N.

OYHKIMS TMOJIE3HOCTH ABISIETCSl BOTHYTOW. [1o3TOMYy, COryiacHO mpeablay-
_* ~
IIMM PaBEHCTBAM, TOUKa X SIBJISIETCSI TOUKOW a0COIIOTHOTO MaKCUMyMa (DYHKITUU

ToJIe3HOCTH Ha MHOXecTBe X. Jlpyrumu cioBamu, U(X ) = U(X) mmst Bce Touek X
u3 MHOXKecTBa X. OIHAKO MO YCJIOBHIO HEHACHIIIAEMOCTH JJIs JtoOoro Habopa X,
y KOTOPOTO BCE X > X, , BBIIOIHEHO HepaBeHCTBO U(X) > u(X ) .
Taxum 00pa3oM, OKOHYATEIBHO UMEEM CIIEAYIOIINE YCIOBUS:
n
zxi pi =Q ) (15)
=1
ou( X .
Mz)\pi, 1I=1,...,n, (16)
0X;
A> 0. (17)
Touka X Ha3bIBaeTCs moukou cnpoca. Kakue MOXHO c1eaTh BHIBOIbI?
1. B Touke cripoca noTpeOUTENh PACXOAYET BCE CBOU JEHBIH.
2. PaBenctna (17) npuOau3UTENHHO MOKHO 3alIMCATh B CJIEAYIOIIEM BUJIE:
U(X) oo X+ DX ey X0 ) = UK ey X ey X,
( 1 i i n ) ( 1 i n ) ~ A . (18)

P; AX;
B uucnurene apoOu, CTOSALIEH cIeBa B TOM PAaBEHCTBE, CTOMT IPHUPALICHHE I10-
JIE3HOCTH, 4 B 3HAMEHATEJIE — [IeHA IPUPALICHHOTO KOJIMYECTBA TOBAPA.
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Taxum 00pazoM, 105 MPUPALLEHHON MMOJE3HOCTH, MPUXOASIIEH Ha €IUHULLY
JIEHE)KHBIX 3aTpaT, B TOUKE CIIPOCa OJJMHAKOBA 10 BCEM BHUJaM TOBapOB.
3. Paccmotpum HaGop X° [ X , KOTOpBIl MMEET Ty e IOJIe3HOCTh, YTO M TOYKA
ciupoca. OueHuM ero crouMocTb. OyHKIMA
¢ (X)= U(X)-A (XPr+ ...+ XPn— Q)
KaK CyMMa BOTHYTbIX (DyHKUUH sBisercs BorHytoil. M3 paBencts (16) crnenyer,
4TO

0p(X") _ou(x") _
= - Ap; =0.
0X; 0X;
OTH yCIIOBUS SBISIOTCS YCIOBHSIMH T7100aTbHOTO MAKCUMyMa BOTHYTON (DyHKIIUN
¢ (X) Ha maoxectBe X. CenoBarensro, ¢ (X) < ¢ (X') mpu Bcex X X. 3uaumur,
U(X?) =A (P, +..+ 0P, Q) € U(X) = A (X4 Prt .. +% Po Q) ©
AP, + X0, Q) S = A (X Prt X Pr —Q) =0 =
Xfpl +"'+Xr?pn 2Q= Xl*p1+---+xn* Pn .

Takum 006pa3omM, CTOMMOCTH JHOOOTO HabOpa TOBAPOB TOW ke TOJE3HOCTH,
9TO ¥ B TOYKE CIPOCa, UMEET OOJIBIIYI0 CTOMMOCTh. [[pyruMH CIIOBaMH, WHIUBH-
IYyyMy HE BBITOJIHO M3MEHSTH CTPYKTYPY NMOTPEOJICHUS, TTOCKOIBKY BCSIKOE TaKOE

U3MEHEHHUE yXY/IIAeT ero 0arococTosiHue (6mopoti 3axon I occenay).
Haiinem Touky crpoca ans ¢pyHkiuu nojesnoctu CroyHa.

n n
Z(Xj_aj)pj:Q_zajpjv (19)
=1 =1
ki(x —a)..(x —a)t . (X —-a,)"=Ap, i=1,...,n,  (20)
A>0.
YMHOXUM Kax0€ paBeHCTBO (20) Ha X? — @, U IIpocyMMHpyeM ux. byneMm nmern
u(i*)ik-/\(Q i@p) X -k ux)
= -Yap).x —a=—+ _
=8 g P, A
OTC}O,Z[a IMOJIYyYHM BHU I TOYKH CIIpOCa
n
yi( Q- Z ap;)
X? =g+ = ,Tae Y =—— . (21)

Pi z K,
j=1

Hpyrumu cnoBamu, NoTpeOUTENb B Havalle MpUoOpeTaeT HEOOXOIUMOE KOJIMYECT-
n

BO @; KaXaoro i-ro Bujaa ToBapa. M3 ocraBueiics cymmsl geHer Q — Z a;p; oH
=1
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BBIJICJISICT HA JIOMOJHUTEIbHOE TPUOOPETEHHUE 1-T0 BUIAa TOBapa CYMMY, PaBHYIO

n
yi(Q-3 a;p;). Ha oty cymmy o uene p; oH u nprodperaeT AONONHUTEIBHOS
=

KOJIUYECTBO
M((Q__E;ajpj)
J:
Pi
I-ro BHJIa TOBapa.
Tema 29
INPOOEPEHIIMAJIBHBIE YPABHEHMUS
IHEPBOI'O IIOPS1KA
JuddepeHnnaabHbIM ypaBHEHUEM Ha3bIBACTCS YPABHCHHE
F(X, Y09, Y(¥).,.-.y"(x))=0, (1)

KyJla BXOJHUT Heu3BecTHas GyHKius Y(X) ¥ ee IPOU3BOIHBIC.
Pewenuem ypasnenus (1) HazpiBaercsa N pa3 auddepermupyemas QyHKIUS
y(X), mpu moJicTaHOBKE KOTOPOH B ypaBHeHue (1) MOIyYHM TOKAECCTBO.
HawuBbiciuii mopsiiok Mpou3BOAHOM (YHCIIO N) HEM3BECTHOM (YHKIIUHU, BXO-
TSTIEH B YPAaBHEHHE HA3bIBACTCS TIOPSIKOM YPaBHEHUS.
3ameuanue. O6b14HO B ypasueruu (1) BMecto Y(X), y'(X) ...y (X) mumryt

y’ y' ’---1y(n) -

YpaBHeHne
Fxy, y)=0
SIBJIIETCSL YPABHEHHUEM IIEPBOTO MOPSJIKA. Y PABHEHHUE
y =f(xy) (2)

Ha3bIBACTCS YpABHEHUEM Nepeo2o NOPsAOKA, PA3PeUleHHbIM OMHOCUMENbHO NPOU3-
B00HOI.
Ipumep (3a0aua o pexname). PexiamupyeTcst ToBap, HIMEIOMINN HEKOTOPOE KOJIH-
YeCTBO IMOTECHUHUAIBHBIX IMOKymarened. B HavyanpHbli MOMeHT BpemeHu X=0 B
CpeAcTBax MaccoBoil mHGopmanuu mpouuia pekiama o0 3tom ToBape. Ilocie-
ayromas uHpopMalus 0 TOBape paclpoCTpaHseTcs Cpeau MOKynaTeiael mocpe-
CTBOM OOILIEHUS APYT C APYTOM M CKOPOCTh U3MEHEHMSI Ynciaa UHPOPMUPOBAHHBIX
0 TOBape MOKymarejiedl MpONOpIUOHATbHA KaK YUCITY ITPOMH(OPMUPOBAHHBIX O
TOBape MOKYyIaTesel, TaKk U YUCITy MOKYIaTesei, 0 HeM €llle He CIbIIIABIINX.
O6o3HaunM 4epe3 Y(X) OO0 MoKymareneld, mponH(GOPMUPOBAHHBIX O TOBape B
MOMEHT BpeMeHHU X. Toraa Oyaem umeTsh AuddepeHinaibHoe ypaBHEHHE TIEPBOTO
NopsIKa:

y (X) = ky(x)(1-y(x)), k= const > 0. 3)
ITpumep (cnpoc u npeonosicenue). [TycTh Ha phIHKE B MOMEHT BPEMEHH X HMEETCS
HEKOTOpOTro ToBapa B KosundecTtBe Q eMHUIL, a CIpoC Ha 3TOT ToBap coctasisieT P
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¢IMHUII, TPUYeM 1eHa paBHa Y(X).IIpon3BoaHas 1eHBI 110 BpeMeHHu Y' (x) XapakTe-
pusyeT TeHaAeHIuo GhopMmupoBanus 1eHbl. [Ipemnoxenne Q u cnpoc P sBisiroTcs
(GYHKIUSIMH 1IEHbI U TeHACHIMH (OPMHPOBAHUS IIEHBI. byjaeM cuuTaTh, YTO ITH
3aBUCHMOCTH SIBJISIFOTCS IMHEHHBIMHA (DYHKIIASIMUA

Q=A(X) y+B(X) y+F(X); P=D(x)y +E(X)y +K(x).
JIJiss TOrO 9TOOBI BCE BPEMsI CIIPOC PABHSIICS MPEIIOKCHUIO HYXHO, YTOOBI IIeHa
Y(X) ynoenerBopsuia nuddepeHnnanbHOMy YpaBHEHUIO

y'=a(x)y+b(x), (4)
rue
a(x) = EX=BX iy = KOO=F(X)
A(X) - D(X) A(X) - D(x)

Ypaeunenua c pazoenarowpumuca nepemennvimu. Takumuy Ha3bIBAIOTCS ypaBHE-
HUS BUA

y =9(x) f(y). (5)
3neck ¢yHkiusa g(X) ompeaeneHa U HEMpepbIBHA HA HHTEepBaje (a,b), a pyHKIusa
f(y) onpenenena u HenpepsiBHA Ha uHTEpBaie (A,B).
3ameuanue. Ypapuenue (3) B 3amade o pekiname mmeeT BuI (5) ¢ g(X) = K m
f(y) =y (1-y).

Paccmotpum anreGpandeckoe ypaBHEHHUE

f(y)=0 (6)

A<y1 <yz..<yn<B. (7)
Torna nocrosiHabie GyHKIMA Y, (X) = Vi, 1=1,...,N SIBISAIOTCS PEUICHUSIMU ypaBHE-

Y HAJEM €T0 KOPHU

HUA (5) ¥ uX rpadyUKaMu SIBJISIOTCS TIPSIMbIE JIMHUU.

y
-------- |
Yin I TT ‘/i
|
|
|
|
|
|
|
|
|
|

Yi

a b X

Haiinem Temepp penieHus, KOTOpPbIE YJIOBIETBOPSIOT YCJIOBHUIO Y, <Y(X)<Y,,, TO
€CTh UX rpaduku Jexart B nojioce TT. s Hux

f(y(x)) # 0.
[TosTomMy u3 ypaBHEeHUS (5) MOITYYUM, YTO
y'(X)
——=9(x)
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[IpounTterpupyem 3To paBeHcTBO. byem umers

y (x)
_[ dx = Ig(x) dx -
fF(y(x))
B nepBom uHTerpane cuenaem 3aMeHy nepemeHHon. llomyunm

F(y(x))=G(x)+ C.

31ecr 0003HAYEHO

dy
F(y) = Im G(x) = Ig(x)dx.

Anzopumm pewenusn ougpepenyuanvrozo ypasuenus

C Pa3oenaouUMUCA nepemeHHbIMU

1. Haittu kopau A<y; < y,..<Yy,<B anredpamnueckoro ypasaenus f(y)=0 u 3a-
nucath TMOCTOSIHHBIC pemenus Y, (X)=Y,,1 =1, ..., n.

2. Pa3nenuth B ypaBHeHUU (5) nepeMeHHbIE, TO €CTh 3alucaTh €ro B BUJIE

i =g(x)dx.

3. Bbluucauts uHTErpaibl

dy
—_=F(y), dx = G(x).
J oy = FO): [909ax=6(x
4. 3anucaTh ypaBHEHHE

Fy)=G(x) + C
1 orcrona Haiith pemreHus Y(X). OHO 3aBHCHT OT MPOU3BOJILHOM TocTOsTHHOMN C.
Ilpumep. Perium ypaBHenue (3).

1. VYpasuenue Y(1-y)=0 umeer aBa pemenus y=0 u y=1. CienoBaTeIbHO, HMEEM
nBa pemenus quddepenimansaoro ypasaenus Y, (x) =0, y,(x) =1.

2. Paznenum nepemeHHBIC

kdx:i.
y(1-vy)

3. Bbruucaum uHTErpasbl

_ _ _. Oy _ 1y
G(x) = [kdx = kx, F(y) _Iy(l— v |n‘m .

4. U3 ypaBHEHHUS

In

Y Iox+c 0 | Y| =eCe
1-y 1-y
IIOJIyYHM, YTO % =B, B =+e°.

-y

CrienoBaTeibHO,
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Y(X):m- (8)

OtmetnMm, uto uncio B mpuHumaeT Bce 3HaueHus, kpome Hyms. Onnako mpu B=0
u3 hopmyisl (8) momyuaeM yrkiuio Y(x)=0, KoTopas TaKKe SIBISCTCSA PCIICHUEM.
Takum oOpazom, perieHus: ypaBHeHHS (3) UMEIOT BU/T

— 1 __ B
Y(X)—]-,Y(X)—W,DBDR- )

@) >

B sxonomuueckoit ureparype ¢popmyiy (9) 0ObIMHO HA3BIBAIOT YpasHeHUEM
nocucmudeckol kpusou. Ha 3ToM pucyHke cxeMaTuuecku n300pakeH rpaduk Jio-
TUCTUYECKOU KPUBOU.

Juneiitnoe ougpgpepenyuanvnoe ypasnenue nepeozo nopaoka ¢ nepemeHHbvIMU
Koa(ppuyuenmomu. TakuMm Ha3bIBACTCSl ypABHEHUE

y =a(x)y +b(x) . (10)
Oynknum a(X) u b(X) sBisroTcst HeNpepbIBHBIMU Ha HHTEpBaie (d, ).
Eciu b(X)=0, To ypaBHenwue (10) mpuHUMAET BH

y =a(xy (11)

Y OHO Ha3bIBAETCA 00HOpoOHbIM. OTHOPOIHOE YPABHEHUE SIBJISIETCS YPABHEHUEM C
pa3IeIIOIUMUCS TICPEMEHHBIMA U UMeeT ofHo u3 pemieHuid Y(X) = 0. Haiiném
ocTanbHbIe pemenus. Mimeem

dy
— = a(x)dx O InM = Ia(x)dx +Cy, €y =const [
y

y = Ce[a(x)dx | C= ieCl | (12)
IIpu C =0 dopmyna (12) naet HyneBoe pemeHue. Takum oOpazoM, OO BUT
pelieHusi OAHOPOIHOTO ypaBHeHUs 3anaercs Gopmyroit (12), rne C npousBosib-
HO€ YHUCIIO.

Memoo eapuayuu nocmoaunnou. VleMm pemeHne HEOIHOPOAHOTO YpPABHEHMS
(10) B Bune gpopmyis (12), B3sB B Helt Mmecto C=const ¢ynkmnuto C(X), To ecTh

y = C(x)e2M% (13)

[Ipomuddepenumpyem 3Ty QyHKIHMIO U pe3yibTar mojactaBuM B ypaBHeHue (10).
[Tonyunm
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(e 2% cioae 2% 2 acocixe 20 4 pix).

CrnenoBaTenbHO,
—[a( x)dx
C'(x) = b(x)e : (14)
HuTerpupys 310 paBeHcTBO, HaxoauM ¢yHkiuio C(X). [ToacraBus ee B hopmyiny
(13) , naiiném obmmii Bua pemenus ypasaenus (10).
Ilpumep. Ilycts B 3a1a4€ 0 CIIPOCE U MPEAJIOKECHUU
Q=2y -y+25P=y +2y-23.

Torna ypasuenue (4) npumet Buny' = 2y —48.CaenoBarensHo, dhopmyist (13) u
(14) npumyT BuJ

y(X)=C(x)e**,C'(x)=-48e2* [0 C(x)=24e* +C, 0 y(x)=24+Ce**.

Tema 30
YPABHEHMUS B ITNOP®EPEHIINAJIAX

CymectByet 3amuch nuddepeHImanbHOr0 ypaBHEHUSI TEPBOTO TMOPSIAKA B
CUMMETPUYHOU (popme

M(x,y) dx + N(x,y) dy =0 (1)
3mece M(X,y) u N(X,y) 3agannable GyHKIUU IBYX HepeMeHHBbIX. B ypaBHenue (1)
nepeMeHHble X MU Y BXOASAT paBHOmpaBHO. l[loaToMy mnpumem cienyrouiee
omnpeesieHue penieHus ypapaenus (1).
Onpeoenenue. Pemenuem ypaBHeHus (1) HaszwsiBaeTca nuddepeHnmrpyemas
bynkims Y(X) (nau X(Y)) Takasi, YTO BBIIOIHICTCS PAaBEHCTBO

Mx,y(x)) + N(xy(x)) y' (x) =0,

(M(x(y).y) x (y) + N(x(y).y) = 0). (2)

[Mpennonoxum, urto cymectByeT muddepenupyemas pyakiust U(X,y), Takas 9To
U (x, U (x,

D)~ mxy), D = n(xy), ©

B stom ciiyyae ypaBHenue (1) umeer BUj
oU (X, y) oU (x,y)
dx + dy =0

(004 oy ' (4)
Bripaxkenue, cTosiiee B JIeBOM 4acTH ypaBHeHUs (4), sBisercs auddepeHnnaiom
dyskun U(X,Y). YpaBHeHue (4) MOXKHO 3amKcaTh B CICAYIONIEM BHIC:
d U(xy) =0. (5)
VYpaBHenne (1) B 3TOM ciy4yae Ha3bIBa€TCsl JpPAGHEHUEM 6 NOJIHbIX
oughghepenyuanax.

158



Haxootcoenue peuwienusn ypasnenus 6 ROJAHBIX Ougppepenyuanax. 3anuiiemM
PaBEHCTBO

U(xy)=C, C=const. (6)
[Tycts auddepernupyemas Gyukuus Y(X) ya1oBIeTBOpSET paBeHCTBY (6), TO €CTh
U(x,y (X)) = C . [IpuMeHHB TeopeMy O IIPOU3BOIHON CIOXKHOU (DYHKIIUH, TOTYIHM

oU (x, y(x)) U (x, y(x))
+ y
0X ay

CnenoBatenbHo, (QyHKIHS Y(X) YIOBIECTBOPSET PaBEHCTBY (2), 3alMCaHHOMY C
y4eToM paBeHCTB (3).

HaoGopor, ecan auddepeHuupyemas ¢ynkuus Y(X) yIOBICTBOPSCT
paBeHCTBY (7), TO

=0 (7)

oU (x, y(x)) . oU (x, y(x))

0X ay

Cnenoatenbro, U(X,y(X))=C=const.

Amnanornuno nposepsiercs i pyuakuuu X(y). Takum oOpa3oM, peiasi ypaBHEHHE
(6 ), naxoaum perrenus Y(X) wim X(Y).

Ycnoeus nonnozo ougpgpepenyuana. BozHukaet BOIpoc 0 TOM, KaK YCTAaHOBHT,
sIBJIsIeTCS K ypaBHeHHe (1) ypaBHeHHEM B MOJIHBIX auddepenimanax?
[Mpennonoxum, uyto GyHkus U(X,y) ©MeeT HenpepbIBHbIE CMEIIaHHBIC YaCTHBIC
npousBoaHbIe. Torna u3 ux paBeHCTBa

0°U(xy) 9°U(xy)

U'(x, y(x)) = y'(x) =0

dyox oxoy
M0JIy4YaeM YCIIOBUE

OM(x,y) ON(xY)

. 8
oy X (8)
Mo>HO noKa3aTh, 4TO PaBEHCTBO (8) SBIAETCS M JOCTATOYHBIM JUIS TOTO, YTOOBI
ypaBHenue (1) 6bu10 ypaBHEHUEM B MOJIHBIX U depeHimanax.

Haxoorcoenue  @yuxyuu  U(Xy). Ilycte  BbIIOMHEHO  paBeHCTBO ().
[Ipounterpupyem no x nepoe ypaBuenue B (3). [lomyunm

U(xy) = [M(x y)dx + b(y) .

[ToacTaBuM 5Ty GyHKIHIO BO BTOpoe ypaBHeHHE B (3). YcnoBus (8) rapaHTHPYIOT
HaxoxaeHue pyHkimu b(y).
Ilpumep. Pemits ypaBHEHNE

7+ yydx+ (x+ yTydy = 0.
3necey o # -1. Torma

M(x,y) = X0 +y,N(xy) = x+y"
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CrienoBaTeiibHO,
oM (X, y) IN(X,Y)
—_— =] — =1

ay 0x
3Ha4YuT, paBeHCTBO (5) BBINOJHEHO. 3anuiieM ypaBHeHus (3)

[PU(xy) ¢

[]
@EEU;X,Y) . ya.
y

WNuterpupys nepBoe U3 3TUX YPaBHEHUM, MOTYyIUM

Xa+1
a
U(x,y) =J(x +y)dx+b(y) = + yXx + b(y).
a+1
[ToxcraBuM 3Ty QYHKIIMIO BO BTOpOE ypaBHeHuE. bynem umersb
a+l
. a y
x+b'(y):x+ya, b'(y)=y < b(y) = _
a+1
Takum 06pazom,
a+l a+l
X y
U(xy) = + yX +
a+1 a+1
3anuiieM paBeHCTBO
a+l a+l
X y
+ yx + = C.
a+1l a+1l

W3 vero naxommm pemrenus x (Y) oo y(x).

3ameuanue. VHoTna UCXOAHOE YpAaBHCHHE HE SIBISICTCS YPaBHEHHEM B ITOJTHBIX
muddepenimanax. OIHAKO MOCIE YMHOKEHHUS €ro Ha HEKOTOpYH QyHKIH0 V(X)
MOJy4YaeTcss YpaBHCHHWE B TMOJHBIX guddepeniuanax. Ita ¢GyHkus V(X)
Ha3bIBACTCS UHMESPUPYIOUWUM MHONCUTNETEM.

Ilpumep. PaccmoTpuM 3aady O BBIYUCIICHUM KPHUBBIX PABHOW IOJIG3HOCTH B
IPOCTPAHCTBE JIBYX TOBapoOB , KOJUYECTBA KOTOPBIX OYJEM , COOTBETCTBEHHO,
ob6o3Hauath X u Y. Cumraem, uro X = a, y= b. Bynem cumrath, 4TO0 mpHpoCT
MOJIC3HOCTH JIMHEWHO 3aBHCHT OT IPOILEHTHBIX MPHUPOCTOB JIOMOJHUTEIBHBIX
MPUPOCTOB TOBAPOB, TO €CTh

dx d
du(x,y) =k +m y , k>0,m>0.
x—a y-b
TOI‘,Z[& KpuBas, B Ka}KI[OI\/'I TOYKE KOTOpOﬁ ITOJIE3HOCTh OJAMHAKOBA, 3a4acTCs
dx d
ypaBHEHHEM Kk +m-Y_ =,
X—a y—-b
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YcnoBus nonHoro auddepeHnrana B 3TOM ypaBHEHHUW BBIMOJTHEHBI. 3aluIleM
ypaBHeHus (3)

[ Pu(x, y) __k
E‘ 0X X—a
[]

Puxy) _ m

E oy y-b

W3 nepBoro ypaBHenus HaxoauM, uto U(XY) = Kk In( x-a) +b(y). IToactaBum Bo
BTOPOE ypaBHEHHE TOIYYHBILEECS BoIpakeHue. [Toayunm

b'(y)=—"-0 b(y)=min(y-b).
y—-b

Takum 00pa3om, KpuBbIE PaBHOM IMOJIE3HOCTH 3aaI0TCS YPaBHEHUSIMU
k In( x-a) +min(y-b) = C=const.
OyYHKIMS TTOJIE3HOCTHU SBISETCS JTOTapU(PMUUECKOM:
u(x,y) = kIn( x-a) + min(y-b).
CDYHKI_II/ISI [IOJIEBHOCTH
v(xy) = UV = (-a) (y - )"
sBisiercs ¢pyHkuueit CtoyHa.

Tema 31
JUHEWHOE JU®PEPEHIIUAJTIBHOE YPABHEHUE
BTOPOT'O NOPSAJIKA U CUCTEMA
N3 IBYX JIUHEWMHBIX YPABHEHUN
C IOCTOSITHHBIMHU KOP®DPUITUEHTAMU

Ilpumep. PaccmotpuM 3aauy o Clpoce W NpejiokeHuu. B peanbHbIX yCIOBHSX
cupoc P u npenioxxenne Q B JaHHBII MOMEHT BPEMEHH X 3aBUCST OT TEKYIIEH

1eHbl Y(X) Ha TOBap, OT LeHOoOpa3oBaHus Y'(X) U OT TEMIIOB U3MEHEHUS IICHBI
I
y" ().
PaccmoTpum ciyyai TMHEWHOW 3aBUCUMOCTH
Q=Ly"+Ay +By+F, P=My"+Dy +Ey+K.
Tpebyercst ycTaHOBUTBH 3aBUCUMOCTb LIEHBI OT BPEMEHH B YCIIOBUSAX PABHOBECHOTO

COCTOSIHUSL PBIHKA, KOTOpOe Xapakrepusyercsa paBeHcTBoM Q = P. Ortcrona
HOJYYHM, 4TO
QY tay +ayy = f(x). 1)
3nech ap= L—-M,a;= A-D,a=B-E, f(X) = K-F.
bynem paccmatpuBaTth ypaBHeHue (1), y KoToporo Bce KO3((UIUEHTHI &

SBIISIFOTCSL  ICHCTBUTEBHBIMM  4KclamMu, npudeM apZ0, a dynkmus  f(X)
omnpeelieHa U HEMPEPbIBHA HA 33/ITAHHOM MHTEpBAJIE.
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3ameuanue. Ypapaenue (1) MoKHO paccMaTpuBaTh U B CiIy4ae, KOT/ia BCE €ro Ko-
3 PUIMEHTHI SABISAIOTCS KOMIUIEKCHBIMHU YHCIIAMHU.
Kak u B ciiyyae KBaJpaTHOrO ypaBHEHHUs NEpeilieM K KOMILJIEKCHBIM YHCliaM
u OyJieM paccMaTpuBaTh KOMIUIEKCHO3HAYHbIE (PYHKIIUU
Z(xX) = u(x) +1 v(X) . (2
[Tpu 3TOM cunTaeM, 4To K-st mpou3BOHASI OT KOMIUIEKCHO3HAYHOW (DYHKIIMU  OI-
penensiercst popMyIoit
ZM 00 = u () +ivi(x) . (3)
[Ipu uccnenoBanuu ypaBHeHus (1) cymecTBeHHYIO pojb UTpaet hopmyna diiepa,
C MOMONIBIO KOTOPOU ISl KOMITJIEKCHOTO uuciia A= g+ |  ompenensercss GyHK-
s

e =e%*(cos wx+i sin wx). (4)
JuddepeHInpys AEHCTBUTENLHYIO U MHUMYIO YaCTH dTOU (DYHKIIMH, IIOJIyd4aeM
ey =2e™. (5)

B camom nene,
(™) = (e™cosax)' +i(e™sinax)' =
=(ae™coswx — we™sinux) + i(ae™sinwx + we*cosux)=
=(0+i ) €™ (cosux + i Sinax).
Bnauane paccmoTtpum ypaBHenue (1), korma B HEM B IpaBOi YaCTH CTOUT HOJIb, TO
€CThb

ay +tayy +ay = 0. (6)
OHO Ha3bIBaeTC 00HOPOOHbLIM YypasHeHuem. VilieM ero perieHue B BUJE
y=é”. (7)
Yucio A noanexut onpenenenuto. [TogcraBum Gopmyiisl
y=¢&%, y'=", y" = %™

B ypaBHeHue (6). [Tomyunm paBeHCTBO

(aA° + A + &) €° = 0.
Tak kak € # 0, TO U3 3TOro paBeHCTBa cieayet, urto ¢yHkius (7) sBusercs pe-
HIEHUEeM YypaBHEHHUs (6) TOrJa U TOJBKO TOTA, KOr/la YUCIO A SIBISETCS KOPHEM
ypaBHEHUS

aA’+ aud + @, = 0. (8)
DTO ypaBHEHHE HA3BIBACTCS XAPAKMEPUCMUYECKUM YDABHEHUEM.
Cnyuaii 1. [lycth XapakTepucTUYECKOE ypaBHEHHE (8) UMEET JBa pa3Iu4HbIX Jeii-
CTBHUTEJIBHBIX KOPHS A1 Z Ay Torma oOmimii BUI pelieHus: ypaBHeHus (6) ciemyro-
11005078

y(x) = c,e™ +c,e’.

351ech ¢; U ¢, — IPOU3BOJIbHBIE ICHCTBUTEIIbHBIE YUCIIA.

Cnyuai 2. IlycTh XapakTepucTUyecKoe ypaBHeHHE (8) uMeeT OJIuH ACHCTBUTENb-
HBIA KOpeHb A. B 3TOM ciiydae o0l Buj perieHus ypaBHeHHs (6) ClIe Ty OIIHI :
y(X) = (cix + Cp) e™.

371€ech ¢, U ¢, — IPOU3BOJIbHBIE JEHCTBUTEIbHBIE YHCIIA.

162



Cayuaii 3. Ilyctb XxapakTepuCTHUYECKOE ypaBHEHHUE (8) MMeeT KOMILJIEKCHbIE KOp-
HU A= + 1w, Ay =0 — i@ Tornma oOmmumid BUA pemieHuss ypaBHeHus (6) cleayro-
10005078
y(X) = €™ (c,c0SuX + CoSiNaX). (9)
3nech Cy, C; — MPOU3BOJIbHBIE IEUCTBUTENIbHBIC YHUCIIA.
3ameuanue. IloscauM nocineaHuit ciuydyaid. B atom ciydae ypaBHeHue (6) Oyaet
UMETh KOMILIEKCHOE PEIlIeHHE
™ = ™ (cosux + i Sinax).
[IpencraBum ero B Buge (2), rae
u(x) == €™ cosax, V(X) = e™ sinax.
[ToacTaBUB ATO KOMILIEKCHOE PEIICHUE B ypaBHEHUE (6), TOTYyUUM
(agu”" +ayu' +axu) +i(agv' +av +ayv) = 0.
[IpupaBHUBast K HYIIO JACUCTBUTEIBHYI0 M MHUMYIO YacTH JAHHOTO YPaBHEHUS,
nony4ynm, 9to GyHkuu U(X) u V(X) sBisiroTCs pemeHneM ypaBHenus (6). Ux mu-
HeliHass kKoMOuHanwmst (9) TakKe SIBISETCS PEIICHUEM dTOTO YPaBHEHHS.

Ilpumep. Ilyctb TENO MacCO M HAXOAUTCS HA TVIAJAKOU IUIOCKOCTH.

Y . OHO MNpPUKPEIJIEHO YNPYrol MNPYKUHOM K CTEHE.

O06o3HaunM uepe3 X(I) paccTossHue B MOMEHT Bpe-

MeHn t or tema no crensl. 1lo BTOpoMy 3akoHy

Herorona

AN F mx" =F.

X ITo 3akony I'yka ynpyras cuiia F = -kx. ITomyunm
YpaBHEHHE

X' +afx=0, «f= kim.

3nmecy Hew3BecTHOW (yHkmmen sBisgercsa x(t). 3amuimeM XapaKTepUCTHUSCKOE

ypaBHEHUE
N+ of =0
D10 ypaBHEHHE MMeET KOpHU A; = | @ A, = -I . 3HAYUT OOLIUI BU PELICHUS
ATOTO YPABHEHHUS CIIEAYIOIINH :
X(t) = c,coswt + cSinat . (10)

UYtoObl HAWTH YHCIIEHHBIC 3HAYCHUS MMOCTOSIHHBIX, HY)KHO 3a/1aTh Ha4aJbHOE I10-
noxenue teaa X(0)=L u nHaganbHyto ckopocth X (0) = V. Toraa
c,cosaD+ csinekD=L O ¢ = L.
[Ipomuddepennupyem gpynkumio (10) u monoxum t=0. [Tomyunm
-ac;Sinal + cawceosad = V [
X(t) = Lecosat + (V/ @) sinad.
Teno coBepiraet KoyiebaTeNIbHBIC IBHKEHUS ¢ TTeprooM T = (27) /w.

Bepuémcs k HeogHoponHoMmy ypaBHeHuio (1). [Tocme Toro kak pemeHo of-
HOpOJIHOE ypaBHEeHHE (6), HY)KHO HANTH KaKOe-HUOYIb YACTHOE PEIICHHE YpaBHE-
Husd (1) 1 3anucaTh OO BU PEIICHUS

yHeOOHOp(x) =) OOHOp(x)+ Yy Ltacm(x)'
Ilpumep. PaccMOTpUM NpEABIAYIIMT TPUMED, KOTAA HA TEJIO €1IE AEUCTBYET CUJIA,
3aBUCSAIIAS JIHHEHHO OT BpeMeHU. byiem nMeTh ypaBHEHUE
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X" + afx= At+ B. (11)
Niem yacTHOE pelieHre B BUIE€ MHOTOWICHA NIEPBOU CTEIEHU

Xuaem(t) = Dt + P.
UYucna D u P moanmexar onpenenenuto. [logacraBum 31y (PyHKIMIO B ypaBHEHHE
(11). Ionyyum

X waem(®) = D, X () = 0=> s (Dt + P) = At+ B=>D = Alef, P=Bldf .
[Tonyuum oO1nii BUA pelieHus
X(t) = cicosat + csinat + (Aad)t + Blof.

3ameuanue. Ecnmu ynkuwms f(X) siBisieTcss MHOTOWISHOM, TO CTOUT
MOMBITATHCSI KCKATh YaCTHOE PEIICHHWE B BUJIE MHOTOUYJICHA TOW K€ CaMOU CTere-
uu. Ecu f(X) = €, To cieyer UeKaTh peleHue B BUAE X wen (X) = DE™, re unc-
70 D noaniexxuT onpeeneHuro.

Cucmema nuneiinvlx ouggepenyuanvHvlx ypasHeHuil ¢ NOCMOAHHBIMU KO-
Ippuyuenmamu. Taxol Ha3bIBACTCA

E|M| =an Y, tayy,
Y2 = 85Y; tasY,

3necy &; [l RsABIAOTCS 3a1aHHBIMU YU CIAMHU.

Pewenuem nasviearomes nuddepernupyembie  GyHKIUU y1(x) ¥ yo(x), pu moj-
CTAHOBKE KOTOPBIX B cucteMy (11) mosydyum ToxaecTsa.

Wiem penieHne B CIeIyrOIeM BU/IE:

yi(X) = €y, ya(x) = €y, (13)
Yucna A, Yn, Yh nopiexar onpeaenenuto. IpoauddepenurpyeM 3T QyHKIUU U
nojacTaBuM B cuctemy (12). bynem umets
A%y = ane™h + ape™ Y,
A ¥ = an€™ Yy + ane™ i
CoxpaTum 3T ypaBHerus Ha €, Tlomydnm
anlh + aplh = A
A + anlh = A,
Takum oOpa3om, 4YUCIIO A ABISETCS COOCTBCHHBIM 3HAYCHHEM MaTPHUIIbI

Azgj %E
L Ay

_ 1
a BCKTOP v = gz ﬁHBHHGTCH €€ COOCTBEHHBIM BCKTOPOM, OTBCHAIOINIUM 3TOMY

(12)

cOOCTBEHHOMY 3HaueHHto. [[s HaxoXXJeHUsi COOCTBEHHOIO 3HAYEHUSI HMEEM
ypaBHEHUE

174 2

det )
Ay Ay~

_ 42 _
=A" - (311 + 6‘22)’\ 31890 ~ 819897 =0.
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DTO ypaBHEHHE HA3bIBAECTCS XAPAKMEPUCHUYECKUM YPABHEHUEM.

Cayuaii 1. Ilycth XapakTepUCTUUECKOE YpaBHEHUE UMEET JIBa PA3JIMYHBIX ACHCT-
BUTEILHBIX KOPHs. Torma KopHsSM A1 M A, COOTBETCTBYIOT COOCTBEHHBIC BEKTOPA

_Hu _ 2
1 22
OO6uuit Bua penieHui cuctemsl (13) B 3ToM citydae CleayroIui:
— A1 X 2X
yi(x) = GEF Wy, + CzeA 21
_ A X 2X
Ya(X) = GE Yy, + CzeA 22-
3nech Ci U C, — NPOU3BOJIBHBIE ACHCTBUTENIBHBIE YNCIA.
Crayuan 2. 1lycth XapakTepUCTHUECKOE YpPAaBHEHHE UMEET OJWH JCHCTBUTEIIbHBIN
KOPEHB A.

Crnyuati 2.1. COOCTBEHHOMY 3HAUYE€HHUIO COOTBETCTBYIOT JBA JTUHEHHO HE3aBU-
CHUMBIX COOCTBEHHBIX BEKTOpa

_tHFn _Ha
12 22
OO6mmit Bua pereHuit cuctemsl (13) B 3ToM citydae CleayrOIInid;

yi(X) = e (Cy, +Cpy)
Y2(X) = e (W, +c,,),

re C; v C; — MPOU3BOJLHBIC IEHCTBUTEIBLHBIC YHACTIA.
Crnyuati 2.2. CoOCTBEHHOMY 3HAYEHUIO COOTBETCTBYIOT OJIUH JIMHEHHO HE3a-

BHUCHMBIN COOCTBEHHBIN BEKTOP
s
2
HNmem permienue B BUae
yi(X) =(xtpy + )™, y,(X) = (X, + ¢, )e™.
[ToncraBum B cuctemy (12). Iomyuum
(W + AXtp; + Ady )e™ = a, (xp; + ¢, )e™ +a,(xy, + ¢, )e™
(Wy + X, +Ad, )e™ = ay (X, + 6, )e™ +ay (X, +¢,)e™.

Cokpalliast 9TH paBeHCTBa Ha € M HpHpaBHMBAsS MEXLy cO00H KOIDHUIHEHTHI

IIPH COOTBETCTBYIOMIMX CTETICHSX X, MIOJTYIHM

AP + P =Y + AP,

andr + axnd, = b + AP,
Pemaewm Ty cuctemy oTHOCHTENbHO urcen ¢ OONwil BU PEIICHUS B TOM CITy-
4yae CIEIYIOUIUN:

Yi(X) =(XCipy + iy +Co0hy )e™ Yo (X) =(XC, + i, +Cy0, )e™, Ue,c, UR
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Cayuai 3. IlycTh XapaKTEpUCTHUUECKOE YpPaBHEHHWE MMEET KOMIUIEKCHBIE KOPHHU
A=a+ 1w Ay =a —iw. OOuwmit BUa peIIeHrs B 3TOM Ciydae CASTyIOIHii:

y.(x) = Ae™ cos(mx + V), Y,(x)=Ae™ sin(mx+y), OA=0,0y0R.
ITpumep. MatemaTuueckasi MOJCIIb TOHKH BOOpYKeHHUs (mModenb Puuapocona) .
HmeroTcst 1Be mpOTHBOOOPCTBYOIIKE CTOPOHBI . [TycTh y1(X) — KomM4ecTBO eau-
HUI[ BOOPY)KCHHS TIEPBOH CTOPOHBI B MOMEHT BPEMEHH X, a Y,(X) — KOJIMYECTBO
€MHUI] BOOPYKEHUSI BTOPOIl CTOPOHBI B 3TOT MOMEHT BpeMeHH x. CKOpOCTh Mpu-
pOCTa KOJIMYECTBA €IUHUI] BOOPYKEHHUS y TIEPBOM CTOPOHBI MPOIMOPIIMOHAIBHA
HAKOIUJIECHHOMY KOJIMYECTBY €IMHMI] BOOPY>KEHHUS BTOPOM CTOPOHOU (uyecmeo
cmpaxa) 1 YMEHBIIAETCS TMPOMOPIUOHATFHO HAKOTIJIECHHOMY KOJIMYECTBY €IMHUI]
BOOPY)KEHHSI CaMOU TMepBON CTOPOHOU (ycmanocmeb dKOHOMUKU). AHAJIOTUYHO
11 Ipyroi ctoponbl. UMeeM cuctemy auddepeHnnaibHbIX YpaBHEHHMA

Lly1' (%) = =31 1¥1(X) + 315 Y5 (X)
5'(X) = —a51¥1(X) —ay5Y5(X)
3anuireM XxapakTepUCTHICCKUH MHOTOWICH
“a -4 A
a1 Tagp A
Y HAJEM €T0 KOPHU

Bce g;>0.

2
= A7 +(agq tag)A + a8y ~ 38y

2
) —(agq +ay )+ \/(( ajq +tag) ~4ajjay +4ajpas )
12 = =
2

2
—(ay tagp )+ \/(( aj] ~ay) ) +4aay

2
CrnenoBaTenbHO, OOITUH BUJ PEIICHUS CIIETYFOIIIHIA:

yi(X) = CleAlX 11 +Cze/\2x 21
Alx }\Zx
Y2(X) = &€ © Yy +Cxe T Wy,
OpnHo 3HaveHue A orpunatenbHo. Haiiném, koraa BTopoe 3Ha4eHHE A TOKE OTPH-
narenbHo. imeeM HEpaBEHCTBO

—(a1 tag) + \/((all -ay)” +4ap8,) <0 =

(g1 - agp)” +dappag <(agg +az)° = appag <ajjaz.
Eciu BeImoHEHO mocienHee HepaBeHCTBO, TO A1<0 u A,<0. IToaTomMy pernreHus
OyayT ynoBaeTBOpATh yeioBUIO Yi(X) — O 1 Yo(X) —» O mpu x — +oo . D10 03HA-
9aeT, YTO B ATOM CJIy4ae TOHKH BOOPYKEHHS HE OyneT, TaKk KaK YHCIO CIUHUIL
BOOPY)KEHUS y 00EUX CTOPOH CTPEMHTCS K HYJ0. TakuM 00pa3oM, eciiu Tpou3Be-
neHue Kod(pPumeHToB crpaxa (a2 M dz1) CTOPOH MEHBINIE MPOU3BEICHUS KOA(-
(ULIMEHTOB YCTAIOCTH (d12 U d21) UX IKOHOMUK, TO TOHKA BOOPY>KEHUS HE Oy/ET.
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